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PREFACE 


This  is  a  textbook  for  use  in  the  usual  year-long  course  in  electromagnetism  at  an 
intermediate  level  given  for  advanced  undergraduates.  I  have  done  my  best  to  make  it 
as  student  oriented  as  possible  by  writing  it  in  a  systematic  and  straightforward  way 
without  any  sleight  of  hand,  and  minimum  use  of  “It  can  be  shown  that. ...”  I  have 
also  tried  to  make  clear  the  motivations  for  each  step  in  a  derivation  or  each  new 
concept  as  it  is  introduced.  At  appropriate  points  I  have  pointed  out  the  source  of 
many  of  the  simple  mistakes  commonly  made  by  students  and  have  suggested  how  they 
may  be  prevented.  There  is  extensive  cross  referencing  in  the  text  so  that  there  should 
be  no  doubt  as  to  the  detailed  source  of  any  specific  result  or  its  relation  to  the  rest  of 
the  subject;  this  will  also  make  the  book  much  more  useful  as  a  reference  source  well 
after  the  course  has  been  completed. 

In  preparing  this  revision,  I  have  concentrated  on  adhering  to  these  goals  while 
trying  to  improve  the  clarity  and  organization  of  the  material,  since  my  aim  is  to 
produce  a  useful  text  with  an  adequate,  rather  than  encyclopedic,  coverage  at  a 
reasonable  mathematical  level.  Consequently,  most  of  the  changes  are  scattered 
throughout  the  text.  For  example,  I  have  improved  the  discussion  of  electric  and 
magnetic  energies  in  the  presence  of  matter  in  Sections  10-8,  10-9,  and  20-6.  In 
addition,  the  beginning  treatment  of  radiation  has  been  simplified  somewhat  in 
Sections  28-1  and  28-2,  and  the  proof  about  the  electric  field  in  a  cavity  in  a  conductor 
has  been  corrected  in  Section  6-1.  The  principal  and  most  noticeable  change  has  been 
the  addition  of  a  completely  new  Chapter  27  on  Circuits  and  Transmission  Lines.  I 
hope  that  this  will  turn  out  to  be  useful  and  satisfactory  to  those  who  have  expressed  a 
desire  to  have  this  material  included. 

The  emphasis  continues  to  be  on  the  properties  and  sources  of  the  field  vectors,  and 
I  hope  that  I  have  succeeded  in  making  clear  the  shifts  in  concepts  and  points  of  view 
that  are  involved  in  the  change  from  action  at  a  distance  to  fields.  The  overall  treatment 
is  generally  that  of  a  macroscopic  and  empirical  description  of  phenomena,  although 
the  microscopic  point  of  view  is  presented  in  the  discussion  of  conductivity  in  Sections 
12-5  and  24-8.  However,  Appendix  B  briefly  surveys  the  microscopic  origins  of 
electromagnetic  properties,  and  it  is  written  and  organized  so  that,  if  desired,  it  can  be 
taken  up  section  by  section  at  an  appropriate  intermediate  point.  Thus  Section  B-1 
could  be  discussed  anytime  after  Section  10-7,  and  most  of  Section  B-2  can  follow  after 
Section  20-5  while  the  last  part  on  ferromagnetism  can  follow  Section  20-7;  finally, 
Section  B-3  could  be  covered  after  Section  24-8  has  been  mastered  and  the  student  has 
worked  Exercise  24-28.  Similarly,  even  more  flexibility  is  possible  since  separate 
sections  of  Appendix  A  that  deals  with  the  motion  of  charged  particles  can  be  studied 
anytime  after  the  corresponding  force  term  involving  E  and/ or  B  has  been  obtained. 

SI  units  are  used  throughout;  in  practice,  this  means  we  use  MKSA  units.  It  is 
virtually  certain,  however,  that  at  some  time  a  student  will  encounter  material  in 
Gaussian  units  and  will  need  some  guidance  on  what  to  do  about  it.  This  is  the  purpose 
of  Chapter  23  in  which  other  unit  systems  are  discussed,  but  only  after  the  general 
theory  as  given  by  Maxwell’s  equations  has  been  systematically  described.  I  have 
written  this  chapter  primarily  in  terms  of  the  purely  practical  aspects  of  how  to 
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recognize  an  equation  written  in  other  unit  systems,  how  to  put  it  in  more  familiar 
form  if  desired,  and  exactly  what  numbers  one  should  put  into  an  equation  in 
Gaussian  units  in  order  to  get  a  correct  answer. 

In  Chapter  9,  the  boundary  conditions  satisfied  by  an  arbitrary  vector  at  a  surface  of 
discontinuity  in  properties  are  obtained  in  the  general  form  involving  its  divergence  and 
curl.  Not  only  does  this  help  the  student  by  showing  the  importance  of  knowing  these 
particular  source  equations  but  it  simplifies  later  discussion  because,  as  each  new  vector 
is  defined,  its  boundary  conditions  can  be  found  at  once  without  having,  in  effect,  to 
rederive  them  each  time, 

I  have  added  several  new  clarifying  examples  and  exercises  so  that  now  there  are 
over  145  worked-out  examples  in  the  text.  Virtually  all  of  the  standard  ones  are 
included,  many  of  them  presented  in  more  detail  than  is  usually  found,  with  particular 
emphasis  on  the  crucial  stage  of  setting  up  the  problem,  since  this  is  often  what  causes 
students  so  much  difficulty.  By  now,  there  are  a  total  of  587  exercises  included.  Some 
are  numerical  to  give  an  idea  of  typical  orders  of  magnitude,  some  are  similar  to 
examples  of  the  text,  many  refer  to  completely  different  situations,  and  some  involve 
extensions  of  the  theory.  Many  of  these  exercises  will  be  found  to  be  suitable  for  use  as 
additional  examples  for  classroom  analysis.  Answers  to  odd-numbered  exercises  are 
provided  except,  of  course,  for  those  in  which  the  answer  is  included  in  the  statement  of 
the  problem. 

I  have  benefited  over  the  years  from  discussions  with  and  the  questions  of  many 
students  and  my  colleagues;  I  am  grateful  for  their  contributions  to  the  final  character 
of  this  book.  In  particular,  I  thank  my  colleagues  C.  Y.  Fan,  K.  C.  Hsieh,  E.  W. 
Jenkins,  and  J.  E.  Treat  for  their  useful  and  helpful  comments.  I  am  also  grateful  for 
the  suggestions  and  remarks  given  to  me  by  H.  Asmat,  R.  C.  Henry,  A.  T.  Mense,  K. 
Park,  J.  R.  Ravella,  and  several  reviewers. 


Tucson,  Arizona 
January  1986 


Roald  K.  IVangsness 
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FIELDS 


INTRODUCTION 


. . .  Faraday,  in  his  mind's  eye,  saw  lines  of  force  traversing 
all  space  where  the  mathematicians  saw  centres  of  force 
attracting  at  a  distance;  Faraday  saw  a  medium  where  they 
saw  nothing  but  distance:  Faraday  sought  the  seat  of  the 
phenomena  in  real  actions  going  on  in  the  medium,  they 
were  satisfied  that  they  had  found  it  in  a  power  of  action 
at  a  distance  impressed  on  the  electric  fluids. 

—  /  C  Maxwell, 
A  Treatise  on  Electricity  and  Magnetism 


It  has  been  more  than  100  years  since  Maxwell  wrote  the  above  in  the  preface  to  his 
now-famous  book.  His  aim  was  to  put  the  field  concepts,  which  Faraday  had  been  so 
instrumental  in  developing,  into  mathematical  forms  that  would  be  convenient  to  use 
and  would  emphasize  the  fields  as  basic  to  a  coherent  description  of  electromagnetic 
effects.  At  that  time,  it  had  been  only  slightly  more  than  50  years  since  Oersted  and 
Ampere  had  shown  the  relation  between  electricity  and  magnetism — subjects  that  had 
been  studied  and  developed  completely  separately  over  a  long  period.  The  emphasis 
had  been  primarily  on  the  forces  exerted  between  electric  charges  and  between  electric 
currents  and  the  idea  of  shifting  to  electric  and  magnetic  fields  as  the  primary  features 
had  little  acceptance  and  was  often,  in  fact,  viewed  with  outright  hostility. 

As  the  title  of  this  book  indicates,  times  have  changed,  and  our  main  interest  here  is 
the  study  of  the  nature,  properties,  and  origins  of  electromagnetic  fields,  that  is,  of 
electric  and  magnetic  vector  quantities  that  are  defined  as  functions  of  time  and  of 
position  in  space.  Forces,  and  associated  concepts  such  as  energy,  have  not  disappeared 
from  the  subject,  of  course,  and  it  is  desirable  to  begin  with  forces  and  to  define  the 
field  vectors  in  terms  of  them.  Nevertheless,  our  principal  aim  is  to  express  our 
descriptions  of  phenomena  in  terms  of  fields  in  as  complete  a  manner  as  we  possibly 
can.  This  emphasis  on  fields  has  proved  to  be  extremely  rewarding  and  it  is  difficult  to 
imagine  how  electromagnetic  theory  could  have  been  developed  to  its  present  state 
without  it. 

This  book  contains  more  material  than  is  normally  covered  in  the  usual  one-year 
course;  all  of  it,  however,  is  of  interest  and  value  to  a  serious  student  of  physics. 

The  points  of  view  of  all  authors  are  generally  not  the  same,  and  no  book  discusses 
every  detail  of  a  given  subject.  Here  is  a  short  list  of  relatively  recent  books  on 
electromagnetism  that  are  written  at  roughly  the  same  level  as  this  one. 

D.  M.  Cook,  The  Theory  of  the  Electromagnetic  Field,  Prentice-Hall,  Englewood 
Cliff's,  N.J.,  1975. 

P.  Lorrain  and  D.  R.  Corson,  Electromagnetic  Fields  and  Waves,  Second  Edition, 
Freeman,  San  Francisco,  1970. 

M.  H.  Nayfeh  and  M.  K.  Brussel,  Electricity  and  Magnetism,  Wiley,  New  York, 
1985. 
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J,  R.  Reitz,  F.  J.  Milford,  and  R.  W.  Christy,  Foundations  of  Electromagnetic  Theory^ 
Third  Edition,  Addison- Wesley,  Reading,  Mass.,  1979. 

A.  Shadowitz,  The  Electromagnetic  Field,  McGraw-Hill,  New  York,  1975. 

The  following  books  discuss  electromagnetism  at  a  more  advanced  level: 

J.  D.  Jackson,  Classical  Electrodynamics,  Second  Edition,  Wiley,  New  York,  1975. 

E.  J.  Konopinski,  Electromagnetic  Fields  and  Relativistic  Particles,  McGraw-Hill, 
New  York,  1981. 

W.  K.  H.  Panofsky  and  M.  Philhps,  Classical  Electricity  and  Magnetism,  Second 
Edition,  Addison-Wesley,  Reading,  Mass.,  1962. 

A.  M.  Portis,  Electromagnetic  Fields:  Sources  and  Media,  Wiley,  New  York,  1978. 

J.  A.  Stratton,  Electromagnetic  Theory,  McGraw-Hill,  New  York,  1941. 

(Finally,  a  note  on  notation:  in  this  book,  the  symbols  ^  ~  #  always 

mean,  respectively,  equal  to,  approximately  equal  to,  of  the  order  of  magnitude  of, 
proportional  to,  and  different  from.) 


1 _ 

VECTORS 


In  the  study  of  electricity  and  magnetism,  we  are  constantly  dealing  with  quantities  that 
need  to  be  described  in  terms  of  their  directions  as  well  as  their  magnitudes.  Such 
quantities  are  called  vectors  and  it  is  well  to  consider  their  properties  in  general  before 
we  meet  specific  examples.  Using  the  notation  and  terminology  that  has  been  developed 
for  this  purpose  enables  us  to  state  our  results  more  compactly  and  to  understand  their 
basic  physical  significance  more  easily. 


1-1  DEFINITION  OF  A  VECTOR 

The  properties  of  the  displacement  of  a  point  provide  us  the  essentials  required  for  our 
definition.  If  we  start  at  some  point  and  move  in  some  arbitrary  way  to  another 
point  P2.  we  see  from  Figure  1-1  that  the  net  effect  of  the  motion  is  the  same  as  if  the 
point  were  moved  directly  along  the  straight  line  D  from  to  P2  as  indicated  by  the 
direction  of  the  arrow.  This  line  D  is  called  the  displacement  and  is  characterized  by 
both  a  magnitude  (its  length)  and  a  direction  (from  P^  to  ^2)-  If  ^e  now  further 
displace  our  point  along  E  from  P2  to  still  another  point  P3,  we  see  from  Figure  1-2 
that  the  new  net  effect  is  the  same  as  if  the  point  had  been  given  the  single  displacement 
along  F  from  P^  to  P3.  Accordingly,  we  can  speak  of  F  as  the  resultant,  or  sum,  of  the 
successive  displacements  D  and  £,  so  that  Figure  1-2  shows  the  fundamental  way  in 
which  displacements  are  combined  or  added  to  obtain  their  resultant. 

A  vector  is  a  generalization  of  these  considerations  in  that  it  is  defined  as  any 
quantity  that  has  the  same  mathematical  properties  as  the  displacement  of  a  point. 
Thus  we  see  that  a  vector  has  a  magnitude;  it  has  a  direction;  and  the  addition  of  two 
vectors  of  the  same  intrinsic  nature  follows  the  basic  rule  illustrated  in  Figure  1-2. 
Because  of  the  first  two  properties,  we  can  represent  a  vector  by  a  directed  line  such  as 
those  already  used  for  displacements.  A  vector  is  generally  printed  in  boldface  type, 
thus,  A;  its  magnitude  will  be  represented  by  |A|  or  by 

A  scalar  is  a  quantity  that  has  magnitude  only.  For  example,  the  mass  of  a  body  is  a 
scalar,  whereas  its  weight,  which  is  the  gravitational  force  acting  on  the  body,  is  a 
vector. 

Because  of  the  nature  of  a  vector  as  a  directed  quantity,  it  follows  that  a  parallel 
displacement  of  a  vector  does  not  alter  it,  or,  in  other  words,  two  vectors  are  equal  if 
they  have  the  same  magnitude  and  direction.  This  is  illustrated  in  Figure  1-3  where  we 
see  that  A  =  A'.  Now  we  can  investigate  what  mathematical  operations  we  can  perform 
with  and  on  vectors. 
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F  is  the  resultant  of  the  displacements  D 


/ 

/ 

/ 

/ 

/ 


Figure  1-3.  These  two  vectors  are  equal. 


1-2  ADDITION 

According  to  our  basic  rule  we  find  that,  if  we  take  A  and  add  B,  we  obtain  the  sum  C 
shown  as  a  solid  line  in  Figure  1-4.  We  also  see  that,  if  we  take  B  and  then  add  A,  we 
get  the  same  vector  C.  Therefore  addition  of  vectors  has  the  commutative  property  that 

C  =  A-(-B  =  B-l-A  (1-1) 

By  proceeding  in  the  same  manner,  one  can  establish  the  associative  property  of 
vector  addition: 


D  =  (A  -F  B)  +  C  =  A  +  (B  +  C)  =  (A  -H  C)  B  (1-2) 

and  so  on. 

If  we  reverse  a  displacement  such  as  D  in  Figure  1-1  by  retracing  it  in  the  opposite 
direction,  the  net  effect  is  then  no  displacement;  hence  it  is  appropriate  to  define  the 
negative  of  a  vector  as  a  vector  of  the  same  magnitude  but  reversed  in  direction,  for 
then  we  should  obtain  A  -t-  ( -  A)  =  0,  as  we  would  want.  Then  we  can  easily  subtract  a 
vector  by  adding  its  negative: 

A-B  =  A  +  (-B)  (1-3) 
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Figure  1-5.  a  is  a  unit  vector  in  the  direction  of  A. 
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Figure  1-6.  Unit  vectors  for  rectangular  coordinates. 


The  product  of  a  scalar  5  and  a  vector,  which  we  write  as  either  or  A^,  is  then 
merely  the  sum  of  5  vectors  A,  or  is  a  vector  with  a  magnitude  equal  to  l^j  times  the 
magnitude  of  A,  and  is  in  the  same  direction  as  A  if  5  is  positive,  and  in  the  opposite 
direction  to  A  if  .y  is  negative. 


1-3  UNIT  VECTORS 

A  unit  vector  is  defined  as  a  vector  of  unit  magnitude  and  will  be  written  with  a 
circumflex  above  it,  thus,  e;  since  unit  vectors  are  always  taken  to  be  dimensionless  we 
will  have  |e|  =  1.  If,  for  example,  a  unit  vector  a  is  chosen  to  have  the  direction  of  A, 
then  we  can  write 

A  =  and  ^  =  T 

A 

This  point  is  illustrated  in  Figure  1-5.  .  i 

A  particularly  convenient  set  of  unit  vectors  can  be  associated  with  a  rectangular 
coordinate  system.  They  are  written  x,  y,  z  and  are  defined  to  be  m  the  directions  of  the 
X,  y,  and  z  axes  respectively,  as  shown  in  Figure  1-6.  In  other  words,  each  is  m  the 
direction  of  increasing  value  of  the  corresponding  rectangular  coordinate.  We  also  see 
that  any  one  of  this  set  is  perpendicular  to  each  of  the  other  two. 

As  we  will  see,  it  is  often  convenient  and  advantageous  to  define  other  unit  vectors. 


1-4  COMPONENTS 

In  order  to  proceed  further,  it  is  convenient  to  refer  our  vectors  to  particular  coordinate 
systems.  From  Figure  1-7,  we  see  that  we  can  write  a  vector  A  as  the  sum  of  three 
properly  chosen  vectors,  each  of  which  is  parallel  to  one  of  the  axes  of  a  rectangular 
coordinate  system;  that  is,  A  =  A,  +  A^  -1  A,.  It  is  more  useful,  however,  to  write 
each  of  these  terms  as  the  product  of  a  scalar  and  the  unit  vectors  of  Figure  1-6.  Thus, 
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Figure  1-7.  A  is  the  sum  of  the  rectangular  vector 
components. 


we  write  and  so  on,  and  the  above  expression  becomes 

A  =  +  A^y  +  A,z  (1.5) 

The  three  scdars^^,  A,  A^  are  called  the  components  of  A;  hence  we  see  that  a  vector 
can  be  specified  by  three  numbers.  The  components  can  be  positive  or  negative*  for 
example,  if  ^  were  negative,  then  the  vector  A,  of  Figure  1-7  would  have  a  direction  in 
the  sense  of  decreasing  values  of  x. 

From  Figure  1-7,  it  is  seen  that  the  magnitude  of  a  vector  can  be  expressed  in  terms 
of  Its  components  as 


A=\\\  =  {Al^A]  +  Al)^'^  (1.6) 

In  Figure  1-8,  we  illustrate  the  fact  that  A  makes  specific  angles  with  respect  to  each 
of  the  Mes;  these  angles  a,  y  are  called  the  direction  angles  of  A  and  are  measured 
from  the  positive  directions  of  their  respective  axes.  Figure  1-9  shows  the  plane 
containing  both  A  and  x  and  we  see  that  A^  is  given  byA^  =  A  cos  a.  Combining  this 
With  (1-6),  we  get  ^ 


L  =  cos  a  =  —  = 


{Al  +  Al  +  Al) 


1/2 


(1-7) 


where  /  is  called  a  direction  cosine.  Similar  expressions  hold  for  the  other  two  direction 
angles  ji  and  y  and  their  associated  direction  cosines  /  and  /^,  so  we  see  from  (1-6) 
and  (1-7)  that,  if  we  know  the  rectangular  components  of  a  vector,  we  can  calculate  its 
magnitude  and  direction. 


Figure  1-8.  Definition  of  direction  angles. 
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*  Figure  1-9.  is  the  x  component  of  A. 


Figure  1-10.  A  component  of  a  sum  equals  the  sum 
of  the  corresponding  components. 


If  we  now  combine  (1-4),  (1-5),  and  (1-7),  we  find  that  the  unit  vector  a  can  also  be 
written  as 

^  =  l^x  +  l^y  +  l^z  (1-8) 

so  that  the  components  of  a  unit  vector  in  a  given  direction  are  simply  the  direction 
cosines  associated  with  the  direction.  If  we  now  apply  the  general  result  (1-6)  to  the 
specific  vector  a,  we  get  the  important  relation  involving  direction  cosines 

ll  +  /2  ^  ^  1  (1.9) 

which  can  also  be  obtained  from  (1-7)  and  its  analogues. 

The  addition  of  vectors  illustrated  in  Figure  1-4  is  easily  expressed  in  terms  of  the 
rectangular  components.  From  Figure  1-10,  we  see  that  a  component  of  the  sum 
C  =  A  -t-  B  is  given  by  the  sum  of  the  corresponding  components,  that  is, 

=  =  =  +  B,  (l-lO) 


1-5  THE  POSITION  VECTOR 

We  now  consider  a  simple  specific  example  of  a  vector.  As  shown  in  Figure  1-11,  the 
location  of  a  particular  point  P  in  space  can  be  specified  by  the  vector  r  drawn  from 
the  origin  of  a  suitably  and  conveniently  chosen  coordinate  system;  this  vector  r  is 
called  the  position  vector  of  the  point.  In  terms  of  the  rectangular  coordinate  system  of 
Figure  1-6,  the  components  of  r  are  just  the  rectangular  coordinates  (x,  y,  z)  of  the 
point;  thus  we  have 

r  =  XX  +  -I-  zz  (l-H) 

Similarly,  another  point  P'  with  coordinates  (x^  y\  z')  will  be  located  by  its  position 
vector  r'  =  x'x  -I-  y'y  -H  z'z  as  shown  in  Figure  1-12.  Now  that  we  have  located  the  two 
points  individually,  we  can  describe  the  position  of  one  with  respect  to  the  other  by 
drawing  a  vector  from  P'  to  P\  this  vector  R  is  called  the  relative  position  vector  of  P 
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with  respect  to  P'.  We  see  from  Figure  1-12  that  r'  +  R  =  r  so  that 


R  =  r  - 

(1-12) 

Using  (1-10)  and  (1-11),  we  can  write  R  in  component  form  as 

R  =  (x  -  xOx  +  (y  -  y')y  +  {z  -  z')z 

(1-13) 

and  therefore 

1 

R  =  [{x  -  x'f  +  (y  -  y'f  +  (z  ~ 

(1-14) 

because  of  (1-6).  We  will  have  frequent  occasion  to  use  these  results.  We  note  that  the 
relative  position  of  P'  with  respect  to  P  is  given  by  a  vector  R'  drawn  from  P  to  P' 
and,  in  fact,  R'  =  -R. 

Although  we  have  not  specified  our  coordinate  system  other  than  to  say  that  it  was 
arbitrarily  and  conveniently  chosen,  once  this  choice  has  been  made  in  a  particular 
case,  the  coordinate  system  is  said  to  be  “fixed  in  space”  and  its  unit  vectors  x,  y,  and  z 
are  to  be  taken  as  constant  in  direction  as  well  as  magnitude.  In  other  words,  the  fixed 
coordinate  system  that  we  use  is  simply  one  of  the  inertial  reference  frames  familiar  to 
us  from  classical  mechanics. 

We  now  turn  to  multiplication  of  vectors;  two  types  are  defined. 


1-6  SCALAR  PRODUCT 

We  define  the  scalar  product  of  two  vectors  as  the  scalar  equal  to  the  product  of  the 
magnitudes  of  the  vectors  and  the  cosine  of  the  angle  between  them,  or 

A  •  B  =  AB  cos  'F 

Because  of  the  notation  the  scalar  product  is  also  called  the  dot  product. 


(1-15) 
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Figure  1-13.  The  angle  involved  in  the  scalar  product. 

We  see  from  Figure  1-13  that  we  can  get  a  simple  interpretation  of  the  scalar 
product:  {Bcos^)A  =  component  of  B  along  the  direction  of  A  times  the  magnitude 
of  A  =  (y4  cos  ^)B  =  component  of  A  along  B  times  the  magnitude  of  B. 

It  is  clear  from  (1-15)  that  the  order  of  terms  does  not  change  the  scalar  product, 
that  is, 

A  •  B  =  B  •  A  (1-16) 

and  that  if  two  vectors  are  perpendicular  then  A  •  B  =  0  and  conversely.  Furthermore, 
the  square  of  a  vector  can  be  interpreted  as  the  vector  dotted  with  itself;  the  result  is 
the  square  of  its  magnitude  and  we  can  write 

A^  =  A  -  A  =  (1-17) 

If  we  knew  only  the  rectangular  components  of  A  and  B,  it  would  be  inconvenient  to 
calculate  A  -  B  from  (1-15)  since  this  would  necessitate  finding  the  angle  between  A  and 
B.  Fortunately,  it  is  possible  to  express  A  ■  B  directly  in  terms  of  the  rectangular 
components.  Since  the  angle  between  each  pair  of  unit  vectors  defined  in  Figure  1-6  is 
90®,  we  easily  find  from  (1-15)  that 

x-y  =  y-  z  =  z-  x  =  0  (I'lS) 

and  from  (1-17)  that 

x-x  =  yy  =  zz  =  l  (1-19) 

Writing  A  and  B  each  in  the  form  (1-5),  we  can  multiply  them  together  term  by  term  to 
get 

A  •  B  =  (^^x  +  Ayy  A  A^z)  •  {B^x  -h  5^y  +  B^z) 

=  A^B^x  •  X  +  A^ByX  -  y  -I-  A^B^x  •£  +  ... 

and,  after  we  use  (1-18)  and  (1-19)  to  simplify  the  resulting  nine  terms,  we  find  that 

A  •  B  =  A^B,  -P  A^B^.  +  A,B^  (1-20) 

Suppose  now  that  e  is  a  unit  vector  in  some  specific  direction.  If  we  let  be  the 
component  of  A  in  this  direction,  we  see  from  (1-15)  that  it  can  be  found  from 

.1,  =  A  -  e  (1-21) 


1-7  VECTOR  PRODUCT 

This  is  also  called  the  cross  product  and  is  written  A  X  B.  It  is  a  vector  perpendicular  to 
both  A  and  B  and  its  magnitude  is  defined  as 

|A  X  B|  =A5sin^  (1-22) 

Its  direction  is  given  by  the  following  right-hand  rule:  if  the  fingers  of  the  right  hand 
are  curled  in  the  sense  necessary  to  rotate  A  through  the  smaller  angle  into  coincidence 
with  B,  the  thumb  points  in  the  direction  of  A  X  B.  This  rule  is  illustrated  in  Figure 
1-14. 
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Figure  1-14.  Definition  of  the  direction  of  the  cross 
product. 


\  Figure  1  -1 5.  Interpretation  of  the  magnitude  of  a 
_  A  cross  product  as  an  area. 


If  we  look  at  the  plane  containing  A  and  B  shown  in  Figure  1-15,  we  can  get  a 
simple  interpretation  of  the  cross  product.  We  see  from  the  figure  and  (1-22)  that  the 
magnitude  of  the  cross  product  is  equal  to  the  area  of  the  parallelogram  with  A  and  B 
as  sides. 

From  the  definition  of  the  direction  of  a  cross  product  shown  in  Figure  1-14,  it  is 
evident  that  the  order  of  terms  is  important,  since  it  is  seen  that 

B  X  A  =  -(A  X  B)  (1-23) 

If  A  and  B  are  parallel,  then  it  follows  from  (1-22)  that  A  X  B  =  0,  and  conversely. 
In  particular, 

A  X  A  =  0  (1-24) 

For  the  unit  vectors  along  the  axes  shown  in  Figure  1-6,  if  we  use  (1-22),  the 
right-hand  rule,  the  facts  that  they  are  mutually  perpendicular,  and  that  the  cross 
product  is  perpendicular  to  both  vectors,  we  find  that 

xXy  =  z  yxz  =  x  zXx  =  y  (1-25) 

and,  from  (1-24),  that 

xXx  =  yXy  =  zXz  =  0  (1-26) 

The  vector  product  can  also  be  conveniently  written  in  terms  of  the  rectangular 
components.  Proceeding  similarly  to  what  we  did  in  obtaining  (1-20),  we  write  A  and  B 
in  the  form  (1-5),  multiply  them  together  term  by  term,  and  use  (1-23),  (1-25),  and 
(1-26)  to  simplify  the  results.  We  find  that 

A  X  B  =  (A^B,  -  A,B^)x  +  (A^B^  -  A^Bjy  +  (A^B^  -  A^BJz  (1-27) 
This  can  be  written  as  an  easily  remembered  determinant 

AAA 

X  y  z 

A  X  B  = 

By  B^ 


(1-28) 
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It  will  be  left  as  exercises  to  verify  that 


and  that 


A  •  (B  X  C)  =  (A  X  B)  •  C  = 


A, 


Ay  A^ 
By  B, 
Cy  C 


(1-29) 


A  X  (B  X  C)  =  B(A  •  C)  -  C(A  •  B)  (1-30) 

In  (1-29)  we  see  that  the  dot  and  the  cross  can  be  interchanged  without  affecting  the 
value  of  this  triple  scalar  product;  hence  the  parentheses  are  not  really  needed.  In  the 
triple  vector  product  (1-30),  however,  the  parentheses  are  important  because  (A  X  B)  X 
C  =  -C  X  (A  X  B)  from  (1-23). 

Division  of  vectors  is  not  defined. 
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DIFFERENTIATION  WITH  RESPECT  TO  A  SCALAR 


Suppose  that  A  is  a  continuous  function  of  some  scalar  variable  ct,  so  that  we  can  write 
A  =  A(o).  This  is  equivalent  to  the  three  scalar  equations:  =  A^(o),  Ay  =  Ay(a), 

=  A^(<t).  If  a  is  changed  to  ci  +  Au,  A  can  generally  change  in  both  magnitude  and 
direction  as  shown  in  Figure  1-16.  The  change  in  A  is  AA  =  A(o  -I-  Aa)  —  A(a).  We 
can  then  define  the  derivative  of  the  vector  A  with  respect  to  the  scalar  a  as  follows: 


dA.  AA  A(a  +  Ac)  —  A(a) 

—  =  lim  — —  =  lim  - - - 

do  Aa  Aa— 0  Aa 

This  process  has  yielded  another  vector  from  a  vector.  Familiar  examples  of  (1-31)  are 
the  velocity  and  acceleration  of  a  particle  that  are  successive  derivatives  of  the  position 
vector  with  respect  to  the  time. 

If  A  is  written  in  terms  of  its  rectangular  components,  then,  since  these  unit  vectors 
are  constant,  we  see  from  (1-31)  that  the  components  of  the  derivative  are  the 
derivatives  of  the  respective  components,  and  we  have 


dA 

da 


dA^  dA^  dA. 

- X  + - y  +  z 

da  da  da 


(1-32) 


Once  we  have  defined  the  derivative  of  A,  we  can  proceed  to  its  differential  dA, 
which  is  to  represent  an  infinitesimal  change  in  A.  This  is  obtained,  in  effect,  by 
multiplying  (1-32)  by  da  to  give 


dA  =  dA^\  -I-  dAy  y  -I-  dA^  z 


(1-33) 


Figure  1-16.  A  A  is  the  change  in  the  vector  corresponding  to  the 
change  Aa  of  the  scalar. 
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Applying  this  to  the  position  vector  of  (1-11),  we  get 

dx  =  dx  \  dy  y  dz  z  (1-34) 


1-9  GRADIENT  OF  A  SCALAR 

Suppose  we  have  a  scalar  quantity  u  that  is  a  function  of  position  so  that  we  can  write 
u  =  u{x,  y,  z).  Such  a  situation  is  called  a  scalar  field.  An  example  would  be  the 
temperature  at  each  point  in  a  room.  At  some  other  point,  which  is  displaced  by  ds 
from  the  first,  the  value  of  the  scalar  will  have  changed  to  u  du  (Figure  1-17).  In  fact, 


du  du  du 

du  =  —  dx  H - dy  +  —  dz 

dx  dy  dz 

(1-35) 

where  we  should  remember  that  the  derivatives  are  evaluated  at  the  original  point,  that 
is,  du/dx  =  (du/dx)p,  and  so  on.  Although  we  have  written  the  displacement  as  ds,  it 
is  clearly  the  change  dr  in  the  position  vector  of  the  point  in  this  case,  so  that 

ds  =  dx  X  +  dy  y  +  dz  2 

(1-36) 

according  to  (1-34).  Comparing  (1-35)  and  (1-36)  with  (1-20),  we 
write  du  as  the  scalar  product  of  ds  and  the  vector 

see  that  we  can  also 

^  du  ^  du  du 

dx  ^  dy  dz 

(1-37) 

so  that 

du  =  ds  '  Vu 

(1-38) 

The  vector  that  we  have  obtained  in  this  way  and  that  is  written  in  terms  of  its 
rectangular  components  in  (1-37)  is  called  the  gradient  of  u  and  is  also  often  written 
grad  w.  We  can  regard  (1-38)  as  the  general  definition  of  Vw  since  it  is  written  in  a 
form  that  is  independent  of  a  particular  coordinate  system.  In  other  words,  the  gradient 
is  that  quantity  that  will  give  the  change  in  the  scalar  when  it  is  dotted  with  the 
displacement. 

In  order  to  understand  the  meaning  of  the  gradient,  let  us  consider  Figure  1-18,  in 
which  is  indicated  a  series  of  surfaces  each  of  which  is  made  up  of  those  points  for 
which  u  has  the  same  value;  in  other  words,  these  are  surfaces  of  constant  w,  with 
corresponding  values  W2»  ^3  •  •  •  •  Now  a  displacement  such  as  ds^,  which  takes  us  to 


U  ■>r  du 


Figure  1-17.  Change  in  a  scalar  function  of 
position  1/  as  a  result  of  the  displacement  ds. 


Figure  1  -18.  Surfaces  of  constant  u. 
The  gradient  is  perpendicular  to  such 
a  surface. 
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Figure  1-19.  Displacements  of  constant  magnitude 
but  different  directions. 


a  point  on  the  same  surface,  does  not  take  one  to  a  point  where  u  has  changed. 
Therefore,  du^  =  •  Vw  =  0.  Comparing  this  with  (1-15),  we  see  that  Vw  and 

are  perpendicular;  thus  Vm  is  perpendicular  to  a  surface  of  constant  w,  as  is  also  shown 
in  Figure  1-18. 

Now  let  us  consider  displacements  of  constant  magnitude  dsQ  from  a  given  point  but 
of  varying  directions  such  as  ds'^  ds'\  and  ds of  Figure  1-19.  We  see  from  (1-38)  and 
(1-15)  that  the  change  in  u  resulting  from  any  of  these  displacements  is  given  by 

=  c^s-qI  V«|cos  ^  and  is  different  for  each  displacement  only  because  of  the  different 
value  of  the  angle  ^  between  it  and  the  fixed  direction  of  vw.  We  now  see  that  du  will 
be  a  maximum  when  cos ^  =  1  or  ^  =  0  so  that  Vw  and  the  corresponding  displace¬ 
ment  are  parallel.  In  other  words,  the  direction  of  the  gradient  is  also  the  direction  in 
which  the  scalar  has  its  maximum  rate  of  change,  and  its  magnitude  is  just  that 
maximum  rate  of  change  of  u. 

A  unit  vector  h  that  is  perpendicular  to  a  given  surface  at  a  given  point  is  called  the 
normal  vector  and  is  illustrated  for  a  surface  u  =  const,  in  Figure  1-20.  But  we  have  just 
seen  that  v  w  is  also  perpendicular  to  the  surface  so  that  h  and  v  w  are  parallel.  Thus, 
by  using  (1-4),  we  can  write 


Vw 

IVwl 


(1-39) 


In  this  case,  h  will  also  give  the  direction  in  which  w  is  increasing. 


Example 

Suppose  we  consider  a  two-dimensional  case  where  u  =  -  kx  where  k  =  const.  If 

we  write  y^  =  kx  +  wwc  see  that  the  surfaces  of  constant  w  are  curves  in  the  xy  plane. 
In  fact,  they  are  parabolas  as  illustrated  for  /:  =  1  and  some  specific  values  of  w  in 
Figure  1-21.  Substituting  this  expression  for  u  (with  k  ^  1)  into  (1-37),  we  get 

vw  =  -X  -h  2yy 
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SO  that»  from  (1-6),  |Vm|  =  (1  +  and  therefore 


-X  +  2yy 

(1  + 


(1-40) 


according  to  (1-39).  In  using  this  result,  we  of  course  have  to  use  the  value  of  y 
corresponding  to  a  point  on  the  curve  for  the  given  u.  For  example,  let  us  evaluate  h  for 
the  point  P  of  Figure  1-21  where  the  parabola  corresponding  to  =  2  crosses  the 
positive  y  axis.  Here  X;,  =  0,  and  >’p  =  X;,-fw3  =  2so  that  yp=  \l2  .  Substituting  this 
into  (1-40),  we  get  Up  =  -  +  f  y.  This  vector,  with  its  negative  x  component  and 

considerably  larger  positive  y  component  is  also  shown  in  the  figure.  ■ 
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It  is  quite  possible  that  the  components  of  a  vector  can  also  depend  on  position,  so 
that,  for  example,  A^{x,  y,  z),  and  so  on.  Then  A  will  generally  change  as  we  go  from 
one  point  to  another,  in  magnitude  or  direction  or  both,  and  we  can  write  A  = 
A(x,  _v,  z)  =  A(r).  In  the  last  term  we  have  used  a  compact  notation  that  we  find 
convenient  for  expressing  A  as  a  function  of  the  coordinates  of  the  point  through  its 
position  vector.  A  vector  whose  value  is  thus  given  at  every  point  in  space  is  called  a 
vector  field.  We  now  consider  some  specific  ways  in  which  it  can  change  with  position. 

Looking  back  at  (1-37),  we  see  that  vm  can  be  interpreted  as  the  product  of  u  and 
the  del  operator  given  by 


V 


X—  +  y—  + 

dx  ^  dy 


A 

Z 


d 

dz 


(1-41) 
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It  will  be  shown  in  Section  29-3  that  this  somewhat  abstract  operator  has  the  same 
mathematical  properties  as  the  displacement  of  a  point  and  hence  can  be  treated  as  a 
legitimate  vector.  We  can  now  perform  two  differential  operations  of  interest  by  using 
our  two  forms  of  multiplication  of  vectors. 

Using  (1-20)  and  (1-41),  welget 


V  •  A  = 


dy  dz 


(1-42) 


This  scalar  product  is  called  the  divergence  of  A  and  is  often  written  divA. 
Using  (1-27)  and  (1-41),  we  obtain 


id  A, 


dAA  JiA,  DAA  laA,  dA,\ 
dz  j~^^[  dz  dxj^  dx  dy  ) 


(1-43) 


This  vector  product  is  called  the  curl  of  A  and  is  often  written  curl  A.  It  can  also  be 
conveniently  written  as  a  determinant  as  in  (1-28): 


V  X  A  = 


d 

dx 


d 

dy 


d 

dz 


(1-44) 


The  significance  of  the  names  “divergence”  and  “curl”  will  become  clearer  as  we  use 
them  in  situations  in  which  they  naturally  arise. 

Another  operator  of  great  interest  and  utility  is  the  iMplacian: 


,  d^  d^  d^ 


dz 


For  example,  if  applied  to  a  scalar, 


d^u  d^u  d^u 


dy 


dz^ 


(1-45) 


(1-46) 


while  the  expression  v  ^A  represents  the  three  equations  in  which  v  ^  operates  on  each 
of  the  three  rectangular  components  of  A,  that  is, 


d^A.  dM^  d^A. 


-h 


(1-47) 


dx^  dy^  dz'^ 

with  similar  expressions  for  the  other  two  components. 

We  also  note  two  useful  results  involving  del.  Because  of  (1-24),  the  curl  of  a 
gradient  is  zero: 

V  X  vw  =  0  (1-48) 

Similarly,  the  divergence  of  a  curl  is  zero, 

V  •  (v  X  A)  =  0  (1-49) 


because  of  (1-29)  and  (1-24). 

We  now  turn  to  some  integrals  involving  vectors.  Although  many  possibilities  can  be 
imagined,  two  particular  ones  are  of  interest  to  us  and  we  take  them  up  in  turn. 


1-11  THE  LINE  INTEGRAL 

Let  us  imagine  starting  at  some  given  initial  point  -P,(x,,  y^,  zj  and  moving  to  a  given 
final  point  >y,  z^)  along  a  specific  given  curve  C  (a  “line”  or  “path”)  as  shown 
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Figure  1  ’22.  Relations  for  the  calcula¬ 
tion  of  a  line  integral. 


in  Figure  1-22.  The  whole  traversal  of  this  path  can  be  treated  as  the  vector  addition  of 
a  sequence  of  infinitesimal  displacements  ds  along  C.  We  assume  that  there  is  a  vector 
field  A  so  that  its  value  can  be  found  at  all  points  along  the  way.  At  each  intermediate 
step,  we  evaluate  A,  multiply  its  component  along  ds  with  the  magnitude  of  ds,  and 
add  all  of  these  quantities.  The  result  is  called  the  line  integral  of  A  along  C  and  is 
given  by 

j^A  cos  ds  =  j  A  cos  Ar  ds  =  j  ■  ds  (l"50) 

Perhaps  the  most  familiar  example  of  a  line  integral  is  that  of  work  done  on  a  particle; 
in  that  case,  A  would  be  a  force  acting  on  the  particle. 

If  the  path  of  integration  follows  a  closed  curve,  for  example,  a  circle,  then  the  initial 
and  final  points  will  coincide.  We  write  the  fine  integral  for  this  case  as 


This  integral  is  sometimes  called  the  circulation  of  A;  it  may  or  may  not  be  zero 
depending  upon  A  as  we  will  see. 

If  r  is  the  position  vector  of  each  point  on  C,  then  ds  =  dr  and  we  can  use  (1-20) 
and  (1-34)  to  write 

j  \  '  ds  =  J  [A^  dx  Aydy  A^  dz)  (1-51) 

In  using  (1-51),  we  must  be  sure  to  take  into  account  the  fact  that  dx,  dy,  and  dz 
cannot  be  varied  independently  because  the  coordinates  x,  y,  z  are  related  by  the 
equation  describing  the  path.  Similarly,  the  expressions  for  A^  =  A^{x,  y,  z)  etc.  must 
also  take  this  interdependence  into  account.  These  considerations  are  best  illustrated  by 
looking  at  a  specific  case. 

Example 

Let  A  =  x^x-l-y^y-l-z^z  and  let  us  choose  as  our  path  that  part  of  the  parabola 
y^  =  x  between  the  origin  (0,0,0)  and  the  point  (2,  \/2^,0);  this  curve  is  exactly  the 
parabola  illustrated  for  ^2  ^  ^  Figure  1-21.  Here  z  =  const.,  so  that  dz  =  0  and  the 
integrand  of  (1-51)  becomes  simply 

A^  dx  +  Ay  dy  ^  x^  dx  +  y^  dy 
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We  can  write  this  as  a  function  of  one  variable  by  usim  the  equation  of  the  path.  Since 
=  X,  2 ydy  =  dx  or  dy  =  dx/lyfx  and  y'^ dy  =  \\lx  dx\  thus  we  get 

/* A  •  Js  =  (  (x^  +  2^^)  ^  " 

Jc  Jq 


1-12  VECTOR  ELEMENT  OF  AREA 

Before  we  consider  integrals  similar  to  the  above  but  instead  representing  sums  over 
given  areas,  we  will  find  it  helpful  to  look  in  some  detail  at  the  representation  of  area  in 
vector  terms.  In  Figure  1-23  we  show  an  infinitesimal  element  of  area  da  that  has  some 
particular  orientation  with  respect  to  the  coordinate  axes.  We  also  see  that  a  direction 
can  be  associated  with  this  area,  that  is,  the  unit  vector  h,  which  is  normal  to  the 
surface.  Thus,  we  can  associate  a  vector  Ja  with  this  element  of  area  and  write  it  as 

da  ^  dan  (1-52) 

by  following  the  general  form  of  (1-4).  It  is  clear,  however,  that  there  is  some  ambiguity 
in  this  definition  because  we  could  equally  well  have  chosen  h  to  be  in  the  opposite 
direction  and  it  would  still  be  perpendicular  to  the  area  element  da.  Hence  we  need  to 
supplement  (1-52)  with  a  convention  that  will  tell  us  what  to  do;  there  are  two  cases  to 
be  considered. 

First,  da  may  be  part  of  an  open  surface,  that  is,  it  is  bounded  by  a  closed  curve  C; 
a  page  of  this  book  is  an  example  of  such  an  open  surface.  In  this  case,  the  first  step  is 
to  choose  a  sense  of  traversal  around  the  bounding  curve;  once  this  is  done,  curl  the 
fingers  of  the  right  hand  in  the  sense  of  traversal  and  then,  by  convention,  the  direction 
in  which  the  thumb  is  pointed  is  to  be  taken  as  the  direction  of  h.  This  right-hand  rule 
is  illustrated  in  Figure  1-24;  note  how  the  direction  of  h  would  be  reversed  if  C  were 
traversed  in  the  opposite  sense. 

Second,  da  may  be  part  of  a  closed  surface.  In  this  case,  there  is  no  bounding  curve 
C  but  the  surface  divides  a  volume  into  an  inside  and  an  outside;  the  surface  of  a  ball 
is  such  an  example.  Here  the  direction  of  h  is  always  chosen  to  point  from  the  inside  to 
the  outside.  This  is  illustrated  in  Figure  1-25  where  the  corresponding  directions  of  the 
outward  normal  are  shown  for  several  points. 

When  (1-52)  is  combined  with  an  expression  for  h  of  the  form  (1-8),  da  can  be 
written  in  component  form  as 

da  =  da^  x  +  da^  y  -I-  da^  z  (1-53) 


Figure  1-23. 
area. 


The  normal  vector  for  an  element  of 


18  VECTORS 


Figure  1-24. 


Definition  of  the  direction  of  the  normal  vector. 


Figure  1-25. 
surface. 


Various  outward  normals  for  a  closed 


where 

da^  =  lxda  da^  =  l^da  da^  =  l^da  (1-54) 

and  where  are  the  components  of  h,  that  is,  its  direction  cosines.  Our 

experience  with  multiple  integrals  has  made  us  familiar  with  the  use  of  dxdy  as  an 
element  of  area  in  the  xy  plane,  and  it  is  clear  that  this  expression  is  somehow  related 
to  one  of  the  components  of  tia.  In  order  to  find  this  relationship,  let  us  consider  Figure 
1-26,  which  shows  a  rectangular  area  element  da  of  sides  b  and  c  so  that  da  =  he.  The 
plane  of  the  area  is  parallel  to  the  y  axis  so  that  h  is  parallel  to  the  xz  plane  and  makes 
an  angle  y  with  the  z  axis;  Figure  1-27  shows  a  side  view  looking  along  the  y  axis 
toward  the  origin.  The  figures  also  show  the  projection  of  the  area  onto  the  xy  and  yz 
planes;  these  projections  are  rectangles  of  area  dxdy  and  dydz  respectively;  it  is  also 
evident  from  the  figure  that  dy  =  c.  The  projection  of  da  onto  the  xz  plane  is  the  line 
labeled  b  in  Figure  1-27.  The  other  two  direction  angles  of  h  are  obtained  by 
comparing  these  two  figures  with  Figure  1-8  and  are  seen  to  be  a  =  90°  -  y  and 
P  =  90°,  so  that  the  direction  cosines  are  =  sin y,  =  0,  and  =  cos  y.  Substitut¬ 
ing  these  values  into  (1-54)  and  using  Figure  1-27,  we  find  that  da^  =  da  cosy  = 
(b  cos  y)c  =  dxdy,  which  is  just  the  projection  of  the  area  da  onto  the  xy  plane,  that  is, 
the  projection  perpendicular  to  the  corresponding  coordinate  axis.  Similarly,  we  find 
da^  =  dydz  while  da^  =  0  for  this  special  case. 

Now  suppose  that  were  negative  so  that  y  >  90°  while  everything  else  was  kept 
the  same;  tMs  is  illustrated  in  Figure  1-28.  Comparing  with  Figure  1-26,  we  see  that  the 
projections  on  the  xy  and  yz  planes  will  still  be  rectangles  of  respective  areas  dxdy  and 
dydz.  Now,  however,  cosy  will  be  negative  so  that  da^  =  da  cosy  =  —dxdy.  On  the 
other  hand,  since  a  =  y  -  90°,  cos  a  will  be  positive  and  da^  =  dydz  as  before;  day  is 
still  zero. 

These  considerations  can  be  generalized  to  a  situation  in  which  h  makes  arbitrary 
angles  with  all  axes.  The  magnitude  of  a  given  component  of  t/a  along  a  given  axis  will 
be  equal  to  its  projection  on  the  coordinate  plane  perpendicular  to  the  axis  and  will  be 
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Figure  1-26.  Determina¬ 
tion  of  the  components 
of  a  vector  area  element. 


in  Figure  1-26. 


Figure  1-28.  An  area  element  with  a 
negative  z  component. 


given,  in  rectangular  coordinates,  by  the  product  of  the  corresponding  differentials. 
Since  we  always  treat  these  differentials  as  positive  as  written,  the  actual  component 
will  be  obtained  by  multiplying  this  product  by  a  plus  or  a  minus  sign  depending  on  the 
sign  of  the  corresponding  component  of  h.  Thus  we  have  succeeded  in  finding  a 
representation  of  the  rectangular  components  of  an  element  of  area  and  we  can  write 

da^  =  ±dydz  day  =  ±dzdx  da^  =  ±dxdy  (1-55) 

where  the  plus  sign  is  to  be  used  for  a  given  component  if  the  direction  angle  of  h  with 
the  corresponding  axis  is  less  than  90°,  while  the  negative  sign  is  used  when  the 
direction  angle  is  greater  than  90°, 
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1-13  THE  SURFACE  INTEGRAL 

Consider  a  surface  S;  as  shown  in  Figure  1-29,  we  can  divide  S  into  vector  elements  of 
area  da  as  discussed  in  the  previous  section.  We  assume  the  existence  of  a  vector  field  A 
so  that  its  value  can  be  found  at  all  points  of  S.  At  each  element  of  area,  we  evaluate  A, 
multiply  its  component  in  the  direction  of  da  by  the  magnitude  of  da,  and  add  all  of 
these  quantities.  The  result  is  called  the  surface  integral  of  A  over  S  and  is  given  by 

[  A  cos'^  da  f  hda  ^  [  A  •  da  (1-56) 

*'5  ''S  •'s 

This  integral  is  also  called  the  flux  of  the  vector  A  through  the  surface  S.  We  have 
written  (1-56)  with  a  single  integral  sign  for  convenience,  but  it  actually  represents  a 
double  integral. 

If  the  surface  is  a  closed  surface,  it  is  useful  to  indicate  this  explicitly  by  writing  the 
integral  as 


The  value  of  this  integral  may  or  may  not  be  zero,  depending  on  A  as  we  will  see. 
Using  (1-20)  and  (1-53),  we  can  write  (1-56)  in  terms  of  rectangular  coordinates  as 

/a  ■  rfa  =  / {A^da,  +  Ayda^  +  A,  da,)  (1-57) 

s  s 

In  using  (1-57),  we  would  need  to  use  (1-55)  and  then  be  sure  to  take  into  account  the 
fact  that  dx,  dy,  and  dz  cannot  be  varied  independently  because  the  coordinates  x,  y,  z 
are  related  by  the  equation  describing  the  surface  S.  This  interdependence  must  also  be 
taken  into  account  in  determining  the  hmits  of  integration  and  in  the  writing  of  the 
components  such  as  =  Aflx,  y,  z).  Let  us  illustrate  these  points  with  a  specific  case. 


■  Example 

Let  A  =  _vzx  -I-  zxy  -I-  xyz  and  let  us  choose  our  area  S  to  be  that  part  of  a  circle  of 
radius  a  centered  at  the  origin  and  in  the  first  quadrant  of  the  xy  plane  as  shown  in 
Figure  1-30;  the  equation  of  the  circle  is  x^  A  y^  =  a^.  Here  the  area  is  perpendicular 
to  the  z  axis  so  that  h  can  be  taken  as  either  z  or  —  z.  Let  us  arbitrarily  choose  h  =  z; 
then  the  only  component  of  da  is  da^  =  dxdy  as  obtained  from  (1-55)  with  the  plus 
sign  since  the  direction  angle  7  =  0,  and  (1-57)  becomes 

J A  ’  da  =  Jxydxdy  (1-58) 

5  5 


Figure  1-29.  Relations  for  the  calculation  of  a 
surface  integral. 
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Figure  1  -30.  Area  of  Integra¬ 
tion  for  the  example  of  Section 


1-13. 


The  element  of  area  is  shown  more  darkly  shaded  in  the  figure.  We  choose  to  evaluate 
this  integral  by  first  integrating  over  y  while  keeping  x  constant;  this  will  add  up  the 
contributions  from  the  less  darkly  shaded  strip;  the  upper  limit  of  integration  on  y 
corresponds  to  the  location  of  the  point  P  and  is  found  from  the  equation  of  the  circle 
for  this  fixed  value  of  jc,  that  is,  yp  =  After  this  is  done,  we  integrate  over 

all  possible  values  of  x,  summing  the  contributions  from  similar  strips,  and  thereby 
covering  the  whole  area  S.  Thus,  (1-58)  becomes 


We  now  turn  to  two  important  theorems  involving  the  types  of  integrals  we  have  just 
discussed. 
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Consider  a  volume  V  enclosed  by  a  surface  S.  Gauss  ’  divergence  theorem  states  that 

(£X'd2i=  fv'Xdr  (1-59) 

The  integrals  are  taken  over  the  total  surface  S  and  throughout  the  volume  V  whose 
volume  element  is  dr.  Again,  for  convenience,  we  have  written  the  volume  integral  with 
a  single  integral  sign  although  in  reality  it  is  a  triple  integral.  Since  S  is  a  closed  surface, 
the  unit  normal  h  used  for  dsi  is  the  outward  normal  according  to  our  convention  of 
Section  1-12  as  shown  in  Figure  1-25. 

This  theorem  relates  a  surface  integral  of  a  vector  to  the  volume  integral  of  its 
divergence.  The  surface  integral  depends  only  on  the  values  of  A  on  the  surface, 
whereas  the  volume  integral  requires  a  knowledge  of  V  *  A  (but  not  of  A  itself) 
throughout  the  whole  volume. 

We  will  prove  this  theorem  by  direct  evaluation.  In  rectangular  coordinates,  the 
volume  element  is 

dr  =  dxdydz  (1-60) 
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and,  using  (1-42),  we  can  write  the  volume  integral  as  a  sum: 


c  c  f  f 

I  V  '  Adr  =  I  — —  dxdydz  +  /  dx dydz  /  ——  dx dy dz 
Jy  dx  Jy  dy  'fy  oz 


(1-61) 


Consider  the  first  integral.  Our  first  step  will  be  to  integrate  over  x  while  keeping  y  and 
z  constant  at  the  values  y^  and  Zq.  Thus  we  will  be  summing  up  the  contributions  from 
a  rod  of  cross  section  dydz.  This  rod  is  shown  in  Figure  1-31  where  its  projection  on 
the  yz  plane  is  also  indicated.  The  rod  intersects  the  surface  S  at  the  points  and  Pj 
and  thus  defines  two  elements  of  area  and  Ja2  of  S  whose  directions  are  shown. 
(For  clarity,  the  rest  of  V  and  S  are  not  shown  in  the  figure.)  The  coordinates  of  the 
points  Pi  and  P2  will  be  (x^,  yQ,  Zq)  and  (jC2,  yo,  Zq)  respectively  where  x^  and  are 
found  as  the  values  that  satisfy  the  equation  defining  the  surface  S;  thus  x^  and  X2  are 
the  limits  of  integration  for  x.  In  this  step,  then,  dA^/dx  will  be  a  function  only  of  x 
since  y  and  z  are  constant,  so  that  (dA^/dx)  dx  =  dA^. 

Therefore,  the  first  integral  in  (1-61)  becomes 
dA 

j  j  dydz  =  J  J  [A^{x2,  yo,  -Zq)  -  J'o.  Zo)]  dydz  (1-62) 

In  the  integrand  of  this  result,  the  term  in  brackets  is  the  difference  in  when 
evaluated  at  the  points  P2  and  P^,  which  we  can  write  as  A^(P2)  -  ^^(Pi).  From 
(1-55)  and  Figure  1-31,  we  see  that  da2j,  =  dydz  while  da^^  =  —dydz  because  the 
angles  made  by  these  areas  with  the  x  axis  are  less  than  90°  and  greater  than  90° 
respectively.  The  integrand  in  (1-62)  thus  can  be  written  as 

=  ^X2da2x  +  A^^da^^  (1-63) 

which  is  just  equal  to  the  total  contribution  to  the  surface  integral  of  A^  da^  arising 
from  the  areas  d2i2  intercepted  on  the  surface  S  by  this  rod.  Thus,  when  we 

perform  the  integrations  over  y  and  z  in  (1-62),  we  will  be  summing  the  contributions 
of  all  rods  of  this  type;  the  contribution  from  each  rod  will  be  A^  da^  from  its  share  of 
the  area,  so  that  the  final  result  will  be  the  surface  integral  of  A^  da^  over  the  whole 
area  S.  In  other  words,  we  have  found  that 


Jy  dx 


dxdydz  =  ^A^da 


In  the  same  manner,  the  last  two  integrals  in  (1-61)  will  be  found  equal  to 


da. 


and 


(1-64) 


Figure  1-31.  Volume  used  in  deriving  the  divergence  theorem. 
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respectively,  so  that,  if  we  add  these  to  (1-64),  substitute  into  (1-61),  and  use  (1-20),  we 
find  that 

f  V  '  Adr  =  (£{A^da^  +  A^da^  +  A^  da^)  =  -  di\ 

which  is  exactly  (1-59)  and  proves  the  theorem. 

We  have  proved  tins  only  for  a  volume  bounded  by  a  single  surface,  but  we  can 
easily  extend  the  proof  to  a  region  bounded  by  several  surfaces,  such  as  a  hollow  ball. 
Figure  1-32  shows  a  volume  V  surrounded  by  two  surfaces  and  5*2;  two  representa¬ 
tive  outward  normals  to  the  volume  are  shown  as  h  and  n'.  We  now  imagine  a  plane 
intersecting  the  volume  and  dividing  it  into  two  volumes  Kj  and  7^;  the  trace  of  this 
plane  is  shown  by  the  dashed  hnes  AB  and  CD.  The  volume  V2  is  now  enclosed  by  a 
single  surface  composed  of  those  portions  of  S2  and  Si  to  the  left  of  the  plane  plus  the 
plane  surfaces  of  intersection  shown  by  AB  and  CD;  the  outward  normal  to  the  new 
part  of  the  bounding  surface  is  shown  as  112.  Similar  remarks  apply  to  7^;  its 
corresponding  outward  normal  is  h^.  Applying  (1-59)  to  each  of  these  volumes  and 
adding,  we  obtain 

f  V'AdT=fA-da+fA-dsi+f  A  •  h2da  +  f  A  ■  hi  da 

•'y^+y2  '^$2  ^ABCD  ‘'a  BCD 

In  the  last  two  integrals,  the  normals  are  oppositely  directed  so  that  at  each  point  of 
ABCD,  h2  =  -hi  while  the  values  A  and  da  are  the  same;  thus  these  integrals  cancel 
each  other  and  we  are  left  with 

/  V  ■  Adr  =  f  A  -  dsi 

''v,+  V2  '^$1  +  52 

which  is  the  same  as  (1-59)  because  the  total  volume  is  7i  +  72  and  the  total  bounding 
surface  is  Si  -I-  52. 

This  proof  can  obviously  be  generalized  to  an  arbitrary  number  of  bounding 
surfaces  by  introducing  as  many  intersecting  surfaces  like  ABCD  as  would  be  neces¬ 
sary. 

If  we  now  apply  the  divergence  theorem  to  a  particular  simple  situation,  we  can  get  a 
useful  and  illuminating  result.  Consider  a  point  P  at  the  center  of  a  small  volume  A7. 
If  A7  is  very  small,  V  •  A  will  be  nearly  constant  throughout  the  volume  so  that  it  is 


Figure  1  -32.  A  volume  bounded 
by  two  surfaces. 
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easily  seen  that  the  volume  integral  in  (1  -59)  can  be  written  as 


(  V  -  Adr  =  (V  •  A)pAV 

*'AK 


where  (V  •  A)p  is  the  average  value  of  V  ■  A  in  the  vicinity  of  P.  Putting  this  into 
(1-59)  and  dividing  by  AK,  we  get 

(V  •  A)p  =  •  rfa  (1-65) 

If  we  now  let  AF  ->  0,  while  P  remains  at  the  center,  the  average  value  of  v  •  A  in  the 
vicinity  of  P  becomes  the  value  of  v  ■  A  a/  P;  writing  this  simply  as  v  •  A,  we  have 

V-A=  lim  ^(£A-£/a  (1-66) 

ak^oAF^  ^  ^ 

This  important  expression  for  v  •  A  is  in  a  form  independent  of  a  particular  coordinate 
system,  in  contrast  to  (1-42),  and  hence  can  be  taken  as  a  general  definition  of  the 
divergence  of  a  vector  in  the  same  sense  that  (1-38)  is  the  general  way  of  defining  a 
gradient.  The  result  (1-66)  also  gives  us  a  much  better  understanding  of  the  significance 
of  the  divergence  since  we  see  that  it  is  a  measure  of  the  outward  flux  of  the  vector 
through  a  small  area  about  the  point  in  question. 

It  is  possible  to  start  with  the  definition  (1-66)  and,  by  evaluating  the  flux  of  A 
through  the  surface  around  a  volume  AxAyAz,  find  the  expression  for  V  •  A  in 
rectangular  coordinates;  the  result  is,  of  course,  (1-42). 


1-15  STOKES'  THEOREM 

Consider  a  surface  S  enclosed  by  a  curve  C.  Stokes’  theorem  states  that 

■  rfs  =  j{v  XA)  ■  da  (1-67) 

and  hence  relates  the  line  integral  of  a  vector  about  a  closed  curve  to  the  surface 
integral  of  its  curl  over  the  enclosed  area.  Since  S  is  an  open  surface,  the  direction  of 
dsL  in  (1-67)  is  determined  from  the  chosen  sense  of  traversal  around  C  according  to 
(1-52)  and  the  right-hand  rule  illustrated  in  Figure  1-24;  it  is  essential  that  this  sign 
convention  be  used  in  any  application  of  (1-67). 

It  is  interesting  to  note  that  (1-67)  does  not  require  S  to  have  any  particular  shape 
other  than  that  it  be  bounded  by  C;  thus  there  are  many  possibilities  in  choosing  the 
surface.  In  general,  the  values  of  the  integrand  (v  X  A)  •  t/a  will  be  different  for 
the  points  on  all  these  surfaces,  but  (1-67)  tells  us  that  the  sum  of  all  these  terms  will  be 
the  same,  since  the  line  integral  depends  only  on  the  values  of  A  along  the  common 
perimeter.  This  point  is  illustrated  somewhat  schematically  in  Figure  1-33.  Suppose,  for 
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Figure  1-33. 
curve. 


Surfaces  with  the  same  bounding 


1-15  STOKES' THEOREM  25 


simplicity,  that  C  is  a  closed  curve  lying  in  a  plane  such  as  a  circle.  S  could  be  taken  as 
the  plane  area  enclosed  by  the  circle;  when  viewed  from  the  side,  C  and  S  would  both 
appear  as  the  line  shown.  The  dashed  lines  represent  traces  of  other  possible  surfaces 
S\  S'\  and  so  on,  all  of  which  have  C  as  a  boundary,  and  the  integral  of  (v  X  A)  •  ^/a 
over  any  of  them  will  give  the  same  result. 

We  prove  this  theorem  by  direct  evaluation  of  the  surface  integral  by  using  our 
previous  expressions  in  rectangular  coordinates.  Using  (1-20)  and  (1-43),  we  find  that 


where  we  have  grouped  the  terms  by  components  of  A.  Consider  the  first  integral  that 
we  designate  by  We  evaluate  it  by  first  integrating  over  a  strip  of  width  dx,  which  is 
parallel  to  the  yz  plane,  and  a  distance  x  from  it.  Then,  by  integrating  over  x,  we  sum 
up  the  contributions  from  all  of  the  strips  into  which  S  can  be  subdivided.  Initially,  we 
assume  S  to  be  simple  enough  that  we  can  choose  the  orientation  of  our  axes  so  that 
both  y  and  z  increase  as  we  go  from  the  beginning  to  the  end  of  the  strip.  This 
situation  is  illustrated  in  Figure  1-34,  which  also  shows  the  projections  of  the  strip  on 
the  xz  and  xy  planes  as  an  aid  to  understanding  the  orientation  of  the  surface.  Pi  and 
P2  are,  respectively,  the  initial  and  final  points  of  our  integration,  that  is,  they  are  the 
points  of  intersection  of  the  strip  with  the  bounding  curve  C  and  their  coordinates 
satisfy  the  equation  describing  C.  The  area  element  Ja  is  shown  at  an  intermediate 
stage  of  the  integration;  we  see  that  the  direction  angles  of  ^/a  have  values  such  that  a 
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and  y  are  less  than  90°,  while  >  90°.  (A  pencil  held  normal  to  a  piece  of  cardboard 
oriented  in  the  same  sense  as  the  shaded  strip  will  quickly  make  this  clear.)  Thus, 
according  to  (1-55),  day  =  —dxdz  and  da^  =  dxdy  and  we  can  write 


In  the  term  in  parentheses,  dy  and  dz  are  not  independent  because  y  and  z  are  related 
by  the  equation  for  S  and  the  value  of  x  involved.  Since  this  integrand  is  being 
evaluated  on  the  strip  for  which  ;c  =  const.,  and  hence  dx  =  0,  we  can  add 
{dA^/dx)  dx  =  0  to  it  to  give  it  a  quickly  recognizable  form: 


dx 


dx  + 


dy  + 


dz  =  dA^ 


As  a  result,  (1-69)  becomes 


4  =  -/  dx  pdA^  =-f  [AM  -  AM]  dx  (1-70) 

*'stnps  ''P^  •'strips 

If  we  turn  again  to  Figure  1-34,  and  consider  the  displacements  ds^  and  ds2  along  C  at 
the  corresponding  limits,  we  see  that,  at  ds^  has  a  positive  x  component  so  we  can 
write  ds^^  =  dx,  while  at  F2,  d%2  has  a  negative  x  component  with  the  result  that 
d^ix  =  Consequently,  the  integrand  of  (1-70)  can  be  written  as 

-^x{P2){-ds2,)  +  AM{ds^.)  =  A,2ds2,  +  A,^ds,,  (1-71) 

which  is  just  equal  to  the  total  contribution  to  the  line  integral  of  A^  ds^  arising  from 
the  displacements  d%2  and  ds-^  intercepted  on  the  curve  C  by  this  strip.  Thus,  when  we 
perform  the  final  integration  over  x  in  (1-70),  that  is,  adding  up  the  contributions  of  all 
of  the  strips,  the  contribution  from  each  strip  will  be  ds^  from  its  share  of  the 
bounding  curve;  the  final  result  will  be  the  line  integral  of  A^  ds^  over  the  whole  curve 
C.  In  other  words,  we  have  found  that 

dA^  dA^  \  - 

Similarly,  the  last  two  integrals  of  (1-68)  can  be  shown  to  have  the  respective  values 


(j)AydSy  and  (j)A^ds^ 

Substituting  these  results,  along  with  (1-72),  into  (1-68),  we  find  that 


/(v  X  A) 


d2i  =  (^{A^ 


ds 


^  Ay  dSy  A. 


ds^)  =  <^A 


ds 


which  is  exactly  (1-67)  and  proves  the  theorem. 

The  theorem  can  be  extended  to  the  case  of  a  surface  bounded  by  more  than  one 
curve  by  a  method  similar  to  that  we  used  for  the  divergence  theorem.  An  example  of 
such  a  situation  is  shown  in  Figure  1-35.  Note  the  direction  of  traversal  of  the  inner 
bounding  curve;  this  sense  is  chosen  to  keep  the  area  of  interest  to  one’s  left  as  one 
moves  along  the  curve  and  is  seen  to  be  equivalent  to  the  right-hand  rule  illustrated  in 
Figure  1-24.  We  would  divide  S  into  surfaces  each  bounded  by  a  single  curve  by 
introducing  as  many  pairs  of  coincident  lines  as  we  would  need;  two  such  pairs  are 
shown  dashed  in  the  figure.  Then  Stokes’  theorem  can  be  applied  to  each  of  these 
surfaces  and  the  results  added.  The  contributions  to  the  fine  integrals  from  the 
introduced  lines  would  cancel  since  they  are  traversed  in  opposite  directions  and  the 
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final  result  would  again  be  (1-67).  A  similar  procedure  will  also  dispel  any  remaining 
qualms  relating  to  our  assumption  that  the  surface  in  Figure  1-34  was  “flat  enough”  for 
us  to  orient  our  axes  so  that  y  and  z  always  increased  as  we  integrated  along  the  strip. 
If  the  surface  is  very  convoluted,  we  can  divide  it  into  pieces  each  of  which  is  flat 
enough  so  that,  if  necessary,  we  can  choose  a  different  set  of  axes  for  each  piece  which 
will  satisfy  the  requirements  of  Figure  1-34;  such  a  division  is  illustrated  in  Figure  1-36. 
When  we  apply  the  theorem  to  each  piece  and  add  the  results,  the  contributions  from 
the  dividing  lines  will  cancel  each  other,  and  we  will  again  obtain  (1-67). 

Consider  a  point  P  at  the  center  of  a  small  area  Aah.  When  (1-67)  is  applied  to  this 
case,  (v  X  A)  h  will  be  nearly  constant  over  the  area,  so  that,  much  as  in  the  last 
section,  we  can  write 


((vxA).h>,=  ^^A. 


where  the  left-hand  side  is  the  average  value  near  P  of  the  component  of  V  X  A  in  the 
direction  of  h  according  to  (1-21).  Now  if  we  let  An  -»■  0,  the  average  value  near  P 
becomes  the  value  at  P,  or 


(V  X  A)  •  h  = 


(1-73) 


which  gives  the  component  of  v  X  A  in  a  given  direction  in  terms  of  the  line  integral 
of  A  about  a  small  area  normal  to  this  direction.  Thus  we  can  take  (1-73)  as  a  general 
definition  of  the  component  of  the  curl  in  a  given  direction.  If  we  do  this  for  three 


Figure  1-36.  Division 
of  an  area  for  a  general 
proof  of  Stokes'  theorem. 
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mutually  perpendicular  directions  (such  as  x,  y,  and  z),  we  will  get  the  components  of 
V  X  A  in  each  of  these  directions  and  thus  obtain  the  whole  vector  v  X  A.  When  this 
procedure  is  carried  out  for  rectangular  coordinates,  the  result  is,  of  course,  (1-43). 


1-16  CYLINDRICAL  COORDINATES 

Up  to  now,  we  have  used  only  rectangular  coordinates  with  their  constant  unit  vectors. 
However,  many  problems  are  more  conveniently  stated  and  worked  in  other  systems  of 
coordinates,  and  we  want  to  see  what  happens  to  many  of  our  results.  We  need  to  deal 
with  only  two  of  the  more  important  ones. 

The  first  is  cylindrical  coordinates  in  which  the  location  of  a  point  P  is  specified  by 
the  three  quantities  p,  9,  z  whose  definition  is  illustrated  in  Figure  1-37;  this  figure  also 
shows  the  position  vector  r  of  the  point  along  with  three  new  unit  vectors  that  we  will 
define  shortly.  We  see  that  when  r  is  projected  onto  the  xy  plane,  p  is  the  length  of  this 
projection  while  <p  is  the  angle  that  it  makes  with  the  positive  x  axis;  z  is  the  same  as 
the  corresponding  rectangular  coordinate.  The  relation  between  the  cylindrical  and 
rectangular  coordinates  of  P  is  seen  from  the  figure  to  be 

X  =  p  cos  (p  y  =  p  sin  (p  z  =  z  (1-74) 

so  that 

p  =  (x^ y^y^^  tan(p=-  (1-75) 

X 

We  can  now  define  a  set  of  three  mutually  perpendicular  unit  vectors  as  follows: 
first,  z  is  the  same  as  the  rectangular  z;  second,  p  is  chosen  to  be  in  the  direction  of 
increasing  p  and  is  perpendicular  to  z  so  that  p  is  parallel  to  the  xy  plane;  finally,  $  is 
defined  to  be  perpendicular  to  both  of  these  and  in  the  direction  shown.  We  see  that  9 
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is  perpendicular  to  the  semiinfinite  plane  <p  =  const.,  and  its  direction  is  therefore  in 
the  sense  of  increasing  9.  These  unit  vectors  are  shown  at  the  location  of  P  in  order  to 
emphasize  that  they  are  functions  of  P  in  the  sense  that  if  P  is  displaced,  both  p  and  9 
change  their  directions,  although  z  does  not  change.  Thus,  these  unit  vectors  are  not  all 
constants,  in  contrast  to  x,  y,  and  z. 

Since  p,  9,  and  z  are  mutually  perpendicular  unit  vectors,  they  satisfy  relations 
analogous  to  (1-18),  (1-19),  and  (1-25): 

p-p  =  9'9  =  zz  =  l 

p-9  =  9-  2  =  z-  p  =  0  (1-76) 

pX9  =  2  9Xz  =  p  zXp  =  9 

The  rectangular  components  of  p  and  9  are  found  from  inspecting  Figure  1-37;  it  is 
helpful  to  imagine  them  projected  onto  the  xy  plane,  and  the  results  are 

p  =  COS9X  -1-  sin9y  9  =  —  sin9X  +  cos9y  (1-77) 


These  equations  can  be  solved  for  x  and  y  to  give  their  components  in  cylindrical 
coordinates: 


X  =  COS9P  -  sin  99  y  =  sin9p  +  cos  99  (1-78) 

By  differentiating  (1-77),  we  can  find  explicitly  how  p  and  9  vary  as  P  is  displaced: 

c/p  _  c/9 


c/9 


==  9 


and 


c/9 


=  -P 


(1-79) 


Since  p,  9,  and  2  are  mutually  perpendicular,  we  can  express  any  vector  A  in  terms 
of  its  components  along  these  directions;  by  analogy  with  (1-5),  we  write  A  in  the  form 

A  =  /IpP  +  1-  A^z  (1-80) 

For  the  particular  case  of  the  position  vector  r,  we  see  from  Figure  1-37  that 

r  =  pp  -h  zz  (1-81) 

which  can  also  be  obtained  from  (1-11)  by  substitution  of  (1-74)  and  the  use  of  (1-77). 
We  can  also  find  the  differential  of  dr  from  (1-81)  and  (1-79): 

c/r  =  c/p  p  -t-  p  c/p  -h  c/z  z  =  c/p  p  -I-  p  c/9  9  -f  c/z  z  (1-82) 

so  that  its  components  in  the  directions  of  increasing  p,  9,  and  z  are  c/p,  p  c/9,  and  c/z, 
respectively.  These  component  displacements  are  shown  in  Figure  1-38,  and  we  see  that 
they  correspond  to  the  distance  moved  by  P  resulting  from  the  change  of  any  one 
coordinate  while  the  other  two  are  held  fixed.  The  shaded  volume  element  has  as  sides 
just  the  components  oi  dr  given  by  (1-82).  Therefore,  the  element  of  volume  in 
cylindrical  coordinates  is  given  by 

dr  =  pdpd<pdz  (1-83) 

We  also  see  from  this  figure  that  the  areas  perpendicular  to  the  unit  vectors  are  p  c/9  c/z, 
dp  c/z,  and  p  c/p  c/9,  so  that  the  components  of  an  element  of  area  c/a  are  given  by 

dap=  ±pd<pdz  da^=  ±dpdz  da^==  ±p  c/p  c/9  (1-84) 

where  the  proper  sign  is  to  be  chosen  in  the  same  manner  as  for  (1-55). 

Now  we  can  go  on  to  find  what  our  differential  operators  become  when  expressed  in 
this  system.  If  w  =  u(p,  9,  z),  then 

du  du  du 

c/u  =  —  c/p  -H  —  c/9  +  ~  c/z 

op  o<p  oz 


and,  on  comparing  this  with  (1-82)  and  the  general  definition  of  the  gradient  given  in 
(1-38),  and  noting  that  c/s  =  c/r  in  this  case,  we  find  that  the  expression  for  the  gradient 
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Figure  1-38.  Volume  element  in  terms  of  cylindrical  coordinates. 


in  cylindrical  coordinates  is 


du 


1  du 


du 


V«  =  p—  +9“^ 

dp  p  d<p  dz 


(1-85) 


(1-86) 


SO  that  the  del  operator  can  be  written  as 

d  Id  d 

By  applying  (1-86)  to  (1-80),  we  can  find  corresponding  expressions  for  the  divergence 
and  curl.  In  doing  this,  however,  we  must  remember  that  the  unit  vectors  are  not 
constant  and  we  have  to  take  (1-79)  into  account;  in  addition,  we  need  to  use  (1-76). 
We  illustrate  this  process  for  V  •  A: 


P- 

+  q) 

-l-z- 

dA. 


p  H - : — CD  -I-  ^ — Z 


dp 


dp 


dp 


1  I  dA 


dA 


p 
dA 
dz 
A 


dtp 


1  dA 


dp  p  P  dtp 


<p  -h 


+ 


dA^ 

dz 

dA, 

dz 
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which  is  usually  written  as 


I  d  ^  .  1  dA, 

^  •  A  =  +  7 


P  ^P 


P 


+ 


dA^ 

dz 


(1-87) 


In  the  same  manner,  the  expression  for  the  curl  becomes 


V  X  A  =  p 


1  dA^ 
P  ^9 


d\ 

dz 


+  4> 


dz 


dA, 

dp 


+  z 


while  V  •  V  «  turns  out  to  be 


1  5 


V  M  =  - 


p  dp  \  dp  p  d(p 


1  ^2^ 


+ 


+ 


1  ^ 

p  5<p 

(1-88) 


(1-89) 


where  w  is  a  scalar  function  of  position. 

It  is  very  important  to  remember  that  (1-86),  (1-87),  (1-88),  and  (1-89)  cannot  be 
obtained  from  the  corresponding  expressions  in  rectangular  coordinates  as  given  by 
(1-41),  (1-42),  (1-43),  and  (1-46)  by  the  simple  replacement  of  x,  y,  z  by  p,  9,  z. 
Similarly,  (1-44)  and  (1-47)  can  only  be  used  for  rectangular  coordinates;  see  (1-120) 
for  the  definition  of  V  for  other  coordinate  systems.  You  would  be  surprised  at  how 
often  these  mistakes  are  made. 
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In  this  system,  the  location  of  a  point  P  is  specified  by  the  three  quantities  r,  6,  cp 
shown  in  Figure  1-39.  We  see  that  r  is  the  distance  from  the  origin  and  thus  the 
magnitude  of  the  position  vector  r,  6  is  the  angle  made  by  r  with  the  positive  z  axis, 
while  <p  is  again  the  angle  made  with  the  positive  x  axis  by  the  projection  of  r  onto  the 
xy  plane.  The  relations  between  the  rectangular  and  spherical  coordinates  are  seen  to 
be 

X  =  r  sin 0 cos  (p  y  = /*  sin 0  sin <p  z  =  rcos^  (l-90) 

so  that 

r  =  (x^  +  -I- tan^=  - - -  tancp  =  —  (1-91) 

We  define  a  set  of  mutually  perpendicular  unit  vectors  f,  0,  and  9  in  the  sense  of 
increasing  r,  0,  and  <p,  respectively,  as  shown  in  Figure  1-39;  we  see  that  as  the  location 
of  P  is  changed,  all  three  of  these  vectors  also  change.  They  satisfy  relations  analogous 
to  (1-76): 

i*f  =  §0  =  $*4>  =  l 

f  S=:0-$  =  9*f  =  O  (1-92) 

rX0  =  9  0X9  =  r  $Xr  =  0 

Their  rectangular  components  are  found  from  inspection  of  the  figure  to  be 
r  =  sin  ^  cos  <px  -I-  sin  0  sin  <py  +  cos  dz 
0  =  cos  d  cos  (px  -I-  cos  d  sin  cpy  —  sin  dz 
4>  =  —  sin  (px  +  cos  <py 


(1-93) 
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Figure  1-39.  Definition  of  spherical  coordinates. 


and  therefore 

X  =  sin  6  cos  (jpf  +  cos  6  cos  (p§  —  sin  (p4> 
y  =  sin  ^  sin  (pr  +  cos  6  sin  <p0  +  cos  (pq) 
z  =  cos  -  sin^G 
By  differentiating  (1-93),  we  obtain 


dr 

A 

5f 

=  0 

=  sin  6w 

86 

8<p  ^ 

A 

50 

A 

50 

86 

A 

=  — r 

—  =  cos  5$ 

8(p 

5$ 

— 

=  0 

—  =  -  sin  6r  -  cos  50 

86 

5<p 

A  vector  A  will  be  written  in  component  form  as 

A  =  +  Agh  +  A^^ 

The  position  vector  is 


A 

r  =  rr 


and  its  differential  is  found  with  the  use  of  (1-93)  and  (1-95)  to  be 

dr  =  Jr  f  +  rdff6  +  r  sin  6  dtp  $ 


(1-94) 

(1-95) 

(1-96) 

(1-97) 

(1-98) 


These  component  displacements  are  shown  in  Figure  1-40.  Since  the  shaded  volume 
element  has  as  sides  just  the  components  of  (1-98),  the  volume  element  will  be 


dr  =  sinB dr d6 d(p 


(1-99) 
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Figure  1-40.  Volume 
element  in  terms  of 
spherical  coordinates. 


while  the  components  of  an  element  of  area  i/a  will  be  given  by 

da^  =  ±r^sindddd(p  da^  =  ±rsmddrdfp  da^  =  ±rdrdd 
If  M  =  u{r.  By  <p),  then 

du  du  du 

du=  —dr+  -^dO  +  —  dtp 

dr  ad  d(p 

so  that  the  gradient  as  obtained  from  (1-38)  and  (1-98)  is 

du  A  du  I  du 

Vw  =  r—  +  0-  —  + 

dr  r  dB  r  sinB  d(p 

showing  that  the  del  operator  is 

d  A  d  Id 

V  =  r—  +  0-  —  + 

dr  r  dB  r  sin  B  d(p 

If  we  now  proceed  to  use  (1-102)  and  (1-96)  in  the  same  manner  as  in  the  last 
taking  account  of  (1-92)  and  (1-95),  we  find: 

V  •  A  = 

dr  rsin0  d0  rsm8  dtp 


(1-100) 


(1-101) 

(1-102) 

section, 

(1-103) 


V  X  A  = 


r  sinB 

-I-  — 
r 


d  ^  ^  dA 

^(sin^^J- 


dB 

d  dA^ 


dw 


-  - 


sin^  dcp 


2,.  _  _ 


1  d 


V^u  = 


du  ^ 
r"— 


\  dr  j 


1  d  j  du 


1 


+ 


rAin^B  d(p 


(1-104) 

(1-105) 
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Remarks  similar  to  those  following  (1-89)  also  apply  here.  You  cannot  get  the  correct 
spherical  coordinate  expressions  for  (1-102)  through  (1-105)  from  the  corresponding 
ones  in  rectangular  coordinates  by  simply  replacing  the  symbols  jc,  y,  z  by  r,  8,  qo. 


1-18  SOME  VECTOR  RELATIONSHIPS 

We  list  below  some  general  results  that  are  useful  in  evaluating  and  simplifying  many 
of  the  expressions  encountered  when  using  vectors;  we  have  already  seen  examples  in 
(1-29)  and  (1-30).  The  first  set  of  these  expressions  can  be  verified  by  straightforward, 
but  sometimes  tedious,  calculations.  Such  verifications  are  most  easily  done  in  rectangu¬ 
lar  coordinates  since  the  unit  vectors  involved  are  constants.  For  completeness,  it 
should  be  noted  that  V^A  in  (1-120)  can  be  resolved  as  we  did  in  (1-47)  only  for 
rectangular  components;  for  other  coordinate  systems,  (1-120)  should  be  taken  as  a 
definition  of  v  to  be  evaluated  from  the  rest  of  the  identity. 

(A  X  B)  •  (C  X  D)  =  (A  •  C)(B  •  D)  -  (A  •  D)(B  •  C) 


d  du  dA 

-f-  u— 

da  do  da 

d  dA  dB 

—  (A-B)=  —  -  B  +  A-  — 
aa  da  da 

d  ,  d\  JB 

—  (A  XB)=  —  XB  +  AX  - 

da  da  da 

V{u  -I-  t?)  =  Vu  -I- 

v(Mt?)  =  uvv  +  vVu 

V(A  •  B)  =  BX  (v  X  A)  -h  Ax  (v  X  B)  +  (B  -  v)A  -f-  (A  ■  v)B 

v(C  ■  r)  =  C  where  C  =  const. 

V*(A  +  B)  =  V-  A-f-V‘B 

V  •  (wA)  =  A*  (v«)  +  w(v  •  A) 

V  •  (A  X  B)  =  B  -  (v  X  A)  -  A  -  (v  X  B) 

VX(A  +  B)  =  VXA-t-VXB 

V  X  (mA)  =  (vw)  X  A  +  w(v  X  A) 

V  X  (A  X  B)  =  ( V  ■  B)A  -  ( V  *  A)B  -I-  (B  •  V  )A  -  (A  •  V  )B 

V  X  (v  X  A)  =  v(v  ■  A)  -  V^A 


where 


. 


+y  A 


-\-z\  A 


dx 

dx 


dB 


+  A. 


dBA 


dz 


+  A 


-K  A 


dB. 


+  A. 


dy 


/ 

dz 

d_^ 

dz 


(1-106) 

(1-107) 

(1-108) 

(1-109) 

(1-110) 

(1-111) 

(1-112) 

(1-113) 

(1-114) 

(1-115) 

(1-116) 

(1-117) 

(1-118) 

(1-119) 

(1-120) 


(1-121) 


If  we  take  A  to  be  a  constant,  but  otherwise  arbitrary,  vector  in  (1-115)  and  (1-118), 
while  B  is  taken  as  constant  in  (1-116),  and  use  (1-59)  and  (1-67),  we  obtain  three 
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interesting  and  occasionally  useful  integral  theorems: 


Vudr 

(1-122) 

f  (v  X  A)  dr 

Jy 

(1-123) 

f  Vu  X  dsL 

J  e 

(1-124) 

We  can  obtain  an  alternative  way  of  looking  at  the  meanings  of  the  gradient  and  curl 
from  (1-122)  and  (1-123)  by  considering  a  small  volume  AK  and  proceeding  as  we  did 
to  get  (1-66);  we  find  that 


V«=  lim  -—(£udsi 

V  X  A  =  lim  —  (£  i/a  X  A 
AK-»0  AV  Js 


Finally,  if  we  integrate  (1-115)  over  a  volume  and  use  (1-59),  we  get 

(£mA  ■  i/a  =  f  [A-  (vw)  +  m(v  •  A)]  dr 

Consider  the  particular  case  in  which  u  =  then  (1-127)  becomes 

■da)^  /  [A  ■  +  B,(V  •  A)]  dr 

's  ■'y 

Since  there  are  similar  expressions  involving  the  other  two  components  of  B,  we 
recognize  that  (1-128)  will  also  lead  us  to 


(1-125) 

(1-126) 

(1-127) 

(1-128) 


^B(A  ■  i/a)  =  j  [(A  •  V  )B  +  B(v  •  A)]  dr 


(1-129) 
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As  we  proceed,  we  will  find  that  we  are  constantly  dealing  with  functions  that  depend 
only  on  the  differences  of  the  coordinates,  that  is,  they  are  functions  solely  of  the 
combinations  x  —  x'^  y  —  y\  and  z  —  z'.  We  see  from  (1-13)  that  these  combinations 
are  simply  the  components  of  the  relative  position  vector  R,  hence  the  name  “  relative 
coordinates”  for  jc  -  x'  and  so  on.  Functions  of  this  type  have  properties  that  will 
enable  us  to  simplify  much  of  our  later  work  and  it  is  convenient  to  consider  them  now. 
Let  /  be  such  a  function;  /  could  be  a  scalar  or  a  component  of  a  vector.  Since  / 


rule  of  differentiation,  we  find  that 

!L  =  =  K  and 

dx  dX  dx  dX 


so  that 


dx 


'  =  y  -  y\  z  =  z  -  z'. 

Using  the  chain 

df  df  dX 

df 

dx'  "  dx  dx' 

dX 

5/(R) 

(1-130) 

dx 
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with  similar  expressions  for  the  y  and  2  derivatives.  Following  (1-41),  we  can  define  a 
del  operator  v '  in  terms  of  the  primed  coordinates  as 


V' 


+  y 


d  d 


(1-131) 


If  now,  we  calculate  the  gradient  of  /  according  to  (1-37)  and  use  (1-130)  and  (1-131), 
we  get 


V/(R)  =  -  V '/(R)  (1-132) 

which  shows  us  that  when  we  are  dealing  with  functions  of  the  relative  coordinates  the 
V  and  V '  operators  can  be  interchanged  provided  that  the  sign  is  also  changed. 

If  the  vector  A  is  a  function  only  of  the  relative  coordinates,  A(R),  so  that  y4,,(R), 
^,(R),  and  yl^(R),  we  can  apply  (1-130)  and  its  analogues  to  (1-42)  and  (1-43)"^ and 
obtain  results  similar  to  (1-132): 

V  •  A(R)  =  -V' ■  A(R)  (1-133) 

VXA(R)=  -v'XA(R)  (1-134) 

The  Laplacian  operator  defined  in  (1-45)  is  unchanged,  however: 

vV(R)  =  v'V(R)  (1-135) 


Example 


The  magnitude  of  the  relative  position  vector  R  as  given  by  (1-14)  is  an  important 
example  of  the  kind  of  function  we  have  been  discussing.  By  direct  differentiation  of 
(1-14)  we  find  that 


dR  X  -  x'  dR 
dx  ~  ~  R  ~  ^ 


(1-136) 


with  similar  expressions  for  the  y  and  z  derivatives.  If  we  combine  these  results  with 
(1-41),  (1-131),  and  (1-13),  we  get 

R  . 

vR  =  -v'R  =  =  R  (1-137) 

where  R  is  the  unit  vector  in  the  direction  of  the  relative  position  vector.  Similar  results 
are  found  for  functions  of  R\ 


dg  dR  dg  ^ 
dx  ~  ~ 

so  that 

Vg(R)  =  -V'g{R)  = 

dR 

and,  in  particular, 

An  especially  important  case  of  (1-140)  corresponds  io  n  =  -1: 


The  x  component  of  (1-141)  is 

5/1)  5/l\  {x-x') 


(1-138) 

(1-139) 

(1-140) 

(1-141) 


1-20  THE  HELMHOLTZ  THEOREM  37 


If  we  differentiate  this  once  more,  we  get 

( 1 


1  3{x-x'y 


+  - ^ -  (1-143) 

dx^\Rj  R^ 

with  the  use  of  (1-136).  There  will  be  similar  expressions  for  the  y  and  z  second 
derivatives;  if  we  add  them  to  (1-143),  use  (1-14)  and  (1-45),  we  find  that 


R^ 


3^- 


=  0 


so  that,  if  we  also  recall  (1-135), 


V 


=  0 


{R^O) 


(1-144) 


We  have  added  the  parenthetical  term  in  (1-144)  to  remind  us  that  all  of  our 
calculations  from  (1-141)  on  were  made  with  the  implicit  assumption  that  R  i=  0  so 
that  we  were  dealing  with  finite  quantities.  If  we  recall  that  V  ^  =  V  *  V,  we  see  from 
(1-141)  that  (1-144)  can  also  be  written  as 


|  =  v| 

=  0 

(R#0) 

(1-145) 

/  R  ^ 

1  =  V'- 

\ 

=  0 

, 

(R^O) 

(1-146) 

It  will  be  helpful  later  to  know  that 

V  X  j 

II 

-vxv(i 

)=0 

(1-147) 

which  follows  from  (1-141)  and  (1-48). 
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We  will  not  prove  this  theorem  at  this  time  but  simply  quote  it  as  an  aid  to 
understanding  the  motivations  for  many  of  the  procedures  we  will  be  following.  We 
will,  in  effect,  prove  it  eventually,  but  piece  by  piece. 

The  theorem  deals  with  the  question  of  what  information  we  need  to  calculate  a 
vector  field.  Basically  the  answer  is  that  if  the  divergence  and  curl  of  a  vector  field  are 
known  everywhere  in  a  finite  region,  then  the  vector  field  can  be  found  uniquely.  We 
consider  a  vector  field  ¥  =  ¥{x,  y,  z)  =  F(r)  and  assume  that  the  functions  v  -  F  =  b(r) 
and  V  X  F  =  c(r)  are  given  to  us  everywhere  in  a  finite  volume  F,  that  is,  they  are 
known  functions  of  position.  Then,  if  we  define  the  following  two  functions, 


1  f  bir^)  dr' 

f  1 

(1-148) 

47r  Jy  |r  -  r'l 

1  f  c(r')  dr' 

-  4,  1  |r  -  ,-| 

(1-149) 

the  theorem  tells  us  that  F  can  be  found  from 

F  =  F(r)  =  -vO  +  V  X 

(1-150) 

In  these  expressions,  |r  —  r'|  is  seen  to  be  the  magnitude  of  the  relative  position  vector 
as  given  by  (1-12)  and  shown  in  Figure  1-12. 

Since  F  can  be  found  from  a  knowledge  of  them,  its  divergence  and  curl  are  often 
called  the  sources  of  the  field.  The  point  r  where  we  evaluate  F  is  called  the  field  point, 
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while  the  point  r'  where  the  sources  are  evaluated  for  purposes  of  integration  is  called 
the  source  point;  dr'^  is  then  a  volume  element  at  the  location  of  the  source  point. 
Similarly,  the  derivatives  in  (1-150)  involve  the  components  of  the  field  point  r.  The 
functions  ^  and  sf  are  called  scalar  and  vector  potentials,  respectively,  because  F  is 
obtained  from  them  by  difTerentiation.  For  reasons  that  will  become  clear  later,  the 
divergence  is  known  as  the  “charge”  source  while  the  curl  is  called  a  “current”  source. 

If  there  are  sources  at  infinity,  so  that  they  are  not  all  confined  to  a  finite  volume,  the 
above  theorem  is  not  absolutely  correct,  because  one  must  also  include  certain  surface 
integrals  involving  F.  We  will  handle  such  situations  by  special  methods  when  we 
encounter  them. 

Much  of  the  content  of  modern  electromagnetism  involves  various  electric  and 
magnetic  field  vectors.  Consequently,  much  of  our  effort  will  be  devoted  to  finding 
expressions  for  their  divergence  and  curl  from  fundamental  experimental  results;  this 
theorem  shows  us  why  we  want  to  know  them.  When  the  complete  set  of  these  source 
equations  are  found,  they  are  called  Maxwell's  equations  and  form  the  fundamental 
description  of  the  electromagnetic  field. 


EXERCISES 

I  really  understand  the  theory; 

I  just  can't  work  the  problems. 

— Anonymous 

1-1  Verify  Equation  1-2  by  graphical  methods. 
1-2  Given  the  two  vectors  A  =  2x  -  3y  -  4z 
and  B  =  6x  5y  +  z,  find  the  magnitudes  and 
angles  made  with  the  x,  y,  and  z  axes  for  A  -I-  B 
and  A  -  B. 

1-3  Find  the  relative  position  vector  R  of  the 
point  /’(2, -2,3)  with  respect  to  F'{-3,1,4). 
What  are  the  direction  angles  of  R? 

1-4  Given  the  two  vectors  A  =  x  -I-  2y  -I-  3z  and 
B  =  4x  -  5y  +  6z,  find  the  angle  between  them. 
Find  the  component  of  A  in  the  direction  of  B. 

1-5  Given  the  vectors  A  =  2x  -h  35^  -  4z  and 
B  =  -  6x  —  4y  +  z.  Find  the  component  of  A  X 
B  along  the  direction  ofC  =  x-  y-l-z. 

1-6  Verify  (1-29)  and  (1-30). 

1-7  Show  that  A  ■  (B  X  C)  equals  the  volume  of 
a  parallelepiped  if  A,  B,  and  C  are  the  vectors 
representing  the  three  edges  with  a  common 
comer. 

1-8  A  family  of  hyperbolas  in  the  xy  plane  is 
given  by  u  =  xy.  Find  vw.  Given  the  vector 
A  =  -I-  2^  -I-  4z,  find  the  component  of  A  in 

the  direction  of  v  «  at  the  point  on  the  curve  for 
which  w  =  3  and  for  which  x  =  2. 

1-9  The  equation  giving  a  family  of  elhpsoids  is 


Find  the  unit  vector  normal  to  each  point  of  the 
surface  of  these  elhpsoids. 

1-10  Verify  (1-48)  and  (1-49)  by  direct  calcula¬ 
tion. 

1-11  Do  the  example  of  Section  1-11  by  in¬ 
tegrating  over  y  rather  than  x  and  thus  show  that 
the  same  result  is  obtained. 

1-12  Find  the  surface  integral  of  r  over  a  surface 
of  a  sphere  of  radius  a  and  center  at  the  origin. 
Also  find  the  volume  integral  of  v  •  r  and  com¬ 
pare  your  results. 

1-13  Given  the  vector  field  A  =  xyx  -I-  yzy  -f- 
zxz.  Evaluate  directly  the  flux  of  A  through  the 
surface  of  a  rectangular  parallelepiped  of  sides 


Figure  1-41.  Rectangular  parallelepiped  with 
a  corner  at  the  origin. 
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a,  by  c  with  origin  at  one  comer  and  edges  along 
the  positive  directions  of  the  rectangular  axes  as 
shown  in  Figure  1-41.  Evaluate  /v  •  Adr  over 
the  volume  of  this  same  parallelepiped  and  com¬ 
pare  your  results. 

1-14  Calculate  directly  the  line  integral  ■  t/s 
of  the  vector  A  =  -yx  +  xy  around  the  closed 
path  in  the  xy  plane  with  straight  sides  given  by: 
(0,  0)  ^  (3,  0)  (3,  4)  (0, 4)  (0,  0).  Also 

calculate  the  surface  integral  of  v  X  A  over  the 
enclosed  area  and  show  that  (1-67)  is  satisfied. 
1-15  Given  the  vector  field  A  =  x^y\  +  xy^y 
cosaxz  where  a,a,j8  are  constants. 
Evaluate  directly  the  line  integral  of  A  over  the 
closed  path  in  the  xy  plane  shown  in  Figure  1-42. 
The  straight  portions  are  parallel  to  the  axes,  and 
the  curved  portion  is  the  parabola  y^  =  kx  where 
k  =  const.  Evaluate  the  surface  integral  of  v  X  A 
over  the  area  S  enclosed  by  C  and  compare  your 
results. 


Figure  1  -42.  Path  of  integration  for  Exercise 
1-15. 

1-16  Verify  (1-88)  and  (1-89). 

1-17  Verify  (1-103),  (1-104),  and  (1-105). 

1-18  Given  A  =  ax  by  +  cz  where  a,  b,  c  are 
constants.  Is  A  a  constant  vector?  Find  the  cylin¬ 
drical  and  spherical  components  of  A,  expressing 
them  in  terms  of  p,  <p,  z  and  r,  By  (jp  respectively. 
1-19  Given  A  =  ap  +  +  cz  where  <3,  b,  c  are 

constants.  Is  A  a  constant  vector?  Find  v  •  A  and 
V  X  A.  Find  the  rectangular  and  spherical  com¬ 
ponents  of  A,  expressing  them  in  terms  of  x,  y,  z 
and  ty  6  y(p,  respectively. 


1-20  Given  A  =  ai*  +  where  a,  c  are 

constants.  Is  A  a  constant  vector?  Find  V  •  A  and 
V  X  A.  Find  the  rectangular  and  cylindrical  com¬ 
ponents  of  A,  expressing  them  in  terms  of  x,  y,  z 
and  pyfpyZ,  respectively. 

1-21  Find  V  •  r  for  the  position  vector  r  ex¬ 
pressed  in  rectangular,  cyUndrical,  and  spherical 
coordinates,  thus  showing  that  the  same  result  is 
obtained  in  all  cases. 

1-22  Given  A  =  app  b^  czz  where  a,  b,  c 
are  constants.  Find  ^A  •  da  over  the  surface  of  a 
right  circular  cylinder  of  length  L  and  radius  pQ. 
The  axis  of  the  cylinder  is  along  the  positive  z 
axis  and  the  origin  is  at  the  center  of  the  lower 
circular  face.  Also  find  fv  -  ^  dr  over  the  volume 
enclosed  by  the  cylinder  and  compare  your  re¬ 
sults. 

1-23  Given  the  vector  A  =  4?  -E  30  —  2^,  find 
its  line  integral  around  the  closed  path  shown  in 
Figure  1-43.  The  curved  portion  is  the  arc  of  a 
circle  of  radius  /q  centered  at  the  origin.  Also  find 
the  surface  integral  of  V  X  A  over  the  enclosed 
area  and  compare  your  results. 


Figure  1  -43.  Path  of  integration  for  Exercise 
1-23. 


1-24  Verify  (1-115)  and  (1-118). 

1-25  By  applying  the  divergence  theorem  to  the 
special  case  in  which  A  is  a  constant  but  other¬ 
wise  arbitrary  vector,  show  that  the  total  vector 
area  of  a  closed  surface  is  zero,  that  is,  ^  da  =  0. 
Similarly,  show  that  ^ds  =  0.  Do  these  results 
surprise  you? 

1-26  Verify  (1-122),  (1-123),  and  (1-124)  by  using 
the  method  suggested  in  the  text. 
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COULOMB'S  LAW 


The  phenomena  nowadays  associated  with  the  term  “electricity”  go  back  many 
centuries  to  observations  that  when  certain  naturally  occurring  materials  were  rubbed, 
they  acquired  the  ability  to  exert  forces  on  other  objects.  A  typical  material  of  this  sort 
is  amber  {ekktron  in  Greek).  The  process  is  called  “electrification  by  friction”  or 
“  triboelectrification”  and,  in  order  to  describe  the  altered  state  of  the  matter,  one  says 
that  it  has  become  “charged”  or  has  an  “electric  charge”  on  it. 

After  many  experiments  and  much  thought,  it  was  finally  concluded  that  electrifica¬ 
tion  by  friction  did  not  represent  a  process  of  creation  of  electric  charge,  but  rather  a 
separation  of  two  types  of  charge  that  were  originally  present  in  equal  amounts  in  the 
uncharged  “neutral”  material.  These  two  types  of  charge  are  arbitrarily  called  “posi¬ 
tive”  and  “negative.”  Positive  charge  is  defined  as  that  which  is  left  on  a  glass  rod  after 
it  has  been  rubbed  with  a  silk  cloth;  since  the  process  is  one  of  separation,  the  silk  cloth 
will  be  left  with  a  negative  charge  equal  in  magnitude  to  that  on  the  glass  rod.  As 
implied  by  these  remarks,  and  confirmed  by  all  subsequent  experiments,  electric  charge 
is  conserved  in  the  sense  that  net  charge  cannot  be  created  or  destroyed;  we  will  put 
this  fundamental  experimental  result  in  quantitative  terms  in  Chapter  12. 

The  forces  between  electric  charges  can  be  forces  of  repulsion  as  well  as  of 
attraction.  The  first  quantitative  investigation  of  the  dependence  of  these  forces  on  the 
magnitudes  of  the  charges  and  the  distance  between  them  was  made  by  Coulomb  in 
1785  and  the  result  is  known  as  Coulomb’s  law. 


2-1  POINT  CHARGES 

We  use  the  symbol  q  to  represent  electric  charge.  In  a  general  situation,  the  charge  of 
an  object  will  be  distributed  in  some  manner  on  or  throughout  it  and  the  force  between 
two  objects  will  depend  on  these  distributions  as  well  as  on  the  total  amount  of  each 
charge.  As  a  result,  it  is  convenient  to  begin  with  the  case  of  a  point  charge  in  which  it 
is  assumed  that  all  of  the  charge  is  located  at  a  geometrical  point  in  space.  This  is 
obviously  an  idealization,  but  can  be  approximated  very  well  in  the  laboratory  by 
making  any  distances  of  separation  that  are  involved  very  large  compared  to  the 
dimensions  of  the  charged  objects. 

In  order  to  make  further  progress  one  has  to  be  able  to  compare  the  magnitudes  of 
two  point  charges  q-^  and  ^2-  This  can  be  done  by  introducing  another  arbitrary  point 
charge  q,  putting  it  at  a  fixed  distance  R  from  q^,  and  measuring  the  resultant  force 
on  q;  this  is  illustrated  in  Figure  2~la.  Then  q^  is  removed  and  replaced  by  ^2  ^1  Ihe 
same  distance  R  from  q;  the  new  force  Fj  on  q  can  then  be  measured  as  indicated  in 
Figure  2-lZ).  Since  both  q  and  R  are  the  same  in  the  two  cases,  the  difference  in  the 
forces  can  only  be  due  to  the  difference  in  the  numerical  values  of  the  charges  q^  and 
^2,  and  it  is  natural  to  ascribe  the  magnitudes  of  the  forces  as  being  directly 
proportional  to  the  magnitudes  of  q^  and  Accordingly,  we  can  define  the  ratio  of 
their  magnitudes  as  equal  to  the  ratio  of  the  magnitudes  of  the  forces  they  produce  on 
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Figure  2-1 .  Comparing  charges  by  comparing 
the  forces  they  exert. 


the  arbitrary  charge  q\  thus,  we  get 


1^2!  1^2! 


(2-1) 


for  q  and  R  both  constant. 

Once  this  procedure  for  comparing  magnitudes  has  been  established,  one  can 
proceed  to  the  study  of  how  the  force  between  two  point  charges  depends  on  their 
relative  sizes.  In  addition,  one  can  now  assign  absolute  values  to  the  charges  by 
choosing  a  charge  of  unit  magnitude  in  some  arbitrary  but  convenient  way,  and  by 
using  (2-1)  with  the  numerical  value  j^unitl  =  1- 


2-2  COULOMB'S  LAW 

This  basic  experimental  law  refers  to  the  situation  illustrated  in  Figure  2-2  in  which  we 
have  two  point  charges  q  and  q'  separated  by  a  distance  R\  we  assume  the  charges  to 
be  fixed  in  position  and  that  there  is  no  other  matter,  that  is,  the  charges  are  situated  in 
a  vacuum.  The  force  on  q  due  to  q'  will  be  written  as  ^  Thus,  q'  is  being  treated  as 
the  origin  of  the  force,  and  we  can  refer  to  q'  as  the  “source”  and  its  location  given  by 
r'  as  the  “source  point.”  Since  q  is  the  charge  for  which  the  force  is  to  be  found,  we  say 
it  is  at  the  “field  point”  located  by  r.  Then,  according  to  (1-12),  R  is  the  relative 
position  vector  of  q  with  respect  to  q'  and  is  seen  to  be  directed  from  the  source  point 
to  the  field  point  as  is  its  corresponding  unit  vector  R.  Thus,  using  (1-12)  and  (1-4),  we 
have 

R  =  r  -  r'  R  =  |r  -  r'l  R  =  -  (2-2) 

R 


In  terms  of  all  of  these  quantities.  Coulomb's  law  says  that 
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SO  that  the  force  is  proportional  to  the  product  of  the  charges  and  to  the  inverse  square 
of  the  distance  between  them;  it  is  seen  to  be  similar  to  gravitation  in  these  respects. 

The  factor  1/47j-Cq  is  a  constant  of  proportionality  whose  numerical  value  will 
depend  on  the  system  of  units  being  used;  it  is  written  in  this  form  for  later 
convenience.  We  will  be  using  exclusively  the  International  System  of  units  (SI,  for 
Systeme  /ntemational  d’Unites),  which  is  essentially  the  same  as  the  MKSA  system. 
This  means  that  distance  is  measured  in  meters,  mass  in  kilograms,  time  in  seconds, 
force  in  newtons,  energy  in  joules,  and  so  on.  Charge  is  defined  in  this  system  in  terms 
of  electric  current  which  is  rate  of  flow  of  charge.  The  unit  of  current  is  called  an 
ampere,  while  the  unit  of  charge  is  given  the  name  coulomb  and  is  defined  by  1 
coulomb  =  1  ampere-second.  We  defer  giving  the  precise  definition  of  the  ampere  in 
terms  of  the  magnetic  forces  between  currents  until  Section  13-2;  in  the  meantime,  we 
can  still  take  the  coulomb  as  a  known  charge  unit  for  our  purposes.  Other  systems  of 
units  that  are  used  in  electromagnetism  are  discussed  in  Chapter  23. 

The  significance  of  this  to  us  is  that  the  units  of  all  of  the  physical  quantities  in 
Coulomb’s  law  have  been  already  chosen  so  that  the  constant  of  proportionality  must 
be  found  by  experiment)  this  necessity  is  analogous  to  that  of  finding  the  gravitational 
constant  appearing  in  the  law  of  gravitation.  The  result  turns  out  to  be  that 

€o  =  8.85  X  10“^^  (coulomb)Viiewton-(meter)^ 


=  8.85  X  10  farad/meter 


(2-4) 


The  constant  Iq  is  called  the  permittivity  of  free  space,  and  is  generally  written  in  the 
last  form  from  which  we  see  by  comparison  of  both  forms  that  1  farad  =  1 
(coulomb)  It  is  also  useful  to  note  that 


1 

47760 


meter 

=  9  X  10^ - 

farad 


(2-5) 


to  an  accuracy  that  will  be  sufficient  for  our  purposes. 

From  (2-3),  we  see  that  if  qq'  >  0,  so  that  both  charges  are  of  the  same  sign,  then 
^  ^  is  in  the  direction  of  R,  that  is,  the  force  is  repulsive  as  is  seen  from  Figure  2-2. 
On  the  other  hand,  if^^^'  <  0,  so  that  the  charges  have  opposite  signs,  is  in  the 

opposite  direction  to  R,  that  is,  the  force  on  q  is  one  of  attraction  toward  q'.  This  is 
often  summarized  by  the  statement  that  “like”  charges  repel  one  another,  while 
“  unlike”  charges  attract. 

We  can  also  write  Coulomb’s  law  completely  in  terms  of  R  by  combining  (2-2)  and 
(2-3)  to  give 

47reoi?3 

If  we  wanted  the  force  of  ^  on  which  we  write  as  the  only  change  necessary 

would  be  to  use  the  relative  position  vector  of  q'  with  respect  to  q,  that  is,  R'  =  r'  -  r, 
so  that 


q'qR' 

AiT€.qR' 


(2-7) 


We  see  from  (2-2)  that  R'  =  —  R  and  since  the  magnitude  of  each  is  equal  to  |r  -  r'|, 
we  see  from  (2-6)  and  (2-7)  that 


(2-8) 


which  shows  that  the  Coulomb  forces  are  equal  and  opposite  even  though  the 
individual  charges  may  differ  greatly  in  magnitude. 
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We  are  assuming  a  static  situation,  that  is,  the  charges  are  at  rest  at  fixed  positions. 
This  means  that  in  order  for  q  to  be  in  equilibrium  there  must  be  an  additional 
mechanical  force  ^  on  it  so  that  the  net  force  will  be  zero;  in  other  words,  we  must 
have 

+  =  0  (2-9) 

Similar  remarks  apply  to  q'. 


2-3  SYSTEMS  OF  POINT  CHARGES 


Now  suppose  that,  in  addition  to  q,  there  are  a  number  N  of  point  charges  distributed 
at  fixed  positions  throughout  otherwise  empty  space.  We  designate  each  charge  by  q, 
and  its  position  vector  by  where  i  =  1,2, ....  N.  This  situation  is  illustrated  in  Figure 
2-3;  for  clarity,  the  individual  position  vectors  are  not  shown,  but  the  unit  vectors  R, 
corresponding  to  the  relative  positions  of  q  with  respect  to  the  q^  are  shown.  Each  of 
these  charges  can  exert  a  force  on  q,  _  ,  which  will  be  of  the  general  form  given  by 
(2-3)  or  (2-6).  The  experimental  facts  of  the  superposition  properties  of  forces  are 
already  familiar  to  us  from  mechanics;  hence  F^,  the  total  force  on  q,  will  be  given  by 


the  vector  sum  of  the  individual  forces  so  that 

N 

F  =  E  F 

/=! 

y 

y 

(2-10) 

h 

where 

R, 

(2-11) 

R,  =  r  -  r, 

u 

1 

h. 

II 

1  R/  =  — 

The  last  form  in  (2-10)  is  often  more  convenient  to  write  as  a  starting  point  in  solving 
problems,  whereas  we  will  usually  use  the  form  expressed  in  terms  of  the  unit  vectors 
for  general  discussions.  Equation  2-10  expresses  the  fact  that  the  total  force  can  be 
found  as  the  sum  of  the  individual  forces  between  pairs  that  are  calculated  from 
Coulomb’s  law  as  if  the  other  charges  were  not  present.  Again  we  assume  that  the 
individual  charges  are  at  rest,  and  are  kept  at  rest,  by  mechanical  forces  of  some  sort  as 
may  be  required. 


Figure  2-3.  Calculation 
of  total  force  due  to  more 
than  one  charge. 
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■  Example 


If  we  express  all  positions  in  rectangular  coordinates,  we  can  easily  write  down  an 
explicit  form  for  (2-10).  Using  (1-13)  and  (1-14),  and  noting  that  the  various  charges  are 
designated  by  the  subscripts  /  rather  than  by  primes,  we  find  that  (2-10)  becomes 


N 

L 


W,  +  jy  -  y,)y  +  {z  -  z^)z 

[(jc  -  xif  +  {y-y^f  +  (z  -  z,yy''^ 


(2-12) 


In  a  sense,  (2-12)  provides  a  simple  recipe  for  solving  problems,  since  once  the  values  of 
all  the  charges  and  their  positions  in  rectangular  coordinates  are  given,  all  that  remains 
is  to  substitute  these  numbers  into  (2-12)  and  to  simplify  the  result  as  much  as  possible. 


2-4  CONTINUOUS  DISTRIBUTIONS  OF  CHARGE 


We  often  encounter  situations  in  which  the  other  charges  are  so  close  together 
compared  to  the  other  distances  of  interest  that  we  can  regard  them  as  being 
continuously  distributed,  much  as  we  can  treat  a  glass  of  water,  on  a  laboratory  scale, 
as  a  continuous  distribution  of  mass  by  neglecting  its  molecular  structure.  We  can  deal 
with  such  a  case  by  considering  a  region  of  the  charge  distribution  that  is  so  small  that 
the  charge  within  it  can  be  written  as  and  treated  as  a  point  charge;  this  is 
illustrated  in  Figure  2-4.  We  can  still  use  (2-10),  but  now  the  sum  will  become  an 
integral  over  the  complete  charge  distribution  so  that 


q  fdq'^ 
F  = -  / - 


(2-13) 


where  (2-2)  continues  to  be  applicable. 

If  the  charges  are  distributed  throughout  a  volume,  we  can  introduce  a  volume 
charge  density  p,  which  is  defined  as  the  charge  per  unit  volume  and  hence  will  be 
measured  in  coulombs/(meter)^.  (We  will  write  this  charge  density  as  in  the 
infrequent  cases  in  which  it  might  be  confused  with  the  p  of  cylindrical  coordinates.) 
Then  the  charge  contained  in  a  small  source  volume  dr'  will  be  given  by 

dq'  =  f){r')dT'  (2-14) 


0 


Figure  2-4.  Charge  element  of  a  continu¬ 
ous  distribution. 
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as  shown  in  Figure  2-5^2,  and  (2-13)  will  become 

q  r  p{T')kdT' 


(2-15) 


We  have  written  p  =  p(r')  because,  in  general,  the  volume  density  can  vary  with  the 
location  of  the  source  point;  the  integral  in  (2-15)  is  to  be  taken  over  the  total  volume 
V'  containing  the  charge  distribution. 

When  we  say  that  dr'  is  a  “small”  volume,  we  mean  that  it  is  small  on  a 
macroscopic,  laboratory  scale.  On  the  other  hand,  it  must  be  large  on  a  microscopic, 
atomic  scale  so  that  it  will  contain  many  atoms  and/or  molecules.  Only  in  this  way  can 
we  treat  p  as  a  continuously  varying  function  of  position.  If  dr'  were  made  compara¬ 
ble  to,  or  smaller  than,  atomic  sizes,  then  at  most  locations  dr'  would  contain  no 
charge  and  p  would  be  practically  always  zero.  The  charge  density  would  be  different 
from  zero  only  when  dr'  included  an  electronic  or  nuclear  charge,  but  this  would  lead 
to  such  widely  fluctuating  values  for  p  that  it  would  no  longer  be  a  useful  concept. 

Similarly,  the  charges  can  often  be  idealized  to  he  on  a  surface  or  along  a  line.  We 
introduce  analogous  charge  densities:  the  surface  charge  density  a  defined  as  the  charge 
per  unit  area,  and  the  linear  charge  density  X  defined  as  the  charge  per  unit  length;  they 
will  have  units  of  coulomb/(meter)^  and  coulomb/meter,  respectively,  and  can  also 
vary  with  position  in  general.  From  these  definitions,  we  get 

dq'  =  o{T')da'  or  dq' ==  X{r')  ds'  (2-16) 


as  indicated  in  Figure  2-5b  and  c.  For  such  cases,  (2-13)  will  become 

q  f  o{r')iida' 

F  =  ——  /  ^ - 

47rco  4'  R^ 

q  ^  X{r')R  ds' 

47r€o  h'  R^ 


(2-17) 

(2-18) 


where  (2-17)  is  to  be  integrated  over  the  total  surface  S'  on  which  there  is  a  surface 
distribution  while  (2-18)  covers  the  whole  hne  L'  occupied  by  a  linear  distribution  of 
charge. 

Finally,  if  all  the  possibihties  we  have  discussed  are  simultaneously  present,  the  total 
force  on  q  would  be  obtained  from  the  sum  of  all  forces  due  to  the  various  charge 
distributions,  that  is, 

=  F^(from  points)  +  F^(from  volumes) 

-FFg(from  surfaces)  -T  F^(from  lines)  (2-19) 

A  very  important  word  of  warning:  you  can  avoid  a  lot  of  trouble,  wasted  time,  and 
wrong  answers  by  remembering,  and  following,  these  two  simple,  although  almost 
trivial  sounding  rules— (1)  always  draw  the  relative  position  vector,  and  hence  R,  from 
the  source  point  to  the  field  point;  (2)  never  write  the  location  of  a  source  point  as  r  or 


dq'  =  pdr' 


dr' 


(a) 


(b) 


Figure  2-5.  Definition 
of  various  charge  densi¬ 
ties. 
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(x,  y,  z)  and  so  on,  but  instead  use  or  (x',  y\  z')  or  some  sort  of  label,  such  as  was 
done  in  (2-10)  and  (2-11). 


2-5  POINT  CHARGE  OUTSIDE  A  UNIFORM  SPHERICAL  CHARGE  DISTRIBUTION 

As  an  example  of  the  effect  of  a  continuous  charge  distribution,  we  will  evaluate  (2-15) 
for  a  case  in  which  q  is  located  outside  a  sphere  containing  a  uniform  distribution  of 
charge,  that  is,  for  which  p  =  const.  We  choose  the  origin  at  the  center  of  the  sphere  of 
radius  a  and  let  q  be  on  the  z  axis  so  that  z  >  a\  the  situation  is  shown  in  Figure  2-6  in 
which  only  one  octant  of  the  sphere  is  pictured.  We  use  spherical  coordinates  to 
describe  the  source  point  r'  and  for  doing  the  integration.  Figure  2-7  shows  the  plane 
containing  the  z  axis,  r',  and  R.  We  see  that  r  =  zz  and  r'  =  r'f'  from  (1-11)  and 
(1-97),  and  therefore  R  =  zz  -  r'r'  according  to  (2-2);  it  then  follows  from  (1-17), 
(1-19),  (1-92),  (1-15),  and  Figure  2-7  that 

=  z^  +  -  2zr'z  ■  f'  =  z^  +  -  2zr'cos9' 

We  see,  in  fact,  that  this  value  of  is  exactly  that  given  by  the  law  of  cosines  as 
applied  to  Figure  2-7.  If  we  now  obtain  R  from  these  results,  we  find  that  (2-15) 
becomes 

qp  c  {zT  —  r'x')d7' 

^  2  \ - ^ - 372  (2-20) 

47r€o  ^sphere  (z^  -|-  r'^  —  2z/*'C0S^')  ^ 

where  p  has  been  removed  from  under  the  integral  sign  because  it  is  constant. 


Figure  2-6.  Point  charge 
outside  a  uniform  spheri¬ 
cal  charge  distribution. 
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Figure  2-7.  Another  view  of  the  situation 
in  Figure  2-6. 


Because  F'  is  not  constant  during  the  integration,  it  will  be  convenient  to  find  in 
terms  of  its  rectangular  components.  Following  (1-21),  we  dot  each  side  of  (2-20)  with 
z,  and  use  (1-19),  (1-93),  and  (1-18);  then,  after  writing  dr'  in  the  form  (1-99),  we  get 


qp 


qz 


477Co^O 


•'0  ^  ^ 


(z  —  r'  cos0')r'^  sinO'  dr'  dQ' d^)' 


(z^  +  r'’^  -  2zr'cos  $') 


/\3/2 


(2-21) 


The  integration  over  d^p'  can  be  performed  at  once  and  gives  27r.  We  do  the  integration 
over  dd'  next.  For  this  purpose,  it  is  convenient  to  introduce  a  new  variable  ju  =  cos  O'. 
Then  d^i.  =  -$in0'd0\  and,  if  /  =  f (cos  O')  is  a  function  of  cos^',  we  make  the 
indicated  substitutions  and  get  the  general  and  useful  result  that 

(2-22) 


j  f{cos0')sm0'  dO'  =  p  f{fi)  dii 


When  this  is  done,  and  the  27r  from  the  integral  over  d(p'  is  included,  (2-21)  becomes 


ZCq  •'o  •'-1 


(2  -  r'li)  dn 


(2^  -I-  r'^  -  Izr'n) 


3/2 


(2-23) 


The  integral  over  ft  can  be  found  from  tables  to  be 


(2M  -  /■') 


(2^  -I-  ^'2  -  2zr'/t) 


1/2 


-1 


r'  2  +  r' 
Iz  -P  r'l 


(2-24) 


where  we  have  written  the  terms  [(z  ±  which  appear,  as  |z  ±  r'\  in  order  to 

emphasize  that  we  must  be  sure  that  we  get  a  positive  value  for  the  square  root.  In  our 
case,  we  have  assumed  that  q  is  outside  the  sphere  so  that  z  >  a;  since  r'  <  a,  we  will 
always  have  z  >  r'  so  that  \z  —  r'\  =  z  —  r'.  Now  |z  +  r'|  =  z  +  r'  since  we  have 
taken  z  to  be  positive  and  r'  always  is.  When  these  are  substituted  into  (2-24),  the 
integral  over  in  (2-23)  is  seen  to  be  just  2/z^,  which  is  constant  as  far  as  the 
integration  over  r'  is  concerned,  so  that  (2-23)  becomes 


(2-25) 
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Before  we  discuss  this  result,  let  us  find  the  remaining  components. 

If  we  dot  (2-20)  with  x,  and  use  (1-93),  we  see  that  the  resulting  integrand  will  be 
proportional  to  cos  <p'  and  therefore 

=  X  •  ~  f^'°cos  <p'  dtp'  =  0 

Similarly, 

Fqy  =  y  =  0 

The  fact  that  these  two  components  vanish  is  a  consequence  of  the  “symmetry”  of  the 
situation  as  we  can  see  with  the  use  of  Figure  2-8.  The  charge  element  contained  in  dr' 
will  produce  its  contribution  d¥'  to  the  total  force  and  this  contribution  will  have  a 
horizontal  component.  Corresponding  to  dr',  however,  is  another  volume  element  dr" 
that  is  the  reflection  of  dr'  in  the  line  r,  and  hence  is  at  the  same  distance  R  from  q. 
The  equal  charge  contained  in  dr"  will  produce  a  contribution  d¥"  to  the  total  force. 
Since  d¥"  and  d¥'  have  the  same  magnitude,  we  see  that  the  horizontal  component  of 
d¥"  will  be  equal  and  opposite  to  that  of  d¥'.  Thus,  when  the  contributions  of  this 
pair  are  added,  the  horizontal  forces  will  cancel,  although  the  vertical  ones  will  not. 
Since  all  charge  elements  in  the  sphere  can  be  paired  ofT  in  this  way,  the  total  force  will 
have  no  net  horizontal  components  and  F^y  while  F^^  will  not  vanish,  as  we  found 
above.  As  we  will  see,  symmetry  considerations  such  as  these  can  often  simplify  our 
work  and  one  should  try  to  be  aware  of  and  look  for  them. 

Since  only  the  z  component  is  different  from  zero,  the  total  force  will  be  in  the  z 
direction  and 


qpa^z 

3£oZ^ 


(2-26) 


from  (2-25)  and  (1-5).  We  see  that  if  ^  >  0  and  p  >  0,  then  is  directed  away  from 
the  sphere  as  expected  since  q  would  be  repelled  by  all  of  the  positive  charges; 
similarly,  if  p  <  0,  is  directed  toward  the  sphere,  that  is,  the  force  on  q  is  attractive. 
We  can  write  (2-26)  in  an  interesting  and  instructive  form  if  we  express  it  in  terms  of 


0 


Figure  2-8.  Force  contributions  from  two 
symmetrically  located  charge  elements. 
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the  total  charge  Q*  contained  within  the  sphere.  From  (2-14),  we  get 


Q'  =  j  dq'  ~  f  P  dr'  =  pf  dr'  =  ^Tra^p  (2-27) 

•'  •'sphere 

since  p  is  constant;  when  this  is  used  to  eliminate  p  in  (2-26),  we  find  that 

qQ'z 


We  see  from  Figure  2-7  that  z  is  the  distance  from  the  center  of  the  sphere  to  q,  so 
that,  on  comparing  (2-28)  with  (2-3),  we  find  that  this  uniform  sphere  of  charge  acts  as 
if  it  were  a  single  point  charge  located  at  the  center  of  the  sphere  as  far  as  its  effect  on  a 
charge  located  outside  the  sphere  is  concerned.  As  we  will  see  later,  this  is  not  the  case 
if  the  point  of  interest  is  located  inside  the  sphere. 

Actually,  our  result  is  even  more  general  than  it  first  appears.  The  location  of  q  was 
taken  to  be  along  the  z  axis  for  convenience  in  evaluating  the  integral  As  we  previously 
found  from  Figure  2-7,  the  position  vector  of  q  with  respect  to  the  center  of  the  sphere 
is  r  =  zz  so  that  |r|  =  r  =  z  and  f  =  z,  which  enables  us  to  rewrite  (2-28)  for  any 
location  of  q  in  terms  of  its  spherical  coordinates  as 


j,  ^  qQ'i 


(2-29) 


[This  also  follows  from  (1-90)  and  (1-93)  since  the  location  of  q  in  Figure  2-7 
corresponds  to  the  special  case  9  =  0.] 


EXERCISES 

2-1  Two  point  charges  q'  and  -q'  are  on  the  x 
axis  with  coordinates  a  and  -a,  respectively. 
Find  the  total  force  on  a  point  charge  q  located 
at  an  arbitrary  point  in  the  xy  plane. 

2-2  Four  equal  point  charges  q'  are  located  at 
the  comers  of  a  square  of  side  a.  The  square  lies 
in  the  yz  plane  with  one  comer  at  the  origin  and  ’ 
its  sides  parallel  to  the  positive  axes.  Another 
point  charge  q  is  on  the  x  axis  at  a  distance  b 
from  the  origin.  Find  the  total  force  on  q. 

2-3  Eight  equal  point  charges  q  are  located  at 
the  comers  of  a  cube  of  edge  u,  which  has  the 
location  and  orientation  of  the  figure  shown  in 
Figure  1-41.  Find  the  total  force  on  the  charge  at 
the  origin. 

2-4  Repeat  the  calculation  of  Section  2-5  for  the 
case  in  which  q  is  outside  the  sphere  but  below  it, 
that  is,  z  is  negative  and  \z\  >  a.  Show  that  your 
result  is  consistent  with  (2-26)  and  (2-29). 

2-5  Repeat  the  calculation  of  Section  2-5  for  the 
case  in  which  q  is  inside  the  sphere  {z  <  a)  to 
show  that  =  (^pz/3co)z- 


2-6  A  sphere  of  radius  a  contains  charge  dis¬ 
tributed  with  constant  volume  density  p.  Its  center 
is  on  the  z  axis  at  a  distance  b  from  the  origin 
with  b  >  a.  A  point  charge  q  is  located  on  the  y 
axis  at  a  distance  c  from  the  origin  where  c  >  b. 
Find  the  force  on  q. 

2-7  A  line  charge  of  length  L  with  \  =  const, 
lies  along  the  positive  z  axis  with  its  ends  located 
at  z  =  Zq  and  Zq  +  L.  Find  the  total  force  on  this 
line  charge  due  to  a  uniform  spherical  charge 
distribution  with  center  at  the  origin  and  radius 
a  <  ^0- 

2-8  The  surface  of  a  sphere  of  radius  a  is  charged 
with  a  constant  surface  density  a.  What  is  the 
total  charge  Q'  on  the  sphere?  Find  the  force 
produced  by  this  charge  distribution  on  a  point 
charge  q  located  on  the  z  axis  for  z  >  u  and  for 
z  <  a. 

2-9  Two  line  charges  of  the  same  length  L  are 
parallel  to  each  other  and  located  in  the  xy  plane 
as  shown  in  Figure  2-9.  They  each  have  the  same 
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y 


I 


L 


0 

Figure  2-9. 
2-9. 


linear  charge  density  X  =  const.  Find  the  total 
force  on  II  due  to  I. 


ii 


a  X 

The  two  line  charges  of  Exercise 


2-10  The  line  charge  I  in  Figure  2-9  now  has  a 
linear  charge  density  X  =  Ay^  where  is  a  con¬ 
stant.  What  are  the  units  of  What  is  the  total 
charge  on  I?  Find  the  total  force  due  to  I  on  a 
point  charge  q  placed  on  the  x  axis  at  x  =  a. 

2-11  Charge  is  distributed  over  the  surface  of  a 
circle  of  radius  a  lying  in  the  xy  plane  with 
origin  at  the  center.  The  surface  density  is  given 
in  cylindrical  coordinates  hy  o  =  Afp^  where  A  is 
a  constant.  What  are  the  units  of  A1  What  is  the 
total  charge  on  the  circle?  Find  the  force  pro¬ 
duced  by  this  charge  distribution  on  a  point  charge 
located  on  the  z  axis. 
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THE  ELECTRIC  FIELD 


Coulomb’s  law  is  an  example  of  what  is  known  as  an  “action  at  a  distance”  law.  It 
provides  us  with  a  straightforward  way  of  calculating  the  force  on  a  given  charge  when 
the  relative  position  with  respect  to  the  source  charge  is  known.  Coulomb’s  law  does 
not  purport  to  describe  how  the  first  charge  “  knows”  the  other  one  is  present.  If,  for 
example,  the  position  of  the  source  charge  is  changed,  the  force  on  the  first  charge  will 
also  be  changed  and  again  given  by  Coulomb’s  law.  The  implication  is  that  this  change 
will  occur  instantaneously,  but  again  there  is  no  suggestion  as  to  how  this  altered  state 
of  affairs  is  brought  about.  As  a  result  of  these  and  similar  considerations,  it  has  been 
found  convenient  and  useful  to  make  a  mental  division  of  the  interaction  between  the 
two  charges  into  two  aspects:  first,  one  assumes  that  the  source  charge  produces 
“something”  at  the  field  point,  and,  second,  that  this  “something”  then  interacts  with 
the  charge  at  the  field  point  to  produce  the  resultant  force  on  it.  This  “something,” 
which  acts  as  a  kind  of  intermediary  between  the  two  charges,  is  called  the  electric  field 
and  is  what  we  discuss  now. 


3-1  DEFINITION  OF  THE  ELECTRIC  FIELD 


If  we  look  again  at  (2-10),  we  see  that  ^  is  a  common  factor  of  all  of  the  terms  so  that 
can  be  written  as  a  product  of  q  and  a  quantity  that  is  independent  of  q  but  does 
depend  on  the  values  of  all  of  the  other  charges  and  their  locations  with  respect  to  q. 
This  quantity  is  called  the  electric  field  E;  thus,  we  write  (2-10)  in  the  form 


F,  =  ?E 


(3-1) 


where 


E(r)  = 


y 


(3-2) 


Equation  3-1  provides  us  with  the  definition  of  the  electric  field  and  we  see  that  we  can 
interpret  it  as  a  quantity  such  that,  when  it  is  multiplied  by  a  point  charge,  the  result  is 
the  force  on  the  point  charge.  It  also  follows  from  (3-1)  that  E  will  be  measured  in 
newtons/coulomb.  Equation  3-2  then  provides  us  with  a  prescription  for  calculating  E 
at  the  location  r  (the  “field  point”)  for  a  given  distribution  of  point  charges;  we  are  still 
using  (2-11)  of  course.  We  note  that  q  is  not  included  among  the  source  charges  in 
(3-2),  that  is,  we  do  not  envision  a  charge  exerting  a  force  on  itself. 

If  the  source  charges  have  a  continuous  distribution,  we  can  combine  (3-1)  with  our 
previous  results  (2-15),  (2-17),  and  (2-18)  to  get  corresponding  expressions  for  E: 


E(r) 

E(r) 

E(r) 


1  r  p{r')tidT' 
1  /•  o(r')Rda' 

R^ 

1  .  X{r')R  ds' 

47T€qJl'  R^ 


(3-3) 

(3-4) 

(3-5) 
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3-2 


If  all  locations  are  given  in  rectangular  coordinates,  we  get  an  explicit  expression  for  E 
from  (2-12): 


E(r)  = 


L 


1  =  1 


47r£o 


[(jc  -  jc,)x  +  {y-y,)^  +  jz-  z,)z] 
(x  -  x,.)^  +  {y-  +  (z  - 


(3-6) 


Finally,  if  all  of  the  possibilities  we  have  discussed  are  simultaneously  present,  we 
see  from  (3-1)  and  (2-19)  that  the  total  E  at  a  given  point  will  be  obtained  as  the  vector 
sum  of  the  contributions  from  all  of  the  various  charge  distributions  producing  the 
held. 

If  the  charge  distribution  is  simple  enough,  E  can  be  easily  calculated  by  a 
straightforward  integration.  We  look  at  two  such  examples;  one  for  a  linear  distribution 
of  charge,  and  the  other  for  a  surface  distribution.  After  we  have  done  this,  we  discuss 
in  more  detail  the  significance  of  what  we  have  done. 


FIELD  OF  A  UNIFORM  INFINITE  LINE  CHARGE 


We  assume  that  X  =  const,  and  choose  the  z  axis  to  coincide  with  the  charge 
distribution  as  shown  in  Figure  3-1.  We  choose  the  origin  so  that  the  field  point  P  will 
lie  in  the  xy  plane  for  convenience;  then  we  have  r  =  pp  and  r"  =  z'z  so  that 
R  =  pp  —  z'z  and  z'^.  We  also  see  from  the  figure  that  ds'  =  dz'  in  this 

case,  and  therefore  (3-5)  becomes 


X  (pp  —  z'z)  dz'  Xpp  ^00  dz' 

4lTeo./-oo  +  ^WEo-'-co  (p2 


(3-7) 


The  last  form  is  obtained  because  the  z  component  of  the  integral  vanishes  since  the 
integrand  is  an  odd  function  of  z'  and  p  is  a  constant  with  respect  to  the  integration 
variable  z'.  The  integral  in  (3-7)  is  found  to  be 


SO  that  the  final  result  is 


7i(i)-(-i)i-3 


E 


2'n-eoP 


(3-8) 


(3-9) 


Figure  3-1 .  Calculation  of  the  field  due  to  a  uniform 
infinite  line  charge. 


3-3  FIELD  OF  A  UNIFORM  INFINITE  PLANE  SHEET 
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Figure  3-2.  A  cylinder  of  constant  electric  field  magnitude 
for  a  uniform  infinite  line  charge. 


Thus  the  electric  field  has  only  a  radial  component.  It  is  directed  away  from  the  line 
charge  if  X  >  0,  as  it  should  be  since  a  positive  charge  q  would  be  repelled,  while  it  is 
directed  radially  inward  if  X  is  negative.  The  magnitude  of  E  varies  inversely  with  the 
distance  p  from  the  line  charge. 

Since  (3-9)  is  independent  of  the  angle  cp,  we  see  that  a  surface  of  constant 
magnitude  of  E  will  be  a  cylinder  of  radius  p  with  the  line  charge  as  the  axis  of  the 
cylinder.  A  portion  of  this  cylinder  is  shown  in  Figure  3-2  in  which  are  also  indicated 
some  directions  of  E  for  X  >  0  on  a  circle  formed  by  the  intersection  of  a  plane 
perpendicular  to  the  z  axis  and  the  cylinder. 


3-3 


FIELD  OF  A  UNIFORM  INFINITE  PLANE  SHEET 


We  assume  the  surface  charge  density  o  to  be  constant  on  an  infinite  plane  which  we 
take  to  be  the  xy  plane.  It  is  convenient  to  choose  the  z  axis  to  pass  through  the  field 
point  P.  We  will  use  rectangular  coordinates  for  integration.  We  see  then  from  Figure 
3-3  that  r  =  2Z  and  t'  =  x'x  +  y'y.  Since  the  element  of  area  is  da'  =  dx'  dy',  (3-4) 
becomes,  with  the  use  of  (2-2),  (1-13),  and  (1-14): 


E  = 


a  rcc  {  —  x'\  —  y'y  +  zz)  dx'  dy' 
47rco  ‘'-00 ‘^-00  (^x'^  +  y'^  -P 


(3-10) 


We  see  at  once  that  =  0  since  the  x  and  y  terms  in  the  integrand  are  odd 

functions  of  x'  and  y',  respectively.  Therefore,  (3-10)  reduces  to 


E  = 


OZ  I'OC  rOO  dy' 

—J  jdx  (^,2  +^,2  +  ^2)3/2 


(3-11) 


The  integral  over  y'  is  identical  in  form  to  that  in  (3-7)  and  from  (3-8)  equals 


54  THE  ELECTRIC  FIELD 


Figure  3-3.  Calculation  of  the  field  due 
to  a  uniform  infinite  plane  sheet. 


2/(x'^  +  z^);  (3-11)  thus  becomes 

az  aoo  zdx' 

^ T  = 

ItTCq  J-aoX'^  -\- 

where  the  plus  sign  is  to  be  used  for  z  >  0,  while  the 
is  often  convenient  to  write  (3-12)  as 


±  (3-12) 

minus  sign  is  used  when  z  <  0.  It 


(3-13) 


which  automatically  gives  the  correct  signs  for  E. 

We  see  from  (3-12)  that  E  is  always  directed  away  from  a  positively  charged  plane 
(a  >  0),  and  is  always  directed  toward  the  plane  when  o  <  0,  These  directions 
correspond  to  those  of  the  force  on  a  positive  charge  q  placed  at  some  point.  It  is 
interesting  to  note  that  the  magnitude  of  E  is  independent  of  position,  that  is,  E  has  the 
same  value  no  matter  how  near  one  is  to  the  plane  or  how  far  away  one  is  from  it;  this 
arises  essentially  from  the  fact  that  no  matter  where  the  field  point  is  located,  there  is 
always  an  infinite  amount  of  charge  “  visible”  to  it.  These  properties  of  E  are  indicated 
in  Figure  3-4  which  is  drawn  for  a  >  0,  and  shows  an  edge  on  view  of  the  charged 


a  >  0 


Figure  3-4.  Electric  field  due  to  a  uniform  infinite 
plane  sheet. 
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plane.  The  dashed  lines  are  traces  of  planes  above  and  below  the  charged  plane  and 
parallel  to  it.  The  figure  looks  the  same  if  it  is  turned  upside  down,  as  it  should  since 
our  original  choice  of  direction  for  positive  z  was  completely  arbitrary.  Similarly,  the 
appearance  is  the  same  if  one  views  it  looking  from  behind  the  page  rather  than  toward 
the  page.  In  other  words,  our  result  (3-12)  is  completely  consistent  with  the  basic 
“symmetry”  of  the  source  charge  distribution.  E  also  changes  discontinuously  in 
direction  as  one  passes  through  the  charged  plane;  if  one  passes  from  below  to  above, 
for  example,  the  total  change  is  £^(above)  —  £^(below)  =  a/cp  as  found  from  (3-12). 


3-4  WHAT  DOES  ALL  OF  THIS  MEAN? 

We  managed  rather  easily  to  introduce  an  auxiliary  quantity  that  enabled  us  to  divide 
the  interaction  between  two  charges  into  conceptually  different  parts.  We  did  this  by 
defining  a  new  vector  field  E  and  we  have  ways  that,  in  principle,  allow  us  to  find  it  at 
any  point  once  the  charges  that  are  its  sources  are  given.  It  is  natural,  however,  to  ask  if 
there  is  really  anything  useful  to  be  gained  in  doing  this. 

One  can  quite  easily  adopt  the  point  of  view  that  this  is  done  merely  for  mathemati¬ 
cal  convenience,  if  for  no  other  reason  than  one  saves  some  writing  by  not  having  to 
carry  the  symbol  q  along  in  all  of  the  equations,  but  can  calculate  E  first  and  then 
insert  ^  as  a  last  step  by  means  of  (3-1).  We  can  thus  regard  the  calculation  of  E  as 
merely  providing  us  with  a  sort  of  contingency  statement  distributed  throughout  space 
in  the  sense  that  E(r),  combined  with  (3-1),  tells  us  what  would  happen  if  we  were  to 
put  a  point  charge  q  at  r. 

On  the  other  hand,  our  formulas  (3-2)  through  (3-6)  enable  us  to  calculate  the 
electric  field  at  r  whether  or  not  there  is  a  charge  there  to  be  subject  to  a  force.  This  fact 
provides  us  with  a  strong  temptation  to  make  a  conceptual  leap  and  regard  E  as  an 
actual  physical  entity  in  its  own  right.  Most  of  these  ideas  originated  with  Faraday,  and 
he  felt  that  the  presence  of  charges  actually  changed  the  physical  properties  of  space, 
and  that  E  was  a  manifestation  of  this  altered  state.  For  him,  the  electric  field  was  a 
very  real  physical  quantity. 

If  we  adopt  the  attitude  that  E  is  a  physical  quantity,  the  question  then  naturally 
arises  as  to  how  one  would  measure  it.  At  first  glance,  this  appears  to  be  very  simple: 
one  merely  puts  a  point  charge  q  at  rest  at  the  point  r  of  interest,  measures  the  force 
on  it,  and  then  (3-1)  tells  us  that  E(r)  =  ¥^/q.  A  possible  problem  now  arises  with  the 
recognition  that  the  presence  of  q  now  subjects  the  source  charges  of  (3-2)  to  new 
forces  as  given  by  (2-8)  and  they  will  no  longer  be  in  equilibrium,  although  eventually 
equilibrium  will  be  reestablished.  In  the  idealized  case  in  which  we  can  assume  the  q^  to 
be  rigidly  attached  to  fixed  positions,  the  new  electrical  force  can  be  compensated  by  a 
new  mechanical  force  that  is  produced  without  deformation  of  the  support;  then  (2-9) 
as  applied  to  a  given  q^  will  still  hold,  but  the  positions  of  the  will  not  have  changed. 
The  value  of  E  as  given  by  (3-2)  will  be  exactly  what  it  was  before  q  was  introduced 
and  E  will  be  correctly  given  by  (3-1).  In  a  real  case,  however,  the  new  values  of  the 
mechanical  forces  required  for  equilibrium  can  generally  only  be  obtained  by  deforma¬ 
tion  of  the  support,  such  as  by  the  bending  of  a  rod  or  by  a  stretching  or  compression 
of  a  spring;  thus,  when  the  new  equilibrium  configuration  is  attained,  the  positions  of 
the  will  have  been  changed,  the  value  of  (3-2)  will  generally  be  different,  and  the  net 
result  will  be  that  the  very  act  needed  to  measure  the  preexisting  field  has  altered  it.  (In 
addition,  as  we  will  see  later,  if  the  source  charges  are  associated  with  conductors,  they 
will  ordinarily  need  to  move  about  on  the  conductor  in  order  to  come  into  mutual 
equilibrium,  again  leading  us  to  the  conclusion  that  the  field  can  be  different.)  This 
problem  of  changing  what  you  are  trying  to  measure  is  not  unique  to  electromagnetism. 
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of  course,  and  one  usually  tries  to  solve  it  in  the  same  general  way,  that  is,  by 
minimizing  the  disturbance  as  much  as  possible,  while  still  being  able  to  get  a 
measurable  effect.  In  order  to  apply  this  idea  to  E,  one  imagines  the  charge  on  which 
the  force  is  to  be  measured  to  be  very  small  and  then  try  to  go  to  the  limit  in  which  it 
approaches  zero;  if  we  use  8q  to  denote  this  “test  charge,”  and  8¥  the  measured  force 
on  it,  then  we  would  require  that  E  be  determined  by 

8¥ 

E(r)  =  lim  —  (3-14) 

dq-*Q  8q 

Although  the  use  of  the  electric  field  may  be  regarded  as  a  convenient  artifice  if  one 
is  dealing  solely  with  electrostatics,  when  one  comes  to  handling  other  problems, 
particularly  time  dependent  ones,  such  as  that  briefly  alluded  to  in  the  introductory 
paragraph  of  this  chapter,  it  has  been  found  to  be  virtually  impossible  to  do  this 
without  an  extensive  use  of  vector  fields.  We  find  it  useful  to  define  several  other  vector 
fields  as  we  proceed,  and  whether  we  want  to  regard  them  as  real  physical  quantities  or 
not,  we  will  certainly  treat  them  as  if  they  were.  We  want  to  study  their  properties 
extensively  as  well  as  apphcations  of  them;  among  these  properties  are  their  differential 
source  equations,  that  is,  their  divergence  and  curl.  We  already  know  that  the  sources  of 
the  electric  field  are  charges  of  any  type,  but  we  want  to  restate  this  in  the  form  of 
explicit  expressions  for  v  •  E  and  v  X  E;  we  obtain  them,  along  with  other  informa¬ 
tion,  in  the  next  two  chapters. 


EXERCISES 

3-1  Two  point  charges  q  and  -q  are  located  on 
the  y  axis  ai  y  =  a  and  —a,  respectively.  Find  E 
for  any  point  in  the  xy  plane.  For  what  points,  if 
any,  will  =  0? 

3-2  Four  point  charges  are  located  at  the  comers 
of  a  square  in  the  xy  plane.  Their  values  and 
locations  are  as  follows:  ^,(0,0);  2^,(0,  a); 
3^,(a,0);  -4q,{a,  a).  Find  E  at  the  center  of 
the  square. 

3-3  Consider  a  cube  of  edge  a  with  the  location 
and  orientation  of  the  figure  in  Figure  1-41.  There 
is  a  point  charge  q  at  each  comer  except  for  that 
at  (a,  a,Q).  Find  E  at  the  empty  comer. 

3-4  Repeat  the  calculation  of  Section  3-2  for  a 
general  field  point  r  =  pp  -T  zz  and  thus  show 
that  the  same  result  is  obtained.  Is  this  physically 
reasonable? 

3-5  Repeat  the  calculation  of  Section  3-3  for  a 
general  field  point  (x,  y,  z)  and  thus  show  that 
the  same  result  is  obtained. 

3-6  Repeat  the  calculation  of  Section  3-3  using 
cylindrical  coordinates  for  the  source  point. 

3-7  A  uniform  infinite  line  charge  is  parallel  to 
the  z  axis  and  intersects  the  xy  plane  at  the  point 


{a,  />,0).  Find  the  rectangular  components  of  E 
produced  at  the  point  (0,  c,0). 

3-8  Two  infinite  plane  sheets  with  equal  con¬ 
stant  surface  charge  density  a  are  parallel  to  the 
xy  plane  and  located  as  shown  in  Figure  3-5. 
Find  E  for  all  values  of  z. 


Figure  3-5.  The  two  infinite  plane  sheets  of 
Exercise  3-8. 

3-9  Two  infinite  plane  sheets  have  equal  and 
opposite  constant  surface  charge  density  a.  They 
are  parallel  to  the  xy  plane  and  located  as  shown 
in  Figure  3-6.  Find  E  for  all  values  of  z. 

3-10  The  circular  arc  of  radius  a  shown  in  Fig¬ 
ure  3-7  lies  in  the  xy  plane  and  has  a  constant 
hnear  charge  density  X  and  center  of  curvature  at 
the  origin.  Find  E  at  an  arbitrary  point  on  the  z 
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Figure  3-6.  The  two  infinite  plane  sheets  of 
Exercise  3-9. 


Figure  3-8.  The  finite  line  charge  of 
Exercise  3-11. 


The  disc  lies  in  the  xy  plane  with  center  at  the 
origin.  Show  that  the  electric  field  at  a  point  on 
the  z  axis  is  given  by 


l^l 


2\1/2 


(3-15) 


Figure  3-7.  The  circular  arc  of  charge  of 
Exercise  3-10. 

axis.  Show  that  when  the  curve  is  a  complete 
circle  your  answer  becomes 
\azz 

2fo(a^  + 

3-11  Charge  is  distributed  with  constant  linear 
charge  density  X  on  the  line  of  finite  length 
shown  in  Figure  3-8.  Find  E  at  P.  With  the  aid  of 
the  distances  /?2  and  express  E  in  terms  of 
the  angles  ^2  **1  shown.  Find  E  for  the 

special  case  for  which  =  L  and  P  is  in 

the  xy  plane. 

3-12  Charge  is  distributed  with  constant  surface 
charge  density  a  on  a  circular  disc  of  radius  a. 


What  does  this  become  as  u  ^  oo? 

3-13  An  infinitely  long  cylinder  has  its  axis 
coinciding  with  the  z  axis.  It  has  a  circular  cross 
section  of  radius  a  and  contains  a  charge  of 
constant  volume  density  .  Find  E  at  all  points, 
both  inside  and  outside  the  cylinder.  Hints:  use 
cylindrical  coordinates  for  integration;  for  con¬ 
venience,  choose  the  field  point  on  the  x  axis 
(Will  this  be  general  enough?);  you  will  probably 
need  this  definite  integral 

rir  (^  -  B  cos  t)  dt 
•^0  —  2AB  cos  t  + 


itA^>B^ 
\o  if  A^<B^ 


(3-16) 
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We  can  anticipate  from  the  general  definition  of  the  divergence  given  in  (1-66)  that  the 
flux  of  E  through  a  closed  surface,  that  is,  its  surface  integral,  will  be  worth  investigat¬ 
ing.  As  we  will  see,  the  inverse  square  nature  of  Coulomb’s  law  makes  it  possible  to 
evaluate  this  flux  over  a  surface  of  arbitrary  size  and  shape. 


4-1  DERIVATION  OF  GAUSS'  LAW 
We  want  to  show  that 


^0  inside  ^0 


(4-1) 


where  Q^^  is  the  net  charge  contained  within  the  volume  enclosed  by  the  arbitrary 
closed  surface  S.  Now  from  (3-2)  we  quickly  obtain 


1 

47T€q 


R,  ■  dA 


(4-2) 


There  are  two  cases  to  consider. 

1.  is  inside  S  (Figure  4-1).  If  we  recall  our  general  discussion  in  connection  with 
Figure  1-26,  we  see  that 

R,  •  Jacos^  area  _L  toR, 


(4-3) 


where  dU  =  element  of  solid  angle  subtended  at  by  the  area  da.  In  order  to  evaluate 
the  integral  in  (4-2),  we  consider  a  sphere  Sq  of  radius  Rq  with  q^  as  the  center.  This 
same  solid  angle  dQ  will  intercept  the  area  dsiQ  on  this  sphere;  as  we  see  from  the 
figure,  dsiQ  is  parallel  to  R,  so  that  if  we  apply  (4-3)  to  this  case,  dQ  also  equals 
da^/RQ.  Therefore,  the  integral  in  (4-2)  can  equally  well  be  written  as 


da^ 


4^^ 

Rl 


Att 


(4-4) 


since  Rq  is  constant  for  all  points  on  the  surface  of  the  sphere.  Thus,  the  total  solid 
angle  subtended  by  any  surface  about  a  point  within  it  is  4>rr,  and  we  can  write 

^  R,  •  d^ 

(p — —  =  Att  (if  r,  is  inside  5*)  (4-5) 

*'5  Rl 


2.  q^  is  outside  S  (Figure  4-2).  Here  we  consider  the  two  elements  of  area  d^i  and 
d^2^^  ^  same  solid  angle  d^  but  that  are  on  opposite  sides  of 

5.  Their  distances  from  q^  will  be  written  as  R^^  and  R^2-  before,  we  will  have 


A 

Rj  •  (iczicos^^ 

"  Rl 


dQ 


58 


4-1  DERIVATION  OF  GAUSS' LAW  59 


Figure  4-1.  The  point  charge  is  inside  the  surface  S. 


but  now,  since  ^1^2  ^  ^hat  cos  "^2  negative, 


and  therefore 


•  dsi2 


da  2  cos  ^2 


= 


+ 


R/ '  dsi2 


=  0 


(4-6) 


SO  that  the  net  contribution  of  these  two  elements  of  area  to  the  integral  in  (4-2)  is  zero. 
Since  all  of  the  elements  of  area  of  S  can  be  paired  off  in  this  way,  all  of  their 
contributions  to  the  integral  will  mutually  cancel,  and  therefore 


^  R,  •  i/a 

P - ^ —  =  0  (if  is  outside  S ) 

s 


(4-7) 


Hence,  from  (4-2),  (4-5),  and  (4-7), 


1  V 

L  9,  = - 


(4-8) 
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and  we  have  proved  Gauss’  law  as  stated  in  (4-1),  and  which  is  now  seen  to  be  a  direct 
consequence  of  the  inverse  square  law  of  force  between  point  charges. 

We  can  note  here  some  of  the  interesting  implications  of  this  result.  Any  charges 
outside  the  surface  do  not  affect  the  value  of  the  integral,  although  their  values  and 
locations  can  clearly  affect  the  particular  value  of  E  at  each  point  on  the  surface. 
Similarly,  the  integral  depends  only  on  the  total  value  of  the  charges  inside  the  surface 
and  thus  is  independent  of  their  specific  locations  inside;  however,  if  they  are  placed  at 
new  locations,  the  value  of  E  at  a  particular  point  on  the  surface  can  be  expected  to  be 
changed,  but  the  value  of  the  complete  integral  will  again  be  unaffected.  Since  the  result 
given  in  (4-1)  is  a  simple  sum,  we  see  that  each  charge  contributes  independently  to  the 
total  flux  of  E  through  S\  therefore,  a  given  point  charge  q  has  a  total  flux  of  E  equal 
to  ^/cq  through  any  closed  surface  surrounding  it. 

If  we  now  assume  the  charges  within  S  to  be  continuously  distributed  with  density 
p,  we  can  use  (2-14)  and  write 


where  V  is  the  total  volume  enclosed  by  S.  If  we  also  apply  the  divergence  theorem 
(1-59),  we  can  write  (4-8)  as 


/"  V  •  E  rfr  =  —  ( 
J\/ 


p  dr 


(4-9) 


Since  this  result  holds  for  any  arbitrary  volume  V,  it  will  be  true  for  an  infinitesimal 
one,  and  we  can  equate  the  integrands  to  give 

V  ■  E  =  —  (4-10) 


This  important  result  is  one  of  Maxwell’s  equations  and  is  equivalent  to  Coulomb’s  law 
of  force  between  point  charges.  (Later,  we  will  find  it  important  to  recall  that  the  charge 
density  p  includes  all  charges  from  any  source  whatsoever  since  the  electric  field  is 
produced,  by  its  definition,  by  all  charges.) 


4-2  SOME  APPLICATIONS  OF  GAUSS'  LAW 

If  the  charge  distribution  has  sufficient  symmetry,  Gauss’  law  provides  a  simple  and 
convenient  way  of  calculating  the  electric  field.  The  principal  problem  is  that  of 
choosing  a  suitable  closed  surface  of  integration.  The  main  things  to  look  for  are 
surfaces  on  which  E  has  a  constant  magnitude,  and  surfaces  for  which  E  is  either 
parallel  to  or  perpendicular  to  the  surface  both  for  ease  in  integration  and  for  avoiding 
difficulties  with  an  unknown  dependence  of  E  on  position.  This  process  is  most  easily 
demonstrated  with  examples,  and  we  will  look  at  a  sample  of  each  of  our  types  of 
continuous  charge  distribution. 


■  Example 

Uniform  infinite  line  charge.  We  assume  A  =  const,  and  again  let  the  line  charge 
coincide  with  the  z  axis  to  be  specific;  we  will  use  cylindrical  coordinates.  For  an 
infinite  line,  it  doesn’t  make  any  difference  where  you  are  located  along  it  since  the 
charge  still  extends  to  infinity  in  both  directions;  hence  we  conclude  that  E  cannot 
depend  on  z.  Similarly,  there  is  nothing  to  distinguish  one  value  of  <p  from  another 
since  the  charge  distribution  looks  the  same  no  matter  from  where  you  view  it 
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perpendicular  to  z.  Therefore,  E  must  also  be  independent  of  cp  and,  at  most,  can  only 
depend  on  the  distance  p  from  the  line;  thus  we  conclude  that  E  =  E(p). 

Now  suppose  that  E  had  a  component  parallel  to  the  line,  that  is,  E^(p)  ^  0.  In  this 
example,  the  choice  of  positive  or  negative  direction  for  the  z  axis  is  completely 
arbitrary,  that  is,  there  is  no  real  distinction  between  “  up”  and  “down.”  But  if  were 
different  from  zero,  this  fact  would  distinguish  up  from  down;  hence  we  must  conclude 
that  E^  =  0.  Similarly,  there  is  no  reason  to  prefer  the  sense  of  increasing  <p  over  the 
sense  of  decreasing  qp,  so  that  E^  =  0.  Therefore,  we  conclude  from  the  symmetry  of 
the  situation  that  E  can  only  be  radial  and  that  we  can  write  E  =  ^^p(p)p.  Thus,  a 
surface  of  constant  magnitude  of  E  is  an  infinitely  long  cylinder  of  radius  p  whose  axis 
coincides  with  the  line  charge;  a  finite  portion  of  this  cylinder  chosen  to  be  of  length  L 
is  shown  in  Figure  4-3,  and  we  note  that  its  outward  normal  is  exactly  p,  and 
therefore  parallel  to  E.  All  of  this  suggests  that  we  use  the  curved  surface  of  this 
cylinder  as  part  of  our  surface  of  integration.  We  can  now  get  a  closed  surface  of 
integration  by  choosing  the  rest  of  it  to  consist  of  the  two  circular  cross  sections  of 
radius  p  shown,  thus  making  our  final  surface  of  integration  a  right  circular  cylinder. 
The  outer  normals  to  these  upper  and  lower  surfaces  are  shown  as  h„  and  and  are 
seen  to  equal  z  and  -  z,  respectively.  Although  E^  has  an  unknown  dependence  on  p 
on  these  circular  areas,  E  is  perpendicular  to  the  vector  areas  and  hence  its  contribution 
to  the  flux  will  vanish. 

After  this  lengthy  discussion,  the  actual  evaluation  of  the  surface  integral  is  almost 
anticlimactic.  We  can  write  it  as  the  sum  of  integrals  over  the  curved  surface,  and  the 
upper  and  lower  faces  (which  we  designate  as  c,  u,  and  /).  We  also  remember  that 
£p(p)  is  constant  on  the  curved  surface  since  p  is  constant.  Therefore,  (4-1)  becomes,  in 


Figure  4-3.  Calculation  of  the  field 
of  a  uniform  infinite  line  charge. 
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this  case, 


d^  =  jEp{p)p  '  h^da  +  j E^p  -n^da^  jE^p  •  n^da 


=  E^{p)  f  da +  0  +  0  =  E^{p)l^pL  =  ^  =  — 


where  we  used  (1-76)  and  (2-16),  the  latter  to  find  the  total  charge  inside  the  cylinder 
which  is  that  on  the  line  of  length  L.  We  see  that  when  we  solve  the  above  for  E^,  the 
arbitrary  length  L  cancels  and  we  get  E^{p)  ^  X/l^irpt^  so  that 


E  - 


\ 

ZttcoP^ 


(4-11) 


which  is  exactly  the  result  (3-9)  that  we  previously  obtained  by  direct  integration. 


Example 

Uniform  infinite  plane  sheet.  Here  we  assume  that  a  =  const.,  and,  for  definiteness,  that 
the  sheet  coincides  with  the  xy  plane.  An  edge  on  view  of  the  situation  is  shown  in 
Figure  4-4.  Since  the  choice  of  the  origin  as  well  as  of  the  orientation  of  the  x  and  y 
axes  is  completely  arbitrary  in  this  example,  E  must  be  independent  of  x  and  y. 
Similarly,  there  is  no  basic  distinction  here  between  left  and  right,  or  into  or  out  of  the 
paper,  so  that  E  cannot  have  any  components  parallel  to  the  sheet;  thus  E  has  only  a  z 
component  which,  at  most,  can  be  a  function  of  z,  the  distance  from  the  sheet.  There  is 
also  no  real  difference  here  between  up  and  down,  so  that  E  must  always  point  away 


E 

Figure  4-4.  Calculation  of  the  field  of  a  uniform  infinite  plane  sheet. 
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from  the  sheet  or  always  toward  it  depending  on  the  sign  of  a.  Therefore,  E  must  have 
the  form  E  =  ±E(z)z  with  the  upper  sign  for  2  >  0  and  the  lower  for  z  <  0;  E{z)  can 
be  positive  or  negative,  the  figure  being  drawn  for  the  case  in  which  E{z)  is  positive. 

These  considerations  suggest  choosing  the  closed  surface  of  integration  to  be  that  of 
a  right  cylinder  extending  an  equal  distance  D  above  and  below  the  sheet,  with  faces 
parallel  to  the  sheet  and  of  area  Aa;  the  outward  normals  are  shown  as  h„  =  z  and 
h/  =  —z  in  the  figure.  E  has  the  constant  magnitude  E{D)  on  these  faces.  The  curved 
surface  connecting  these  faces  will  have  its  sides  perpendicular  to  the  sheet;  one  of  its 
outward  normals  is  shown  as  and  we  see  that  h^.  •  z  =  0  for  all  parts  of  the  curved 
surface.  We  also  see  that  2in  is  the  charge  intercepted  on  the  sheet  by  the  cross  section 
of  the  cylinder  and,  hence,  equals  a  Aa. 

Therefore,  in  this  case,  (4-1)  becomes: 


^E  ■  dsL  =  jE{D)z  •  z  da  jE{D){-z)  ■  (-z)  da  jE{z)z  • 


da 


Q\n 

=  E{D)  Aa  +  E{D)  Aa Q  =  2E{D)  Aa  =  —  = - 

From  this  we  find  that  E(D)  =  a/lcg  and  has  turned  out  to  be  actually  independent 
of  Z>;  therefore,  the  electric  field  for  this  sheet  is  given  by 

E  =  ±  (4-12) 

2«o 

which  is  exactly  the  result  (3-12)  that  we  obtained  by  direct  integration.  ■ 


■  Example 

Spherically  symmetric  spherical  charge  distribution.  The  charge  distribution  is  contained 
within  a  sphere  of  radius  a.  We  do  not  necessarily  assume  the  charge  density  to  be 
constant,  but  we  do  assume  it  to  be  independent  of  angle  so  that  at  most  p  =  p(/‘);  this 
is  what  “spherically  symmetric”  means.  From  this  we  can  conclude  that  E  itself  is 
radial  with  a  magnitude  independent  of  angle  and  therefore  can  be  written  in  the  form 
E  =  EXr)t 

Since  the  magnitude  of  E  is  constant  on  a  sphere  of  radius  r,  we  choose  such  a 
sphere  as  our  surface  of  integration;  its  outward  normal  is  also  r.  Therefore,  the  left 
side  of  (4-1)  becomes,  with  the  use  of  (1-92): 


and  therefore 


where 


r  da 


da  =  47rr^E^{r) 


EXr) 


e.n 

47r£or2 


(4-13) 


(4-14) 


Cin  =  /  ?('•')  dT'  (4-15) 

and  where  V(r)  is  the  volume  of  the  sphere  of  radius  r.  There  are  two  cases  to  consider. 

1.  Outside  the  sphere  of  charge,  r  >  a.  Here  p{r')  =  0  if  r'  >  a,  and  the  volume  of 
integration  in  (4-15)  reduces  to  V(a\  the  total  volume  of  the  charge  distribution,  so 
that 


(4-16) 
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where  Q  is  the  total  charge  contained  in  the  sphere.  Then  (4-14)  becomes 

G 


Erl'-) 


47reo/-2 


(r>  a) 


(4-17) 


and  the  electric  field  outside  is  the  same  as  if  all  of  the  charge  were  a  point  charge 
located  at  the  center  of  the  sphere.  We  recall  from  (3-1)  and  (2-29)  (where  the  total 
charge  was  written  Q')  that  this  is  what  we  found  by  direct  integration  for  a  sphere  of 
constant  charge  density,  but  now  we  see  that  this  conclusion  is  generally  true  for  any 
sphere  of  charge  as  long  as  the  charge  distribution  is  spherically  symmetric. 

2.  Inside  the  sphere  of  charge,  r  <  a.ln  this  case,  we  can  use  (1-99)  to  write  (4-15)  as 


Gi„  = 


sind'  dr' d<p'  =  477^  p{r')r'^dr' 


(4-18) 


which,  when  substituted  in  (4-14),  gives  the  field  inside  as 


Erir) 


{r  <  a) 


(4-19) 


We  cannot  proceed  any  further  until  we  know  the  explicit  form  of  p(r'). 


Example 

As  a  special  case  of  the  previous  example,  we  assume  p  =  const.,  that  is,  we  have  a 
uniformly  charged  sphere.  Then  the  integral  in  (4-19)  becomes 


fpr'^dr'  =  p  fr'^dr'  =  ^ 
*'0  •'0 


pr 


so  that 


EAr)  =  ^  (r<a) 

3Cn 


We  can  express  this  in  terms  of  the  total  charge  Q  by  using  (2-27);  the  result  is 


EXr)  = 


477Coa^ 


[r  <  a) 


(4-20) 


(4-21) 


which  shows  that  the  field  increases  linearly  with  distance  as  we  proceed  out  from  the 
zero  value  at  the  center;  outside,  it  varies  inversely  with  the  square  of  the  distance  from 
the  center  according  to  (4-17),  We  note  that  both  (4-17)  and  (4-21)  give  the  same  value 


0  a  r 


Figure  4-5.  Field  of  a  uniform  sphere 
of  charge  of  radius  a  as  a  function  of 
distance  r  from  the  center. 
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g/477Coa^  at  the  surface  of  the  sphere  of  charge  where  r  =  a\  thus  the  electric  field  is 
continuous  across  the  surface.  These  results  for  the  uniformly  charged  sphere  are  shown 
in  Figure  4-5. 

Other  spherically  symmetric  charge  distributions  p(r)  will  give  a  different  depen¬ 
dence  of  on  r  inside  the  sphere,  but  exactly  the  same  as  shown  in  Figure  4-5  outside 
the  sphere  when  expressed  in  terms  of  the  total  charge  contained  within  the  sphere 
r  =  a.  ■ 


4-3  DIRECT  CALCULATION  OF  v  •  E 

Although  we  have  succeeded  in  our  aim  of  finding  the  divergence  of  E  as  given  by 
(4-10),  it  was  obtained  somewhat  indirectly,  and  it  is  of  some  interest  to  see  how  this 
same  result  can  be  obtained  by  a  direct  approach  which  starts  from  our  basic  defining 
equation  for  E.  We  find  it  convenient  to  start  with  the  expression  (3-3)  appropriate  for 
a  continuous  charge  distribution.  If  we  dot  both  sides  of  (3-3)  with  V,  we  get 

p(r^)R  dr' 


V  •  E  - 


47re, 


/ 


R 


(4-22) 


Now  the  derivatives  in  V  are  all  taken  with  respect  to  the  field  point  coordinates  x,  y, 
and  z,  which  is  where  we  want  to  know  the  value  of  v  •  E(r).  The  definite  integral  in 
(4-22)  is  taken  over  a  specific  source  volume  the  limits  of  integration  will  be  either 
constants  or,  at  worst,  functions  of  the  source  point  variables,  that  is,  primed  variables. 
(In  the  example  of  Section  1-13,  we  have  already  seen  a  two  dimensional  case  in  which 
the  limits  involved  the  variables  of  integration.)  Therefore,  the  only  dependence  of  the 
integral  on  r  can  be  in  the  integrand,  and,  since  the  definite  integral  can  be  regarded  as 
the  limit  of  a  sum,  we  can  use  (1-114)  as  generalized  to  a  sum  of  more  than  two  terms 
and  interchange  the  order  of  differentiation  and  integration.  If  we  then  use  (1-115)  and 
note  that  p(r0  and  dr^  are  constants  as  far  as  V  is  concerned  since  they  involve  only 
primed  source  point  coordinates,  we  find  that  (4-22)  becomes 


V  E  = 


(4-23) 


But  now  we  see  from  (1-145)  that  the  integrand  is  zero  as  long  as  0,  so  that  any 
contribution  to  (4-23)  must  come  from  the  region  corresponding  to  =  |r  -  r']  =  0, 
that  is,  from  the  immediate  neighborhood  of  the  field  point.  Thus,  in  order  to  evaluate 
(4-23),  with  its  problem  of  an  infinite  integrand  at  a  point,  we  use  a  limiting  process;  we 
integrate  over  a  small  but  finite  volume  At'  around  the  field  point  P  and  then  we  can 
go  to  the  limit  At'  0,  It  is  easiest,  but  not  necessary,  to  choose  At'  to  be  a  sphere  of 
radius  R  about  P  as  shown  in  Figure  4-6;  then  we  can  eventually  let  i?  0.  We  note 
that,  as  usual,  R  is  drawn  toward  the  field  point,  that  is,  toward  the  center  of  the 
sphere.  Since  |r  -  r'|  ^0  within  this  sphere,  p(r')  is  nearly  constant  and  equal  to  p(r) 
so  that  we  can  take  it  out  of  the  integral;  this  procedure  will  become  exact  as  ^  0.  If 
we  do  this,  we  get 


We  can  now  use  (1-133)  to  express  the  derivatives  in  the  integrand  in  terms  of  the 
primed  coordinates;  once  this  has  been  done  (including  the  change  in  sign),  we  can  use 
the  divergence  theorem  (1-59)  to  convert  (4-24)  into  a  surface  integral  over  the  surface 
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Small  sphere  surrounding  the  field 


^S'  enclosing  At': 


VE- 


- 


R)  •  d^' 


(4-25) 


Now,  if  we  recall  (4-3),  we  see  that  the  integrand  is  just  taking  into  account  the  fact 
that  the  angle  between  R  and  da!  is  180°  as  seen  from  Figure  4-6;  therefore,  since  P  is 
inside  A^',  the  integral  in  (4-25)  will  be  exactly  47r  according  to  (4-5),  and  (4-25) 
becomes 


V  •  E  = 


pCr) 

«o 


(4-26) 


which  is  just  what  we  found  before.  We  note  that  this  derivation  reenforces  our 
recognition  that  p  must  be  evaluated  at  the  point  where  we  know  E(r)  and  want  the 
value  of  V  ■  E  at  this  same  point. 


EXERCISES 

4-1  The  rectangular  parallelepiped  of  Figure 
1-41  with  a  >  b  >  c  is  filled  with  charge  of  con¬ 
stant  density  p.  A  sphere  of  radius  2  a  is  con¬ 
structed  with  its  center  at  the  origin.  Find  the  flux 
■  da  through  the  surface  of  this  sphere.  What 
is  the  flux  when  the  center  of  the  sphere  is  at  the 
comer  (a,  b,  c)'} 

4-2  A  sphere  of  radius  a  has  its  center  at  the 
origin  and  a  charge  density  given  by  p  ==  Ar^ 
where  A  =  const.  Another  sphere  of  radius  2  a  is 
concentric  with  the  first.  Find  the  flux  ■  da 
through  the  surface  of  the  larger  sphere. 

/  4-3  The  infinite  line  charge  of  Figure  4-3  is 
surrounded  by  an  infinitely  long  cylinder  of  radius 
Po  whose  axis  coincides  with  the  line  charge.  The 
surface  of  the  cylinder  carries  a  charge  of  con¬ 
stant  surface  density  o.  Find  E  everywhere.  What 


particular  value  of  o  will  make  E  =  0  for  all 
points  outside  the  charged  cylinder?  Is  your 
^swer  reasonable? 

'4-4  A  charge  of  constant  volume  density  has  the 
form  of  a  slab  of  thickness  a.  The  faces  of  the 
slab  are  infinite  planes  parallel  to  the  xy  plane. 
Choose  the  origin  midway  between  the  faces  and 
find  E  everywhere. 

4-5  A  sphere  of  radius  a  has  a  charge  density 
that  varies  with  distance  r  from  the  center 
according  to  p  =  AP'^'^  where  A  =  const.  Find  E 
everywhere. 

4-6  Two  concentric  spheres  have  radii  a  and  b 
with  b  >  a.  The  region  between  them  (i.e.,  a  <  r 
<  b)  is  filled  with  charge  of  constant  density.  The 
charge  density  is  zero  everywhere  else.  Find  E  at 
all  points  and  express  it  in  terms  of  the  total 
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charge  Q.  Do  your  results  reduce  to  the  correct 
values  as  a  0? 

4-7  An  infinitely  long  cylinder  has  a  circular 
cross  section  of  radius  a.  It  is  filled  with  charge  of 
constant  volume  density  p^,^.  Find  E  for  all  points 
both  inside  and  outside  the  cylinder.  Are  your 
results  consistent  with  (4-11)? 

4-8  Two  infinitely  long  coaxial  cylinders  have 
radii  a  and  b  with  b  >  a,2is  shown  in  Figure  4-7. 
The  region  between  them  is  filled  with  charge  of 
volume  density  given  in  cylindrical  coordinates  by 
p,7,  =  A  p”  where  A  and  n  are  constants.  The 
charge  density  is  zero  everywhere  else.  Find  E 


everywhere.  For  what  values  of  n  and  a  should 
your  results  reduce  to  those  of  Exercise  4-7?  Do 
they? 

4-9  The  region  between  the  infinitely  long 
coaxial  cylinders  of  Figure  4-7  is  filled  with  charge 
whose  volume  density  in  cylindrical  coordinates  is 
p^y,  =  Find  E  everywhere.  Under  what 

simple  circumstances  should  your  results  here  and 
for  Exercise  4-8  reduce  to  the  same  values  for  E? 
Do  they? 

4-10  The  average  electrostatic  field  in  the  earth’s 
atmosphere  in  fair  weather  has  been  found  ex¬ 
perimentally  to  be  approximately  given  by  E  = 
-  All  of  the  empirical  con¬ 

stants  are  positive  and  z  is  the  height  above  the 
(locally  flat)  surface.  Find  the  average  charge 
density  in  the  atmosphere  as  a  function  of  height. 
What  is  its  sign?  (Over  land,  a  typical  value  for  Eq 
is  =  250  newtons/coulomb.) 

4-11  A  certain  electric  field  is  given  by  E  = 
E^{p/a)^p  for  0  <  p  <  a  and  E  =  0  otherwise. 
Find  the  volume  charge  density. 

4-12  An  electric  field  in  the  region  r>a  is 
given  by  =  2.4  cos  B/r^^  Eq  =  A  sinB/r^, 

=  0  where  A  =  const.  Find  the  volume  charge 
density  in  this  region. 
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THE  SCALAR  POTENTIAL 


Up  to  now,  our  description  of  electrostatic  effects  has  been  done  completely  in  terms  of 
the  vector  field  E.  By  rewriting  our  expression  for  E,  we  will  see  that  we  will  be  able  to 
express  substantially  the  same  information  in  terms  of  a  scalar  field  that  will  be  much 
more  convenient  for  many  purposes. 


5-1  DEFINITION  AND  PROPERTIES  OF  THE  SCALAR  POTENTIAL 


Our  basic  defining  equation  for  the  electric  field  is  given  by  (3-2).  If  we  use  (1-141)  to 
replace  by  —  V(l/i?;),  and  then  use  (1-110)  to  write  the  sum  of  the  derivatives 

as  the  derivative  of  the  sum,  we  find  that  (3-2)  becomes 


E(r)  =  -  L 


(ii 


47rc, 


^  =-vE 


yR. 


4mfyRi 


where,  as  usual,  =  |r  —  r,|.  Thus,  we  see  that  if  we  define 


we  can  write 


so  that 


,  =  1  477CqR,. 

E(r)  =  -V<#)(r) 
V  X  E  =  0 


(5-1) 


(5-2) 

(5-3) 

(5-4) 


according  to  (1-48).  The  scalar  field  tp  is  called  the  sca/ar  potential  or  the  electrostatic 
potential.  The  unit  in  which  the  scalar  potential  is  measured  is  called  a  volt\  we  see  from 
(5-3)  that  the  electric  field  can  also  be  stated  in  volts/meter,  which,  in  fact,  is  the  most 
commonly  used  unit.  Combining  this  with  our  previous  unit  of  newton/coulomb  for  E, 
we  find  that  1  volt  =  1  joule/coulomb. 

Since  the  curl  of  the  electrostatic  field  is  zero  everywhere  according  to  (5-4),  we  find 
from  Stokes’  theorem  (1-67)  that 

=  0  (5-5) 


where  C  is  an  arbitrary  closed  path.  This  result  shows  us  explicitly  that  the  electrostatic 
field  is  an  example  of  what  is  known  as  a  conservative  field. 

In  summary,  we  have  found  that  the  vector  electrostatic  field  can  be  written  as  the 
negative  gradient  of  the  scalar  potential,  and  (5-2)  provides  us  with  a  method  of 
calculating  ^  at  any  desired  field  point  r  once  we  are  given  the  values  and  locations  of 
the  source  point  charge  distributions.  For  example,  if  everything  is  given  in  rectangular 
coordinates,  we  can  use  (1-14)  to  write  (5-2)  as 


4>(r)  =  y- 


-)=  E 


/-I  Ama[{x  -  Xff  +  {y  -  y^f 


+  (z-  z,)- 


21  1/2 


(5-6) 
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Since  <}>  is  a  scalar  quantity,  it  is  generally  easier  to  proceed  indirectly  by  evaluating  the 
sum  (5-2)  and  then  finding  E  by  differentiation  by  (5-3),  rather  than  by  the  direct 
process  of  evaluating  the  vector  sum  (3-2);  this  is  one  reason  why  </>  is  of  practical 
interest. 

If  the  source  charges  have  a  continuous  distribution,  we  can  proceed  exactly  as  we 
did  in  Sections  2-4  and  3-1  by  using  (2-14)  and  (2-16)  to  write  (5-2)  in  integral  form; 
the  results  are 


1 

•  p{r')  dr' 

y'  R 

(5-7) 

.  t7(r')  da' 

S'  R 

(5-8) 

^  X(r')  ds' 

u  R 

(5-9) 

where  the  integrals  are  taken  over  all  volumes,  surfaces,  or  lines  containing  the  source 
charges  or,  in  fact,  over  all  space,  since  in  regions  where  there  is  no  charge  the 
respective  charge  densities  will  vanish.  Finally,  if  all  of  the  possibiHties  we  have 
discussed  are  simultaneously  present,  we  see  from  (5-1)  that  the  total  at  a  given  point 
will  be  the  scalar  sum  of  all  of  the  contributions  from  (5-2)  and  (5-7)  through  (5-9)  and 
the  total  E  at  a  given  point  can  be  found  as  the  negative  gradient  of  this  total  scalar 
potential. 

There  is  a  certain  amount  of  ambiguity  remaining  in  our  results,  however,  which 
arose  when  we  went  from  (5-1)  to  (5-2).  Suppose  that,  instead  of  (5-2),  we  had  chosen 
to  define  <f)  as 

where  C  is  a  constant  but  otherwise  completely  arbitrary.  When  this  expression  is 
substituted  into  (5-3),  we  get  exactly  the  same  field  E  as  given  by  (5-1)  since  vC  =  0.  In 
other  words,  the  sc^ar  potential  in  principle  always  includes  an  arbitrary  additive 
constant  and  we  can  assign  this  constant  any  convenient  value  without  changing  any 
essential  features  of  a  given  problem.  It  is  inconvenient  to  carry  this  constant  along  in 
all  one’s  equations  so  that  the  usua/  convention  is  to  simply  choose  C  =  0,  thus  bringing 
us  back  to  (5-2)  and  the  equations  that  follow  from  this.  In  order  to  see  the  significance 
of  this  choice,  let  us  assume  that  all  of  the  charges  in  (5-2)  occupy  a  finite  region  in 
space;  then  we  can  always  choose  our  field  point  r  to  be  so  far  away  from  all  of  the 
charges  that  all  of  the  ^  oo  and  <^)(r)  — >  0.  In  other  words,  with  the  choice  of  (5-2), 
the  scalar  potential  will  vanish  “at  infinity.”  While  this  is  the  standard  convention  and 
the  one  we  will  generally  use,  there  are  some  situations  where  it  is  convenient  to  choose 
other  points,  such  as  the  surface  of  the  earth,  to  have  a  value  of  zero  for  the  potential;  if 
we  do  this,  we  will  mention  it  explicitly. 

There  is  another  useful  way  of  expressing  the  relation  between  E  and  </>.  Let  us 
consider  the  line  integral  of  E  between  an  initial  point  P,  at  and  a  final  point  at  r2 
as  illustrated  in  Figure  1-22: 

^^E  •  ds  =  V(t>  ■  ds=  ^  ~  ^i)  =  -  [*^>(>■2)  " 


where  we  have  used  (5-3)  and  (1-38).  We  can  write  this,  using  (5-5),  as 
^<j>  =  =  -  Te  ‘  ds  =-  (^E  ■  ds 

•'l  '^2 


(5-11) 


70  THE  SCALAR  POTENTIAL 


giving  us  a  relation  between  the  change  in  the  scalar  potential  A<f>  and  the  line  integral 
of  the  electric  field.  Since  the  result  depends  only  on  the  values  of  ^  at  the  end  points, 
the  value  of  the  integral  is  independent  of  the  path.  We  recall  that  this  is  another  way  of 
saying  that  the  field  E  is  a  conservative  field.  [If  the  path  is  closed,  and  (5-11) 

gives  (5-5)  again.]  We  note  that  given  by  (5-11)  is  independent  of  any  arbitrary 
additive  constant  that  might  be  included  in  the  definition  of  *}>  since  this  constant  will 
cancel  when  the  difference  is  evaluated.  We  can  use  (5-11)  to  find  the  difference  in 
potential  between  two  points  if  the  field  E  has  been  found  by  other  methods,  such  as 
those  illustrated  in  the  last  two  chapters,  since  the  known  value  of  E  can  be  used  and 
the  integral  evaluated  over  any  convenient  path  as  it  is  independent  of  the  path  which 
may  be  chosen.  As  we  will  see,  this  procedure  is  sometimes  useful  when  the  charges  are 
assumed  to  extend  to  infinity  so  that  <f>  may  not  go  to  zero  at  infinity,  or  even  becomes 
infinite  there  as  well  as  at  various  inconvenient  points,  or  in  other  situations  in  which 
(5-7)  through  (5-9)  are  difficult  to  apply. 

A  surface  on  which  (f)  is  constant  is  called  an  equipotential  surface.  We  saw  in  Section 
1-9  that  the  gradient  of  a  scalar  is  normal  to  a  surface  of  constant  value  of  the  scalar 
and  in  the  direction  of  the  maximum  rate  of  change  of  the  scalar.  As  a  result,  we  see 
from  (5-3)  that  the  direction  of  E  will  be  perpendicular  to  the  equipotential  surface  and 
in  the  sense  of  decreasing  (f).  This  is  illustrated  in  Figure  5-1,  in  which  the  equipotential 
surfaces  are  shown  as  solid  curves  and  the  dashed  lines  are  drawn  to  indicate  the 
direction  of  E  at  each  point  for  the  case  in  which  4*3  ^  ^2  ^  ^1-  line  that  is  defined 
to  be  tangent  to  the  direction  of  E  at  each  of  its  points  is  called  a  “line  of  force’’  or  a 
“line  of  E.”  It  is  conventional  to  draw  them  so  that  the  density  of  the  lines  is 
proportional  to  the  magnitude  of  E,  that  is,  the  numerical  value  of  E  is  greater  in 
regions  where  the  lines  are  closer  together  than  it  is  in  regions  where  the  lines  are 
farther  apart.)  This  mutually  orthogonal  relationship  illustrated  in  the  figure  enables  us 
to  obtain  a  visualization  of  the  situation  by  sketching  the  field  lines  once  we  have 
solved  for  (p  so  that  the  equipotential  surfaces  can  be  found;  the  converse  way  of 
sketching  the  shape  of  the  equipotentials  from  the  known  lines  of  E  is  also  useful. 

Example 

Single  point  charge.  Let  us  illustrate  some  of  these  ideas  with  the  simplest  possible 
example,  that  of  a  point  charge  Q  located  at  In  this  case,  (5-2)  reduces  to  the  single 


Figure  5-1.  Equipotential  surfaces  (solid) 
and  lines  of  electric  field  (dashed). 
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term 


<J>(r)  = 


Q 

4mQR 


(5-12) 


where  R  =  |r  -  r'|.  When  this  is  combined  with  (5-3)  and  (1-141),  the  result  is 


E(r) 


gR 


(5-13) 


which  is,  of  course,  in  agreement  with  what  (3-2)  becomes  for  a  single  charge.  The  value 
of  <t>  given  by  (5-12)  as  a  function  of  the  distance  R  from  Q  is  shown  in  Figure  5-2  for 
both  possible  signs  of  Q.  The  equipotential  surfaces  are  found  by  solving  (5-12)  for  R 
and  letting  ^  have  a  definite  value;  the  resulting  equation  is 


(5-14) 


SO  that  these  surfaces  correspond  to  R  =  const.,  that  is,  they  are  spheres  centered  on 
the  charge  Q.  This  situation  is  shown  in  Figure  5-3  in  which  we  have  assumed  Q  to  be 
positive  so  that  <>3  >  <^>2  >  <t>i-  According  to  Figure  5-1,  E  must  be  perpendicular  to 
these  spheres  and  in  the  sense  of  decreasing  <p.  Therefore  E  must  be  directed  radially 
outward  from  Q,  in  agreement  with  (5-13).  ■ 


In  principle,  an  equation  like  (5-7)  provides  us  with  the  complete  solution  to  a 
problem  in  electrostatics.  As  we  will  see,  however,  some  problems  are  not  stated  in  such 
a  way  that  (5-7)  can  be  used  directly,  or  it  is  too  difficult  to  do  so.  For  example,  we  may 
know  the  charge  distribution  only  within  a  finite  region  of  space,  and  it  is  unknown 
outside  this  region,  but  the  values  of  <f)  on  the  bounding  surfaces  of  the  region  may  be 
given  instead.  Then  (5-7)  cannot  generally  be  used  directly;  however,  another  approach 


Figure  5-2.  Potential  as  a  function 
of  distance  R  from  a  point  charge  Q. 


Figure  5-3.  Equipotential  spheres  due  to  a  point 
charge. 
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can  be  formulated.  If  we  combine  (5-3)  with  (4-10),  we  can  eliminate  E  and  we  find, 
with  the  use  of  (1-45),  that 

V^<#>  = -  (5-15) 

^0 

In  other  words,  the  scalar  potential  satisfies  this  differential  equation  that  is  known  as 
Poisson's  equation.  In  regions  where  p  =  0,  (5-15)  simplifies  to  Laplace's  equation: 

=  0  (5-16) 

We  will  defer  the  discussion  of  the  detailed  use  of  these  equations  and  the  justification 
of  such  an  approach  until  Chapter  11. 

Finally,  we  can  point  out  here  that  our  source  equations  for  E,  (4-10)  and  (5-4), 
along  with  the  other  results  (5-3)  and  (5-7),  agree  completely  with  the  Helmholtz 
theorem  quoted  in  (1-148)  through  (1-150). 

We  consider  next  a  few  more  elaborate  examples  of  the  calculation  of  the  scalar 
potential  for  continuous  charge  distributions. 


5-2 


UNIFORM  SPHERICAL  CHARGE  DISTRIBUTION 


This  is  exactly  the  same  charge  distribution  we  considered  in  Section  2-5,  that  is,  a  total 
charge  Q  contained  in  a  sphere  of  radius  a  with  constant  charge  density  p  =  2Q/^'na^. 
We  again  use  the  coordinate  system  shown  in  Figures  2-6  and  2-7;  the  point  in  these 
figures  showing  the  location  of  q  is  now  to  be  interpreted  as  the  field  point  where  we 
want  to  find  As  before,  r''^  —  2z/''cos  so  that  (5-7)  becomes 


477C 


rfj 

J(\  Jr\  Jt\ 


sin^'  dr'  dO'  d(p' 


o-'o  ''o -^0  {z^ -  Izr'cosS') 


1/2 


(5-17) 


where  we  have  used  (1-99)  and  taken  the  constant  value  of  p  outside  of  the  integral. 
The  integration  over  dtp'  can  be  performed  at  once  and  gives  Itt.  If  we  again  let 
ju  =  cos  and  use  (2-22),  we  find  that  (5-17)  becomes 


A  C  _ ± _ 

2^0 ■'-1  (z^ -I- -  2zr^p)^^^ 


(5-18) 


The  integral  over  p  can  be  found  from  tables  to  be 


(z^  +  -  Izr'pY^^ 


zr 


-1 


zr 


;(|z  +  r^l  -  |z  -  r'\ 


(5-19) 


There  are  now  two  cases  to  be  considered. 

1.  Outside  the  sphere.  Here  z  >  a\  since  we  are  assuming  z  to  be  positive  for 
simplicity,  and  since  r'  <  a,  we  have  z  >  r\  so  that  the  parentheses  in  (5-19)  become 
(z  +  r')  —  (z  -  r')  =  2r'  and  the  integral  over  p  equals  2/z.  Inserting  this  into  (5-18) 
and  integrating  over  r\  we  find  the  potential  at  a  point  outside  the  sphere,  <f>g,  to  be 


<t>o  = 


pa' 


Q 

47r€oZ 


(5-20) 


2.  Inside  the  sphere.  Here  z  <  a,  so  that  r'  can  be  both  greater  than  or  less  than  z. 
When  z  <  r'  <  a,  (5-19)  becomes 

L[(,  +  r')  -  {r'-z)] 
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while,  when  r'  <  z  <  a,  (5-19)  is  2/z  as  before.  Since  the  integral  over  /a  has  these 
different  values  for  different  ranges  of  r',  we  have  to  evaluate  the  integral  over  r'  as  the 
sum  of  two  integrals  each  with  an  integrand  appropriate  for  the  range  of  r'  involved; 
thus,  our  expression  for  the  potential  inside,  as  obtained  from  (5-18)  becomes 


=  ^(3a^-z^)  = 
6co 


e 

STTCotT 


(5-21) 


We  note  that  (5-20)  and  (5-21)  give  the  same  value  of  the  potential,  Q/47reoa,  at  the 
surface  of  the  sphere  where  z  =  a. 

These  results  can  be  easily  generalized  to  an  arbitrary  location.  The  field  point  was 
taken  to  be  along  the  z  axis  for  convenience  in  evaluating  the  integral.  The  position 
vector  of  the  field  point  is  thus  r  =  zz  so  that  |r|  ^  r  =  z  and  f  =  z;  this  enables  us  to 
write  our  results  for  any  field  point  in  terms  of  its  spherical  coordinate  distance  r  from 
the  origin,  that  is,  from  the  center  of  the  sphere.  Therefore,  (5-20)  and  (5-21)  yield  these 
general  expressions  for  the  potential  at  any  point  outside  of  or  inside  of  the  sphere: 


pa^  _  Q 
3«o'' 


(5-22) 


<>.(/•)  =  — (3fl^  -  r^) 
O€o 


87r€o(3  \ 


(5-23) 


As  a  check  on  our  calculation  of  <#>,  we  can  see  if  it  gives  the  known  electric  fields.  If 
we  insert  (5-22)  and  (5-23)  into  (5-3),  and  use  (1-101),  we  find  the  electric  fields  outside 
and  inside  the  sphere  to  be,  respectively, 


p^^r 

T? 

Qf 

(5-24) 

47rfor^ 

prr 

i?  _ _ _ 

Qrf 

(5-25) 

'  3£o 

47760^^ 

and  these  agree  with  the  results  (4-17),  (4-20),  and  (4-21),  which  we  previously  obtained 
by  using  Gauss’  law. 

According  to  (5-22)  and  (5-23),  constant  values  of  (f>  correspond  to  constant  values 
of  r;  in  other  words,  the  equipotential  surfaces  are  concentric  spheres  with  centers  at 
the  origin  (i.e.,  at  the  center  of  the  charge  distribution).  Figure  5-4  is  a  plot  of  the 
potential  as  a  function  of  r;  the  negative  slope  of  this  curve  gives  the  electric  field  E, 
that  we  have  previously  shown  in  Figure  4-5  and  it  is  instructive  to  compare  these  two 
figures  with  this  in  mind. 
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As  an  example  of  the  use  of  (5-11)  to  find  the  potential,  let  us  consider  the  uniform 
infinite  line  charge  for  which  we  previously  found  the  field  as  given  by  (3-9)  to  be 
E  =  (\/27r€Qp)p.  Since  E  has  only  a  p  component,  we  see  from  (5-3)  and  (1-85)  that  (p 
is  independent  of  (p  and  z,  that  is,  it  is  a  function  only  of  p.  This  already  shows  us  that 
the  equipotential  surfaces  will  be  cylinders  whose  common  axis  coincides  with  the  line 
charge  since  <j>  =  const,  leads  to  p  =  const.  Since  we  can  use  any  convenient  path,  let  us 
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Figure  5-4.  Potential  as  a 
function  of  distance  r  from 
the  center  of  a  uniform 
spherical  charge  distribution 
of  radius  a. 


2 


Figure  5-5.  Path  of  integration  used  to  find 
potential  difference  due  to  a  uniform  line 
charge. 


choose  the  simple  one  shown  in  Figure  5-5;  the  path  lies  in  a  plane  perpendicular  to  the 
charge  distribution  that  intersects  this  plane  at  the  origin.  We  will  integrate  along  the 
straight  line  in  the  constant  direction  p  from  the  initial  point  1  to  the  final  point  2 
whose  distances  from  the  charge  are  and  P2,  respectively.  We  see  from  the  figure  that 
ds  =  pdp  in  this  case  so  that  the  integrand  in  (5-11)  becomes  E  ■  p  dp  =  E^dp  from 
(1-21),  and  therefore  (5-11)  becomes 


/jt 


IttcqP  27re, 


(5-26) 


This  method  gives  us  the  difference  in  potential  between  the  two  points,  and  we  would 
like  to  find  the  absolute  value  for  (f>.  The  logarithm  term  in  (5-26)  can  be  written  as 
[(-In  P2)  -  (-In  Pi)]  and,  since  any  additive  constant  will  cancel  on  the  left  side,  we 
conclude  from  comparing  the  two  sides  of  (5-26)  that  (p  has  the  form 


<f>(p)  =  - In  p  -I-  C 


(5-27) 


where  C  is  some  constant.  Now  as  p  00,  In  p  ^  x  so  that  if  we  try  to  preserve  our 
convention  that  (p  vanish  at  infinity,  we  conclude  that  C  must  also  be  infinite.  The 
source  of  this  difficulty  is  that  in  this  case  the  charge  is  not  finite  and  extends  to 
infinity,  whereas  our  expectation  that  <p  should  vanish  at  infinity  arose  from  (5-2)  and 
the  assumption  that  all  of  the  charges  were  contained  within  a  finite  volume,  as  was  the 
case  in  the  previous  example  of  the  sphere.  Even  though  we  may  be  uncomfortable  with 
it  at  this  stage,  the  fact  remains  that  the  (p  of  (5-27)  does  give  the  correct  field  E  by 
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means  of  (5-3).  It  is  sometimes  convenient  to  put  (5-27)  into  another  form;  if  we 
introduce  a  new  constant  Po  by  writing  C  =  Mn  Pq/2it€q,  then  (5-27)  becomes 

<l>(p)  =  In  (-)  (5-28) 

27r€o  \  p  j 

When  p  =  Po,  (J)(pq)  =  0  so  that  the  physical  significance  of  po  is  seen  to  be  that  it  is 
the  distance  at  which  we  have  chosen  <^>  to  vanish,  since  we  cannot  make  it  do  so  at 
infinity.  The  derivative  of  (p  as  obtained  from  (5-28)  and  that  gives  E  is  unaffected  by 
the  choice  of  po,  as  is  the  potential  difference  that  will  still  be  given  by  (5-26). 

Since  these  effects  arose  from  our  assumption  that  the  line  charge  was  already 
infinitely  long,  it  is  helpful  to  look  at  the  problem  afresh  by  starting  with  a  uniform  line 
charge  of  finite  length  for  which  we  will  get  a  finite  result  as  we  will  see,  and  then  seeing 
what  happens  as  we  let  it  get  very  long.  We  will  also  obtain  in  this  way  a  plausible  way 
of  choosing  pg.  Let  us  consider  the  charge  distribution  shown  in  Figure  3-8  for 
\  =  const.,  and  calculate  (f)  at  the  general  point  F(p,  qp,  z).  Since  the  charge  distribu¬ 
tion  coincides  with  the  z  axis,  r'  =  z%  while  r  =  pp  +  zz  according  to  (1-81).  There¬ 
fore,  R  =  pp  -I-  (z  -  z')z  so  that  R  =  [p^  +  (z  -  and,  since  ds'  =  dz'  in  this 

case,  (5-9)  becomes 

A.  dz' 

477£oi-Z..  [p2  +  (2  _ 

The  integral  is  easily  evaluated  with  the  use  of  tables  and  the  result  is 


z  -H  L,-^  + 

p^  -H  (z  -)- 

1/2  ' 

z  —  L2  + 

/  +  (7  -  L^f 

1/2 1 

(5-30) 


[It  will  be  left  as  an  exercise  to  verify  that  when  (5-30)  is  used  in  (5-3),  the  same  E  is 
obtained  as  was  found  by  direct  evaluation  in  Exercise  3-11.]  Now  let  us  assume  that 
the  line  charge  is  very  long,  although  not  yet  infinite,  that  is,  we  assume  that  L2  »  p, 
L2  »  |z|,  »  p,  and  Lj  »  1^1,  so  that  we  can  get  an  approximate  expression  for  <f> 

for  situations  in  which  our  field  point  is  not  loo  close  to  the  ends  of  the  charge 
distribution  nor  too  far  away  from  it  in  comparison  with  its  length.  The  numerator  of 
the  argument  of  the  logarithm  in  (5-30)  gives  us  no  trouble  and  is  approximately  2Li 
since  we  can  write  z  -t-  and  can  similarly  neglect  p  in  comparison  with  L^.  We 

have  to  be  more  careful  with  the  denominator  since  just  omitting  z  and  p  makes  it 
vanish;  accordingly  we  expand  it  in  a  power  series  in  an  appropriate  small  quantity  and 
keep  the  lowest  order  nonvanishing  term.  We  use  the  expansion 

(1  ±  =  1  ±  -  ^x^  ±  . . .  (5-31) 


although  here  we  will  require  only  the  first  two  terms  and  the  upper  sign.  If  we  factor 
out  L2  —  z,  the  denominator  becomes 


( 

p2 

l/2\ 

-1  -H 

1  +  - 2 

=  u 

-14-14--^ 

1 

I 

[  \  ^"]  \ 

.2  \ 


—  Z/T  —  1  “H  1  “H 


7/2 

Z1.2  / 


2L^ 


Substituting  this  into  (5-30),  along  with  2L^  for  the  numerator,  we  get 


<#>  = 


/  4L2L1 


47r€ 


-  In 

0  \  P- 


2iTe, 


In 


(4L,LJ 


1/2 


(5-32) 
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which  is  exactly  of  the  form  (5-27)  or  (5-28).  Thus  we  are  led  back  to  the  same  general 
expression  for  ^  as  we  approach  the  limit  of  an  infinite  line.  We  note  that  (5-32)  is 
independent  of  z,  which  is  reasonable  since  if  we  do  not  get  too  near  the  ends  of  this 
very  long  line  charge,  a  displacement  parallel  to  the  line  leads  one  to  a  point  where  the 
charge  distribution  will  appear  essentially  unaltered. 

If  we  now  go  further  and  let  both  L2  and  get  infinitely  large  in  (5-32),  we  again 
get  an  infinite  value  for  </>.  Hence  this  approach  has  not  made  the  infinities  inherent  in 
our  problem  disappear,  of  course,  but  we  have  a  better  understanding  of  how  they  have 
arisen. 

There  is  one  interesting  case  in  which  these  ambiguities  in  <j>  disappear  because  of 
the  nature  of  the  system. 

Example 

Two  parallel  oppositely  charged  lines.  Let  us  consider  a  system  comprised  of  one  long 
uniform  line  charge  of  density  A  and  the  other  of  density  -A.  We  assume  the  same 
values  of  L2  and  for  them  as  shown  in  Figure  5-6.  The  distance  p  in  (5-32)  began  as 
the  cylindrical  coordinate  variable  but  is  clearly  the  perpendicular  distance  from  the 
line  charge  to  the  field  point  P\  these  distances  for  this  case  are  labeled  p+  and  p_  in 
the  figure.  If  we  assume  that  £3  ^1  are  already  large  enough,  we  can  use  (5-32). 

Thus  the  individual  potentials  due  to  these  two  line  charges  are 

P  + 

</>-=  - In  - 

277Co  [  P^ 

so  that  the  total  potential  at  P  is 

^  =  <!>++  <f>_=  - - ln(  — ]  (5-33) 

\P+/ 

and  the  terms  depending  on  £3  and  have  canceled.  Now  we  can  let  £3  and 
each  go  to  infinity  and  we  will  be  left  with  the  same  unambiguous  result  given  in  (5-33). 
In  a  specific  case,  p+  and  p_  have  to  be  evaluated  in  terms  of  the  particular  coordinate 
system  that  is  being  used.  Let  us  illustrate  this  for  the  case  in  which  the  line  charges  are 


Figure  5-6.  Two  parallel  oppositely 
charged  lines. 
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taken  to  be  parallel  to  the  z  axis,  the  line  of  length  la  between  them  lying  along  the  x 
axis,  the  origin  is  chosen  midway  between  them,  and  F  lies  in  the  xy  plane  as  shown  in 
Figure  5-7.  We  will  use  polar  coordinates  p  and  <p  to  specify  the  location  of  P. 
Applying  the  law  of  cosines,  we  find  that  p\  =  -  lap  cos  <p  and  pl=  +  p^ 


+  lap  cos  (p,  so  that  (5-33)  can  be  written 


'i>(p.<p)  = 


47rc, 


In  = 

pi 


477‘€, 


In 


+  p^  +  lap  cos  <p 


lap  cos  <p 


+  p^ 


and  the  components  of  E  as  found  from  (5-3)  and  (1-85)  turn  out  to  be 


d<j> 


Ittcq 


(p-acos(p)  (p  +  ncoscp) 


\a{p^  -  a^)cos<p 


TtoP  +  P- 


(5-34) 


(5-35) 


1  d<j>  ^a(p^  -I-  a^)  sin<p 

P  3<p  *reoP+P- 


(5-36) 


while  E^=  -  d<l>/dz  =  0. 

The  equipotential  surfaces  <#>  =  const,  are  given  by  (5-34)  as 

2 

^  ■=  const.  (5-37) 

pi 

This  equation  is  more  easily  interpreted  in  rectangular  coordinates;  we  see  by  inspec¬ 
ting  Figure  5-7  that  it  becomes 

(x-af+y^ 

which,  with  a  little  algebra,  can  be  written  in  the  form 

(^-.cothr,)^  +  ;.^=(^)  (5-38) 

where  rj  =  27rto(j)/X.  This  is  just  the  equation  of  a  circle  with  radius  a/sinhrj  and  with 
center  displaced  a  distance  acothTj  along  the  x  axis.  In  other  words,  the  equipotential 
surfaces  are  cylinders  with  axes  parallel  to  the  z  axis  whose  intersections  with  the  xy 
plane  are  the  circles  given  by  (5-38).  These  circles  are  shown  as  the  solid  curves  in 
Figure  5-8.  We  note  that  the  circles  whose  centers  lie  on  the  positive  x  axis  correspond 
to  </>  >  0,  while  those  with  centers  on  the  negative  x  axis  correspond  to  <  0.  We  also 
note  that  the  yz  plane  (x  =  0)  is  the  equipotential  surface  for  <#»  =  0;  this  is  easily  seen 


Figure  5-7.  Geometry  for 
the  potential  of  two  line 
charges  parallel  to  the  z 
axis. 
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Figure  5-8.  Equipotentials  (solid)  and  lines  oi  electric  field  (dashed)  for  two  oppositely 
charged  lines  parallel  to  the  z  axis. 

to  be  the  case  since  we  see  from  Figure  5-7  that  each  point  on  the  y  axis  has  p+=  p_, 
making  <^)  =  0  according  to  (5-33). 

The  lines  of  E  are  perpendicular  to  these  equipotentials  as  we  know  and  are  shown 
as  dashed  lines  in  Figure  5-8.  We  can  use  our  results  for  this  case  to  illustrate  how  one 
can  find  an  explicit  equation  for  these  curves.  As  we  mentioned  before,  a  line  of  E  is 
defined  in  order  to  be  tangent  to  the  direction  of  E  at  the  corresponding  point. 
Therefore,  if  represents  a  small  displacement  along  a  line  of  E  (line  of  force),  it  is 
necessarily  parallel  to  E  at  that  point;  this  is  shown  in  Figure  5-9.  Therefore,  we  can 
write 

(5-39) 

since  they  have  the  same  direction  and  where  k  is  a  constant  of  proportionality  with 
appropriate  dimensions.  We  can  use  (5-39)  to  obtain  a  differential  equation  for  the 
curve  describing  the  line  of  E. 

In  order  to  apply  (5-39)  to  the  particular  case  worked  out  above,  we  note  that 
will  equal  ^/r  as  expressed  by  (1-82)  where  r  is  the  position  vector  of  each  point  on  the 
curve.  Since  the  line  of  E  lies  in  the  p,  cp  plane,  dz  =  0  and  (5-39)  becomes 

c/pp  +  pd(p^  =  k{E^p  +  (5-40) 

Equating  components,  we  get 

dp  =  kEp  and  p  dtp  =  kE^ 


Figure  5-9.  Relation  between  E  and  a  displacement 
along  a  line  of  E. 
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and  we  can  now  eliminate  k  by  dividing  the  first  equation  by  the  second.  The  result  is 

The  right-hand  side  of  (5-41)  will  be  a  known  function  of  jo  and  9,  which,  in  principle, 
will  enable  us  to  integrate  this  equation  to  find  p  as  a  function  of  9,  that  is,  the 
equation  of  the  line  of  force. 

In  our  case,  if  we  substitute  (5-35)  and  (5-36)  into  (5-41),  we  find  that 

\  dp  {p^  -  COS9 

p  d^)  (p^  +  sin  9 

or 

(p^  +  a^)  dp  COS 9  d<p 
p(p^  -  a^)  sin9 

This  equation  can  be  integrated  with  the  help  of  tables  to  give 

I  p^  ~  a^\ 

In  -  =  In  sin  9  -I-  In 

I  I 

where  the  constant  of  integration  is  written  in  terms  of  the  dimensionless  constant  K. 
From  this  result,  we  find  our  desired  equation  to  be 

p^  -  =  Kap  sin 9  (5-43) 

For  each  value  of  K,  we  get  a  corresponding  line  of  force.  If  we  express  (5-43)  in 
rectangular  coordinates  with  the  use  of  (1-74)  and  (1-75),  we  find  that  it  can  be  written 

+  (y  -  \KaY  =  a^{l  +  (5-44) 

showing  that  the  lines  of  E  are  also  arcs  of  circles;  a  given  circle  has  a  radius 
a(l  -h  and  its  center  displaced  a  distance  ^Ka  along  the  y  axis.  These  are  the 

curves  that  are  plotted  as  dashed  lines  in  Figure  5-8  and  we  see  that,  as  expected,  they 
originate  on  the  positive  charges  and  terminate  on  the  negative  charges  since  it  follows 
from  (5-43)  that  when  9  =  0  or  vr,  p  =  ±a  or,  from  (5-44),  that  x  =  ±a  when  y  =  0. 


(5-42) 
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In  general,  changes  in  potential  are  related  to  changes  in  energy.  Consider  a  point 
charge  q  in  equilibrium  under  the  action  of  an  electrostatic  force  and  a  mechanical 
force  This  condition  was  described  by  (2-9)  for  only  two  charges,  but  can  clearly 
be  extended  to  the  case  when  more  than  one  charge  is  acting  on  q.  In  this  case,  it  is 
appropriate  to  use  (3-1),  so  that  the  condition  of  equilibrium  becomes 

F  +  F  =  jE  +  F  =0 

q  g,m  'i  ^ 


or 

(5-45) 

Now  let  us  imagine  moving  the  charge  infinitely  slowly  from  an  initial  point  to  a  final 
point  r2  along  some  path.  Under  these  conditions,  the  velocity  will  be  essentially  always 
zero  and  constant  so  that  the  acceleration  will  be  zero.  The  charge  will  then  be  always 
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in  equilibrium,  or  nearly  so,  so  that  (5-45)  applies.  We  assume  this  procedure  so  that  we 
can  calculate  the  amount  of  reversible  work  in  the  thermodynamic  sense  that  is  done  by 
the  external  mechanical  force,  and  by  keeping  the  velocity  zero,  we  can  be  sure  that 
there  will  be  no  dissipative  or  frictional  effects  involved.  If  we  let  work 

done  by  the  external  agent  responsible  for  the  mechanical  force,  we  get 

=  j^q.m  ■  ds  =  ■  ds  =  ?[<#>(r2)  -  <l>(ri)]  (5-46) 

with  the  use  of  (5-11).  In  other  words,  the  work  done  on  the  charge  equals  the  value  of 
its  charge  times  the  change  in  potential.  Under  the  circumstances  we  have  assumed,  the 
work  done  can  be  equated  to  the  change  in  potential  energy  of  the  charge  so  that 
(5-46)  becomes 

=  9[<()(r2)  -  <f>(ri)]  =  ?A</>  (5-47) 

We  note  that  this  change  is  independent  of  any  additive  constant  that  may  be 
included  in  <}>.  Since  the  right-hand  side  of  (5-47)  already  has  the  form  of  a  difference,  it 
is  natural  to  write  the  left-hand  side  in  the  same  way,  that  is,  AU^  =  ~ 

and  by  comparison,  we  can  define  the  potential  energy  of  a  charge  q  at  r,  t4(r),  as 

t4(r)  =  q^{r)  (5-48) 

As  usual  with  potential  energy,  we  can  add  any  arbitrary  constant  to  the  right-hand 
side  of  (5-48)  without  changing  the  difference,  much  as  we  could  do  for  <;>,  that  is,  as  in 
(5-10).  We  will  generally  choose  the  form  (5-48),  however,  as  it  has  the  convenient 
property  that  when  vanishes  at  infinity,  does  also.  Since  the  energy  will  be 
measured  in  joules,  we  see  again  from  (5-48)  that  the  unit  of  the  volt,  will  be  equal  to 
1  joule/coulomb. 


Example 

Two  point  charges.  Let  us  consider  a  system  of  two  point  charges  q  and  Q  separated  by 
a  distance  R  as  shown  in  Figure  5-10.  The  potential  at  the  location  of  q  is  given  by 
(5-12)  and  when  this  is  inserted  into  (5-48),  we  find  that 


U  = 


qQ 

A'lTf.QR 


(5-49) 


This  energy  can  be  interpreted  as  the  work  that  was  required  to  bring  q  from  infinity  to 
its  location  r  while  the  charge  Q  was  held  fixed  at  r'.  But,  because  of  the  symmetry  of 


0 


Figure  5-10.  Relative  positions  of  two  point 
charges. 
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the  expression,  it  can  equally  well  be  interpreted  as  the  work  required  to  bring  Q  from 
infinity  to  x'  while  holding  q  fixed  at  r.  In  other  words,  it  is  more  appropriate  to  regard 
Up  as  the  mutual  potential  energy  of  the  system  of  the  two  charges  rather  than  ascribing 
it  to  one  charge  or  the  other.  We  return  to  this  question  of  the  potential  energy  of  a 
system  of  charges  in  detail  in  Chapter  7.  ■ 


EXERCISES 

5-1  Can  the  vector  E  =  {yz  -  2x)x  +  xzy  + 
xyz  be  a  possible  electrostatic  field?  If  so,  find  the 
potential  </>  from  which  E  can  be  obtained. 

5-2  Could  the  vector  A  of  Exercise  1-15  be 
interpreted  as  a  conservative  electric  field?  If  so, 
find  the  potential  from  which  it  could  be 
obtained  by  using  (5-3). 

5-3  Two  point  charges  q  and  -  ^  are  located  on 
the  z  axis  at  z  =  a  and  -a,  respectively.  Find  (f> 
at  any  point  (x,  y,  z).  Show  that  the  xy  plane  is 
an  equipotential  surface  and  find  its  potential. 
Explain  this  result. 

5-4  Consider  the  charge  distribution  of  Exercise 
3-2.  Find  the  potential  at  the  center  of  the  square. 
Why  can’t  you  find  E  at  the  center  of  the  square 
from  your  result? 

5-5  Consider  a  cube  of  edge  a  with  the  location 
and  orientation  of  the  figure  in  Figure  1-41.  There 
is  a  point  charge  q  at  each  comer.  Find  (|>  at  the 
center  of  the  face  for  which  x  =  a. 

5-6  Within  a  certain  region  of  space  the  electric 
field  E  is  constant.  Show  that  a  suitable  potential 
for  this  case  is  <#>  =  -  E  •  r  +  <j>o  where  <#>o  is  a 
constant.  What  are  the  equipotential  surfaces? 

5-7  Obtain  the  results  (5-22)  and  (5-23)  by  using 
(5-11)  and  the  fields  given  by  (5-24)  and  (5-25). 
5-8  A  sphere  of  radius  a  has  a  total  charge  Q 
distributed  uniformly  throughout  its  volume.  The 
center  of  the  sphere  is  at  the  point  {A,B,C). 
Find  the  potential  «|>  at  any  point  (x,  y,  z)  out¬ 
side  the  sphere,  and  from  this,  find  the  rectangu¬ 
lar  components  of  E  at  that  point. 

5-9  A  sphere  of  radius  a  has  a  charge  density 
that  varies  with  distance  r  from  the  center 
according  to  p  =  /Ir"  where  A  =  const,  and  n  > 
0.  Find  <#»  at  all  points  inside  and  outside  the 
sphere  by  using  (5-7)  and  express  your  results  in 
terms  of  the  total  charge  Q  of  the  sphere. 

5-10  Find  <f>  for  all  points  inside  and  outside  the 
sphere  of  charge  of  Exercise  4-5  by  using  (5-11). 
Plot  as  a  function  of  r. 

5-11  Find  at  all  points  for  the  charge  distribu¬ 
tion  of  Exercise  4-6.  Express  your  answer  in  terms 


of  the  constant  charge  density  p  and  plot  <f)  as  a 
function  of  r. 

5-12  Find  <#>  for  all  points  outside  and  inside  the 
cylinder  described  in  Exercise  3-13. 

5-13  Consider  the  charge  distribution  of  Ex¬ 
ercise  3-10  and  Figure  3-7.  Find  «|)  at  an  arbitrary 
point  on  the  z  axis.  Why  does  your  result  give  the 
correct  value  of  E,  but  not  of  F^? 

5-14  A  sphere  of  radius  a  has  a  constant  surface 
charge  density  o,  but  no  volume  charge  density. 
Find  </>  for  all  points  both  outside  and  inside  the 
sphere  by  using  (5-8). 

5-15  An  infinite  sheet  of  charge  of  constant 
surface  density  o  coincides  with  the  xy  plane. 
Use  the  expression  for  E  given  by  (3-13)  and  find 
a  potential  from  which  E  can  be  found.  What 
are  the  equipotential  surfaces  in  this  case? 

5-16  Find  the  potential  due  to  the  sheet  of  the 
previous  exercise  by  using  (5-8). 

5-17  Charge  is  distributed  with  constant  surface 
charge  density  n  on  a  circular  disc  of  radius  a 
lying  in  the  xy  plane  with  center  at  the  origin. 
Show  that  the  potential  at  a  point  on  the  z  axis  is 
given  by 

<!>  =  ^[(a^  +  -  \z\]  (5-50) 

Verify  that  this  gives  (3-15).  What  does  •!>  become 
as  a  becomes  very  large?  What  is  the  smallest 
value  of  z  for  which  the  potential  due  to  this  disc 
can  be  calculated  as  if  it  were  a  point  charge 
without  making  an  error  greater  than  1  percent? 
5-18  Show  that  ^  given  by  (5-30)  gives  the 
correct  E  as  found  in  Exercise  3-11. 

5-19  As  a  simple  check  on  the  results  (5-34) 
through  (5-36),  show  that  they  reduce  to  the 
expected  results  for  the  special  cases  qp  =  0  and 
cp  =  90°. 

5-20  The  parameter  K,  which  characterizes  a 
given  line  of  force  in  (5-43),  can  be  related  to  the 
magnitude  £  of  the  electric  field  where  the 
line  crosses  the  y  axis,  that  is,  when  <p  =  90°. 
Show  that  =  (6-  2^/(8  -  1)  where  S  = 
X/ttCquE. 
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5-21  Consider  the  charge  distribution  of  Figure 
5-7.  If  one  moves  from  a  point  on  the  x  axis  for 
which  X  —  h  >  a  to  another  point  on  the  x  axis 
for  which  x  =  -h,  what  is  the  change  in  poten¬ 
tial? 

5-22  Express  <^>  for  the  charge  distribution  of 
Figure  5-7  in  rectangular  coordinates  and  use  this 
result  to  find  and  E^. 

5-23  Consider  the  charge  distribution  of  Ex¬ 
ercise  5-3.  How  much  work  must  be  done  by  an 
external  agent  to  change  the  separation  of  the 


charges  from  2a  to  a?  Illustrate  this  process  on  a 
plot  of  versus  separation  R . 

5-24  Consider  the  line  charge  of  Figure  3-8  with 
Lj  =  0.  The  charge  per  unit  length  is  propor¬ 
tional  to  the  cube  of  the  distance  from  the  origin. 
Find  the  potential  at  a  point  P  on  the  x  axis  for 
which  X  =  a.  From  your  result,  find  E^  at  P\  if 
you  cannot  do  this  explain  why  not.  How  much 
work  must  an  external  agent  do  to  move  a  point 
charge  q  very  slowly  along  the  x  axis  from  P  out 
to  infinity? 


6 


CONDUCTORS  IN 
ELECTROSTATIC  FIELDS 


Coulomb's  law  assumes  that  the  region  between  the  charges  involved  is  a  vacuum.  We 
are  interested,  of  course,  in  what  will  occur  when  electric  charges  are  in  the  presence  of 
matter,  so  that  at  least  part  of  the  region  of  interest  to  us  is  not  a  vacuum.  We  will  not 
consider  this  problem  all  at  once,  but  in  this  chapter  we  restrict  ourselves  to  the  case  in 
which  a  particular  class  of  matter  known  as  conductors  is  present.  Because  of  the 
special  properties  of  conductors,  we  will  be  able  to  deduce  some  interesting  and 
important  consequences  that  arise  from  their  presence. 


6-1  SOME  GENERAL  RESULTS 

In  general  terms,  a  conductor  can  be  defined  as  a  region  in  which  charges  are  free  to 
move  about  under  the  influence  of  an  electric  field.  The  most  common  example  is  that 
of  a  metal  in  which  the  movable  charges  are  “free”  electrons,  but  it  is  not  the  only  case, 
and  we  will  not  need  to  restrict  ourselves  here  to  such  a  specific  example.  We  do, 
however,  assume  that  we  are  deahng  with  a  completely  static  situation  on  the  macro¬ 
scopic  scale. 

Now,  if  an  electric  field  were  present  in  a  conductor,  the  charges  would  move  about, 
and  we  would  not  have  the  static  situation  we  are  assuming.  Therefore,  we  conclude 
that  E  must  be  zero  at  all  points  within  a  conductor.  It  then  follows  directly  from  (5-3) 
that  <j}  is  constant  within  the  conductor,  that  is,  the  conductor  is  an  equipotential 
volume.  Therefore,  we  have 

E(r)=0  .  . 

inside  a  conductor  (6-1) 

</>(r)  =  const. 

Now  let  us  consider  the  situation  at  the  surface  of  a  conductor.  The  electric  field  in 
the  nearby  vacuum  region  certainly  can  be  different  from  zero.  Suppose  that  E  made  an 
angle  with  the  surface  as  shown  in  Figure  6-1^2.  We  can  imagine  E  resolved  into  a 
component  E^,  which  is  perpendicular  (normal)  to  the  surface,  and  a  component  E^, 
which  is  parallel  to  the  surface  (the  tangential  component).  Now,  if  E^  were  different 
from  zero,  there  would  be  a  tangential  force  on  the  movable  charges,  they  would  move 
parallel  to  the  surface,  and  we  would  no  longer  have  the  static  situation  we  are 
assuming.  Therefore,  E,  =  0,  and  the  only  possibility  is  that  E„  0;  in  other  words,  at 
the  surface  of  a  conductor,  E  must  be  normal  to  the  surface,  as  shown  in  Figure  6-1/). 
But,  as  was  illustrated  in  Figure  5-1,  the  direction  of  E  is  perpendicular  to  the 
equipotential  surfaces,  and  therefore  the  surface  of  the  conductor  is  an  equipotential 
surface.  In  summary,  we  have 

E,(r)  ^  0 

E,(r)  =0  at  surface  of  a  conductor  (6-2) 

</>(r)  =  const. 
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(a) 


E 


Figure  6-1.  (a)  Hypothetical 
direction  of  E  at  a  conducting 
surface,  (b)  Actual  direction 
(b)  of  E. 


Figure  6-2. 
conductor. 


The  surface  5  is  completely  inside  a 


(It  may  happen,  of  course,  that  at  a  particular  point  or  points  on  the  surface,  the 
normal  component  may  also  be  zero,  but,  in  any  event,  it  is  the  only  component 
that  can  be  different  from  zero  at  the  surface.) 

Now  let  us  apply  Gauss’  law  (4-1)  to  an  arbitrary  closed  surface  that  is  completely  in 
the  interior  of  a  conductor  such  as  S  shown  dashed  in  Figure  6-2.  Since  E  =  0  at  all 
points  inside,  it  will  be  zero  on  each  part  of  S  and,  in  this  case,  (4-1)  becomes 

c£e  (^3  =  0  =  (6-3) 

Co 

and  therefore  the  total  charge  inside  5,  is  zero.  Because  the  surface  S  is  completely 
arbitrary,  it  can  be  deformed  in  any  desired  way,  even  to  coincide  with  the  bounding 
surface  of  the  conductor  and  will  still  be  zero.  Thus,  we  can  conclude  that  =  0 
everywhere  inside.  In  other  words,  we  have  found  that  the  net  charge  in  the  interior  of  a 
conductor  is  always  zero,  so  that  whatever  net  charge  is  present  on  a  conductor  must 
reside  entirely  on  its  surface.  This  was  first  shown  experimentally  by  Faraday  in  his 
famous  “ice  pail”  experiment  in  which  he  measured  the  charge  distribution  on  an 
ordinary  metal  pail.  We  note  that  this  result  is  a  direct  conclusion  from  Gauss’  law  that 
itself  is  a  consequence  of  the  inverse  square  nature  of  Coulomb’s  law.  In  fact,  this 
conclusion  forms  the  basis  for  the  most  accurate  experimental  tests  of  the  exactness  of 
the  exponent  2  in  Coulomb’s  law,  since  the  experiments  essentially  look  for  deviations 
from  the  prediction  =  0;  the  results  show  that  the  exponent  is  indeed  equal  to  2  to 
within  a  few  parts  in  10^^. 

In  Figure  6-3,  we  show  the  situation  at  the  surface  of  separation  between  a 
conducting  region  (1)  and  the  vacuum  region  (2)  where  h  is  the  outer  normal  to  the 
conductor.  We  construct  a  small  cylinder  of  cross-sectional  area  Aa  whose  curved  side 
is  parallel  to  h,  so  that  its  outward  normal  h^.  is  parallel  to  the  surface  of  separation. 
The  upper  face  of  the  cylinder  is  entirely  in  the  vacuum  region  where  E  #  0  while  its 
lower  face  is  entirely  in  the  conductor  where  E  =  0;  we  choose  A  a  to  be  so  small  that  E 
is  essentially  constant  over  the  upper  face.  We  now  apply  Gauss’  law  to  this  small 
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U)  '  a  conductor. 


cylinder,  noting  that  =  a  Aa  in  this  case;  therefore 

.  -  ^  o  Ad 

(£e  •  da  =  /  E  •  h  da  4-  /  E  •  da  +  /  E  •  da  =  £Aa  = - 

•'top  ‘'side  ‘'bottom  ^  0 

since  E  h  =  £  =  const,  in  the  first  integral,  E  •  =  0  in  the  second,  and  E  =  0  in  the 

third.  Thus  the  value  of  £  at  the  surface  of  a  conductor  is  just  o/cq,  and,  if  we  combine 
this  with  (5-3)  and  (6-2),  we  can  write 

^atsurfacc  =  -n  •  =  —  (6-4) 

^0 

If  <7  is  positive,  then  E  is  directed  away  from  the  surface,  while  if  o  is  negative,  then  E 
is  directed  toward  the  conducting  surface;  these  signs  are  consistent  with  the  direction 
of  the  force  that  would  be  exerted  on  a  positive  test  charge  placed  near  the  conducting 
surface.  We  note  that  £  as  given  by  (6-4)  is  exactly  twice  the  value  of  £  due  to  a  plane 
sheet  of  the  same  a  that  we  found  in  (4-12)  by  a  similar  calculation.  We  can  understand 
this  difference  somewhat  crudely  by  first  deciding  that  the  total  flux  of  E  per  unit  area 
that  can  be  produced  by  a  given  surface  charge  density  is  o/e^;  then,  in  the  case  of  the 
plane  sheet,  this  total  flux  could  be  directed  equally  in  the  two  directions  away  from  the 
charge,  while  for  the  conductor,  since  the  electric  field  must  be  zero  inside,  only  one 
direction  is  available  for  this  total  flux.  As  we  will  find  in  subsequent  examples,  a  is  not 
necessarily  a  constant  but  can  vary  with  position  on  the  surface;  when  this  is  the  case, 
E  will  also  vary  with  location  on  the  surface  (but  will  always  remain  normal  to  the 
surface).  For  example,  suppose  that  the  conductor  were  originally  neutral,  that  is,  it  had 
no  net  charge.  Then,  when  a  field  is  produced  in  its  vicinity  by  moving  other  external 
charges  up  from  infinity,  the  conductor’s  movable  charges  will  not  generally  be  already 
in  equilibrium  with  respect  to  the  new  situation  and  will  have  to  readjust  their 
locations.  Thus,  for  a  short  time,  there  will  be  a  flow  of  charges  around  the  conductor 
but  equilibrium  will  eventually  be  established  and  then  (6-1),  (6-2),  and  (6-4)  will  all  be 
satisfied.  But  since  it  originally  had  no  net  charge,  it  must  still  have  no  net  charge,  that 
is,  =  0,  thus  showing  that  a  cannot  be  of  the  same  sign  everywhere  and  thus 

cannot  be  a  constant.  On  the  other  hand,  an  external  agent  might  transfer  a  net  amount 
of  charge  to  the  conductor,  that  is,  making  it  “charged.”  The  surface  charge  density 
now  could  be  of  the  same  sign  everywhere,  and  may  even  be  constant  providing  there  is 
sufficient  symmetry. 

Example 

Isolated  spherical  conductor.  Let  us  assume  a  net  charge  Q  on  a  conducting  sphere  of 
radius  a.  If  it  is  otherwise  isolated,  there  will  be  no  reason  for  preferring  one  direction 
over  another  so  that  we  will  have  spherical  symmetry.  As  a  result,  the  charge  Q  will  be 
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distributed  uniformly  over  the  surface  with  a  constant  density  a  =  and  the 

electric  field  at  the  surface  will  be  given  by  (6-4)  as  £  =  Q/A-neQa^.  Furthermore,  since 
the  field  E  at  the  surface  is  in  the  normal  direction,  it  will  be  radial. 

We  can  come  to  these  same  conclusions  in  another  way.  We  have  seen  several  times 
that,  because  of  the  spherical  symmetry,  the  charge  Q  can  be  treated  as  if  it  were  a 
point  charge  at  the  center  of  the  sphere  as  far  as  effects  outside  the  sphere  are 
concerned.  The  potential  outside  will  be  exactly  that  given  by  (5-22),  that  is,  Q/^'ir^Qr, 
while  the  potential  inside  is  constant  and  equal  to  the  potential  at  the  surface  (r  ^  a) 
according  to  (6-1)  and  (6-2);  thus  we  obtain 


47reor 


47r€Qa 


(r  >  a) 
(r<a) 


(6-5) 


The  electric  field  outside  will  be  given  by  (5-24)  which  becomes  E  =  Qf/4<rr€fya^  when 
evaluated  at  the  surface;  this  agrees  exactly  with  the  result  obtained  in  the  previous 
paragraph  from  (6-4),  Inside  the  sphere,  E  =  0,  because  of  the  constant  value  of  the 
potential  given  by  (6-5)  for  r  <  a.  ■ 


We  have  not  yet  exhausted  the  possibilities  of  using  Gauss’  law.  Now  let  us  consider 
a  conductor  with  a  cavity  inside  of  it  as  shown  in  Figure  6-4.  The  total  bounding 
surface  of  the  conductor  now  has  two  parts:  an  outer  surface  5^,  and  an  inner  surface 
S^.  Again  let  us  consider  an  arbitrary  surface  lying  completely  within  the  body  of  the 
conductor  so  that  E  =  0  on  every  point  of  S.  Then  (6-3)  applies  in  this  case  too  so  that 
2in  ^  there  can  be  no  net  charge  contained  within  the  surface  S. 

Now  suppose  that  there  is  a  charge  inside  the  cavity,  which  we  call  In  order 
that  =  0  for  5,  there  must  be  an  equal  and  opposite  charge  somewhere  within  S, 
that  is,  on  the  conductor.  But  we  found  above  that  any  charge  on  a  conductor  must 
reside  entirely  on  its  surface,  and  therefore  this  charge  must  be  found  on  the  inner 
surface  5,-.  Thus,  we  have  gin  =  0  =  +  g.,  or 

2/  2  inner  surface  gcav  (6-6) 

which  is  a  result  that  is  always  true. 

If  the  conductor  were  neutral  before  g^^^  was  inserted,  it  must  remain  neutral 
afterward;  therefore  a  charge  g^  =  -g,  =  Fg^av  will  appear  on  the  rest  of  the 
surface,  that  is,  on  the  outer  bounding  surface  as  indicated  in  the  figure.  In  this  way, 
a  charge  within  the  cavity  would  make  its  presence  known  to  someone  outside  the 
conductor  by  means  of  the  induced  charge  g^  produced  on  the  outer  surface  and  the 
electric  field  produced  by  it. 


Figure  6-4.  Charges  on  a  conductor  with  a  cavity  in 
the  interior. 
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Let  us  consider  the  case  =  0;  then  it  will  always  be  the  case  that  the  charge  on 
the  inner  surface  is  zero  according  to  (6-6).  (g^,  on  the  other  hand,  would  be  zero 
only  if  the  conductor  were  originally  neutral  and  were  kept  that  way.)  Now  consider  a 
closed  surface  S'  lying  entirely  within  the  cavity  as  shown  in  Figure  6-5.  Suppose  that 
5"  is  an  equipotential  surface  whose  potential  is  greater  than  the  potential  of  S',, 
which  is  also  an  equipotential  surface  by  (6-2).  Then,  according  to  (5-11)  and  F^ure 
5-1,  there  will  be  lines  of  E  generally  directed  from  S'  to  Sy.  Consequently,  if  we 
evaluate  the  surface  integral  of  E  over  another  surface  S”  located  between  S'  and  S,, 
we  will  find  that 


and,  in  fact,  the  value  of  the  integral  will  be  positive  since  the  cosine  of  the  angle 
between  E  and  ddi  will  always  be  positive.  But,  by  Gauss’  law  (4-1),  this  means  that 
there  must  be  a  positive  charge  somewhere  within  S",  contrary  to  our  assumption  that 
g^^^  =  0.  Thus  we  see  that  <l>'  cannot  be  greater  than  <f>^.  In  a  similar  way,  we  will  find 
that  <!>'  cannot  be  less  than  <l>^.  Therefore,  S'  must  be  an  equipotential  surface  with  the 
same  potential  as  S,.  But  S'  is  completely  arbitrary  and  can  be  made  larger,  made 
smaller,  or  otherwise  deformed  in  any  manner;  thus,  all  points  within  the  cavity  can  be 
evaluated  in  this  way,  and  the  net  result  is  that  the  potential  is  constant  and  equal  to  (/>, 
within  the  cavity  so  that  E  =  0  at  each  point  in  the  cavity.  In  other  words,  if  there  is  no 
charge  within  a  cavity  inside  a  conductor,  the  cavity  will  be  an  equipotential  volume 
and  the  electric  field  will  be  zero  everywhere  within  the  cavity.  In  fact,  the  potential 
within  the  cavity  will  be  the  same  as  that  of  the  conductor  because  of  (5-11). 

These  general  conclusions  are  still  vahd,  of  course,  even  if  there  is  another  conductor 
within  the  cavity  as  shown  in  Figure  6-6.  As  long  as  the  inner  conductor  C'  is 
uncharged,  there  will  be  no  electric  field  within  the  cavity  and  C'  will  always  have  the 
same  potential  as  C,  the  surrounding  conductor.  Thus,  regardless  of  what  charge  may 
be  placed  on  or  outside  of  C,  of  whatever  sign  or  distribution,  there  will  be  no  electric 
field  at  C'  and  its  movable  charges  will  be  unaffected.  In  the  usual  terminology,  the 
inner  conductor  will  be  completely  shielded  or  screened',  this  principle  of  electrostatic 
shielding  has  practical  applications  such  as  in  the  shielding  of  electronic  components  in 
circuits  by  enclosing  them  in  metal  containers. 


Figure  6-5.  The  surfaces  S'  and  S"  are 
entirely  within  the  cavity.  S"  completely 
surrounds  S'. 


Figure  6-6.  The  conductor  C  is  in 
a  cavity  in  the  conductor  C 
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6-2  SYSTEMS  OF  CONDUCTORS 


Let  us  consider  a  system  consisting  of  n  conductors  that  we  number  in  some  manner, 
that  is,  1, 2, . . . ,  y, . . . ,  n.  We  assume  that  the  conductors  are  charged  with  total  charges 
Qv  Qi’’  ‘  ^  Qjy  -  >  Qn-  know  that  each  charge  will  be  on  the  surface  of  the 
corresponding  conductor  so  that  they  can  be  described  by  the  respective  surface  charge 
densities  a^,  03, . . . ,  Uy, . . . ,  o„.  Although  we  are  not  yet  able  to  calculate  all  of  these 
quantities,  we  can  expect  in  general  that  the  a ’s  will  not  be  constant,  but  will  usually 
vary  with  position  in  some  manner.  In  any  event,  the  potential  at  any  point  P,  which 
we  write  as  <^)p,  can  be  found  in  principle  from  (5-8)  and  is 


^  f  ^(^0  _  y  r  daj 

47reo4'  R  Rj 


(6-7) 


Here  we  have  written  the  total  potential  as  the  sum  of  the  contributions  from  each 
conductor:  Sj  is  the  surface  of  the  yth  conductor,  dUj  the  element  of  area  of  this 
surface  at  the  location  r^,  and  Rj  =  -  rJ  is  the  distance  from  daj  to  the  field  point 

P  at  Tp.  These  relations  are  illustrated  in  Figure  6-7,  although  the  various  position 
vectors  are  not  shown  for  simplicity.  Now  (6-7)  is  completely  general,  and,  therefore,  it 
must  hold  in  particular  when  P  is  chosen  to  be  any  point  on  the  equipotential  surface 
of  the  ith  conductor  whose  potential  is  thus,  we  can  write 


0  =  1,2, ■■■,») 


(6-8) 


where  Rji  is  the  distance  from  the  point  of  the  yth  conductor  to  the  particular  point 
in  question  of  the  ith  conductor.  Since  i  could  be  chosen  to  be  any  of  the  conductors, 
(6-8)  really  represents  a  system  of  n  equations,  each  of  which  has  n  terms  on  its 
right-hand  side.  [We  note  that  the  sum  in  (6-8)  also  includes  the  term  j  =  i,  that  is,  it 
includes  the  integral  over  the  surface  of  the  conductor  whose  total  potential  we  are 
calculating.] 

It  will  be  convenient  for  our  purposes  to  write  (6-8)  in  terms  of  the  total  charges  Q  . 
The  average  surface  charge  density  of  the  jth  conductor  (a^>  will  be  just  the  total 
charge  divided  by  the  total  area,  that  is,  (oj)  =  The  actual  charge  density  Oj  at  a 


Figure  6-7.  Calculation  of  the  potential 
due  to  several  charged  conductors. 
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given  point  is  not  generally  equal  to  the  average  but  will  be  proportional  to  it;  this 
allows  us  to  write 


(6-9) 


where  /  is  a  factor  that  describes  how  the  actual  charge  density  differs  from  the 
average  and  itself  will  be  a  function  of  position  on  the  surface  of  the  jih  conductor. 
Thus,  a.  -  Q/,  and  when  (6-9)  is  substituted  in  (6-8)  we  get 


47TeQSj 


i 


R. 


{i  =  1,2,...,  n) 


(6-10) 


These  equations  can  be  written  in  the  form 

<t>i='LPijQj  (/ =  1,2,...,  rt)  (6-11) 


where 


Pij  = 


1  /■ 

47r(oSjJsj  Rji 


(6-12) 


thus  showing  that  the  potential  of  any  conductor  depends  linearly  on  the  charges  of  all 
of  the  conductors,  including  its  own.  If  (6-11)  is  written  out  explicitly,  we  get  the  set  of 
equations 

=  PllGl  +  PllQl  +  •  •  -  +  P\nQn 
^2  =  -P21G1  +  P22Q2  +  ■  ■  •  +  P2nQn  (6-13) 


=  PnlQl  PnlQl  +  -  •  •  +  PnnQn 

The  set  of  coefficients  p^j  defined  by  (6-12)  are  called  coefficients  of  potential,  and,  in 
general,  their  total  number  is  n^.  We  note  that  (6-12)  no  longer  contains  any  reference 
to  the  potentials  or  charges  so  that  the  p^j  represent  purely  geometric  relationships.  If 
we  knew  the  charge  distributions  so  that  the  factors  f  were  known,  then,  in  principle, 
we  could  calculate  all  of  the  coefficients  p^^  from  (6-12);  we  have  not  yet  considered 
methods  of  solving  electrostatic  problems  that  would  give  us  such  Information.  Never¬ 
theless,  these  coefficients  are  always  measurable  in  principle,  for  we  see  from  (6-11)  that 


Hi 


\  Qu-  -Qn 


(6-14) 


so  that  Pij  is  interpretable  as  the  ratio  of  the  change  produced  in  the  potential  of  the 
ah  conductor  to  the  change  in  the  charge  of  the  yth  conductor  when  the  charges  on  all 
of  the  other  conductors  are  kept  constant. 

The  p^j  have  an  interesting  and  useful  symmetry  property.  If  we  eliminate  fj  in 
(6-12)  by  using  (6-9),  we  find  that 


PijQj 


J_ 


(6-15) 


which  also  follows  from  equating  the  corresponding  terms  in  the  sums  of  (6-8)  and 
(6-11).  We  also  have 


Qi  =  f  da, 


(6-16) 
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according  to  (2-16),  and  if  we  multiply  these  last  two  equations  together,  we  get 

1  /•  /•  0:0:  da,  da 


PijQiQj  = 


47r€ 


nVJjKJj  UU,  UUj 

y 

If  we  interchange  the  indices  i  and  j  in  (6-17),  we  get 

_1_  ,  ^  aja^dajda, 
PjiQjQi  A  if  n 

47r€QJs/Si  R,: 


(6-17) 


(6-18) 


Now  the  order  of  integration  is  opposite  for  (6-17)  and  (6-18)  so  that,  for  example,  in 
(6-17)  we  would  first  integrate  by  keeping  fixed  and  letting  vary,  and  then  finally 
integrate  again  by  letting  r,-  vary,  whereas  these  would  be  interchanged  for  (6-18). 
Nevertheless,  each  double  integral  will  include  the  contributions  of  all  pairs  of  area 
elements,  and,  since  each  specific  pair  always  has  the  same  distance  of  separation,  we 
will  have  the  numerical  equality  that  R^j  =  Rj^.  Thus,  we  see  that  the  integral  of  (6-18) 
is  exactly  that  of  (6-17);  therefore,  the  left-hand  sides  are  also  equal,  making  p  Q  Q  = 
PjiQjQi^  or  ' 

Pji  =  Pu  (6-19) 

The  physical  content  of  this  symmetry  property  of  the  p'%  can  be  expressed  according 
to  (6-19)  and  (6-11)  as  follows:  if  a  charge  Q  on  conductor  j  brings  conductor  i  to  a 
potential  <p,  then  the  same  charge  Q  placed  on  i  would  bring  j  to  the  same  potential 
<?>• 

Sometimes,  if  the  problem  is  simple  enough  to  be  readily  solved,  the  Pjj  can  be  more 
easily  found  from  (6-11)  than  from  (6-12). 


■  Example 


Isolated  conducting  sphere.  This  is  an  example  we  solved  in  the  last  section  and  the 
potential  at  the  surface  is  given  by  (6-5)  to  be  <^  =  Q/A^n^^a.  For  a  single  conductor 
(6-11)  reduces  to  ^  =  p^-^Q  and  by  comparison  we  see  that 


1 


Pn  = 


ATTif^a 


(6-20) 


Thus,  we  were  able  to  find  the  single  coefficient  of  potential  for  this  simple  case  and  it 
did  turn  out  to  depend  on  the  geometric  properties  of  the  system.  ■ 


6-3  CAPACITANCE 

One  of  the  earliest  uses  of  conductors  in  electrostatics  was  for  the  storage  of  electric 
charge;  the  conductor  could  be  charged,  for  example,  by  giving  it  a  definite  potential  by 
means  of  a  battery.  For  such  an  application,  one  would  naturally  be  interested  in  the 
“capacity”  of  the  conductor  for  charge,  in  much  the  same  sense  that  one  would  refer  to 
the  capacity  of  a  barrel  in  terms  of  how  many  apples  it  could  hold.  Nowadays,  such 
systems  are  usually  called  capacitors  and  the  quantitative  measure  of  their  capacity  is 
called  capacitance.  Generally  speaking,  there  are  only  two  systems  of  conductors  of 
basic  interest  in  this  connection:  a  single  isolated  conductor,  and  a  system  of  two 
conductors  with  equal  and  opposite  charges. 

For  an  isolated  conductor,  the  sum  (6-11)  reduces  to  the  single  term 

<P=PnQ 


(6-21) 
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In  this  case,  the  charge  is  always  directly  proportional  to  the  potential  and  the 
capacitance  C  of  a  single  conductor  is  defined  as  this  ratio;  thus 

C  =  -  =  —  (6-22) 

<l>  Pii 

and  will  be  a  definite  property  of  the  conductor  and  related  to  its  geometry.  As  an 
example,  we  can  consider  the  sphere  for  which  we  found  to  be  given  by  (6-20),  so 
that  the  capacitance  is 

Qphere  =  ^TTCoa  (6-23) 

and  is  directly  proportional  to  the  radius.  Since  the  units  of  Cq  were  originally  given  as 
farad/meter  in  (2-4),  we  see  from  (6-23)  that  the  unit  of  capacitance  is  the  farad;  we 
also  see  from  (6-22)  that  1  farad  =  1  coulomb/volt,  which  is,  of  course,  entirely 
consistent  with  our  previous  finding  of  1  (coulomb) ^/joule  given  after  (2-4). 

When  we  now  consider  a  system  of  only  two  conductors,  the  system  of  equations 
(6-13)  reduces  to 

^  PiiQi  PnQi  24) 

^2  “  PllQl  P22Q2 


along  with 


(6-25) 


P12  P2I 

according  to  (6-19).  Thus,  the  potential-charge  relationships  for  this  system  will 
generally  require  the  knowledge  of  three  quantities:  P22,  and  Pi2-  When  the  two 

conductors  are  used  as  a  capacitor,  however,  a  somewhat  more  special  situation  is 
envisioned — one  assumes  the  two  conductors  to  be  connected  to  each  other  by  a 
conducting  path  and  the  process  of  charging  up  this  system  is  transfer  of  charge  from 
one  to  the  other.  Under  these  circumstances,  the  charge  on  one  conductor  will  always 
be  equal  and  opposite  to  the  charge  on  the  other. 

Accordingly,  we  take  for  our  general  definition  of  a  capacitor  the  following:  any  two 
conductors  with  equal  and  opposite  charges  Q  and  -  Q.  Even  so,  it  is  not  immediately 
evident  that  one  can  even  define  a  capacitance  in  this  case.  However,  when  we  set 
=  g  and  02  =  -Q  (^-^4),  we  get 

<i>,  =  {Pn-Px2)Q 

^2  {P2\  ~  P22)Q 

so  that  the  difference  in  potential  between  the  conductors  is 

A<1>  =  <t*i  ~  ^2  ~  (pii  P22  ~  P12  ~  P2i)Q 

and  we  see  that  for  a  capacitor  with  equal  and  opposite  charges,  the  charge  and  the 
potential  difference  will  always  be  proportional  to  each  other  so  that  we  will  be  always 
able  to  characterize  the  system  by  a  single  parameter.  We  call  this  quantity  the 
capacitance,  C,  and  define  it  as 


c  =  ^ 

A<J) 


(6-28) 


by  analogy  with  (6-22).  Upon  comparing  (6-28)  and  (6-27),  and  by  using  (6-25),  we  see 
that  the  capacitance  can  be  expressed  in  terms  of  the  coefficients  of  potential  as 


1 


C  = 


Pn  P22  ^Pi2 


(6-29) 
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SO  that  in  this  two  conductor  case,  the  capacitance  is  still  essentially  a  property 
reflecting  the  geometric  relationships  of  the  system. 


Example 

Spherical  capacitor.  Let  us  consider  the  two  conductors  shown  in  Figure  6-8;  the 
bounding  surfaces  are  concentric  spheres  of  radii  a,  b,  and  c.  We  call  the  inner 
conductor  1,  and  the  outer  2.  It  is  assumed  that  2  completely  surrounds  1.  The  p's  that 
we  need  in  order  to  find  C  can  be  obtained  from  the  general  relations  (6-24)  by 
considering  appropriately  chosen  special  cases.  First  of  all,  let  us  suppose  that  Qi  =  0 
while  02  (6-24)  becomes 

and  <t>2=P22Q2  (6-30) 


From  (6-6)  it  follows  that  Q2  is  entirely  on  the  outer  surface  of  radius  c;  therefore,  if 
we  use  the  appropriate  radius  of  c  rather  than  a  in  (6-5),  the  potential  of  2  will  be 
given  by 


<J>2  — 


Qi 


(6-31) 


so  that  (6-30)  gives 


1 


P22 


47r€oC 


(6-32) 


Since  there  is  no  charge  within  the  cavity,  our  previous  discussion  in  connection  with 
Figures  6-5  and  6-6  tells  us  that  <^>1  =  <j>2  so  that,  according  to  (6-30), 

P12 = P22  (6-33) 


for  this  particular  system. 

In  order  to  find  Pn,  let  us  now  assume  that  Qi  ^  0  while  Q2  =  0;  the  latter  is  the 
net  value  on  conductor  2  since  the  inner  surface  of  radius  b  must  have  a  charge  -  2i 
according  to  (6-6).  In  this  case,  (6-24)  yields 

<#>i  =  PuQi  and  <t>2  =  P21Q1  (6-34) 

We  can  relate  these  two  expressions  by  using  (5-11);  the  field  in  the  vacuum  region  for 
which  a  <  r  <  b  can  be  obtained  from  Gauss’  law,  and  the  result  will  again  be  that,  in 


Figure  6-8.  Spherical  capacitor. 
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this  region,  acts  as  if  it  were  a  point  charge  so  that  the  field  will  be  radial  and  given 
by  (4-17)  with  Q  replaced  by  Q^.  Combining  all  this,  we  get 

-  4>2=  •  ds  =  (  E^dr 


■b  Qidr 

I  47760/*^ 


gl  /  I 

47reQ  \  a 


(6-35) 


The  left-hand  side  can  be  written  as  (p^  -  P2i)gi  because  of  (6-34);  canceling  Qi  on 
both  sides  and  using  (6-33)  and  (6-32),  we  finally  get 


P\\  ~  Pii  ■*" 


^  1 

f  1 

1] 

1  1 

a 

4’reo' 

bj 

45760  ' 

(6-36) 


Because  of  (6-33),  the  general  expression  for  C  given  in  (6-29)  simplifies  to 

1  47760  477€oaft 

Pu-Pii 

U  bj 


(6-37) 


with  the  use  of  (6-36)  as  well.  Thus,  we  have  been  able  to  find  the  capacitance  of  this 
particular  capacitor  by  the  evaluation  of  the  general  result  (6-29)  as  stated  in  terms  of 
the  coefficients  of  potential,  ■ 


Nevertheless,  in  most  simple  cases,  this  is  not  the  most  convenient  way  to  proceed. 
What  is  generally  done  is  to  find  the  potential  difference  from  a  different  and  prior 
solution  to  the  problem.  Ordinarily,  this  will  include  a  knowledge  of  the  electric  field. 
Then  A</>  can  be  found  by  using  (5-11)  to  integrate  E  over  any  convenient  path  between 
the  two  conductors;  when  the  two  conductors  form  a  capacitor  they  are  usually  called 
“plates.”  Since  we  know  from  (6-27)  that  will  be  sure  to  turn  out  to  be  proportional 
to  the  charge  Q,  the  ratio  of  the  two  will  give  the  capacitance  according  to  (6-28);  thus, 
we  have 

=  =  (6-38) 

^  +  plate  63 

It  is  convenient  to  write  the  integral  in  this  form  because  E  will  be  generally  directed 
from  the  positively  charged  plate  of  higher  potential  to  the  negatively  charged  plate  of 
lower  potential  so  that  E  •  ^is  will  be  positive,  thus  giving  the  correct  sign  to  A<^).  Let  us 
look  at  two  examples  from  this  point  of  view. 


Example 


Spherical  capacitor.  This  is  the  same  system  shown  in  Figure  6-8  for  which  we  found  C 
by  the  previous  method.  Now  let  us  assume  the  inner  sphere  of  radius  a  to  have  the 
positive  charge  Q;  then  the  inner  sphere  of  radius  b  will  have  the  charge  -  g  in 
agreement  with  (6-6).  As  before,  the  application  of  Gauss’  law  to  a  sphere  of  radius  r 
such  that  a  <  r  <  b  shows  us  that  E  will  be  given  by  E  =  (g/47r€or^)f  according  to 
(4-17).  If  we  also  integrate  from  the  positive  plate  to  the  negative  plate  in  the  radial 
direction  so  that  ds  =  dr  f,  then  (6-38)  becomes 


Qdr 


4776, 


(6-39) 


which  gives  us  the  same  result  for  C  as  we  found  before  in  (6-37);  this  time  the  result 
has  been  obtained  much  more  easily.  ■ 
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Example 

Parallel  plate  capacitor.  This  system  consists  of  two  conducting  plates,  each  of  area  A, 
which  are  parallel  to  each  other  and  separated  by  a  distance  d  that  is  small  compared 
to  their  linear  dimensions.  The  plates  need  not  be  square,  but  any  linear  dimension 
should  be  of  the  order  of  4a  so  that,  in  effect,  we  are  assuming  that  d  {A  .  A  side 
view  of  this  capacitor  is  shown  in  Figure  6-9.  Under  these  circumstances,  the  plates  can 
be  treated  as  if  they  were  of  infinite  extent,  and  we  conclude  in  the  same  manner  as  for 
the  infinite  sheet  of  Section  4-2  that  E  will  be  constant  in  magnitude  and  directed 
normal  to  the  plates  as  shown  by  the  dashed  Unes  in  the  figure.  Since  E  is  normal  to  the 
conductor  at  the  conductor,  its  magnitude  is  just  that  given  by  (6-4),  that  is,  E  =  o/cq. 
(This  value  for  E  is  also  exactly  that  found  for  the  two  plane  sheets  of  Exercise  3-9  as 
illustrated  in  Figure  3-6.)  The  simplest  path  of  integration  is  clearly  one  along  the 
direction  of  E  as  shown  by  ds  in  Figure  6-9.  Then  E  '  ds  —  E ds  =  (o/cq)  ds  and 
(6-38)  becomes 


(  E-ds  =  —  f  ds 

where  we  have  written  a  =  Q/ A  ;  it  is  quite  accurate  to  treat  ct  as  a  constant  in  this  way 
because  the  plates  are  effectively  of  infinite  extent,  corresponding  to  a  uniform  surface 
charge  distribution.  Solving  (6-40)  for  C,  we  get  the  simple  familiar  result  for  the 
capacitance 


ad 

^0 


/ 


^=1 


(6-40) 


CnA 

C  =  ^  (6-41) 

Incidentally,  this  system,  as  well  as  the  spherical  capacitor,  shows  us  quite  graphically 
why  capacitors  are  also  often  called  “condensers.”  Because  the  field  distribution  is 
confined  to  the  finite  region  between  the  plates,  one  says  that  the  electric  field  has  been 
“condensed”  into  this  region,  rather  than  extending  throughout  all  space  as  has  been 
the  case  for  many  of  our  previous  examples. 

Now  the  plates  in  this  case  are  not  actually  infinite,  of  course,  and  we  have  in  effect 
assumed  that  the  electric  field  is  constant  and  given  by  (o/cq)  everywhere  between  the 
plates  and  then  drops  oflf  abruptly  to  zero  at  the  edges.  It  will  be  left  as  an  exercise  to 
show  that  this  is  impossible  because  of  the  conservative  nature  of  the  electric  field.  In 
reality,  the  lines  of  E  must  curve  outward  somewhat  as  the  edges  of  the  plates  are 
approached,  and  they  must  also  extend  outward  into  the  region  beyond  the  plates  as 
indicated  in  Figure  6-10.  However,  if  the  plates  are  “large  enough,”  we  will  not  make 
any  appreciable  error  by  neglecting  these  “edge  effects”;  it  is  customary  to  do  so,  and 
we  will  continue  to  make  this  approximation.  ■ 


Figure  6-9.  Parallel  plate  capacitor. 
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These  two  examples  are  probably  enough  to  convince  one  that  most  of  the  problems 
involving  the  calculation  of  capacitance  by  means  of  (6-38)  must  have  a  lot  of 
symmetry  so  that  E  can  be  easily  found,  usually  by  using  Gauss’  law.  We  will  be  able  to 
handle  more  complicated  problems  later  when  we  will  have  discussed  other  systematic 
ways  of  finding  the  potential  </>  as  a  function  of  position. 


EXERCISES 

6-1  Suppose  that  the  two  conductors  shown  in 
Figure  6-8  are  originally  uncharged.  A  charge  Q 
is  then  placed  on  the  inner  conductor  of  radius  a. 
Find  the  final  static  charge  distribution.  Find  the 
potential  <f>  for  all  values  of  r  and  plot  your 
result. 

6-2  An  infinitely  long  conducting  cylinder  of 
radius  a  carries  a  total  charge  per  unit  length. 
If  p  is  the  perpendicular  distance  from  the  axis  of 
the  cylinder,  show  that  the  potential  outside  the 
cylinder  can  be  written 

2vr€o  V  P  / 

where  po  =  const.  What  is  the  potential  inside  the 
cylinder?  Verify  that  (6-4)  is  satisfied  in  this  case. 
Can  one  define  an  appropriate  and  unique  pn  for 
this  case? 

6-3  The  farad  is  actually  an  enormous  unit  of 
capacitance.  In  order  to  illustrate  this,  treat  the 
earth  as  a  conducting  sphere  of  radius  6.37  X  10^ 
meters  and  find  its  capacitance. 

6-4  When  the  set  of  equations  (6-13)  is  solved 
for  the  charges,  the  result  is  another  set  of  linear 
equations  of  the  form 

e,=  (i=l,2,...,«)  (6-43) 

j  =  i 

where  the  are  combinations  of  the  p,y.  If  the 
indices  are  the  same,  the  are  called  coefficients 
of  capacitance,  and  the  c,y  with  i  j  are  called 
coefficients  of  induction.  Find  these  coefficients 
for  the  system  of  two  conductors  described  by 
(6-24)  and  verify  that  C21  =  Ci2-  Show  that  the 


capacitance  of  this  system  can  be  expressed  as 
*^11  ^22  ■*"  ^^12 

6-5  Using  the  results  of  the  previous  exercise, 
find  the  coefficients  c,^  for  the  spherical  capacitor 
of  Figure  6-8  and  verify  that  they  give  the  same 
result  (6-37)  for  the  capacitance. 

6-6  A  capacitor  Q  is  charged  resulting  in  a 
potential  difference  A<>  between  its  plates. 
Another  capacitor  C2  is  uncharged.  One  plate  of 
C2  is  now  connected  to  a  plate  of  Q  by  a 
conductor  of  neghgible  capacitance;  the  remain¬ 
ing  plates  are  similarly  connected.  For  the  re¬ 
sultant  equilibrium  state,  find  the  charge  on  each 
capacitor  and  the  potential  difference  be¬ 
tween  their  respective  plates. 

6-7  The  plates  of  two  capacitors  Q  and  C2  are 
connected  by  conductors  of  negligible  capaci¬ 
tance  as  shown  in  Figure  6-lla,  that  is,  they  are 
connected  in  “parallel.”  If  a  potential  difference 
is  now  applied  across  the  terminals  T  and  T\ 
show  that  this  combination  is  equivalent  to  a 
single  capacitor  of  capacitance  Cp  =  ^  Cj- 

Similarly,  show  that  the  equivalent  capacitance  of 
the  “series”  combination  shown  in  (b)  can  be 
found  from  1/Q  =  (l/Q)  +  (I/C2). 

6-8  Consider  the  spherical  capacitor  of  Figure 
6-8  for  the  case  that  a  and  /)  are  nearly  equal. 
Find  an  approximate  expression  for  C  and  write 
it  in  a  form  that  explicitly  involves  the  difference 
S  =  If  -  a  where  S  <s:  a  or  b.  Interpret  your  re¬ 
sult  with  the  aid  of  (6-41). 

6-9  The  potential  difference  A*#>  between  the 
plates  of  a  spherical  capacitor  is  kept  constant. 
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C, 


(b) 


Figure  6-11.  (a)  Capacitors  in 
parallel.  (6)  Capacitors  in  series. 


Show  that  then  the  electric  field  at  the  surface  of 
the  inner  sphere  will  be  a  minimum  if  a  =  \b. 
Find  this  minimum  value  of  E. 


6-10  A  capacitor  is  made  from  two  infinitely 
long  conductors  with  coaxial  cylindrical  surfaces 
as  shown  in  Figure  6-12.  Show  that  the  capaci¬ 
tance  of  a  length  L  of  this  system  is  given  by 


C  = 


'IttCq  L 


(6-45) 


Why  doesn’t  the  result  depend  on  c?  Does  the 
inner  conductor  of  radius  a  need  to  be  a  sohd 
cylinder? 


Figure  6-12.  Capacitor  with  coaxial  cylindrical 
plates. 


tion.  Show  qualitatively  that  this  contradiction 
will  be  removed  for  the  general  field  lines  shown 
in  Figure  6-10. 


Figure  6-13.  Assumed  electric  field  for 
Exercise  6-11. 


6-12  A  sheet  of  conductor  of  thickness  t  and 
parallel  faces  of  cross-sectional  area  >  ^4  is  in¬ 
serted  between  the  plates  of  the  capacitor  of 
Figure  6-9.  The  faces  of  the  sheet  are  parallel  to 
the  plates  of  the  original  capacitor.  Show  that  the 
capacitance  is  increased  by 


AC  = 


d(d-t) 


Why  is  this  result  independent  of  the  distance  of 
the  sheet  from  either  of  the  original  plates? 

6-13  Suppose  that  a  parallel  plate  capacitor  has 
rectangular  plates  but  the  plates  are  not  exactly 
parallel.  The  separation  at  one  edge  d  -  a  and 
d  a  dX  the  other  edge  where  a  ^  d.  Show  that 
the  capacitance  is  given  approximately  by 


6-11  Figure  6-13  illustrates  the  assumption  we 
made  about  E  when  we  neglected  edge  effects  for 
the  parallel  plate  capacitor,  that  is,  we  assumed 
that  E  went  abruptly  to  zero  at  the  edges.  Actu¬ 
ally  this  is  impossible  because  V  X  E  =  0.  Show 
this  by  first  calculating  (^E  •  f/s  over  the  rectangu¬ 
lar  path  shown,  which  is  partly  in  the  E  #  0 
region  and  partly  in  the  E  =  0  region.  Then  show 
that  Stokes’  theorem  (T67)  leads  to  a  contradic¬ 


1  -T 


^d■ 


where  A  is  the  area  of  a  plate.  {Hint:  recall  the 
results  of  Exercise  6-7.) 

6-14  Two  conducting  spheres  have  their  centers 
a  distance  c  apart.  The  radius  of  one  sphere  is  a, 
the  radius  of  the  other  is  b.  Show  that  when 
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c  »  a  and  c  »  the  capacitance  of  this  system 
will  be  given  approximately  by 


/I  1  2 

C  =  47r€o  -  +  T - 

\a  b  c 


- 1 


[Hints:  imagine  equal  and  opposite  charges  on 
the  spheres;  how  will  one  “look”  at  the  location 


of  the  other?;  will  (6-5)  still  be  approximately 
correct?] 

6-15  Two  infinitely  long  conducting  cylinders 
have  their  central  axes  parallel  and  separated  by  a 
distance  c.  The  radius  of  one  is  a  and  the  radius 
of  the  other  is  6.  If  c  »  a  and  c  ^  h,  find  an 
approximate  expression  for  the  capacitance  of  a 
length  L  of  this  system. 


7 


ELECTROSTATIC  ENERGY 


We  briefly  touched  on  the  question  of  energy  as  related  to  potential  in  Section  5-4 
where  we  considered  the  potential  energy  of  a  single  point  charge  and  a  pair  of  point 
charges.  Now  we  want  to  extend  these  ideas  to  a  system  containing  an  arbitrary 
number  of  charges.  We  will  calculate  the  potential  energy  of  this  system,  that  is,  the 
amount  of  reversible  work  that  would  have  to  be  done  by  an  external  agent  in  order  to 
produce  the  given  configuration  against  the  mutual  conservative  electrostatic  forces  of 
the  charges.  After  this  has  been  done,  we  can  apply  it  to  a  variety  of  situations,  and  we 
will  find  it  helpful  to  rewrite  it  in  various  ways. 


7-1  ENERGY  OF  A  SYSTEM  OF  CHARGES 


Previously  we  found  the  expression  (5-49)  for  the  mutual  potential  energy  of  a  pair  of 
point  charges.  If  we  now  call  these  charges  and  qj,  rather  than  q  and  g,  the  potential 
energy  of  this  pair  as  given  by  (5-49)  is 


(7-1) 


where  R^j  is  the  distance  between  them  and,  as  usual,  R^j  =  |r,  -  ry|.  Now  let  us 
consider  a  total  number  N  of  point  charges  in  some  given  configuration  so  that  the 
individual  charges  and  their  distances  from  each  other  are  all  known.  We  number  the 
charges  in  some  way  so  that  i  and  j  can  both  independently  have  the  values 
1,2,...,  N.  The  total  potential  energy  of  the  system,  will  then  be  the  sum  of  terms 
like  (7-1)  and  where  the  sum  is  taken  over  all  the  pairs  of  charges  that  can  be  formed 
from  the  N  charges: 

^4=  E  (7-2) 

all  pairs 


In  this  sum,  we  must  exclude  the  case  /  =  j  for  which  a  given  charge  is  paired  with  itself 
because  that  would  imply  that  a  charge  would  be  exerting  a  force  on  itself,  a  possibility 
that  we  already  excluded  in  connection  with  (3-2). 

It  will  be  convenient  to  express  (7-2)  in  terms  of  a  double  sum  over  the  indices  i  and 
j  in  which  they  independently  cover  their  whole  possible  range  of  N  values.  However,  if 
we  do  that  we  will  be  counting  each  pair  twice  and  must  correct  for  this.  For  example, 
consider  the  contribution  of  the  pair  q^  and  q^  to  (7-2)  which  is  In  such  a  double 
sum,  this  pair  will  occur  once  when  i  =  3  and  j  =  A  and  again  when  i  =  4  and  y  =  3 
giving  a  total  of  +  17^43  =  according  to  (7-1),  since  R^^  =  R^^.  Thus,  we 

will  have  to  divide  the  result  obtained  from  a  double  sum  by  2;  in  this  way,  we  can 
write  (7-2)  as 


\  N  N 
^  i=\j=\ 


eij 


\  N  N 

^  Z  I 

^  i=l  7=1 
J^i 


which  is  our  desired  result  for  the  electrostatic  energy. 


98 


(7-3) 
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In  particular,  if  all  of  the  positions  of  the  charges  are  given  in  rectangular  coordi¬ 
nates,  we  can  use  (1-14)  to  get  an  explicit  expression  for  as 

1  ^  ^  ci  d 

t/e—  E  L  — T - ..  ...  ; - ^ 


2  i=ij=i  4it€q[{x,  -  xjf  +  {yi-yjY  +  (z,  - 


j^i 


We  can  put  (7-3)  into  another  form  by  regrouping: 


=  r  E 


1=1 


y_i  47r£o«,-; 


(7-5) 


If  we  now  recall  (5-2),  we  recognize  that  the  term  in  parentheses  is  just  (|),  =  <J),  (r;),  that 
is,  it  is  the  scalar  potential  at  the  location  of  due  to  all  of  the  other  charges.  Hence  we 
can  write  (7-5)  as 

t4  =  i  L 

/  =  ! 

When  dealing  with  the  potential  energy  of  a  system,  it  is  natural  to  ask  oneself  where 
the  energy  is  “stored”  or  “located.”  In  mechanics,  it  is  plausible  to  regard  the  potential 
energy  of  a  stretched  spring,  for  example,  as  being  associated  with  the  change  in 
relative  positions  of  the  strained  portions  of  the  spring  so  that  the  potential  energy 
would  be  “stored”  at  the  locations  of  these  parts  of  the  spring.  The  form  (7-6)  that  we 
have  obtained  lends  itself  to  a  similar  interpretation.  Since  the  contribution  to  the  sum 
from  a  given  charge  involves  only  the  value  of  the  scalar  potential  at  the  location  of 
that  charge,  one  can,  if  one  wishes,  associate  a  portion  of  the  potential  energy  with  this 
charge  and  think  of  it  as  being  “located”  there. 

If  the  charges  are  continuously  distributed,  we  can  rewrite  the  sum  in  (7-6)  as  an 
integral  by  using  (2-14)  and  (2-16).  In  this  way,  we  get  the  following  expressions  for  the 
energies  for  volume,  surface,  and  line  charge  distributions,  respectively: 


i  jj>(r)4>(r)  dr 

(7-7) 

Ue  =  kf  <’(>')^(>')  da 
•'s 

(7-8) 

U,=  \  JHt) ds 

(7-9) 

The  integrals  are  to  be  taken  over  all  regions  containing  charge  of  the  particular  type 
involved. 

If  the  charge  distribution  is  such  that  it  consists  of  some  or  all  of  these  possibilities 
considered  above,  then  the  total  energy  of  the  system  will  be  a  sum  of  quantities 
obtained  from  (7-6)  and  (7-7)  through  (7-9);  for  each  part,  the  potential  <f>  must  be 
found  as  the  resultant  from  all  of  the  charges  in  all  of  their  various  distributions. 

Actually,  the  integrals  above  can  have  their  region  of  integration  extended  from  only 
the  volume  actually  occupied  by  the  charges  to  all  space,  since  in  regions  where  there  is 
no  charge,  p  =  0,  and  these  regions  will  contribute  nothing  to  (7-7).  Thus,  we  can  write 
(7-7)  equally  well  as 


with  similar  expressions  for  (7-8)  and  (7-9). 


(7-10) 
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■  Example 


Uniform  spherical  charge  distribution.  As  an  illustration  of  the  use  of  (7-7),  let  us 
consider  the  case  of  a  sphere  of  radius  a  containing  charge  with  constant  volume 
density  p.  We  considered  this  example  in  Section  5-2  and  the  potential  4>  is  given 
everywhere  by  (5-22)  and  (5-23).  However,  we  need  only  the  potential  inside  the  sphere, 
according  to  (7-7),  and  this  is  given  by  (5-23)  as 

<f>{r)  =  -  r^)  (7-11) 

OCq 

If  we  substitute  this  into  (7-7),  use  (1-99),  and  take  all  of  the  constants  (including  p) 
out  of  the  integral,  we  get 

U^=  — —  (  f  f  {3a^  -  r^)r^  sind  dr  d8d<p  (7-12) 

IzCq  ‘'o  •'o  •'o 


The  integral  over  the  angles  gives  4?:,  so  that 

.2 


TTp  />a 

—  /  (3^zV^  -  r'^)  dr  = 
3co  *'o 


2^5 


^TTp^a 


(7-13) 


If  we  express  this  in  terms  of  the  total  charge  of  the  sphere  by  using  Q  =  (47raV3)p, 
we  get 


(7-14) 


which  is  smaller  than  the  energy  of  two  point  charges  Q  that  are  separated  by  a 
distance  equal  to  the  radius  of  the  sphere.  ■ 


7-2  ENERGY  OF  A  SYSTEM  OF  CONDUCTORS 

Because  of  their  special  properties  some  of  our  results  can  be  written  in  simplified  form 
in  the  case  of  conductors.  As  we  found  in  Section  6-1,  the  charge  on  a  conductor  is 
confined  entirely  to  its  surface.  In  addition,  the  potential  is  constant  on  the  surface, 
according  to  (6-2),  so  that  <p  can  be  taken  out  of  the  integral  in  (7-8).  If  we  now  apply 
(7-8)  to  the  i  th  conductor  of  our  system  of  n  which  we  considered  in  Section  6-2,  we 
find  its  energy  to  be  given  by 

Ue,=  \'pJo,da,  =  (7-15) 

where  g,  is  its  total  charge  as  given  by  (6-16).  The  total  energy  of  the  system  will  be 
given  by  a  sum  of  terms  like  (7-15)  so  that 

Ue  =  QA  (7-16) 

f=l 

The  energy  can  also  be  expressed  completely  in  terms  of  the  charges  if  we  use  (6-11): 

n  n 

kH  I! PijQiQj  (7-17) 

1=1 7=1 

In  the  special  case  in  which  there  are  only  two  conductors,  this  becomes 

~  iPnQi  PiiQvQi  iPiiQi 


with  the  use  of  (6-25). 


(7-18) 
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These  results  can  be  written  in  an  even  more  compact  and  useful  form  in  the  cases  in 
which  the  system  can  be  described  in  terms  of  the  single  parameter,  the  capacitance  C. 


■  Example 

Isolated  conductor.  In  this  case,  (7-16)  reduces  to  the  single  term  if  we  also  use 

(6-22),  we  can  write 


If  we  apply  this  to  a  conducting  sphere  by  using  (6-23),  we  find  its  energy  to  be 


2  \  4iT£oa  I 


(7-20) 


which  is  less  than  the  energy  given  by  (7-14)  for  the  case  in  which  the  same  charge  is 
distributed  throughout  the  volume  of  the  sphere  rather  than  being  confined  to  its 
surface  as  is  the  case  for  (7-20).  ■ 


■  Example 

Capacitor.  Here  we  have  equal  and  opposite  charges  on  the  plates.  Thus,  if  we  let 
=  Q  and  62=  “6  and  use  (6-29)  and  (6-28),  we  find  the  general 

expression  for  the  energy  of  a  capacitor  to  be 

f4=  ieA</,=  ^  =  iC(A<f.)"  C-21) 

which  is  very  similar  to  (7-19)  for  a  single  conductor.  We  will  find  this  result  to  be  very 
useful  in  subsequent  discussions.  • 


7-3  ENERGY  IN  TERMS  OF  THE  ELECTRIC  FIELD 

As  we  briefly  remarked  in  the  paragraph  following  (7-6),  our  energy  expression  easily 
lends  itself  to  the  interpretation  that  the  energy  of  the  system  is  directly  associated  with 
the  charges  and  their  positions.  This  is  a  point  of  view  that  is  naturally  consistent  with 
the  action  at  a  distance  property  of  Coulomb’s  law  with  its  emphasis  on  the  charts 
and  relative  positions.  On  the  other  hand,  our  interest  is  primarily  in  describing 
phenomena  in  terms  of  fields,  and  we  would  like  to  do  the  same  for  the  energy.  It  will 
be  appropriate  for  us  to  use  (7-10)  as  our  starting  point. 

We  can  write  p  =  £oV  •  E,  because  of  (4-10),  so  that  (7-10)  can  also  be  written  as 

‘^f^(vE)cir  (7-22) 

We  can  rewrite  the  integrand  by  using  (1-115),  (5-3),  and  (1-17): 

<J>(V  •  E)  =  -E-  (v<|>)  +  V  ■  (<i>E)  =  E^  +  V  •  (<(>E)  (7-23) 

When  this  is  substituted  into  (7-22),  we  get 

=  y  Je^  -l  Y  Jv  •  (<(>E)  c/t  (7-24) 

and  if  we  use  the  divergence  theorem  (1-59)  to  write  the  second  integral  as  a  surface 
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integral,  we  finally  get 

^4  =  Y  dr  +  y  ^(<;>E)  •  da  (7-25) 

Now  we  have  to  stop  and  consider  the  fact  that  our  starting  integral  in  (7-10)  was  to  be 
taken  over  all  space;  in  order  to  do  this,  we  shall  find  it  best  to  start  with  taking  V  in 
(7-25)  to  be  an  extremely  large  volume,  so  that  S  is  its  very  large  bounding  surface. 
Then  we  can  let  V  become  infinite;  in  this  process,  the  surface  S  will  also  recede  out  to 
infinity.  We  assume  that  the  charge  distribution  is  always  contained  within  a  finite 
volume  that,  however,  may  be  very  large.  Then  V  can  always  be  chosen  large  enough 
initially  to  enclose  all  of  the  charges.  Now  as  we  let  V  get  very  very  large,  S  gets  so  far 
away  that  the  charge  distribution  will  appear  to  be  contained  in  such  a  small  volume 
that  at  any  point  on  S  the  whole  charge  will  seem  to  be  a  point  charge  a  distance  R 
away.  Thus,  as  far  as  the  integral  in  (7-25)  is  concerned,  as  7?  ^  oo,  we  see  from  (5-12) 
and  (5-13)  that 

~  ^  |E|  ~  (</>E)  ~  ^  (7-26) 

SO  that  the  magnitude  of  the  integrand  is  decreasing  as  R^.  The  surface  of  integration  is 
increasing,  however,  but  it  will  be  proportional  to  R^;  thus,  for  very  large  R, 

^  •  R^  ^  ~  ^  0  (7-27) 

•'s  R  R  R-^oo 

so  that  when  V  in  (7-25)  increases  to  include  all  space,  the  surface  integral  will  vanish 
and  the  energy  expression  becomes  simply 

17,  =  /  (7-28) 

•^all  space  ^ 

where  =  E  •  E.  Thus,  we  have  succeeded  in  expressing  the  energy  completely  in 
terms  of  the  electric  field.  [Although  the  charges  no  longer  appear  explicitly  in  (7-28), 
they  haven’t  disappeared,  of  course,  because  they  are  the  sources  of  the  electric  field.] 
The  form  of  (7-28)  as  a  volume  integral,  in  which  regions  where  E  #  0  contribute  to 
the  integral  while  those  where  E  =  0  do  not,  lends  itself  to  a  simple  and  natural 
interpretation:  the  electrostatic  energy  is  distributed  continuously  throughout  space  with 
an  energy  density  given  by 

=  i«oE^  (7-29) 

so  that  the  total  energy  can  be  written 

U,=  j  u,  dr  (7-30) 

‘'all  space 

The  units  of  will  be  joule/(meter)l 

We  can  certainly  make  this  interpretation  but  we  are  not  forced  to  do  so,  nor  is 
(7-29)  a  unique  possibility.  For  example,  we  could  add  to  any  quantity  x  whose 
volume  integral  over  all  space  is  zero  and  still  be  in  agreement  with  (7-28).  However, 
(7-29)  is  simple,  plausible,  and  esthetically  very  appeaUng  from  the  view  of  expressing 
things  in  terms  of  fields.  The  accepted  point  of  view  is  to  adopt  (7-29)  as  correct;  we 
will  be  able  to  justify  this  interpretation  in  more  detail  later,  and,  in  fact,  (7-29)  turns 
out  to  be  useful  and  accurate  even  when  time  varying  fields  are  considered. 

The  energy  as  calculated  from  (7-28)  should,  of  course,  agree  with  that  obtained 
from  (7-6)  or  its  variations.  Let  us  check  this  in  a  particular  case  for  which  we  have 
already  found  E  as  well  as 
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Example 

Isolated  conducting  sphere.  We  found  the  solution  for  this  case  in  terms  of  the  potential 
</>  given  by  (6-5).  Thus  the  electric  field  produced  by  this  system  will  be 

Qx 

47r€or'^  (7-31) 

E  =  0  {f  <  ^) 

so  that  there  is  no  energy  contained  within  the  volume  of  the  sphere,  according  to 
(7-29),  and  the  region  of  integration  in  (7-30)  reduces  to  all  space  outside  the  sphere. 
Using  (7-31)  in  (7-29),  the  energy  density  is  found  to  be 


32-^-  -4 


'.TT^eQr 

=  0 

so  that,  with  the  use  of  (1-99),  (7-30)  becomes 


(r  >  a) 
{r  <  a) 


U.  = 


It:  1 


327r 


-rn 

■■0  •'o  •'o  •'a 


sind  dr d6  drp  = 


in  complete  agreement  with  (7-20). 


(7-32) 


(7-33) 


A  useful  application  of  (7-28)  is  for  the  calculation  of  capacitance.  If  one  has  fouiid 
E  by  other  means,  then  one  can  evaluate  (7-28).  We  know  that  in  such  a  case  will 
turn  out  to  be  proportional  to  or  4>^  or  (A</>)^,  depending  on  what  is  given,  so  that 
when  is  found  in  this  way,  it  can  be  immediately  used  in  (7-19)  or  (7-21)  to  evaluate 
C.  This  is  often  a  more  convenient  procedure  than  is  the  use  of  (6-38). 


■  Example 

Parallel  plate  capacitor.  This  system  was  illustrated  in  Figure  6-9  and  we  found  the  field 
to  have  the  constant  magnitude  E  =  o/e.^  between  the  plates  and  zero  elsewhere. 
Therefore, 


=  ir  = 
2^0-^ 


2c. 


2co^' 


(7-34) 


and  is  constant  within  the  volume  Ad  between  the  plates  and  zero  elsewhere.  Inserting 
this  into  (7-30),  we  get 


=  ju^dr  =  u^(volume) 


2€o^' 


{Ad)  = 


Q^d 

le^A 


1C 


(7-35) 


which  leads  again  to  the  value  for  C  given  by  (6-41). 


7-4  ELECTROSTATIC  FORCES  ON  CONDUCTORS 

In  general,  two  charged  conductors  will  exert  forces  on  each  other  and,  in  principle, 
these  forces  can  be  calculated  from  Coulomb’s  law.  It  is  often  desirable  to  evaluate 
these  forces  in  a  different  way.  A  similar  situation  is  often  encountered  in  mechanics 
when  one  finds  it  convenient  to  calculate  force  components  as  spatial  rates  of  change  of 
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the  potential  energy.  In  addition,  energy  considerations  provide  one  with  another  way 
of  looking  at  a  situation  and  thus  can  help  in  broadening  one’s  overall  understanding. 

We  want  to  develop  a  similar  approach  to  electrostatic  forces;  however,  in  this 
section  we  restrict  ourselves  to  conductors.  Furthermore,  we  will  not  do  this  in 
complete  generality,  but  consider  only  the  particular  case  of  the  parallel  plate  capacitor. 
This  will  suffice  to  illustrate  all  of  the  general  features  of  the  problem  in  terms  of  an 
easily  visualized  and  simple  system.  It  will  turn  out,  nevertheless,  that  our  final  results 
will  be  stated  in  such  a  manner  that  they  can  be  seen  to  be  actually  of  very  general 
applicability. 

In  Figure  7-1,  we  show  a  parallel  plate  capacitor  of  capacitance  C.  By  means  of  the 
switch  S',  the  terminals  T  and  T'  can  be  connected  by  conducting  wires  to  a  battery  B 
that  will  provide  a  difference  of  potential  between  the  plates,  thus  charging  the 
capacitor  to  the  value  Q  =  CA<>.  Because  of  their  opposite  charges  the  plates  will 
attract  each  other  so  that  there  will  be  an  electrostatic  force  on  the  positive  plate 
with  the  direction  shown.  In  order  to  have  the  system  in  equilibrium,  must  be 
balanced  by  an  equal  and  opposite  mechanical  force  F^.  Our  aim  is  to  find  these  forces 
from  energy  considerations. 

We  let  .X  be  the  separation  of  the  plates.  Now  let  us  imagine  that  this  separation  is 
very  slowly  changed  by  the  amount  dx.  Under  these  conditions,  the  work  done  on  the 
system  by  the  mechanical  force  will  be  given  by  F^  dx  and  since  this  will  be  reversible 
work,  as  we  saw  in  Section  5-4,  it  will  be  equal  to  the  change  in  the  total  energy  dV^  of 
the  whole  system,  that  is,  dUf  =  F^  dx.  But  since  the  acceleration  is  always  nearly  zero, 
the  capacitor  plate  will  remain  in  equilibrium,  or  be  only  infinitesimally  different  from 
it,  so  that  we  will  continue  to  have  F^=  -F^,  and  therefore 


(7-36) 


We  have  written  since  the  capacitor  is  not  the  whole  system  by  itself;  in  general  the 
battery  must  be  included  because  its  energy  may  also  change  as  a  result  of  the  work 
done  by  F^  depending  on  whether  the  switch  5*  is  open  or  closed.  In  other  words,  the 
capacitor  is  not  necessarily  an  isolated  system.  In  this  sense,  our  problem  is  similar  to  a 
situation  often  encountered  in  thermodynamics  in  which  a  thermodynamic  system  of 
interest  may  be  in  contact  with  heat  and  work  reservoirs.  There  the  problem  is  one  of 


Figure  7-1.  Forces  on  a  plate  of  a 
parallel  plate  capacitor. 
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trying  to  state  the  thermodynamic  criteria  of  equilibrium,  which  refer  to  isolated 
systems,  in  terms  of  a  function  characteristic  only  of  the  nonisolated  system  of  interest, 
that  is,  in  terms  of  only  part  of  the  whole  composite  system,  but  that  part  with  which 
we  are  directly  concerned.  In  our  case,  we  want  to  write  (7-36)  in  terms  of  the  capacitor 
only,  if  possible. 

In  our  derivation  of  (7-36),  we  imagined  a  small  relative  displacement  of  the  plates. 
However,  the  force  is  a  definite  and  measurable  quantity  and  hence  must  be 
independent  of  the  particular  process  that  we  visuaUze  in  order  to  do  the  calculation.  In 
this  example,  there  are  really  only  two  different  ways  in  which  we  can  carry  out  the 
infinitesimal  change;  that  is,  the  switch  is  either  open  or  closed.  Thus,  there  are  two 
possibilities  to  be  considered  and  it  is  instructive  to  discuss  them  separately.  As  we  will 
see,  the  details  of  what  is  going  on  differ  in  the  two  cases,  but  we  should  remember  that 
we  must  get  the  same  value  for  the  force  as  a  final  result. 

1.  Constant  charge.  Here  we  imagine  that  S  has  been  closed  until  the  capacitor  is 
charged,  and  then  S  is  opened  and  kept  open.  This  effectively  removes  the  battery  B 
from  the  total  system  since  it  will  be  unaffected  by  the  displacement  dx;  in  other  words, 
the  capacitor  is  isolated.  In  this  case,  dU^  =  dU^  where  is  the  capacitor  energy  and 
(7-36)  becomes 

F^=  (2  =  const.)  (7-37) 


Now  [4  =  2  V2C  according  to  (7-21),  but  since  C  is  a  function  of  the  plate  separation, 
C  =  C(jc),  and  therefore 


which  makes  (7-37)  become 


dU,- 


F  = 


2" 

(7-38) 

2C^ 

e"  dc 

2C^  dx 

(7-39) 

[In  this  process,  the  potential  difference  between  the  plates  must  change  in  order  that 
Q  =  remain  constant.  Since  this  leads  io  dQ  =  0  =  (i;?C)(A<j))  -1-  Cd(^^%  we  find 


^i(A(f>)  dC 

A<p  C 


(7-40) 


which  says  that  the  fractional  change  in  potential  difference  is  equal  and  opposite  to 
that  of  the  capacitance.  In  fact,  since  C  will  decrease  as  x  is  increased,  according  to 
(6-41)  (with  X  replacing  d),  A<l>  will  increase  as  x  is  increased.  The  reason  for  this  is 
that  with  2  =  const.,  a  will  also  be  constant,  as  will  E  =  a/co;  then,  with  the  same  E 
applying  over  a  greater  separation,  A^  =  f~Eds  =  Ex  will  also  be  greater.]  Before  we 
discuss  (7-39)  in  more  detail,  let  us  consider  the  other  possibihty, 

2.  Constant  potential  difference.  This  corresponds  to  keeping  the  switch  S  closed  so 
that  At}>  =  const.  The  battery  is  then  part  of  the  complete  system,  and  the  capacitor  is 
no  longer  isolated.  In  this  case,  the  total  energy  change  will  be  the  sum  of  the  energy 
change  of  the  capacitor,  dU^,  and  that  of  the  battery,  dUg,  so  that 


dU,  =  dU,  +  dUe 


(7-41) 


Here  it  is  convenient  to  write  in  the  form  —  2C(A<^))^,  which  is  also  given  by 
(7-21).  Then,  we  have 

dU^=  \{dC){L^f  (7-42) 
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[If  dx  is  positive,  dC  will  be  negative,  as  noted  above,  so  that  the  capacitor  energy 
will  decrease  under  these  conditions,  in  contrast  to  its  increase  in  the  constant  charge 
case  as  described  by  (7-38).] 

Since  Q  =  C  A</>,  the  capacitor  charge  will  change  and  this  change  is  given  by 

dQ={dC){L^)  (7-43) 

As  these  charges  pass  slowly  throu^  the  battery  potential  difference,  work  will  be  done 
on  them  and  the  battery  energy  will  change.  We  found  in  (5-46)  that  this  work  equals 
the  charge  times  the  potential  difference,  and  since  any  work  done  by  the  battery 
represents  a  decrease  in  its  energy,  we  get 


dUg^  -dW=  -{dQ){^<^)  =  -{dC){L^f  =  -IdU^  (7-44) 

with  the  use  of  (7-43)  and  (7-42).  Thus,  the  energy  change  in  the  battery  is  always 
opposite  in  sign  to  that  of  the  capacitor  and  twice  as  great  in  magnitude.  [If  dx  is 
positive,  we  saw  above  that  dU^  will  be  negative,  so  that  dU^  as  given  by  (7-44)  will  be 
positive,  that  is,  the  battery  energy  will  actually  increase.  The  reason  is  that  dQ  will 
also  be  negative  from  (7-43)  since  dC  is  negative;  as  these  charges  return  through  the 
battery  they  will  return  to  it  the  reversible  work  that  the  battery  originally  did  on  them 
in  the  original  charging  process.] 

When  we  substitute  (7-44)  into  (7-41),  we  find  that  dlJ,  =  -dU^  in  this  case  so  that 
(7-36)  becomes 


/:=  + 


(dU, 

dx 


A<> 


(A<|>  =  const.) 


which  when  combined  with  (7-42)  and  (6-28)  gives 


(7-45) 


dC 


i(A<#.)V  = 


dC 


dx 


2C"  dx 


(7-46) 


which,  as  it  mast  be,  is  exactly  the  same  as  (7-39). 

It  is  perhaps  well  to  emphasize  again  that  the  basic  equation  for  calculating  the  force 
is  (7-36)  and  that  the  apparent  discrepancy  in  signs  between  (7-37)  and  (7-45)  arises 
from  the  fact  that  these  expressions  refer  to  different  processes.  In  the  case  of  (7-37),  the 
capacitor  was  an  isolated  system  and  it  underwent  the  only  energy  change.  In  the  case 
of  (7-45),  the  capacitor  was  no  longer  an  isolated  system  but  we  were  still  able  to 
express  the  force  in  terms  of  the  capacitor  energy  alone.  This  is  aU  quite  analogous  to 
the  thermodynamic  situation  in  wMch  one  can  go  from  the  characterization  of  the 
equilibrium  of  a  system  of  interest  by  means  of  its  internal  energy  to  the  use  of  its 
Helmholtz  or  Gibbs  function  for  the  cases  in  which  it  is  in  contact  with  heat  and  work 
reservoirs.  This  can  be  done  by  using  only  generalized  properties  of  these  reservoirs  as 
large  featureless  systems.  We  note  that  here  too  we  did  not  need  to  know  any  of  the 
detailed  internal  workings  of  the  battery;  it  was  sufficient  to  know  that  it  is  a  device 
that  is  somehow  capable  of  doing  reversible  work  on  charges. 

As  a  matter  of  fact,  when  we  review  our  work  that  led  to  (7-39)  and  (7-46),  we  see 
that,  except  for  the  parenthetical  illustrative  remarks  we  made  along  the  way,  we  really 
did  not  use  any  detailed  result  that  specifically  required  our  system  to  be  a  parallel 
plate  capacitor  other  than  that  the  displacement  was  parallel  to  the  mechanical  force  so 
that  the  element  of  work  could  be  written  as  the  simple  product  dx.  Now,  however, 
it  is  necessary  to  introduce  these  details. 

If  we  let  X  be  the  plate  separation,  C  =  €qA/x,  according  to  (6-41).  Then  dC/dx  = 
~€qA/x^  =  -  C/Xy  and  (7-39)  becomes 

2Cx  X 


(7-47) 
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with  the  use  of  (7-21).  This  shows  that  is  negative,  agreeing  with  the  fact  that  the 
oppositely  charged  plates  of  Figure  7-1  will  attract  each  other.  We  found  in  (7-35)  that 
t4  can  be  written  as  the  product  of  the  energy  density  and  the  volume  Ax  between 
the  plates  so  that  =  u^Ax\  putting  this  into  (7-47),  we  find  that 

F,=  -u^A  (7-48) 


Since  the  total  force  is  proportional  to  the  area,  it  is  convenient  to  introduce  the  force 
per  unit  area,  /^,  as  equal  to  the  magnitude  of  this  ratio;  thus,  we  get 


(7-49) 


We  see  from  Figure  7-1  that  the  direction  of  this  force  is  outward  from  the  conducting 
surface  so  that  we  can  write  the  force  per  unit  area  as 

f,  =  /,n  =  «,n  (7-50) 

where  h  is  the  outward  normal  to  the  conductor  surface  as  shown  in  Figure  7-2.  Thus 
we  have  found  that  there  is  a  tension  or  outward  force  per  unit  area  on  the  conducting 
surface  that  is  numerically  equal  to  the  value  of  the  energy  density  at  the  surface. 

Although  this  result  was  obtained  by  considering  the  specific  case  of  a  parallel  plate 
capacitor,  we  can  now  show  that  it  is  actually  of  general  validity.  Consider  a  portion  of 
the  conductor  surface  as  shown  in  Figure  1-3.  Inside  the  conductor  where  E  is  zero,  the 
energy  density  is  also  zero.  Now  let  us  imagine  that  a  small  portion  of  the  conductor 
surface  of  area  Au  is  given  a  small  displacement  Ax  perpendicular  to  the  surface.  The 
volume  of  the  region  where  =  0  has  been  increased  by  Ax  so  that  the  overall 
energy  will  have  been  changed  by  the  amount  where 

At4=  -u^t^a^x  (7-51) 

which  is  negative  if  Ax  is  positive.  This  energy  change  corresponds  to  a  force  on 
this  area  element  given  by  AF^  =  —  Af/yAx  =  u^La.  Since  AF^  is  proportional  to  the 
area  A  a,  we  can  once  again  introduce  a  force  per  unit  area  =  AFyAa,  which  again 
turns  out  to  be  equal  to  in  agreement  with  (7-49).  In  order  to  determine  its  direction, 
we  recall  from  mechanics  that  the  states  of  stable  equilibrium  for  general  systems 
correspond  to  the  configurations  resulting  in  a  minimum  value  of  the  potential  energy, 
that  is,  the  natural  tendency  of  systems  is  to  “attempt”  to  decrease  their  potential 
energy.  As  we  saw  above,  a  positive  displacement  Ax  would  lead  to  a  decrease  in  the 
energy  U^\  since  this  is  what  the  system  “wants”  to  do,  this  will  determine  the  direction 
of  the  force  to  be  outward  from  the  conductor.  In  other  words,  we  are  led  once  more  to 
(7-50)  that  gives  the  electrostatic  force  per  unit  area  as  always  a  tension,  that  is,  in  the 
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n 

Figure  7-2.  Force  per  unit 
area  on  the  surface  of  a 
conductor. 


E 

I 


Aa 


Figure  7-3.  Calculation  of  the  force  on  the 
surface  of  a  conductor.  An  element  of  the 
surface  is  imagined  displaced  by  Ax. 
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direction  of  the  outward  normal  n.  If  the  internal  cohesive  forces  of  the  conducting 
material  are  not  large  enough  to  counterbalance  this  electrostatic  force,  the  conductor 
will  deform.  This  deformation  will  continue  until  the  elastic  forces  that  are  brought  into 
being  will  be  large  enough  to  keep  the  surface  in  a  new  equilibrium  situation. 

If  we  combine  (7-49)  with  (7-29)  and  (6-4),  we  can  express  variously  as 

=  —  =  iaE  (7-52) 

Z€q 

where  E  and  a  must  be  evaluated  at  the  particular  point  on  the  surface  that  is  being 
considered. 

If  we  multiply  (7-50)  by  da,  we  will  get  the  force  on  this  to  be  da  =  /^n  da  =  da 
so  that  the  total  force  on  the  complete  surface  5  of  a  given  conductor  will  be  given  by 

total  =  —  (a^da.  (7-53) 

•'s  i€o  •'s 

and  that  can  be  used  once  the  surface  charge  density  has  been  determined  as  a  function 
of  position. 

It  is  a  very  common  error  to  think  that  the  force  per  unit  area  is  simply  oE  rather 
than  ^oE  as  correctly  given  by  (7-52).  Also,  one  should  not  forget  that  (7-53)  is  a  vector 
equation.  [For  example:  what  is  the  total  force  on  the  conducting  sphere  whose  electric 
field  is  given  by  (7-31)?] 


EXERCISES 

7-1  Consider  a  square  of  edge  a.  Starting  at  one 
comer  and  proceeding  counterclockwise,  one  puts 
a  point  charge  q  at  the  first  comer,  2^  at  the 
next,  then  3^,  and  finally  -4^.  Find  for  this 
charge  distribution. 

7-2  A  point  charge  q  is  put  at  each  comer  of  a 
cube  of  edge  a.  Find  the  electrostatic  energy  of 
this  system  of  charges. 

7-3  The  expression  for  the  energy  of  a  capacitor 
given  by  (7-21)  can  also  be  obtained  in  the  follow¬ 
ing  manner.  Consider  an  intermediate  stage  when 
the  charge  is  q  where  Q  <  q  <  Q.  The  potential 
difference  will  be  q/C.  Find  the  work  required  to 
increase  the  charge  by  dq.  Then  add  all  these 
work  increments  from  the  initial  uncharged  state 
to  the  final  completely  charged  state  and  thus 
obtain  (7-21)  again. 

7-4  Find  the  energy  of  the  charge  distribution  of 
Exercise  5-9  by  using  (7-10).  To  what  should  your 
result  reduce  when  n  =  0?  Does  it? 

7-5  Find  the  energy  of  the  charge  distribution  of 
Exercise  5-17  by  using  (7-8). 

7-6  Find  the  energy  of  a  length  L  of  the  coaxial 
cylinders  of  Figure  6-12  when  they  are  used  as  a 
capacitor  with  charge  qi  per  unit  length  by  using 
(7-8).  Use  your  result  to  verify  again  the  value 
(6-45)  for  C. 


1-1  Find  the  total  gravitational  energy  of  the 
earth  by  treating  it  as  a  homogeneous  sphere  of 
mass  5.98  X  lO^'^  kilograms  and  radius  6.37  X 
10^  meters.  [The  gravitational  constant  is  G  = 
6.67  X  10“^^  newton-(meter)V(kilogram)^.]  If  a 
uniform  spherical  charge  distribution  whose  total 
charge  equaled  the  magnitude  of  the  electronic 
charge  (1.60  X  10“^^  coulombs)  had  the  same 
energy,  what  would  its  radius  be? 

7-8  Express  the  energy  of  a  system  of  n  conduc¬ 
tors  in  terms  of  the  potentials  and  coefficients  of 
capacitance  and  induction  defined  by  (6-43).  Show 
that  when  there  are  only  two  conductors  the 
energy  can  be  written  as 

^  "*■  2^224^2 

and  that  when  these  two  conductors  are  used  as  a 
capacitor  the  energy  is  again  given  by  (7-21)  and 
(6-44). 

7-9  Show  that  when  (7-28)  is  applied  to  the  case 
of  the  uniform  spherical  charge  distribution  the 
result  is  again  (7-14).  What  fraction  of  the  total 
energy  is  now  regarded  as  being  outside  of  the 
sphere? 

7-10  A  charge  —Q  is  on  the  inner  sphere  of 
Figure  6-8  and  a  charge  Q  on  the  outer  sphere. 
Find  the  energy  of  this  system  by  using  (7-28) 
and  thus  show  that  the  capacitance  is  (6-37). 
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7-11  The  coaxial  cylindrical  conductors  of  Fig- 
ure  6-12  are  used  as  a  capacitor  with  charges  per 
unit  length  q,  and  Find  the  energy  of  a 
length  L  of  this  system  by  using  (7-28)  and  thus 
show  that  the  capacitance  is  (6-45). 

7-12  Use  (7-28)  to  find  the  energy  of  the  charge 
distribution  of  Exercise  5-9  and  verify  that  you 
get  the  same  result  as  for  Exercise  7-4  and  that 
your  answer  reduces  to  the  correct  result  when 
«  =  0.  What  fraction  of  the  total  energy  is  outside 
the  sphere? 

7-13  Consider  the  two  conductors  of  Figure  6-8. 
There  is  a  total  net  charge  on  the  inner 

conductor  and  a  total  net  charge  Q2  on  the  outer 
conductor  where  Q\^  Qj-  Show  that  the  total 
energy  of  this  system  is  given  by 

1 

Sn-to 

^  2^162  ^  ^ 

c  c 


(Show  that  this  reduces  to  the  expected  result 
when  Q2  =  —Q\  )  Do  this  exercise  in  three  dif¬ 
ferent  ways. 

7-14  A  parallel  plate  capacitor  has  plates  of  area 
A .  The  lower  plate  is  rigidly  fastened  to  a  table 
top.  The  upper  plate  is  suspended  from  a  spring 
of  spring  constant  k  whose  upper  end  is  rigidly 
fastened.  The  plates  are  originally  uncharged. 
When  the  capacitor  is  charged  to  a  final  charge  Q 
and  —  Q  show  that  the  distance  between  the 
plates  changes  by  an  amount  Q^/2kf.QA.  Is  the 
spring  stretched  or  compressed? 

7-15  A  square  metal  plate  of  edge  20  centime¬ 
ters  is  suspended  from  the  arm  of  a  balance  so 
that  it  is  parallel  to  another  fixed  horizontal  metal 
plate  of  the  same  dimensions.  The  distance  of 
separation  between  the  plates  is  1.5  millimeters.  A 
difference  of  potential  of  150  volts  is  now  applied 
between  the  plates.  What  additional  mass  must  be 


placed  in  the  other  arm  of  the  balance  so  that  the 
suspended  plate  will  retain  its  original  position? 

7-16  A  battery  is  used  to  charge  a  parallel  plate 
capacitor  to  a  potential  difference  A<f>  and  is  then 
disconnected.  The  separation  between  the  plates 
is  now  increased  from  d  to  ai/  where  a  is  a 
constant  >  1.  What  is  the  ratio  of  the  new  energy 
to  the  original  energy?  Is  the  energy  increased  or 
decreased?  Where  does  this  energy  change  come 
from  or  go?  Verify  your  answer  quantitatively. 

7-17  There  is  a  potential  difference  Atj)  between 
the  coaxial  conductors  of  Figure  6-12.  Find  the 
magnitude  of  the  force  per  unit  area  on  the  surface 
of  the  inner  cylinder.  What  is  its  direction?  What 
is  the  total  force  per  unit  length  on  it? 

7-18  A  parallel  plate  capacitor  is  formed  by  the 
metal  bottom  and  metal  movable  piston  of  a 
cylinder  with  nonconducting  walls.  The  cylinder 
is  airtight  and  is  kept  at  constant  temperature. 
When  the  capacitor  is  uncharged  the  separation 
of  the  plates  is  and  the  pressure  inside  the 
cylinder  is  Pq.  When  a  potential  difference  A<l>  is 
applied  between  the  plates,  show  that,  if  /  is  the 
fractional  decrease  in  plate  separation  (  /  >  0),  it 
can  be  found  from 


/(!-/)  = 


^0 

2po 


A<f} 

^0 


7-19  Suppose  the  two  coaxial  cylindrical  con¬ 
ductors  of  Figure  6-12  are  kept  at  a  constant 
potential  difference  A<l>.  The  cylinders  are  very 
long.  Now  imagine  the  inner  conductor  to  be 
given  a  small  displacement  A  x  in  the  direction  of 
the  common  axis.  Show  that  the  inner  conductor 
will  be  attracted  back  to  its  original  position  by  a 
force  which  is  given  approximately  by 
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Equation  5-2  provides  us  with  a  method  by  which  we  can,  in  principle,  find  the 
potential  due  to  any  given  distribution  of  charges  at  any  field  point  of  interest.  Let  us 
suppose  that  the  charges  are  contained  in  a  finite  volume  of  some  reasonable  size.  The 
volume  need  not  be  of  any  particularly  simple  shape  but,  in  fact,  may  be  quite 
irregular.  If  we  are  near  such  a  volume,  we  can  expect  that  the  values  of  the  potential  at 
different  points  can  be  quite  sensitive  to  the  details  of  the  charge  distribution.  However, 
as  we  get  farther  and  farther  away,  it  seems  clear  that  the  finer  details  of  the  charge 
distribution  will  become  less  and  less  important  and  that  the  potential  will  be 
determined  primarily  by  the  larger  scale  variations  in  the  locations  and  magnitudes  of 
the  charges.  The  extreme  case  would  occur  when  we  are  so  far  away  that  the  charge 
distribution  would  appear  to  act  as  if  it  were  simply  a  point  charge;  we  have  already 
used  this  in  connection  with  (7-26)  and  (7-27).  What  we  want  to  do  now  is  to  consider 
this  situation  more  carefully,  and  we  will  find  that  the  effect  of  the  charge  distribution 
can  be  characterized  by  a  set  of  quantities  that  depend  on  different  details  of  the  charge 
distribution,  much  as  mechanical  quantities  such  as  the  magnitude  of  the  total  mass 
and  the  moment  of  inertia  of  a  set  of  mass  points  depend  on  different  features  of  the 
mass  distribution.  These  quantities  are  called  electric  multipoles  and  we  will  give  them  a 
specific  definition.  These  considerations  will  also  be  helpful  to  us  when  we  face  the 
problem  of  describing  the  effects  of  matter  in  electrostatics,  since,  for  our  purposes,  we 
will  regard  a  piece  of  matter  as  essentially  a  collection  of  electric  charges  with  some  sort 
of  distribution. 


8-1  THE  MULTIPOLE  EXPANSION  OF  THE  SCALAR  POTENTIAL 

The  general  situation  is  illustrated  in  Figure  8-1.  We  have  a  system  of  N  point  charges 
•  •  •  >  •  •  •  ’  located  in  some  volume  V'.  We  choose  an  origin  of  coordinates  0 

in  some  arbitrary  way,  but  for  convenience,  either  in  or  near  The  position  vectors  of 
the  charges  are  r^,  r2, . . . ,  r^, . . . ,  r^.  We  want  the  potential  at  the  field  point  P  whose 
position  vector  with  respect  to  this  same  origin  is  r;  thus,  P  is  in  the  direction  f  at  a 
distance  r  from  0.  This  potential  is  given  by  (5-2)  as 


N 


Hr)  =  L 


9/ 


/=i 


(8-1) 


where  R.=  |r  -  r,|.  If  we  introduce  the  angle  between  the  directions  of  r^  and  r,  and 
use  the  law  of  cosines,  we  see  from  the  figure  that 

R,  =  {r^  +  rf  -  Irr,  cos  (8-2) 


so  that  (8-1)  becomes 


N 

=  L 


1  =  1  47rco(r^  +  -  Irr^cosd^) 


1/2 


(8-3) 
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Figure  8-1.  Geometry  for  calculating  the  potential  due  to  a  system  of  point  charges. 


However,  we  can  do  nothing  more  specific  with  this  without  knowing  the  exact  details 
of  the  charge  distribution. 

Now  let  us  assume  that  P  is  far  enough  outside  V'  so  that  it  is  farther  from  the 
origin  than  any  charge.  Then  r  >  r,  for  all  i,  the  ratio  {r^/r)  is  always  less  than  unity, 
and  we  can  consider  a  power  series  expansion  in  this  ratio.  If  we  factor  out  from  the 
square  root  in  (8-2),  we  can  write 


Ri  ~  +  0''"' 

(8-4) 

where 

(  r  \  (  f 

t  =  -2  —  cos^,  +  —  1 
\  r  1  \  r  1 

(8-5) 

We  now  use  the  power  series 

(1  + /)■''/')  =  +  +  *''  +  •■■ 

(8-6) 

with  the  upper  sign,  to  expand  the  square  root  in  (8-4).  We  will  keep  all  terms  of  the 
order  of  (r,/r)^  and  neglect  the  rest;  thus  we  do  not  need  to  use  the  fourth  term  in 
(8-6),  which  involves  and  hence  (/■./r)^  Inserting  (8-5)  into  (8-6),  and  dropping  all 
terms  involving  (r,/r)^  and  (z;//')'^,  we  find  that 


1  ^  1 
(TTTj^"^”  2 


-2 


cos  6;  -P 
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cos  +  I  — 
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=  1  +  I  —  1  cos  B:  -P 
r 


cos^  B^  —  l) 


If  we  divide  this  by  r,  according  to  (8-4),  and  substitute  the  result  into  (8-1),  we  find 
that 

I  N  1  ^ 

'>('■)  =  E  9,  +  „2  L  cos  e, 


47r€or  " 


Airier 
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^  Hi'  I 


A'nif,^ 


(3  cos^  -  l)  +  . . 


(8-7) 


112  ELECTRIC  MULTIPOLES 


where  we  have  indicated  by  the  ...  that  there  would  be  other  terms  of  higher  order,  but 
ones  which  we  have  not  calculated.  The  result  (8-7)  is  called  the  multipole  expansion  of 
the  potential.  The  individual  terms  in  the  sum  are  called,  respectively,  the  monopole 
term,  the  dipole  term,  and  the  quadrupole  term.  We  see  that  their  dependence  on  the 
field  point  distance  r  goes  successively  as  l/r,  l/r^,  1/r^,  and  so  on,  so  that  as  we  get 
farther  away  from  the  charge  distribution,  the  higher-order  terms  in  the  expansion 
become  less  and  less  important.  For  convenience  in  later  discussion,  we  write  the  sum 
(8-7)  in  the  form 

<>(«•)  =  </>M(r)  +  <?'/)('•)  +  <t>Q{r)  +  ■■■  (8-8) 

Although  it  is  not  necessary  for  our  further  considerations  in  this  chapter,  it  is  of 
some  interest  to  note  that  the  functions  of  the  angles  that  have  arisen  in  (8-7)  are 
known  functions  called  Legendre  polynomials.  If  these  functions  are  written  Pfx),  they 
are  defined  by  the  expansion 

——7 -  ;,<!)  (8-9) 

(1  -  2xy  +  y^)  /=0 

so  that  they  are  the  coefficients  of  y^  in  the  sum.  A  few  of  them  are 

^3(-^)  =  ~  •  ■  ■  (8-10) 

Once  the  first  few  are  known,  the  others  can  be  found  by  means  of  the  recursion  relation 
that  they  can  be  shown  to  satisfy; 

(/  +  l)P,^i(x)  =  (2/  +  l)xP^{x)  -  lP^_,{x)  (8-11) 

We  also  note  that  P;(l)  =  1. 

If  we  compare  (8-9)  with  (8-4)  and  (8-5),  we  see  that  we  can  make  the  identifications 
y  =  r^/r  and  x  =  cos^^;  both  of  these  satisfy  the  parenthetical  conditions  given  in 
(8-9).  Then  we  can  write 

1  1  ^  \  ^ 

-  =  -i:^’/(cosO,)P  (8-12) 

^  /=0  ''  ^ ' 


so  that  (8-1)  can  be  written  in  general  as 


<|>(r)  = 


1  "  1 
47reo  /_o 
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E  di) 


/=! 


(8-13) 


whose  first  few  terms  agree  with  (8-7),  which  we  obtained  by  a  straightforward 
expansion.  Although  (8-13)  gives  us  a  complete  expression  for  the  general  expansion  of 
<t>,  we  will  need  to  consider  only  that  part  given  by  (8-7). 

Our  results  are  still  somewhat  inconvenient  for  our  purposes  because  the  quantities 
appearing  in  the  sums  still  involve  both  the  location  of  the  field  point  P  and  the 
locations  of  the  charges  because  of  the  appearance  of  cos^^.  It  would  be  nicer  if  we 
could  write  the  terms  of  (8-7)  and  (8-8)  in  a  form  in  which  these  two  sets  of  variables 
appeared  separately  and  explicitly,  preferably  in  the  form  of  a  product  involving 
something  that  depended  on  the  location  of  the  field  point  alone  and  something  that 
involved  only  the  charge  distribution.  This  will  be  done  next,  but  we  need  a  different 
way  of  writing  cos^,.  We  see  from  Figure  8-1,  (1-15),  (1-97),  (1-8),  and  (1-20)  that 


cos  p.  = - =  r 

rr. 


r] 


'i } 


+  KVi  + 


(8-14) 
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where  /^,  and  are  the  direction  cosines  of  the  position  vector  r  of  P,  and  x,, 
and  Zj  are  the  rectangular  coordinates  of  the  location  of  the  charge  q^.  It  will  be 
convenient  to  look  at  the  terms  in  (8-8)  one  by  one. 


1.  The  Monopole  Term 

The  sum  in  the  first  term  of  (8-7)  is  easily  identifiable.  It  is 

1 9,  =  e.„,a,  =  e  (8-15) 

i  =  i 

where  Q  is  the  net  charge  of  the  system.  Thus,  the  monopole  term  has  the  form 


4>M{r) 


Q 


(8-16) 


Since  this  is  the  dominant  term  in  the  potential,  when  we  are  very  far  away,  we  see  that 
the  whole  distribution  will  act  as  if  it  were  a  point  charge  as  we  have  already  concluded. 

In  this  context,  the  net  charge  Q  is  called  the  monopole  moment  of  the  charge 
distribution.  In  other  words,  the  monopole  moment  is  that  feature  of  the  charge 
distribution  that  is  important  for  the  monopole  term. 

If  the  charges  are  continuously  distributed,  then  the  sum  can  be  replaced  by  an 
integral  by  means  of  (2-14)  so  that  the  monopole  moment  can  be  found  from 

Q  =  [  p{r')  dr'  (8-17) 

where  the  integral  is  taken  over  the  volume  V'  of  the  source  charge  distribution.  For 
surface  and  line  distributions,  there  will  be  similar  expressions  obtained  with  the  use  of 
(2-16). 


2.  The  Dipole  Term 

If  we  insert  (8-14)  into  the  second  sum  in  (8-7),  we  get 

N  N 

Y.  qtr,  cos  0,.  =  Y  q,{KXi  +  -H  /.z,) 

(=1  1=1 

=  ■+  lyi'Lqiyi)  + 

\  y  /  \  y  /  \  ^  / 


=  (8-18) 

Since  the  sum  in  parentheses  in  the  last  form  involves  only  the  properties  of  the  charge 
distribution  and  does  not  involve  the  location  of  the  field  point,  it  is  an  individual 
property  of  the  charge  distribution  only.  It  is  defined  as  the  dipole  moment  p  of  the 
charge  distribution;  that  is 

p  =  E  qj,  (8-19) 

;  =  i 

so  that  we  can  write 

N 

cos  0y  =  r  •  p  =  l^p^  -I-  lypy  -I-  l^p^ 

1  =  1 


(8-20) 
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When  this  is  inserted  into  (8-7),  we  find  that  the  dipole  term  can  be  written  in  terms  of 
the  dipole  moment  as 

P  r  p  r 

47r€or^  47r€or^ 

We  note  that  (8-21)  has  the  form  of  a  (scalar)  product  of  quantities,  one  of  which 
depends  only  on  the  location  of  the  field  point  and  one  that  depends  only  on  the  details 
of  the  charge  distribution. 

If  the  point  P  is  very  far  away  and  if  the  monopole  moment  Q  vanishes,  then  (8-21) 
will  be  the  leading  term  in  the  expansion  of  <f>  and  the  dipole  moment  p  will  be  the 
dominant  feature  of  the  charge  distribution. 

If  the  charges  have  a  continuous  distribution,  then  the  sum  (8-19)  can  be  replaced  by 
an  integral  over  the  volume  V'  so  that  p  can  be  found  from 

p  =  f  p{T'}r' dr'  (8-22) 

and  there  will  be  similar  expressions  for  surface  and  hne  distributions. 


3.  The  Quadnipole  Term 

This  term  is  more  complicated,  but  it  can  be  written  in  a  desirable  and  convenient  form 
in  a  reasonably  straightforward  manner.  If  we  use  (8-14),  we  find  that 

rf{3cos^d^  -  l)  =  3(f  •  r,.)^  -  rf 

=  +  1'}  +  ll)  (8-23) 

In  the  last  step,  we  have  actually  multiplied  rf  by  1  because  of  (1-9)  and  hence  have 
not  altered  its  value.  When  we  multiply  out  the  square  in  (8-23)  and  group  the  terms  we 
obtain 

r^{3cos^e,  -  l)  =  l^(3xf  -  r/)  -I-  -  r^) 

+  -  r,^)  +  eiJyXj,  +  6lyl^y,z, 

+  6lJ^ZiXi  (8-24) 

We  now  insert  (8-24)  into  the  sum  in  the  third  term  of  (8-7)  after  factoring  the  ^  out  of 
it;  we  also  divide  the  last  three  terms  of  (8-24)  by  noting  that  + 

^lyLyiXi-  When  we  do  all  of  this,  we  find  that  the  sum  can  be  written  in  a  nice 
symmetrical  form  as  follows: 

L9,'-/^(3cos2»,.  -  l) 

i 

=  -  r^)  +  IJy’Lqi’ixji  + 

i  i  i 

+iyK'Lqi3y,x,  +  ij'ZqX'iyf  -  rl)  +  lyhHq.^yi^i 

i  /  / 

+L/xI!9,3z,->c,  +  (8-25) 

i  i  i 

We  note  that  each  term  in  this  expression  is  a  product  of  something  that  depends  only 
on  the  field  point,  that  is,  its  direction,  and  a  quantity  that  depends  only  on  the  details 
of  the  charge  distribution.  Accordingly,  we  define  a  set  of  quantities  which  are 
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called  the  components  of  the  quadrupole  moment  tensor  as  follows: 

Qjk  =  E  ‘liiViki  -  r,%)  (j,  k  =  x,y,  z)  (8-26) 

/=! 

In  this  expression,  j  and  k  can  independently  be  x,  y,  or  z;  the  symbol  is  the 
Kronecker  delta  symbol  defined  by 

o  (1  if  7  =  ^ 

\  0  if  k 

Thus  there  are  a  total  of  nine  defined  by  (8-26).  For  example, 

-  r^)  Qxy  =  'L‘}i'iXiyi  (8-28) 

i  i 


Upon  comparing  (8-26),  (8-28),  and  (8-25),  we  see  that  the  last  one  can  be  more 
compactly  written  as 


E^/.HScos^e,  -  l) 

i 

=  ilQxx  +  ^x^yQxy  +  hhQxz 


+  [JxQyx  +  lyQyy  +  ^ylzQyz 
+  hLQzx  +  h^yQzy  +  ^iQzz 

=  E  E  IjKQjk  (8-29) 

j  =  x,  y,  2  k  =  x,  y,  z 

Finally,  when  (8-29)  is  inserted  into  (8-7),  we  find  that  the  quadrupole  term  can  be 
written  in  terms  of  the  quadrupole  moment  as 

If  the  point  P  is  very  far  away  and  if  both  the  monopole  moment  Q  and  the  dipole 
moment  p  are  zero,  then  (8-30)  will  be  the  leading  term  in  the  expansion  of  <p  and  the 
quadrupole  moment  tensor  will  be  the  dominant  feature  of  the  charge  distribution. 

Sometimes  it  is  convenient  to  express  the  quadrupole  term  explicitly  in  terms  of  the 
coordinates  of  the  field  point  rather  than  in  terms  of  its  direction  cosines.  We  can  do 
this  by  using  =  x/r,  ly  =  y/r,  =  z/r,  according  to  (1-7)  and  (1-11),  so  that  (8-30) 
becomes 


1 


47r£or^ 


-  y 

2  ^ 

j  =  x,  y,z  k  =  x,  y,  z 


E  jkQ 


jk 


(8-31) 


[The  forms  (8-30)  and  (8-31)  are  reminiscent  of  the  result  obtained  in  mechanics  for  the 
kinetic  energy  of  a  rigid  body  when  expressed  in  terms  of  the  moments  and  products  of 
inertia.] 

If  the  charges  have  a  continuous  distribution,  then  the  sum  in  (8-26)  can  be  replaced 
by  an  integral,  so  that  for  a  volume  distribution  we  would  have 


Qjk  =  /^P(*'')(V'^'  -  r%k)  dr'  (8-32) 

For  example, 

Qxx  =  dr'  =  f  p(r')3x'y'dT'  (8-33) 

There  will  be  similar  expressions  for  surface  and  line  charge  distributions. 
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Although  there  were  a  total  of  nine  quantities  defined  by  (8-26),  there  are 
actually  fewer  independent  ones.  We  see  from  (8-26)  or  (8-28)  that 
on;  that  is, 


and  so 


(8-34) 


Qkj  ~  Qjk 

Thus,  the  quadrupole  moment  tensor  is  an  example  of  a  symmetric  tensor,  and  (8-34) 
reduces  the  number  of  independent  components  to  six.  If  we  now  sum  up  the  diagonal 
components,  that  is,  those  with  j  =  k,  we  find  that 

Sxx  +  Qyy  +  Qz.  =  L9,  [(3^?  -  rl)  -f  {3y^  -  +  {3zf  -  r^]  =  0 

i 

since  =  x'^  +  +  zf;  thus  we  have 

Q..  +  Qyy  +  e..  =  0  (8-35) 

and  this  result,  which  is  true  regardless  of  the  location  of  the  origin  or  of  the  detailed 
nature  of  the  charge  distribution,  reduces  the  number  of  independent  components  to 
five. 

If  the  charge  distribution  has  sufficient  symmetry,  the  number  of  independent 
components  can  be  reduced  even  further.  As  an  extreme  example,  let  us  consider  the 
case  of  axial  symmetry,  that  is,  the  distribution  has  an  axis  of  rotational  symmetry  such 
as  is  the  case  for  a  cylinder,  a  cone,  or  an  egg.  Let  us  choose  the  z  axis  to  be  along  this 
axis  and  designate  the  elements  in  this  case  by  Then,  for  every  charge  q'  at 
{x\  y\z'\  say,  there  will  be  a  charge  of  the  same  value  at  (- x\  y',  z')  and  the 
contribution  of  this  pair  to  for  example,  will  be  3q'xy'  +  =  0.  Since 

all  of  the  charges  can  be  paired  in  this  manner,  the  result  will  be  that  ==  0.  This 
same  argument  holds  for  the  rest  of  the  off-diagonal  elements  so  that 

Q%  =  0  (j^k)  (8-36) 

and  we  are  down  to  three  components.  But,  because  of  (8-35),  there  are  really  only  two 
because 


+  Qty  +  =  0 


(8-37) 


Furthermore,  because  there  is  no  real  distinction  between  the  x  and  y  axes  in  this  case, 
for  every  charge  at  a  given  value  x\  there  will  be  an  equal  charge  at  the  same  numerical 
value  for  y'  for  the  same  value  of  r'.  Thus,  the  corresponding  sums  in  (8-26)  will  be 
equal  so  that 

G^x  =  G;,  (8-38) 

When  this  is  put  into  (8-37),  we  find  that  g"^  =  0.  Therefore,  gj^  =  Q^y  = 

-  ^g^^  and  there  is  only  one  independent  component  of  the  quadrupole  moment 
characteristic  of  the  charge  distribution.  Calling  g^  =  gj^  the  quadrupole  moment  of 
this  axially  symmetric  charge  distribution,  we  have 


(8-39) 


Qzz  =  G" 

Gx“x  =  g;,=  -iG“ 

Under  these  circumstances  the  quadrupole  term  simplifies  considerably.  If  we  insert 
(8-36)  and  (8-39)  into  (8-30),  and  use  (1-9)  to  eliminate  and  we  find  that  <I>q 


becomes 


g"  (3cos2^-1) 


4r- 


47rc, 


4r 


(8-40) 


where  0  is  the  angle  made  by  the  position  vector  r  of  the  field  point  with  the  axis  of 
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symmetry  (the  z  axis).  An  example  of  such  a  situation  as  this  is  provided  by  atomic 
nuclei.  Although  their  properties  must  be  described  by  quantum  mechanics,  the 
treatment  is  quite  analogous.  It  can  be  shown  that  if  a  nucleus  can  have  a  quadrupole 
moment  at  all,  it  must  necessarily  have  an  axis  of  symmetry  that  is  the  direction  of  its 
intrinsic  angular  momentum  or  “spin.”  Thus  it  is  essentially  the  quantity  g*"  that  is 
found  hsted  in  tables  of  nuclear  quadrupole  moments;  actually  what  is  tabulated  is 
Q^/e  where  e  is  the  electronic  charge  so  that  these  nuclear  quadrupole  moments  are 
given  as  areas. 


4.  Effects  of  the  Choice  of  Origin 

The  monopole  moment  Q  given  by  (8-15)  is  a  unique  property  of  the  charge  distribu¬ 
tion.  Both  (8-19)  and  (8-26)  do  depend  on  the  absolute  value  of  the  r,,  so  that  the  dipole 
moment  and  the  quadrupole  moment  components  are  not  generally  unique  properties 
of  the  charge  distribution  but  depend  on  the  choice  of  origin  as  well.  Under  some 
circumstances,  however,  they  are  independent  of  this  choice,  and  we  want  to  investigate 
this  in  more  detail. 

Suppose  that  instead  of  choosing  the  origin  at  0  in  Figure  8-1,  we  choose  a  new 
origin  0„,  which  is  obtained  by  translating  our  axes,  without  rotating  them,  by  the 
displacement  a  as  illustrated  in  Figure  8-2.  The  position  of  with  respect  to  this  new 
origin  is  r.^  and  we  see  from  the  figure  that  a  +  so  that  the  old  and  new 

position  vectors  are  related  by 

=  r.  -  a  (8-41) 

If  we  insert  these  values  into  (8-19)  in  order  to  find  the  new  value  of  the  dipole  moment 
we  get 

Pn  =  =  'L^ih  -  aL?,  =  P  -  Ca  (8-42) 

/  /  i 

which  shows  that  the  dipole  moments  as  calculated  with  respect  to  these  different 


Figure  8-2.  The  new  origin  of  coordi¬ 
nates  is  displaced  by  a  from  the  old. 
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origins  will  generally  be  different.  However,  we  now  also  see  that  the  dipole  moment 
will  be  independent  of  the  choice  of  origin  and  hence  a  unique  property  of  the  charge 
distribution  provided  that  the  monopole  moment  vanishes,  that  is, 

p„  =  p  ifG  =  0  (8-43) 

In  addition,  the  dipole  term  will  be  the  leading  term  in  the  expansion  (8-7).  In  order  to 
make  g  =  0,  we  will  need  at  least  two  charges  in  our  distribution;  this  is  a  reason  for 
the  name  dipole. 

■  Example 

Two  equal  and  opposite  point  charges.  This  is  the  simplest  example  for  which  Q 
vanishes.  The  two  charges  and  their  locations  are  shown  in  Figure  8-3.  From  (8-19),  we 
find  p  to  be 

P  =  r_)  =  ^1  '  (8-44) 

so  that  the  dipole  moment  equals  the  product  of  the  charge  magnitude  and  the  vector 
displacement  I  from  the  negative  charge  to  the  positive  charge.  Although  this  charge 
distribution  is  often  thought  of  as  the  prototype  of  a  dipole,  and  is  often  simply  called  a 
“dipole,”  its  higher-order  moments  will  generally  not  vanish  so  that  (8-8)  will  neces¬ 
sarily  include  more  than  the  term  <#»£t(r).  ■ 

Another  simple  example  satisfying  (8-43)  is  shown  in  Figure  8-4  and  it  is  easily 
verified  with  the  use  of  (8-19)  that  the  dipole  moment  is  p  =  2qV 

Similar  results  can  be  obtained  for  the  quadrupole  moment.  It  will  be  sufficient  for 
our  purposes  to  consider  only  one  component,  Q^y,  say.  The  x  and  y  components  of 
(8-41)  are  =  x,  -  a^  and  yj„  =  y^-  -  Uy  and  when  we  insert  these  into  (8-28),  we 
find  that  the  new  component  is 

Qxy  =  «,)(>',  -  O 

i  i 

=  Qxy  -  '^‘iyPx  -  ^OxPy  +  (8-45) 

with  the  use  of  (8-19)  and  (8-15).  Since  there  will  be  similar  expressions  for  the  other 
components  g^^,  we  can  conclude  that  the  quadrupole  moment  is  also  not  generally  a 
unique  property  of  the  charge  distribution.  However,  we  do  see  from  (8-|5)  that  it  will 
be  independent  of  the  origin  provided  that  both  the  monopole  and  dipole  moments 
vanish,  that  is, 

Qlk  =  Qjk  if  e  =  0  and  p  =  0  (8-46) 

In  addition,  the  quadrupole  term  will  be  the  leading  term  in  the  expansion  (8-7). 


moment  in  the  direction  Figure  8-4.  A  charge  distribution 

of  I.  that  has  a  dipole  moment. 
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a 


(a) 


Figure  8-S.  Charge  distribu 
tions  that  have  quadrupole 
moments. 


In  general,  we  can  satisfy  the  two  conditions  in  (8-46)  only  with  at  least  four  charges 
in  our  distribution;  this  is  a  reason  for  the  name  quadrupole.  The  simplest  examples  are 
usually  obtained  by  arranging  two  dipoles  so  that  the  total  dipole  moment  vanishes. 
Two  such  examples  are  shown  in  Figure  8-5  and  the  constituent  dipoles  are  indicated 
by  the  dashed  arrows.  We  note  that  Figure  8-5/?  is  a  variation  of  Figure  8-4  with  I  =  0; 
we  also  note  that  it  corresponds  to  our  statement  about  needing  four  charges  only  if  we 
mentally  divide  the  central  charge  2q  into  two  superimposed  charges  each  of  value  q. 
Some  care  is  required  in  devising  such  illustrative  arrangements.  For  example,  if  we 
interchange  the  two  charges  at  the  top  of  Figure  8-5^?,  we  find  that  the  conditions  of 
(8-46)  are  no  longer  fully  satisfied  so  that  the  resultant  charge  configuration  will  have 
an  origin-dependent  quadrupole  moment. 

To  summarize  this  long  section,  we  have  found  that  when  we  are  sufficiently  far 
away  from  an  arbitrary  charge  distribution,  the  potential  produced  by  it  can  be 
expanded  in  the  form 


<;>(r)  = 


1 

477£o 


(8-47) 


as  obtained  from  -(8-8),  (8-16),  (8-21),  and  (8-30).  Since  only  the  location  of  the  field 
point  appears  in  (8-47)  through  its  distance  from  the  origin  and  the  direction  of  r,  all  of 
the  moments  can  themselves  be  thought  of  as  being  located  at  the  origin,  regardless  of 
the  actual  spatial  extent  of  the  source  charge  distribution. 

So  far  we  have  concentrated  on  the  form  of  the  potential.  Now  we  want  to  consider 
some  of  its  properties,  as  well  as  the  electric  field  which  it  describes.  It  is  convenient  to 
look  individually  at  each  contribution  arising  from  (8-47);  the  total  E  will  be  the  vector 
sum  of  them  all.  The  first  term  corresponds  to  a  point  charge  at  the  origin,  and  since  we 
are  sufficiently  familiar  with  its  properties  we  can  proceed  at  once  to  the  next  term. 
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The  potential  we  want  to  investigate  is  given  by  (8-21)  and  will  be  the  predominant 
term  when  Q  =  Although  was  obtained  by  studying  the  potential  far  from  the 
charge  distribution,  it  is  convenient  to  study  its  properties  by  assuming  that  holds 
everywhere  in  space.  Such  a  field  is  commonly  called  the  dipole  field  and  is  thought  of 
as  being  produced  by  a  point  dipole  p  located  at  the  origin.  This  useful  fiction  can  be 
imagined  to  be  the  result  of  a  limiting  process  applied  to  the  equal  and  opposite  charge 
distribution  of  Figure  8-3.  In  this  process,  the  separation  1  is  decreased  to  zero  while  the 
charge  q  is  simultaneously  increased  so  that  the  dipole  moment,  which  is  their  product 
according  to  (8-44),  remains  constant  and  equal  to  p.  If  we  use  spherical  coordinates  to 
locate  the  field  point  F,  and  choose  the  z  axis  to  be  in  the  direction  of  p,  we  are  led  to 
the  situation  shown  in  Figure  8-6.  Using  (8-21)  and  (1-15),  we  find  that  we  can  write  the 
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Figure  8-6. 


A  point  dipole  at  the  origin  and  parallel  to  the  z  axis. 


dipole  potential  as 


<>Dir) 


p  COS  6 


(8-48) 


The  equation  giving  the  equipotential  surfaces  corresponding  to  (j>^  =  const,  is  thus 


47^Co<^> 


D  / 


cos  B  =  Cf)  cos  0 


(8-49) 


where  the  constant  characterizing  a  given  surface  depends  on  the  value  of  <^)^.  These 
equipotentials  are  illustrated  as  the  solid  curves  in  Figure  8-7;  the  actual  surfaces  would 
be  generated  by  imagining  this  two-dimensional  figure  rotated  about  the  z  axis.  Since 

in  (8-49)  must  be  positive,  we  see  that  must  be  positive  for  B  <  where  cos  6  is 
positive;  thus  positive  values  of  correspond  to  the  equipotential  curves  in  the  upper 
half  of  the  figure.  Similarly,  the  curves  in  the  lower  half  of  the  figure  correspond  to 
negative  values  of  (J)^,  since  cos  B  is  negative  for  B  >  so  that  must  be  negative 
also. 

The  components  of  E  can  be  found  from  (8-48),  (5-3),  and  (1-101);  the  results  are 


d<^D  (  P  cos 6 

dr  i4c7€j 

1  d4>D  I  p  'i  sin  0 
r  36  \  47rco  ) 


(8-50) 


and  -  -  34^^/ 3^)  =  0.  These  components  have  a  different  angular  dependence  but 
both  have  the  inverse  cube  variation  with  distance  characteristic  of  the  dipole  field. 

We  can  find  the  equation  giving  the  line  of  E  from  our  previous  expression  (5-39), 
which  expresses  the  fact  that  the  line  is  parallel  to  E  at  each  point  on  it.  If  we  write 
both  and  E  in  spherical  coordinates  by  using  (1-98),  we  find  that 

dr  =  kE^  and  rdB  =  kE^  (8-51) 

so  that 


dr  E^  IcosB  d\nr  2d{\nsinB) 

rdB  Eq  sin^  dB  dB 


which  integrates  to 


In  r  =  In  sin^^  +  In  =  In  ( sin^  6 ) 
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Figure  8-7.  Equipotentials  (solid)  and  electric  field  lines  (dashed)  of  a  point  dipole. 


where  is  a  positive  constant  of  integration.  Solving  for  r,  we  find  the  equation  for 
these  curves  to  be 


r  =  K^?,v[?6  (8-52) 

so  that  each  curve  is  characterized  by  a  particular  value  of  Kj^.  When  these  curves  are 
plotted,  we  obtain  the  lines  of  E  shown  dashed  in  Figure  8-7.  They  are  seen  to  be 
consistent  with  the  special  cases  of  (8-50),  which  show  us  that  E^  =  Q  when  6  ^ 
and  that  =  0  when  ^  =  0  and  77.  Be  sure  to  verify  to  your  own  satisfaction  that  the 
directions  of  E  as  indicated  by  the  arrows  follow  from  the  expressions  for  the 
components  given  in  (8-50),  and  that  the  lines  of  E  are  perpendicular  to  the  equipoten- 
tial  surfaces. 


8-3  THE  LINEAR  QUADRUPOLE  FIELD 

The  general  expression  for  the  quadrupole  potential  as  given  by  (8-30)  can  be  quite 
complicated  depending  on  which  components  Qji^  are  different  from  zero.  Conse¬ 
quently,  we  investigate  only  the  special  case  in  which  the  system  has  an  axis  of 
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symmetry  so  that  the  potential  as  given  by  (8-40)  is 

g"  (3cos2^-1) 


(8-53) 


Although  many  types  of  charge  distributions  can  result  in  this  potential,  it  is  convenient 
to  regard  the  simple  charge  distribution  of  Figure  8-5Z)  as  a  prototype  for  this  case  since 
it  certainly  has  the  necessary  symmetry;  is  actually  negative  for  this  situation  as  can 
be  seen  from  (8-39)  and  (8-26).  As  a  result  we  can  refer  to  (8-53)  as  a  linear  (or  axial) 
quadrupole  field.  The  equation  for  the  equipotential  surfaces  that  are  obtained  by 
setting  <I>Q  =  const,  in  (8-53)  is 


r 


3 


/  g"  WScos^^-l) 

\  j  2 


icg(3cos2<?-l) 


(8-54) 


where  the  constant  Cg  characterizing  a  given  surface  depends  on  the  corresponding 
value  of  <f>Q.  For  simplicity,  only  one  of  these  is  shown  as  the  soUd  curve  in  Figure  8-8; 
the  others  are  of  similar  shape.  Since  (8-54)  is  independent  of  the  actual  surfaces  are 
again  generated  by  rotating  these  curves  around  the  symmetry  axis  (the  z  axis  in  this 
case.) 


Figure  8-8.  An  equipotential  (solid)  and  electric  fields  lines  (dashed)  of  a  linear 
quadrupole. 
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The  electric  field  components  as  found  from  (8-53),  (5-3),  and  (1-101)  are 

/  3g"  )  (3008^0  -  1) 

\  S’rco  ]  2r^ 


Ee 


I  3Q^  \  cos  6  sin^ 
\8vrfo) 


E 


‘p 


=  0 


(8-55) 


The  field  components  decrease  as  the  inverse  fourth  power  of  the  distance  to  the  field 
point. 

In  order  to  find  the  equation  of  a  field  hne,  we  again  eliminate  k  from  (8-51)  by 
division  and  use  (8-55).  In  this  way,  we  obtain 


dr  (3cos^^-l) 

rdO  Eq  2  cos  ^  sin  ^ 


which,  when  integrated,  gives 

=  Kq  sin^  9  cos  9  (8-56) 

where  Kq  is  a  constant  of  integration.  Again  for  simpHcity,  we  show  only  one  of  these 
as  the  dashed  curve  in  Figure  8-8.  As  was  suggested  for  Figure  8-7,  be  sure  to  verify 
that  the  directions  of  E  as  indicated  by  the  arrows  are  consistent  with  the  expressions 
for  the  components  given  in  (8-55)  on  the  assumption  that  is  negative,  as  would  be 
the  case  for  Figure  8-5Z>.  We  note  again  that,  as  they  should  be,  the  lines  of  E  are 
perpendicular  to  this  much  more  complicated  equipotential  surface. 


8-4  ENERGY  OF  A  CHARGE  DISTRIBUTION  IN  AN  EXTERNAL  FIELD 

In  the  previous  chapter,  we  discussed  the  mutual  electrostatic  energy  of  an  arbitrary 
distribution  of  charges  that  we  obtained  as  the  reversible  work  required  to  assemble 
these  charges  against  their  mutual  conservative  forces  of  attraction  and  repulsion. 
Under  some  circumstances,  we  are  not  interested  in  all  of  this  energy,  but  only  in  part 
of  it.  In  order  to  see  how  this  can  arise,  let  us  consider  a  situation  in  which  the  overall 
charge  distribution  can  be  divided  into  two  groups  such  that  the  charges  in  each  group 
occupy  their  own  volume,  and  these  volumes  are  some  distance  apart  so  that  there  is  no 
difficulty  in  distinguishing  the  groups.  Such  a  situation  is  illustrated  in  Figure  8-9  where 


External 


System 


Figure  8-9.  A  system  of  charges  under  the  influence  of  an  external  charge  distribution. 
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the  charges  in  one  group  are  labeled  qiQ  and  occupy  the  volume  Vq,  while  the  other 
group  is  simply  labeled  without  an  additional  subscript,  as  is  their  volume  V;  we 
have  also  labeled  the  groups  as  “external”  and  “system”  for  reasons  that  will  become 
clear  shortly.  Let  us  consider  the  single  charge  q^  at  its  location  r,  with  respect  to  the 
origin  0^  which,  for  later  convenience,  we  choose  to  be  within  the  system  volume. 
According  to  (5-48),  we  can  write  the  energy  of  this  charge  as 

(8-57) 


in  terms  of  the  total  potential  <J)(r,)  at  its  location.  Now  (5-2)  shows  that  is 
determined  by  all  of  the  charges  and  we  can,  in  fact,  divide  the  total  sum  into  two 
groups,  one  part  representing  contributions  from  the  external  charges  q^Q  and  the  other 
part  from  the  other  charges  in  the  system.  Thus,  we  can  write  <|>  =  <()^  +  </)o  where,  for 
example, 


L 


/=! 


qio 


(8-58) 


where  Nq  is  the  total  number  of  external  charges  and  R^i=  jr;  -  r^l  where  r^  is  the 
position  vector  of  The  other  part  4>s  t)e  given  by  a  similar  expression.  Inserting 
this  into  (8-57),  we  find  that  the  energy  of  q^  can  be  written  as  the  sum 

Vei  =  qAi^i)  +  (8-59) 

Now  the  first  term  represents  the  mutual  energy  of  interaction  among  the  charges  of  the 
system  and  when  we  sum  it  up  over  all  N  charges  of  this  type  we  will  be  led  to  a  term 
like  (7-3).  Thus  this  term  will  be  the  internal  energy  of  the  system  and  expresses  the 
amount  of  work  required  to  assemble  it.  For  cases  in  which  we  are  now  interested,  the 
system  will  be  a  definite  entity  in  which  the  constituent  charges  will  have  fixed  relative 
spatial  locations  and  this  internal  electrostatic  energy  will  be  a  definite  constant. 

The  second  term  in  (8-59)  then  represents  an  energy  arising  from  the  interactions 
between  a  system  charge  and  the  group  of  external  charges.  When  this  is  summed  over 
/,  we  get  the  total  energy  of  this  kind  and  we  can  regard  it  as  being  the  energy  of  the 
charges  of  the  system  of  interest  due  to  the  effect  of  the  external  field;  if  we  call  this 
energy  we  have 

N 

t4o=  aqAi^i)  (8-60) 

1  =  1 


and  it  is  this  interaction  energy  which  is  of  interest  here. 

We  can  do  a  similar  analysis  for  the  external  charges  and  reach  similar  conclusions. 
However,  in  practical  cases  of  interest,  what  is  envisioned  is  that  these  external  charges 
are  set  up  in  the  laboratory  by  charges  on  capacitor  plates,  or  on  other  conductors,  for 
example,  and  one  tries  to  study  the  system  of  interest  by  seeing  how  it  responds  to  the 
influence  of  the  external  source  charges.  In  such  a  case,  we  generally  do  not  study  the 
energy  changes  of  the  external  charges  so  we  need  not  concern  ourselves  further  with 
that.  Thus,  the  energy  term  of  value  to  us  is  that  part  of  the  total  energy  represented  by 
(8-60);  consequently,  in  what  follows,  we  restrict  ourselves  to  it. 

As  it  stands,  (8-60)  does  not  yet  completely  fit  experimental  reality.  Generally,  the 
external  sources  are  far  enough  away  and  the  system  is  so  small  in  spatial  extent  that  <^>o 
does  not  vary  very  much  over  the  volume  V.  Consequently,  it  is  sufficiently  accurate  to 
expand  <|>o(r,)  in  a  power  series  about  the  origin  and  include  only  the  first  few  terms  of 
the  expansion.  If  we  use  rectangular  coordinates,  then  the  series  expansion  of  <^q  can  be 
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written  as 

'#>o(«'i)  =  ^i)  =  </'o(o,o,o) 


+ 


9<fto\  /  9^0  \ 

/o  /o. 


+ 


+  Ixj^ 


+  ... 


(8-61) 


where  the  subscript  0  on  the  derivatives  indicates  that  they  are  to  be  evaluated  at  the 
origin.  It  is  convenient  to  consider  the  result  of  inserting  (8-61)  into  (8-60)  piece  by 
piece. 

The  first  term  in  (8-61)  is  a  constant,  so  that  when  it  is  put  into  (8-60)  it  can  be  taken 
out  of  the  summation  and  we  find  its  contribution  to  to  be 


=  <>o(0,0,0)E?,  =  e<l>o(0)  (8-62) 

i 


where  Q  is  the  monopole  moment  as  given  by  (8-15).  Thus,  this  part  of  the  interaction 
energy  is  simply  that  of  a  single  point  charge  equal  to  the  total  charge  times  the 
external  potential  at  the  origin  in  harmony  with  (5-48). 

The  first  bracketed  term  in  (8-61)  can  be  written  as 

>•/•  (v<#>o)o  =  -r,  •  Eo  (8-63) 

because  of  (5-3)  where  Eq  is  the  external  electric  field.  Since  Eq  is  a  constant  also,  when 
we  put  (8-63)  into  (8-60)  we  get  this  contribution  to  the  energy  as 

-Eo'  i:9,r,  =  -P-Eo  (8-64) 

/ 


where  p  is  the  dipole  moment  as  given  by  (8-19).  Thus,  this  very  important  expression 
gives  us  the  interaction  energy  of  a  dipole  in  an  external  electric  field. 

By  now,  it  seems  clear  that  the  remaining  terms  of  (8-61)  will  lead  to  an  energy 
contribution  involving  the  quadrupole  moment  components,  although  these  terms  are 
not  yet  written  in  the  most  desirable  form.  Since  the  source  charges  are  assumed  to  be 
physically  separate  from  the  system,  as  in  Figure  8-9,  their  charge  density  Po  ^  ^ 
throughout  the  whole  system  volume  K  Therefore,  at  all  points  within  the  system, 
satisfies  Laplace’s  equation  according  to  (5-15)  and  (5-16);  that  is, 


\  \  dy^  \  dz^  )o 


(8-65) 


Thus,  we  can  add  any  multiple  of  (8-65)  to  the  second-order  terms  in  (8-61)  without 
changing  their  value;  accordingly,  we  multiply  (8-65)  by  -(r,^/6),  add  this  to  what  is 
left  of  (8-61),  and  rearrange  the  terms  by  using  the  fact  that  mixed  second  partial 
derivatives  are  equal,  [e.g.,  (d'^<j>Q/dx  dy)^  =  {d'^^Q/dy  dx)^];  the  result  is  that  they 
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can  be  also  written  as 
1 
6 


(3»?  -  'n 


dx^ 


3x,.y,. 


+  3>-,.x,. 


^^^‘^‘'9zdx 


d\  \ 

dy  dxj^ 
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+  {3y^  -  r,^) 
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2. 


+  3z,y 


dz  dy 


(8-66) 


If  we  now  put  (8-66)  into  (8-60)  and  use  the  definition  of  the  quadrupole  moment 
components  given  in  (8-26)  and  illustrated  in  (8-28),  we  find  that  the  remaining 
contribution  to  the  energy  in  the  external  field  becomes 
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or  more  compactly  as 


^eOQ  ~  ^  ^jk 
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L  Qi, 


d\ 

d  j  dk 


(8-67) 


(8-68) 


We  can  also  write  this  in  terms  of  the  external  electric  field  Eg  by  noting  that 
because  of  (5-3)  so  that 


6  E  L  Qjk 

J  =  X,  y,  z  k  =  x.y,  z 


which,  when  written  out,  becomes 
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(8-70) 


showing  us  explicitly  that  the  energy  of  a  quadrupole  moment  in  an  external  field 
depends  on  the  spatial  derivatives  of  the  electric  field  components. 

If  we  combine  (8-62),  (8-64),  and  (8-69),  we  get  our  final  expression  for  the  energy  of 
the  charge  system  of  interest  due  to  interactions  with  external  source  charges  as 


^eO  =  G'^oCO)  -  P  •  Eo  -  -  E 


dE, 


Oy 


dk 


+  ... 


(8-71) 
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It  is  possible  to  carry  this  process  even  further  by  expanding  the  potential  in 
terms  of  the  multipole  moments  of  the  external  source  charges  and  thus  getting  a  series 
for  the  interaction  energy  in  terms  of  the  energy  of  a  dipole  in  the  field  of  a  dipole,  and 
so  on.  We  will  not  do  this,  however,  but  will  leave  the  calculation  of  a  few  of  the  more 
important  of  such  terms  as  exercises. 

We  can  write  (8-71)  somewhat  more  generally.  As  we  noted  after  (8-47),  the 
moments  can  be  regarded  as  being  located  at  the  origin,  which  in  this  case  is  the  system 
origin  0^  of  Figure  8-9.  Since  the  system  itself  may  be  able  to  move,  it  is  convenient  to 
refer  its  location  to  a  coordinate  system  fixed  in  space.  Thus,  if  we  let  r  be  the  position 
vector  of  0^  with  respect  to  this  fixed  system  of  axes,  then  terms  in  (8-71)  which  are  all 
evaluated  at  0^,  the  “location”  of  the  system  of  interest,  will  be  evaluated  at  r  so  that  we 
can  finally  write 

U,o  =  2<J>oW  -  P  •  Eo(r)  -  ^  E  +  •  •  • 

Now  that  we  have  obtained  these  results,  let  us  look  at  some  of  the  consequences  of 
the  unfamiliar  terms— the  dipole  and  quadrupole  energies. 


1.  The  Dipole  Energy 

If  we  write  it  simply  as  then  the  energy  of  a  dipole  p  in  an  external  field  Eq  is 

U^=  -p  •  Eq  =  —pEqCOS'^  (8-73) 

where  is  the  angle  between  them  as  shown  in  Figure  8-10.  This  would  be  an 
appropriate  form  to  use  for  a  point  dipole  as  we  previously  defined  it.  In  Figure  8-11 
we  show  this  energy  as  a  function  of  We  see  that  the  range  of  energy  variation  is 
finite,  and  that  the  energy  has  a  minimum  at  ^  =  0  when  the  two  vectors  are  parallel. 
This  indicates  that  the  tendency  of  the  system  is  for  its  dipole  moment  to  become 
aligned  with  the  external  field.  We  can  evaluate  this  etfect  in  the  following  way.  Since 
the  energy  is  a  funetion  of  that  is,  14,=  t4)(^),  we  know  from  mechanics  that  there 
will  be  a  torque  on  p,  and  the  component  of  this  torque  in  the  direction  of  increasing 
T,  will  be  given  by 

T=  -—  =  -pE^sin'i' =  -\pxE^\  (8-74) 

Since  t  is  negative,  it  means  that  the  sense  of  the  torque  on  p  is  such  as  to  rotate  p  into 
the  direction  of  Eq;  thus,  if  we  use  the  definition  of  the  direction  of  the  cross  product 
given  in  Figure  1-14,  we  see  that  the  vector  torque  t  is  in  the  direction  of  p  X  Eq  as 
shown  in  Figure  8-12.  Combining  this  with  (8-74),  the  torque  on  p  is  given  correctly  in 
magnitude  and  direction  by 

T  =  p  X  Eq  (8-75) 


Figure  8-10.  A  dipole  making  an  angle  with  an  external 
electric  field. 
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Figure  8-11.  The  energy  of  a  dipole 
in  an  external  field  as  a  function  of 
the  angle  between  their  directions. 


The  torque  on  a  dipole  in  an  external 


We  note  that  t  =  0  when  ^  =  0  and  vr  so  that  these  values  of  the  angle  correspond  to 
equilibrium  situations;  since  they  correspond  respectively  to  a  minimum  and  a  maxi¬ 
mum  value  of  the  energy  t/p  as  shown  in  Figure  8-11,  ^  ^  0  is  a  position  of  stable 
equilibrium,  while  ^  =  tt  is  one  of  unstable  equilibrium.  In  order  to  have  equilibrium 
at  any  intermediate  angle,  it  will  be  necessary  for  an  external  agent  to  apply  a 
mechanical  torque  equal  and  opposite  to  the  value  of  t  given  by  (8-75)  so  that  the 
net  torque  on  p  will  be  zero: 

T  +  =  0  (8-76) 

If  we  look  back  at  (8-73),  we  see  that  if  Eq  is  not  a  constant,  but  a  function  of 
position  r,  then  it  will  be  possible  for  a  dipole  to  decrease  its  energy  by  moving  to  a 

dififerent  position;  in  other  words,  we  have  the  possibility  of  a  nonzero  translational 

force  on  the  dipole  because  of  the  external  field.  Again,  from  mechanics,  this  is  given 
by 

Fz.=  -Vl/fl  =  V(p-Eo)  (8-77) 

The  fact  that  p  is  a  constant  enables  us  to  put  this  into  a  more  useful  form.  If  we  use 
(1-112),  we  can  write  (8-77)  as 

Fb  =  Eo  X  ( V  X  p)  p  X  ( V  X  Eo)  -H  (Eo  •  V  )p  +  (p  ■  V  )Eo  (8-78) 
The  first  and  third  terms  vanish  because  p  is  a  constant  so  that  all  of  its  spatial 
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derivatives  are  zero;  the  second  term  vanishes  because  Eq  is  conservative  and  V  x  Eq 
=  0  according  to  (5-4).  Thus  (8-78)  reduces  to 

F^=(p-v)Eo  (8-79) 


For  example,  if  we  write  the  x  component  of  this  with  the  use  of  (1-121),  we  get 


^Dx  P> 


dE, 


Oa: 


dE, 


dx 


Ox 


dE, 


dy 


+  A 


Ox 


dz 


(8-80) 


There  are  similar  expressions  for  the  other  two  rectangular  components.  The  result 
(8-79)  thus  verifies  our  expectation  that  a  translational  force  on  a  dipole  will  exist  when 
the  external  field  varies  with  position.  [The  torque  given  by  (8-75)  is  present  even  in  a 
uniform  external  field.] 

Now  all  of  these  results  for  the  dipole  moment  have  been  obtained  in  a  completely 
general  way  and  are  applicable  to  the  dipole  moment  of  any  type  of  charge  distribution 
of  interest.  Nevertheless,  it  is  of  value  to  see  that  they  can  also  be  obtained  quite 
directly  and  easily  for  the  simple  case  of  two  equal  and  opposite  charges  shown  in 
Figure  8-3  that  we  can  take  as  the  prototype  of  a  point  dipole  by  letting  I  ^  0  and 
^  00  so  as  to  keep  p  =  constant.  In  order  to  emphasize  this  aspect,  let  us  write  the 

separation  between  them  as  dr,  as  shown  in  Figure  8-13,  so  that  we  have  r+=  dr. 
We  also  show  the  external  field  Eq  and  the  forces  on  the  charges  which  are  to  be 
calculated  from  (3-1). 

Again,  if  is  the  external  potential,  the  energy  will  be  obtained  from  (8-60)  and 
is  found  to  be 


t4o  =  ^^o('*+)  -  -)  =  ^ ■  V‘|>0  =  -P  ■  Eq 

with  the  use  of  (1-38),  (5-3),  and  (8-44).  Thus,  this  result  obtained  for  this  special 
situation  agrees  exactly  with  that  found  more  generally  in  (8-64).  The  net  force  on  the 
system  will  be 

Fne.  =  F++  F_=  9[Eo(r  J  -  Eo(r_)]  =  qdE, 


The  x  component  of  this  can  be  found  with  the  use  of  (1-38)  and  (8-44)  to  be 
Fnetx  =  =  qdi  ■  =  (p  ■  V  )£ox 

which  is  in  agreement  with  (8-80)  so  that  we  will  be  led  once  more  to  (8-79).  Similarly, 


F_ 


Figure  8-13.  The  forces  on  the  charges 
of  a  prototype  dipole. 
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the  resultant  torque  in  a  uniform  field  will  be  given  by 

T  =  r  +  X  F  +  +  r_X  F_=  ^(r  +  -  r„)  X  Eq  =  p  X  Eq 
and  agrees  exactly  with  (8-75). 


2.  The  Linear  Quadrupole  Energy 


As  in  the  previous  section,  it  will  be  sufficient  for  our  purposes  to  look  at  the 
interaction  energy  only  for  the  case  of  a  charge  distribution  with  axial  symmetry.  If  we 
write  it  simply  as  and  substitute  the  values  for  the  moment  components  given  by 
(8-36)  and  (8-39)  into  the  last  term  of  (8-72),  we  get 


- 1 

o 

N 

1  i 

'  5£ox  ^ 

\ - 

0 

6 

L 

~  2' 

dx 

/j 

(8-81) 


and  where  we  remember  that  the  derivatives  are  to  be  evaluated  at  the  system  location. 
Again,  since  the  external  charges  are  all  located  outside  the  system  so  that  Pq  =  0,  we 
will  have  V  •  Eq  =  0  according  to  (4-10).  We  can  use  this,  along  with  (1-42),  to  express 
(8-81)  completely  in  terms  of  dE^^dz)  the  result  is 

“  4\  dz  j~  4  [dz^j 


where  the  last  term  follows  from  (5-3).  Thus  the  energy  term  reduces  to  a  very  simple 
compact  form  for  this  special  type  of  charge  distribution.  We  note  that  it  depends  only 
on  the  variation  along  the  axis  of  symmetry  of  that  electric  field  component  that  is  also 
along  the  symmetry  axis  that  we  chose  as  the  z  axis.  If  is  positive,  the  energy  will  be 
a  minimum  at  that  location  where  dE^JOz  has  its  greatest  positive  value.  Thus,  there 
can  be  a  translational  force  on  this  quadrupole  given  by 

1  /  dE.,  \  1  d 

n-  4  (8-83) 


EXERCISES 

8-1  Carry  out  the  expansion  of  \/R,  to  include 
all  terms  of  order  (r./r)^  and  thus  show  directly 
that  the  next  term  in  (8-7)  is  correctly  obtained 
from  (8-13)  with  /  =  3.  This  part  of  the  expansion 
of  <#>  is  called  the  octupole  term. 

8-2  A  single  point  charge  q  is  located  at  the 
point  (a,b,c).  Find  Q,  p,  and  all  components  of 
Qjf^  for  this  system.  Which,  if  any,  of  these  quan¬ 
tities  are  changed  if  a  charge  ~q  located  at  the 
origin  is  added  to  the  system? 

8-3  Assume  the  charges  of  Figure  8-3  to  be  on 
the  z  axis  with  the  origin  midway  between  them. 
Find  <^>  exactly  for  a  field  point  on  the  z  axis. 
How  large  must  z  be  in  order  that  one  can 
approximate  the  exact  potential  on  the  z  axis 
with  the  dipole  term  to  an  accuracy  of  1  percent? 
How  large  must  z  be  in  order  that  one  can 


approximate  E^  on  the  z  axis  with  the  dipole 
expression  to  an  accuracy  of  1  percent? 

8-4  Evaluate  (8-47)  for  the  charge  distribution 
of  Figure  8-4  and  express  <#>  in  rectangular  coordi¬ 
nates.  Use  the  origin  shown  and  take  the  negative 
charges  to  be  on  the  x  axis  and  the  positive 
charge  on  the  positive  y  axis. 

8-5  Point  charges  are  placed  at  the  comers  of  a 
cube  of  edge  a.  The  charges  and  their  locations 
are  as  follows:  -3^  at  (0,0,0);  -2^, (a, 0,0); 
-  q,  {a,  a,  0);  q,  (0,  a,  0);  2q,  (0,  a,  a)\ 

3^, (a,  <3,  a);  4(7,(a,0,  a);  5(7, (0,0,  a).  For  this 
distribution  find  the  monopole  moment,  the  di¬ 
pole  moment,  and  all  components  of  the 
quadmpole  moment  tensor.  Show  that  your  re¬ 
sults  satisfy  (8-35).  If  it  is  possible  to  find  a 
different  origin  of  coordinates  for  which  the  di- 
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pole  moment  will  vanish,  where  should  this  origin 
be  located? 

8-6  Show  that  the  charge  distribution  of  Figure 
8-5/)  leads  to  (8-40)  and  thus  evaluate  for  this 
case. 

8-7  A  line  charge  of  constant  charge  density  \ 
and  of  length  L  lies  in  the  first  quadrant  of  the 
xy  plane  with  one  end  at  the  origin.  It  makes  an 
angle  a  with  the  positive  x  axis.  Find  Q,  p,  and 
all  of  the  Qj,,.  Express  the  quadrupole  term  of  the 
potential  due  to  this  charge  distribution  in  terms 
of  the  rectangular  coordinates  of  the  field  point. 

8-8  A  sphere  of  radius  a  has  a  surface  charge 
density  given  in  spherical  coordinates  by  o  = 
Oq  cos  6  where  Oq  =  const,  and  the  origin  is  at  the 
center  of  the  sphere.  Find  Q,  p,  and  all  of  the 
Qj^ .  Express  (8-47)  for  this  charge  distribution  in 
terms  of  the  spherical  coordinates  of  a  field  point 
located  outside  the  sphere. 

8-9  Charge  is  distributed  with  constant  volume 
density  p  throughout  the  figure  of  Figure  1-41. 
Find  Q,  p,  and  all  of  the  Qj^.  Interpret  your 
result  for  p.  Then  consider  the  special  case  in 
which  the  volume  is  a  cube  of  edge  a  and  express 
(8-31)  in  terms  of  the  spherical  coordinates  of  a 
field  point  located  outside  the  cube. 

8-10  If  one  has  a  charge  distribution  whose 
monopole  moment  is  not  zero,  show  that  one  can 
always  find  an  origin  such  that  the  dipole  moment 
will  be  zero.  This  point  is  called  the  center  of 
charge  of  the  distribution. 

8-11  Find  the  analogous  expression  to  (8-45)  for 

e..- 

8-12  A  spherically  symmetric  spherical  charge 
distribution  has  the  origin  at  its  center.  Show  that 
p  and  all  of  the  are  zero. 

8-13  A  point  dipole  p  is  located  at  the  origin, 
but  it  has  no  special  orientation  with  respect  to 
the  coordinate  axes.  (For  example,  p  is  not  paral¬ 
lel  to  any  of  the  axes.)  Express  its  potential  at  a 
point  r  in  rectangular  coordinates,  and  find  the 
rectangular  components  of  E.  Show  that  E  can  be 
written  in  the  important  and  general  form 

E(r)  =  — l-^[3(p  ■  r)r  -  p]  (8-84) 

Can  E  ever  be  zero,  other  than  for  r  oo?  If, 
now,  p  is  located  at  rather  than  at  the  origin, 
how  can  E  at  r  be  obtained? 


8-14  The  constant  in  (8-52)  that  char¬ 
acterizes  a  given  line  of  E  can  be  related  to  the 
magnitude  E  of  the  electric  field  for  the  point  on 
the  curve  corresponding  to  0  =  Find  this 
relation. 

8-15  Evaluate  (8-47)  for  the  charge  distribution 
of  Figure  8-5ti  and  express  the  potential  in  terms 
of  the  cylindrical  coordinates  of  the  field  point. 
Assume  the  figure  is  a  square  of  edge  a  in  the  xy 
plane,  origin  at  the  center,  sides  parallel  to  the 
axes,  and  q  in  the  first  quadrant.  Find  the  cylin¬ 
drical  components  of  E.  Find  the  equipotential 
curves  in  the  xy  plane  and  plot  your  result.  Find 
the  equation  for  a  line  of  E  in  the  xy  plane  and 
plot  your  result. 

8-16  The  constant  Kq  in  (8-56)  that  char¬ 
acterizes  a  given  line  of  E  can  be  related  to  the 
magnitude  E  of  the  electric  field  for  the  point  on 
the  curve  for  which  E^  vanishes.  Find  this  rela¬ 
tion. 

8-17  A  point  dipole  p  at  r  is  in  the  field  of  a 
point  charge  q  located  at  the  origin.  Find  the 
energy  of  p,  the  torque  on  it,  and  the  net  force  on 
it. 

8-18  The  linear  quadrupole  of  Section  8-3  is  in 
the  field  of  a  point  charge  q  located  at  the  origin. 
Find  the  energy  of  the  quadrupole  and  the  trans¬ 
lational  force,  if  any,  acting  on  it. 

8-19  A  point  dipole  p^  is  located  at  and 
another  point  dipole  p2  is  at  r2.  Show  that  the 
energy  of  p2  in  the  field  of  p^  is  given  by  the 
dipole-dipole  interaction  energy 

Udd  =  [(Pi  ■  P2)  -  3(p,  ■  R)(p2  •  R)] 

47rCQ  A 

(8-85) 

where  R  =  r2  -  r^.  Does  it  make  a  difference  if  R 
is  drawn  from  2  to  1?  Find  the  force  Fj  on  p2. 
Evaluate  F2  for  these  two  special  cases:  (a)  p^  and 
P2  are  parallel  to  each  other  but  perpendicular  to 
R;  (b)  Pi  and  P2  are  parallel  to  each  other  and 
parallel  to  R. 

8-20  The  linear  quadrupole  of  Section  8-3  is  in 
the  field  of  a  point  dipole  p  located  at  the  origin. 
Find  the  energy  of  the  quadrupole. 

8-21  A  linear  quadrupole  is  located  at  r  and 
is  in  the  field  of  another  linear  quadrupole  Q2 
located  at  the  origin.  Both  are  of  the  type  of 
Section  8-3,  that  is,  the  axis  of  symmetry  of  each 
is  parallel  to  the  z  axis.  Find  the  energy  of  0". 
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BOUNDARY  CONDITIONS  AT  A 
SURFACE  OF  DISCONTINUITY 


As  soon  as  we  consider  the  possibility  of  matter  being  present  and  subject  to  the 
influence  of  other  charges,  we  realize  that  we  may  need  to  consider  a  situation  in  which 
we  have  two  kinds  of  matter  meeting  at  a  common  boundary.  For  example,  we  may 
have  a  block  of  wax  in  contact  with  a  sheet  of  glass,  or  glass  in  contact  with  a 
conductor  or  vacuum,  and  so  on.  We  can  also  expect  that  these  ditferent  kinds  of 
matter  will  have  different  electromagnetic  “properties,”  so  that  these  properties  will 
change  abruptly  as  we  cross  the  surface  of  separation.  As  a  result,  it  is  quite  possible 
that  our  various  fields  will  be  different  in  the  two  regions  and  it  will  be  useful  to  know 
how  they  change  as  we  go  across  this  boundary.  These  changes,  or  lack  of  them  as  the 
case  may  be,  are  often  called  “boundary  conditions,”  and  we  want  to  investigate  them 
in  general  terms. 

It  turns  out  that  these  boundary  conditions  can  be  obtained  for  any  vector  in  terms 
of  its  divergence  and  curl,  so  that  it  is  convenient  for  us  to  derive  them  now.  In  this 
way,  we  will  have  available  a  set  of  “ready-made”  expressions  that  we  can  apply  to 
specific  fields  as  we  encounter  them. 


9-1  ORIGIN  OF  A  SURFACE  OF  DISCONTINUITY 

In  Figure  9-1  we  illustrate  what  we  can  call  the  “real  situation”  at  a  boundary  between 
two  materials  or  media,  which  we  label  1  and  2.  What  is  plotted  is  the  variation  of  some 
as  yet  unspecified  electromagnetic  “property”  as  a  function  of  position  x;  the 
“  boundary”  between  medium  1  and  2  is  indicated  by  the  solid  vertical  line.  As  we  go 
far  enough  to  the  left,  this  property  becomes  constant  and  completely  characteristic  of 
medium  1;  similarly,  if  we  go  far  enough  to  the  right,  the  property  again  becomes 
constant,  but  at  a  different  value,  so  that  there  is  no  doubt  that  we  are  in  medium  2. 
Now,  as  illustrated,  we  expect  that  in  an  actual  case  this  property  will  not  change 
abruptly,  but  continuously,  although  possibly  very  rapidly,  in  a  thin  region  between  the 
two  media;  we  call  this  region  the  “transition  layer.”  This  expectation  is  appropriate 
for  our  constant  assumption  that  the  physical  fields  we  are  dealing  with  are  continuous 
and  have  continuous  derivatives.  Although  we  have  indicated  the  extent  of  this 
transition  layer  by  the  dashed  lines  and  even  assigned  it  a  thickness  A,  we  really  cannot 
hope  to  know  anything  about  the  specific  details  of  what  is  actually  occurring  within  it. 
Consequently,  it  is  customary  to  replace  this  actual  situation  by  an  idealized  situation, 
which  is  illustrated  in  Figure  9-2.  We  do  this  by  imagining  the  transition  layer  to  shrink 
to  zero  thickness,  thus  giving  rise  to  a  discontinuity  in  electromagnetic  properties.  As  a 
result,  it  is  possible  that  the  fields  themselves  can  be  regarded  as  possibly  having 
discontinuities  in  this  limit  as  A  ^  0,  and  this  is  what  we  want  to  consider. 

Let  us  consider  a  general  vector  field  F(r).  As  in  Section  1-20,  we  write  its  source 
equations  in  the  form 

V  •  F  =  A(r)  and  V  X  F  =  c(r)  (9-1) 
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Figure  9-1.  The  physical  origin  of  a 
transition  layer  between  two  media. 


"Property" 


.  Surface  of 
discontinuity 


Figure  9-2.  The  idealized  surface  of 
discontinuity  between  two  media. 


X 


These  will  provide  us  with  our  desired  information  but  we  cannot  apply  them  directly 
to  a  discontinuity.  What  we  will  do  is  use  these  equations  in  the  transition  layer  where 
everything  is  continuous  and  then  go  to  the  limit  /i  ->  0. 

An  important  definition  is  given  by  Figure  9-3,  which  shows  the  direction  of  the 
normal  n  to  the  surface  of  discontinuity.  As  illustrated, 

n  =  "from  1102  (^'2) 

and  we  will  always  follow  this  sign  convention  and  it  is  necessary  not  to  forget  it. 


9-2  THE  DIVERGENCE  AND  THE  NORMAL  COMPONENTS 

The  divergence  theorem  (1-59)  combined  with  (9-1)  yields 

Sf  ■  da=  /*  V  •  Fdr  =  f  b{r)  dr  (9-3) 

7^  Jy  Jy 

We  apply  this  to  a  small  right  cylinder  of  height  h  and  cross-sectional  area  Aa 
constructed  in  the  transition  layer  as  shown  in  a  side  view  in  Figure  9-4.  This  is  done  so 
that  we  will  get  contributions  from  both  regions  1  and  2.  The  outward  normals  to  the 
faces  are  h2  and  hj  while  is  one  of  the  outward  normals  to  the  curved  wall.  We 
choose  the  area  A  a  to  be  small  enough  so  that  it  will  be  a  good  approximation  to  take 
F  to  be  constant  over  these  faces.  (We  contemplate  that  eventually  we  will  let  A«  ->  0 
so  that  we  will  be  obtaining  relations  vahd  at  a  point;  in  such  a  case,  higher-order 
corrections  obtained  from,  say,  a  power  series  expansion  of  F  will  vanish  since  they 
would  be  multiphed  by  Au  in  our  final  results,  as  we  will  see.)  The  surface  integral  in 
(9-3)  can  then  be  written  as 

SF-da  =  F2-  Aaj  +  •  Aaj  +  PT  (9-4) 


n 


2 


1 


Figure  9-3.  Definition  of  the  normal  to  the  surface 
of  discontinuity. 
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Figure  9-4.  Volume  used  to  find  boundary 
condition  from  the  divergence  theorem. 


where  F2  and  are  the  values  on  the  faces  in  the  respective  regions  and  IV  is  the 
contribution  from  the  curved  wall,  W  will  have  some  finite  value  and  we  can  write 
W  -  hby  the  mean  value  theorem.  We  see  from  the  figure  that  n  3  =  h  and  nj  =  -  h  so 
that  when  we  use  (1-52),  we  can  write  (9-4)  and  (9-3)  as 

n-  (F2  -  Fi)  Aii  -T  W  =  f  b dr  ^  (hb)  Aa  (9-5) 

where  b  should  actually  be  written  as  its  average  value  within  the  volume  h  again, 
however,  we  can  take  b  to  be  approximately  constant  throughout  this  small  volume  that 
we  will  eventually  let  go  to  zero. 

Now  we  can  carry  out  our  limiting  process  of  letting  the  transition  layer  shrink  to 
zero  thickness  by  letting  /i  0  while  we  keep  A  a  constant.  Because  W  is  proportional 
to  /i,  IF  ^  0  as  0.  On  the  other  hand,  we  cannot  generally  be  certain  about  the 
behavior  of  the  product  hb,  since  it  may  well  happen  that  b  increases  in  such  a  way  in 
this  process  that  lim;j_,Q  (hb)  remains  finite.  Upon  doing  this  to  (9-5),  we  see  that  we 
are  able  to  cancel  A  a  from  both  sides  of  the  result,  and  thus  we  get  the  following 
expression  applicable  to  the  situation  at  the  surface  of  discontinuity: 

n*  (F2  -  Fj)  =  lim  (hb)  =  lim  (hv  •  F)  (9-6) 

h-*0  h-*o  ^  ^ 

Since  n  •  F  =  is  the  normal  component  of  F,  that  is,  that  in  the  direction  of  the 
normal,  according  to  (1-21),  we  can  also  write  (9-6)  as 

-  ^in  =  lim  (hb)  =  lim  (hv  •  F)  (9-7) 

h^o  /j-O  ^  ' 

Since  this  difference  may  be  different  from  zero,  we  have  the  possibility  of  a  discontinu¬ 
ity  in  the  normal  components  of  the  vector  F. 


9-3  THE  CURL  AND  THE  TANGENTIAL  COMPONENTS 

Stokes’  theorem  (1-67)  combined  with  (9-1)  yields 

^F  •  iis  =  J^(v  X  F)  •  i/a  =  jcir)  •  (9-8) 

We  apply  this  to  a  small  rectangular  path  constructed  in  the  transition  layer  and 
perpendicular  to  the  surface  of  discontinuity  as  shown  in  Figure  9-5  so  that  the  sides  of 
length  A^  will  give  us  contributions  from  both  regions.  The  arrows  indicate  the  sense 
of  integration  around  the  path  C;  {3  and  are  unit  vectors  in  their  respective  directions 
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Figure  9-5.  Area  used  to  find  boundary  condition  from  Stokes'  theorem. 


of  integration  and  are  parallel  to  the  surface  of  discontinuity.  The  vector  nf  is  the 
normal  to  the  area  enclosed  by  the  path  and  is  parallel  to  the  surface  between  1  and  2; 
thus  n'  is  perpendicular  to  fi,  the  normal  to  the  surface.  The  figure  also  shows  a 
tangential  vector  i  parallel  to  the  plane  of  C  defined  so  that  ^2  ~  ^ 

Therefore,  ft,  i  and  ft'  are  a  set  of  mutually  perpendicular  unit  vectors  and  satisfy 
relations  analogous  to  (1-25),  that  is, 

ft'  =  ftxi  i  =  n'Xft  n  =  !xn'  (9-9) 


The  vector  area  of  the  rectangle  as  given  by  (1-52)  is  then  seen  to  be  Wh  Applying 
(9-8)  to  this  situation,  we  obtain 


•  Js  =  F2  •  12  As  +  F]^  •  Aj-  + 


-  i  (F2  -  Fi)  As  +  ir=  c  ■  Wh  As  (9-10) 


where  F2  and  are  the  values  of  F  in  the  respective  regions,  and  is  the  contribution 
to  the  line  integral  from  the  ends  of  the  path.  Again,  strictly  speaking,  the  values  of 
F2,  Fj,  and  c  are  average  values,  but  because  As  and  h  As  are  so  small,  we  can  take  the 
vectors  to  be  nearly  constant.  If  we  replace  1  by  the  middle  expression  in  (9-9)  and  use 
(1-29),  we  can  write  (9-10)  as 

ft'  •  [ft  X  (F2  -  F,)  -  he]  As  +  #"=  0  (9-11) 


Now  we  again  let  the  transition  layer  shrink  to  zero  so  that  h  ^  0  while  we  keep  As 
constant.  Similarly  to  before,  iT  will  be  proportional  to  h  and  will  vanish  in  this 
process.  When  all  of  this  is  done,  we  find  that  As  can  be  canceled  from  both  sides  of 
what  (9-11)  becomes,  and  we  are  left  with 


X  (F2  —  Fj  -  lim  {he) 


h^O 


(9-12) 


The  orientation  of  our  path  of  integration  was  completely  arbitrary,  so  that  fV 
corresponds  to  an  arbitrary  direction  in  the  surface.  The  only  way  in  which  (9-12)  can 
always  be  true  under  these  circumstances  is  for  the  term  in  brackets  to  be  zero;  thus  we 
get 


n  X  (F2  -  F^)  =  lim  (/2c)  =  hm  [/^(v  X  F)] 

/i  -» 0  h-*0 


(9-13) 


as  our  final  result. 

We  can  put  (9-13)  into  a  form  that  is  more  easily  interpretable.  Let  us  write  F  as  the 
sum  of  its  component  normal  to  the  surface  of  separation  (its  normal  component  F„) 
and  its  component  parallel  to  the  surface  (its  tangential  component  F,),  that  is, 

F  =  F,  -L  F,  =  F, 


(9-14) 
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Consequently, 

ftxF  =  F„nXn  +  nXF,  =  nxF,  (9-15) 

because  of  (1-24).  Using  this  result,  we  see  that  (9-13)  actually  involves  only  the 
tangential  components  of  F: 

h  X  (F2,  -  Fi,)  =  lim  (he)  (9-16) 

h-*0 

We  can,  in  fact,  write  our  result  even  more  explicitly  in  terms  of  the  tangential 
components.  With  the  use  of  (1-23),  (1-30),  (1-17),  and  (9-14),  we  find  that 

(n  X  F)  X  n  =  F  -  /;fi  =  F,  (9-17) 

Thus,  if  we  cross  both  sides  of  (9-13)  into  n,  and  use  (9-17),  we  get 

^2/  -  =  liin  [h{c  X  n)]  =  lim  {/i[(v  X  F)  X  n]}  (9-18) 

h^O  /i-»0 

and  if  this  difference  is  different  from  zero,  we  have  a  discontinuity  in  the  tangential 
components  of  F. 

If  we  combine  these  results  with  those  of  the  last  section,  we  see  that  we  have 
obtained  a  way  of  finding  how  the  vector  F  at  the  surface  of  discontinuity  changes  as 
we  go  across  the  bounding  surface.  Let  us  suppose  that  we  know  Fj.  Our  first  step 
would  be  to  resolve  it  into  its  normal  and  tangential  components  and  F^,.  We  can 
find  the  normal  component  of  F2  from  (9-7),  and  its  tangential  component  from  (9-18). 
Knowing  these,  we  can  then  find  the  vector  F2  by  combining  them  according  to  (9-14). 
Since,  in  principle,  both  the  normal  and  tangential  components  can  change  as  we  go 
across  the  bounding  surface  of  discontinuity,  we  see  that  the  vector  F  may  have  both  a 
different  magnitude  and  a  different  direction  on  the  two  sides. 


9-4  BOUNDARY  CONDITIONS  FOR  THE  ELECTRIC  FIELD 


So  far  the  only  vector  field  we  have  considered  is  the  electric  field  E,  but  we  have 
already  found  the  information  about  it  that  we  require,  that  is, 

VXE  =  0  and  vE  =  —  (9-19) 

€0 


according  to  (5-4)  and  (4-10).  By  comparison  with  (9-1),  we  see  that  in  this  case 


c  =  0  and 


(9-20) 


Applying  the  first  of  these  to  (9-18),  we  see  immediately  that  the  tangential  components 
of  E  are  unchanged,  that  is,  they  are  continuous  across  the  surface  of  discontinuity: 


or,  simply 


'^1:  ~  0 


(9-21) 


^2r 


(9-22) 


since  the  tangential  components  are  parallel  to  each  other.  [Later,  we  will  see  that 
(9-21)  is  correct  under  all  circumstances.] 

If  we  use  the  value  for  b  given  in  (9-20),  we  see  that 


^0 


(9-23) 


where  is  the  total  charge  contained  within  the  volume  h  Aa  of  this  portion  of  the 
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transition  layer.  This  charge  t^q  may  occur  because  of  the  properties  of  the  two  media 
as  we  will  see  in  the  next  chapter,  or  it  may  be  there  because  we  originally  put  it  there. 
In  any  event,  as  we  imagine  the  transition  layer  shrunk  to  zero  thickness  to  produce  our 
idealized  case  of  Figure  9-2,  this  total  charge  must  be  conserved.  In  this  limit,  the 
charge  should  then  be  described  as  a  surface  charge  of  some  density  a  so  that 
tsq  =  aAzf.  Therefore,  we  get 

A(7  =  ol^a  =  (  lim/?p)Az[ 


so  that 


and  therefore 


a  =  lim  (hp) 


h^O 


^m{hb)  =  — 


(9-24) 


(9-25) 


in  this  case.  Inserting  this  into  (9-6),  we  find  the  boundary  condition  satisfied  by  the 
normal  components  of  the  electric  field  to  be 


n  •  (E2  Ej)  £2^  E\n 


(9-26) 


Thus,  there  is  a  discontinuity  in  the  normal  components  of  E  only  if  there  is  a  surface 
charge  on  the  surface  separating  the  two  regions.  (This  will  also  turn  out  to  be  correct 
under  all  circumstances.) 

In  Figure  9-6,  we  illustrate  the  application  of  (9-22)  and  (9-26)  to  finding  the  relation 
between  Ej  and  E2;  the  figure  is  drawn  on  the  assumption  that  E^  is  known  and  that  a 
is  positive.  If  and  a2  are  the  angles  made  with  the  normal,  we  see  from  the 
construction  of  the  figure  that  a2  <  in  other  words,  the  vector  E  is  “refracted”  as 
we  go  across  the  boundary.  In  this  case,  its  direction  is  changed  so  that  it  is  more  nearly 
in  the  direction  of  n.  If  o  were  negative,  E  would  be  refracted  away  from  the  normal 
and  0(2  ^  ^1* 

Let  us  now  see  how  well  what  we  have  obtained  in  this  section  agrees  with  some  of 
our  previous  results  for  E. 


Figure  9-6.  Refraction  of  lines 
of  electric  field  at  a  charged 
surface  of  discontinuity. 
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Figure  9-7.  Calculation  of  electric  field  for  a  uniform 
sheet  by  using  the  boundary  conditions. 


■  Example 

Uniform  infinite  plane  sheet.  As  given  by  (3-12),  the  electric  field  has  the  constant 
magnitude  oi  E  =  o/l^^  and  is  directed  away  from  the  charged  sheet  as  shown  for 
.  positive  o  in  Figure  9-7.  In  this  case,  the  surface  does  not  separate  two  regions  of 
different  properties  since  we  have  assumed  a  vacuum  on  both  sides,  but  our  results  are 
actually  applicable  to  any  surface.  We  see  that  £3  =  Eh  and  =  -^n  because  of 
(9-2)  and  our  choice  for  labeling  the  regions.  Since  there  are  no  tangential  components, 
(9-22)  is  automatically  satisfied.  Applying  (9-26),  we  get 

E2n-Ein  =  E-{~E)  =  2E  =  - 

so  that  E  =  o/l^Q  in  exact  agreement  with  (3-12).  (We  have,  in  fact,  already  remarked 
on  this  result  in  the  last  sentence  of  Section  3-3.)  ■ 

■  Example 

Surface  of  a  conductor.  Here  again  there  are  no  tangential  components  and  the  situation 
is  that  shown  in  Figure  6-16.  If  we  let  the  conductor  region  be  1,  and  the  vacuum 
region  outside  be  2,  then  fl  will  be  the  outward  normal  to  the  surface  of  the  conductor. 
In  this  case,  E^^  =  0  because  of  (6-1),  and  E^^  =  E  so  that  (9-26)  becomes  E2„  - 
Ein  =  E  =  a/co,  agreeing  exactly  with  (6-4),  which  we  obtained  by  other  means.  ■ 

Thus,  these  two  examples  agree  with  the  general  results  we  have  obtained  and, 
incidentally,  show  us  that  the  use  of  the  boundary  conditions  in  this  way  provides  us 
with  a  quick  way  of  calculating  the  fields  for  simple  enough  situations. 


9-5  BOUNDARY  CONDITIONS  FOR  THE  SCALAR  POTENTIAL 

Since  <f>  is  a.  scalar  field  rather  than  a  vector  one,  we  cannot  use  the  general  results  of 
Sections  9-2  and  9-3  to  discuss  its  behavior  at  a  surface  of  discontinuity.  We  can, 
however,  easily  obtain  what  we  need  with  the  use  of  (5-11).  If  we  let  and  (/)i  be  the 
values  of  on  each  side  of  the  transition  layer,  then  we  have 

<#>2  -  <^1  =  -  /^E  ■  ds  (9-27) 

where  the  integration  is  over  any  convenient  path  through  the  transition  layer.  If  we 
choose  this  path  to  be  along  h,  then  we  can  write  (9-27)  as 

<>2-^1=  -  f^E^  ds  =  -  (E„)h 
•'1 


(9-28) 
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where  (£„)  is  the  average  value  of  the  normal  component  of  E  in  the  transition  layer  of 
thickness  h.  Now  in  any  real  physical  situation,  the  electric  field  will  not  become 
infinite  as  0,  since  that  would  imply  an  infinite  force  on  a  point  charge.  In  fact,  as 
we  saw  in  (9-26),  the  most  that  could  happen  is  that  would  have  a  discontinuity,  but 
would  otherwise  be  finite.  Therefore,  will  always  be  a  finite  quantity  so  that 
=  0  and  (9-28)  will  lead  to 

<t>2  =  <t>i  (9-29) 

Thus,  the  scalar  potential  must  be  continuous  across  a  surface  of  discontinuity  in 
properties. 

Although  is  continuous,  its  derivatives  normal  to  the  surface  need  not  be.  Because 
of  (1-21)  and  (5-3),  we  have 

£'„=-n-V^  (9-30) 

so  that  we  can  write  (9-26)  in  terms  of  the  potential  as 

(n  •  v<J>)2  -  (n  •  V<>)i  =  -  —  (9-31) 

[While  (9-29)  is  certainly  correct  for  any  real  physical  situations,  one  occasionally 
deals  with  mathematical  idealizations  that  do  result  in  a  discontinuity  of  ^  across  a 
surface.  The  most  common  example  of  this  is  a  “dipole  layer,”  which  arises  from 
assuming  the  surface  of  separation  to  contain  electric  dipoles  of  the  type  we  discuss  in 
the  next  chapter,  but  with  an  infinitesimal  separation  between  the  charges  of  opposite 
sign.  However,  we  will  not  find  it  necessary  to  consider  such  specialized  cases.] 
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9-1  The  surface  of  separation  between  regions 
1  and  2  is  a  plane  whose  equation  is  2  a:  -1-  y  + 
z  =  1.  If  El  =  4x  -I-  y  -  3z,  find  the  normal  and 
tangential  components  of  Ej. 

9-2  The  actual  physical  relation  between  E^  and 
E2  cannot  depend  on  our  arbitrary  choice  of  the 
direction  for  h.  Show  that  if  the  direction  of  the 
unit  normal  vector  were  defined  to  be  from  re¬ 
gion  2  to  region  1,  the  relation  between  E2  and 
Ej  shown  in  Figure  9-6  would  be  unaltered. 

9-3  A  sphere  of  radius  a  has  its  center  at  the 
origin.  Within  the  sphere,  the  electric  field  is 
given  by  E^  =  ax  +  ;Sy  +  yi  where  a,  j8,  y  are 
constants.  There  is  a  surface  charge  density  on  the 
surface  of  the  sphere  given  in  spherical  coordi¬ 
nates  by  a  =  Uq  cos  B  where  (Tq  =  const.  Find  E2 
at  all  points  just  outside  the  sphere  and  express  it 
in  rectangular  coordinates. 

9-4  Show  that  the  angles  in  Figure  9-6  are  re¬ 
lated  by 

tan  ttj 

tan  ; - T 

1  -H  ( - - - ) 

\(gEiCOsaJ 


How  are  the  angles  related  if  becomes  very 
large?  Is  this  reasonable? 

9-5  In  Figure  9-8,  we  show  two  points  P2  and 
Pj  located  in  the  two  media  but  just  across  the 
surface  from  each  other.  The  point  P3  is  located 
at  the  edge  of  the  interface,  wherever  it  may  be. 
Use  (9-27)  to  find  the  potential  difference  be¬ 
tween  P2  and  P3  by  following  a  path  of  integra¬ 
tion  right  along  the  bounding  surface  but  just 
inside  region  2  as  indicated  by  the  curved  arrow. 
(Why  is  this  all  right?)  Similarly,  find  the  poten¬ 
tial  difference  between  P^  and  P3  by  staying 
inside  region  1  but  next  to  the  surface.  From  your 
results,  show  once  again  that  the  potentials  at  P2 
and  Pj  are  equal,  in  agreement  with  (9-29). 


Figure  9-8,  Paths  of  integration  for  Exercise 
9-5. 
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ELECTROSTATICS  IN  THE 
PRESENCE  OF  MATTER 


As  we  have  remarked  before,  for  our  purposes,  matter  is  to  be  regarded  as  a  collection 
of  the  positive  and  negative  charges  of  its  constituent  nuclei  and  electrons.  We  assume 
that  an  ordinary  piece  of  matter  is  made  up  of  atoms  and  molecules  that  have  equal 
amounts  of  positive  and  negative  charges,  that  is,  that  have  zero  monopole  moments.  In 
Chapter  6  we  considered  one  class  of  matter — conductors — which  we  assumed  to  have 
charges  that  were  free  to  move  about  under  the  influence  of  fields.  In  this  chapter  we 
assume  that  we  are  dealing  with  matter  that  is  not  a  conductor.  These  latter  types  of 
material  are  commonly  called  dielectrics  and  we  refer  to  their  charges  as  bound  charges. 
It  is  not  always  possible  to  make  a  clear-cut  characterization  of  a  given  substance  as  a 
conductor  or  dielectric  (nonconductor),  but  it  is  still  useful  to  have  these  two  categories 
available  for  a  first  rough  classification  scheme.  Later  we  will  be  able  to  combine  these 
two  properties  in  our  overall  description. 


10-1  POLARIZATION 

Although  our  primary  aim  is  to  develop  a  macroscopic  empirical  description  of 
electromagnetism,  for  a  while  we  will  use  the  microscopic  picture  of  matter  in  a 
qualitative  manner  in  order  to  get  an  idea  of  how  we  should  proceed.  There  are  several 
possibilities  that  come  to  mind  when  we  consider  the  effect  of  an  electric  field  on  an 
atom  or  molecule. 

In  the  absence  of  a  field,  it  may  well  happen  that  the  molecule  has  its  negative 
electronic  charge  distributed  symmetrically  about  the  positively  charged  nuclei.  In  this 
case,  the  molecule  will  have  a  zero  dipole  moment  as  can  be  easily  seen  from  (8-22).  If, 
now,  there  is  an  electric  field  present,  there  will  be  forces  exerted  on  these  charges.  The 
positive  charges  will  lend  to  be  moved  in  the  direction  of  the  field,  and  the  negative 
charges  will  tend  to  be  moved  in  the  direction  opposite  to  the  field.  Eventually,  the 
internal  forces  within  the  molecule  will  produce  a  new  state  of  equilibrium,  but  the 
molecular  charge  distribution  will  have  been  distorted  from  its  originally  spherically 
symmetric  form.  Thus,  the  previously  “coincident”  positive  and  negative  charges  will 
have  had  their  overall  “centers  of  gravity”  shifted  with  respect  to  each  other,  and  the 
net  result  will  be  a  new  charge  distribution  with  roughly  the  character  of  that  shown  in 
Figure  8-3.  But,  as  we  know,  this  means  that  the  molecule  now  will  have  a  nonzero 
dipole  moment  p,  and  probably  other  higher-order  multipoles  as  well.  We  say  that  the 
molecule  now  has  an  induced  dipole  moment  and  that  it  has  become  polarized. 

Another  possibility  is  that,  because  of  their  internal  structure,  some  molecules 
already  have  their  positive  and  negative  charge  distributions  separated  so  that  they 
have  a  dipole  moment  even  in  the  absence  of  an  electric  field.  Such  molecules  are  called 
polar  molecules  and  the  dipole  moment  is  referred  to  as  a  permanent  dipole  moment,  the 
monopole  moment  is  still  zero,  of  course.  An  example  of  this  type  is  the  water 
molecule,  H2O.  Here  the  negative  charges  tend  to  cluster  more  around  the  oxygen 
leaving  the  hydrogens  positively  charged;  the  net  result  is  a  charge  distribution  roughly 
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like  that  of  Figure  8-4  (with  the  signs  of  the  charges  reversed)  and  with  q  approximately 
equal  to  e,  the  magnitude  of  the  electronic  charge.  In  the  absence  of  an  electric  field, 
these  permanent  dipole  moments  will  generally  be  randomly  oriented  so  that  the  total 
dipole  moment  of  the  whole  piece  of  matter  will  still  be  zero.  In  the  presence  of  a  field, 
however,  there  will  be  a  torque  on  the  dipole  that  will  tend  to  rotate  the  dipole  into  the 
direction  of  the  field  as  we  found  in  (8-75).  This  tendency  can  be  expected  to  be 
opposed  by  other  internal  forces  of  the  system  and,  especially  in  the  cases  of  gases  and 
liquids,  by  the  temperature  agitation  of  the  molecules  that  will  lead  to  collisions  with 
their  tendency  to  make  things  random.  Nevertheless,  when  equilibrium  has  been  finally 
attained  in  the  presence  of  the  field,  we  can  expect  that  the  permanent  dipoles  will  have 
been  rotated  on  the  average  into  some  degree  of  alignment  with  the  direction  of  the 
field.  The  overall  effect  is  that  the  matter  will  have  a  net  dipole  moment  in  the  direction 
of  the  field.  Thus  we  have  concluded  again  that  the  material  will  be  polarized. 

A  final  possibiUty  is  that  the  permanent  dipole  moments  of  some  materials  are 
aligned  to  some  extent  even  in  the  absence  of  an  electric  field.  Such  materials  are  called 
electrets  and  are  said  to  be  permanently  polarized.  They  are  comparatively  rare,  and 
not  of  as  great  commercial  and  technical  importance  as  their  magnetic  analogues— per¬ 
manent  magnets. 

As  we  noted  above,  we  can  reasonably  expect  the  molecules,  especially  when 
distorted  by  the  field,  to  have  higher-order  multipoles,  such  as  quadrupole  moments, 
associated  with  them  in  addition  to  their  dipole  moments.  On  the  other  hand,  we  know 
from  Chapter  8  that  the  contributions  of  these  other  multipoles  to  the  potential  and 
field  fall  off  more  rapidly  with  distance  from  the  molecule,  and,  in  addition,  their 
contributions  generally  vary  with  angle  in  a  more  complex  manner.  Since  we  are  trying 
to  get  a  macroscopic  description  in  terms  of  the  average  of  the  microscopic  behavior  of 
the  constituents  of  matter,  we  will  assume  that,  on  the  average,  the  dominant  features 
of  matter  that  are  of  interest  to  us  are  simply  those  associated  with  the  electric  dipole 
moments.  Thus,  all  of  our  considerations  lead  us  to  the  following: 

Hypothesis 

As  far  as  its  electrical  properties  are  concerned,  neutral  matter  is  equivalent  to  an 
assemblage  of  electric  dipoles.  ■ 

Although  this  is  obviously  an  hypothesis,  it  clearly  must  have  worked  very  well  in  the 

development  of  this  subject.  Our  next  problem  is  to  try  to  formulate  this  hypothesis  in 
a  quantitative  manner. 

For  this  purpose,  we  define  the  polarization  P  as  the  electric  dipole  moment  per  unit 
volume,  so  that  the  total  dipole  moment  (ip  in  a  small  volume  dr  air  will  be 

dp  =  P(r)  dr  (10-1) 

Thus  the  total  dipole  moment  of  a  volume  V  of  material  will  be 

Ptotal  =  /pW  (10-2) 

From  its  definition  and  (8-19),  it  follows  that  P  will  be  measured  in  coulombs/(meter)^. 
As  implied  by  (10-1)  and  (10-2),  P  is  generally  expected  to  be  a  function  of  position 
within  the  material.  As  in  Section  2-4  when  we  introduced  charge  density,  we  are 
assuming  dr  to  be  small  on  a  macroscopic  scale  but  large  on  a  microscopic  atomic 
scale  so  that  dr  actually  contains  many  molecules.  This  makes  P  obtainable  as  an 
average  over  volumes  large  enough  so  that  small  fluctuations  in  the  number  of 
molecules  within  a  given  volume  element  do  not  prevent  us  from  treating  P  as  a 
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smoothly  varying  function  of  position.  For  example,  if  there  are  n  molecules  per  unit 
volume  each  of  which  has  a  dipole  moment  p,  then  P  =  /zp  provided  that  all  of  the 
dipoles  are  in  the  same  direction. 

Because  of  the  way  in  which  we  were  led  to  it,  we  expect  there  will  be  a  functional 
relation  between  P  and  E  and  eventually  we  shall  have  to  consider  how  we  can 
determine  P.  For  the  time  being,  however,  we  simply  take  it  as  giving  us  a  macroscopic 
description  of  the  material  and  we  want  to  investigate  the  consequences  of  its  existence. 


10-2  BOUND  CHARGE  DENSITIES 


Let  us  assume  that  we  have  a  polarized  object  and  we  want  to  calculate  the  potential  it 
will  produce  at  a  field  point  r  located  outside  the  body  as  shown  in  Figure  10-1.  The 
dipole  moment  of  the  volume  element  dr'  as  given  by  (10-1)  is  dp  =  P(r')  dr'  and  its 
contribution  to  the  potential  at  r  as  obtained  from  (8-21)  is 


d<l> 


dp  R 

4iTeQR^ 


P(r0  -Rdr' 


(10-3) 


where,  as  usual,  R  =  r  -  r'  and  corresponds  to  the  r  of  (8-21).  In  order  to  find  the  total 
potential,  we  integrate  this  over  the  volume  V'  of  the  material  and  we  get 


P(r0  ■  R^^t' 
4‘jt€qR^ 


(10-4) 


with  the  use  of  (1-141).  This  can  be  put  into  a  better  form  if  we  use  (1-115)  to  write  the 
integrand  as 


V'  •  P 


R 


+  V'- 


(10-5) 
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If  we  insert  this  into  (10-4)  and  use  (1-59)  and  (1-52),  we  obtain 


477Cq  •'i/' 


1  f  (- V'  •  P)  dr'  1 


R 


47rco 


/ 

Jv'  \ 


/p 


R 


dr' 


1  .  {-V'''P)dT'  1 


i? 


-I- 


47re 


0*^5 


P  • 


(10-6) 


where  S'  is  the  surface  bounding  V'  and  nf  is  the  outer  normal  to  the  surface  as  shown 
in  the  figure.  Upon  comparing  this  with  (5-7)  and  (5-8),  we  see  that  (10-6)  is  exactly  the 
potential  </>  that  would  be  produced  by  a  volume  charge  density  distributed 
throughout  the  volume  and  a  surface  charge  density  on  the  bounding  surface  where 

p,=  -V'-P  (10-7) 

a,  =  P  ■  n'  =  (10-8) 


for  then  we  would  have 


47rcA 


K'  R  47T€o^5 


j.  o^da' 

%  R 


(10-9) 


as  we  would  expect.  [In  (10-8),  is  the  normal  component  of  P  evaluated  on  the 
surface.] 

What  we  have  discovered,  therefore,  is  that,  as  far  as  its  effects  outside  itself  are 
concerned,  the  dielectric  can  be  replaced  by  a  distribution  of  volume  and  surface 
charge  densities  that  are  related  to  the  polarization  P  by  means  of  (10-7)  and  (10-8). 
The  various  steps  that  have  led  to  our  present  conceptual  scheme  are  summarized  and 
outlined  in  Figure  10-2.  The  total  potential  at  the  field  point  will  then  be  given  by 
(10-9)  plus  the  potential  due  to  any  other  charges  which  might  be  present. 

It  is  common  practice  to  omit  the  prime  in  (10-7)  and  simply  write 

-  V-P  (10-10) 

with  the  understanding  that  the  differentiations  are  made  with  respect  to  the  source 
point  coordinates. 

The  subscript  b  appearing  in  (10-7),  (10-8),  and  (10-10)  reflects  the  fact  that  these 
charge  densities  arise  from  the  bound  charges  of  the  dielectric.  Consequently,  they  are 
usually  referred  to  as  the  bound  charge  densities  or  the  polarization  charge  densities. 

Although  we  identified  these  quantities  by  means  of  a  formal  comparison  of  our 
expression  for  the  potential  with  its  general  form,  it  is  possible  to  understand  and 
calculate  the  origin  of  these  densities  in  a  more  direct  “physical”  manner;  we  will, 
however,  do  this  only  qualitatively.  As  an  extreme  example,  let  us  consider  a  piece  of 
material  with  uniform  polarization  produced  by  dipoles  of  the  same  magnitude  all 
pointing  the  same  direction  as  shown  in  Figure  10-3.  As  in  Figure  8-3,  we  can  associate 
a  positive  charge  with  an  arrow  head,  and  a  negative  charge  of  the  same  magnitude 
with  the  tail  of  an  arrow.  Then,  in  a  small  volume  within  the  material,  as  indicated  by 
the  dashed  curve,  we  will  have,  on  the  average,  as  many  positive  as  negative  charges  so 


Figure  10-2.  Conceptual  scheme  of  replacing  a  dielectric  by  equivalent  charge  densities. 
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Figure  10-3.  Origin  of  bound  surface  charges  for  a  uniformly  polarized  dielectric. 


Figure  10-4.  Origin  of  bound  volume  charges  in  a 
dielectric  with  nonuniform  polarization. 


that  =  0  in  agreement  with  (10-10).  However,  there  will  be  no  such  cancellation  on 
the  faces  and  this  will  produce  a  surface  charge  density  of  the  signs  shown;  these  signs 
are  in  agreement  with  (10-8)  since  is  positive  for  the  right  side  of  the  figure  and 
negative  for  the  left  side.  Now  let  us  suppose  that  P  is  not  uniform,  so  that  the 
distribution  of  dipoles  may  be  something  like  that  of  Figure  10-4  since  the  dipoles  may 
differ  in  both  magnitude  and  direction.  Let  us  consider  a  fixed  volume  of  the  material 
as  indicated  by  the  dashed  line.  Before  the  matter  was  polarized,  this  volume  will 
contain  many  neutral  molecules  so  that  p^  =  0.  Now  when  the  material  is  polarized 
and  the  dipoles  are  formed,  some  charges  will  be  displaced  out  of  the  volume  while 
others  will  be  displaced  into  it.  If  P  is  not  uniform,  we  see  that  it  may  well  happen  that 
the  volume  may  end  up  with  more  charge  of  one  sign  than  of  the  other  and  there  will  be 
a  net  bound  charge  density.  This  is  exactly  the  effect  described  by  (10-10),  and,  in  fact, 
considerations  like  these  can  be  used  as  an  alternative  way  of  deriving  p^  =  -  v  ■  P- 
Suppose  we  have  two  polarized  dielectrics  meeting  at  a  common  boundary  as 
illustrated  in  Figure  10-5.  Since  each  of  them  has  a  normal  component  at  the  surface, 
they  will  produce  a  surface  charge  there  given  by  (10-8);  the  net  surface  charge  density 
net  these  two  terms  so  that 

^6, net  “  ^h2  ^  ^bl  ^  ^nl  ~  ^2  '  ^2  (lO-ll) 

where  W2  and  are  the  outward  normals  to  the  respective  media.  If  we  now  introduce 
the  unit  vector  n  pointing  from  1  to  2  as  defined  in  (9-2),  we  see  that  1^2  ^ 
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Figure  10-5.  A  boundary  between  two 
regions  of  different  polarizations. 


h\  =  n  so  that  (10-11)  becomes 

n-(P,-Pi)=  (10-12) 

This  result  is  exactly  what  we  get  by  applying  our  previous  results  (9-6)  and  (9-24)  to 
this  case,  which  is  described  by  (10-10);  thus  (10-7)  and  (10-8)  are  consistent  with  each 
other. 

As  a  further  illustration  of  the  internal  consistency  of  our  results,  let  us  find  the  total 
bound  charge  of  a  polarized  dielectric  of  finite  extent.  According  to  (2-14)  and 
(2-16),  this  will  be  given  by 

Qh=  (  Pb^'^'  -^<(>  ^  -  [  V  *  Pdr'  +  (£  o^da' 

Jy,  Jy 

=  -(^P  ■  h'  da'  +<^P  n'  da'  =  0  (10-13) 

with  the  use  of  (10-7),  (10-8),  and  (1-59).  Thus  the  total  bound  charge  is  zero.  But  this  is 
exactly  what  we  would  expect  from  our  ideas  of  polarization  as  arising  from  the 
separation  of  charge  in  our  originally  neutral  medium  rather  than  from  the  creation  of 
new  charge.  (In  the  case  of  permanent  dipoles,  the  origin  of  polarization  is  due  to 
reorientation  of  already  separated  charge,  but  this  does  not  involve  charge  creation 
either.) 


10-3  THE  ELECTRIC  FIELD  WITHIN  A  DIELECTRIC 

Up  to  this  point  all  of  our  results  have  been  obtained  by  considering  the  potential,  and 
its  corresponding  electric  field,  at  a  field  point  in  the  vacuum  outside  the  body  of  the 
dielectric.  The  reason  is  that  then  there  is  no  problem  about  what  we  mean  by  the 
electric  field  in  the  sense  of  (3-14)  since  we  can  put  a  test  charge  there  and  measure 
the  force  on  it  without  any  difficulty.  However,  if  we  look  at  the  situation  inside  a 
dielectric  from  this  point  of  view,  we  cannot  measure  the  force  on  a  test  charge  without, 
say,  drilling  a  hole  in  the  material  in  order  to  be  able  to  insert  the  charge.  But  if  we  do 
this,  we  can  anticipate  that  we  will  alter  the  preexisting  situation  if  for  no  other  reason 
than  that  we  will  remove  some  bound  volume  charges  and  introduce  new  surface 
charges  because  we  have  created  some  new  bounding  surface.  There  are  several  ways  in 
which  one  can  proceed  to  answer  the  question  of  what  we  mean  by  the  electric  field 
inside  the  dielectric. 

The  simplest  thing  to  do,  and  probably  the  best,  is  just  to  say  that  we  calculate  the 
potential,  and  its  associated  electric  field,  inside  the  dielectric  in  exactly  the  same  way 
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in  which  we  do  it  for  a  point  outside.  In  other  words,  we  say  that  (10-6)  or  (10-9)  can  be 
used  to  calculate  <j>  anywhere  by  definition.  There  is  certainly  nothing  wrong  with  this 
and  it  is  a  perfectly  reasonable  thing  to  do;  it  is  completely  consistent  with  our 
conceptual  replacement  of  the  actual  dielectric  by  a  set  of  equivalent  volume  and 
surface  distributions  of  bound  charge  as  shown  in  Figure  10-2.  We  have  discussed  this 
approach  before  in  Section  3-4,  and  we  can  point  out  again  that  our  basic  aim  is  to 
develop  a  macroscopic  description  of  electromagnetism  that  agrees  with  experiment.  We 
come  back  to  this  point  below. 

Another  approach  that  can  be  used  is  to  start  with  a  microscopic  picture  and  try  to 
determine  the  macroscopic  equations  as  appropriate  averages.  This  is  quite  a  com¬ 
plicated  program  to  carry  out  accurately  for  all  of  electromagnetism,  and  we  shall  have 
to  content  ourselves  with  a  brief  outline  of  what  is  involved  for  electrostatics.  On  this 
scale,  most  of  the  interior  region  will  be  vacuum  and  the  electric  field  will  be 
determined  by  all  of  the  nuclear  charges  and  the  atomic  electrons.  This  electric  field  will 
have  enormous  variations  in  it  as  we  go  from  points  very  near  these  charges  to  points 
which  are  comparatively  far  from  them.  At  the  same  time,  it  will  vary  quite  rapidly  with 
time  because  of  the  motion  of  the  constituent  charges.  Thus,  when  we  define  our 
macroscopic  electric  field,  we  will  want  to  do  so  as  an  average  both  over  the  time  and 
over  a  volume  large  enough  to  contain  a  reasonable  number  of  molecules  but  not  so 
large  that  we  cannot  consider  it  as  infinitesimal  on  a  laboratory  scale.  (This  is  similar  to 
the  problem  of  defining  average  charge  density  as  we  discussed  in  Section  2-4;  there  we 
saw  that  if  we  take  too  fine  a  subdivision,  p  can  have  very  large  fluctuations.)  If  we  let  e 
be  the  microscopic  electric  field,  we  want  it  to  have  the  same  basic  vacuum  properties 
that  we  have  already  found  in  (4-10)  and  (5-4),  that  is, 

Ve  =  —  and  VXe  =  0  (10-14) 

^0 

where  p^  is  the  charge  density  defined  on  a  microscopic  scale.  Our  macroscopic  field  E 
would  then  be  defined  as 

E  =  (e>  (10-15) 

where  (e)  is  an  average  over  both  time  and  space.  Since  the  differential  operators  are 
constant  as  far  as  this  averaging  process  is  concerned,  we  get  from  (10-14)  and  (10-15): 

VX(e>  =  VXE  =  0  (10-16) 

V<e>  =  vE  =  -<p„>  (10-17) 

^0 

Now  p^  itself  can  be  expected  to  have  large  spatial  and  temporal  variations,  but  when  it 
is  averaged  we  expect  it  to  reduce  to  the  average  density  of  the  displaced  bound 
charges;  that  is,  {p^)  =  Pf,,  so  that 

V  •  E  =  —  (10-18) 

^0 

But  (10-16)  and  (10-18)  are  equivalent  to  simply  using  (10-9)  and  (5-4)  in  the  first  place. 
Thus  this  approach  leads  us  to  exactly  the  same  conclusions  we  reached  in  the  previous 
paragraph. 

This  microscopic  to  macroscopic  method  of  determining  E  in  the  material  is 
somewhat  different  from  the  question  of  what  is  The  actual  electric  field  seen  by  the 
molecule,  which  is  what  will  determine  the  actual  molecular  dipole  moment  produced. 
This  field  will  not  necessarily  be  the  same  as  the  macroscopic  E  defined  above  as  the 
molecule  itself  contributes  to  the  resultant  field.  This  question  is  discussed  in  Appendix 
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B;  there  we  consider  the  question  of  calculating  the  electromagnetic  properties  of 
matter  as  the  resultant  response  of  its  constituent  atoms  and  molecules,  but  it  is  not  at 
all  necessary  to  worry  about  that  now. 

It  is  helpful  at  this  point  to  verify  that  our  definitions  of  and  E,  which  we  have  just 
adopted,  are  in  agreement  with  early  experiments  on  dielectrics  done  by  Faraday.  We 
do  this  only  qualitatively  now,  but  we  will  be  able  to  give  a  quantitative  discussion  in 
Section  10-7.  We  consider  two  simple  experiments.  We  charge  a  capacitor  to  some 
charge  g,  and  measure  the  potential  difference  A<Pq  when  there  is  a  vacuum  between  the 
plates.  The  capacitance  will  be 


_e_ 

A(po 


(10-19) 


according  to  (6-28).  Now  we  take  this  same  capacitor,  completely  fill  the  region 
between  the  plates  with  some  “reasonable”  dielectric  like  wax  or  oil,  while  keeping  Q 
constant,  and  then  measure  the  potential  difference  A^.  The  capacitance  is  now  given  by 

C  =  ~  (10-20) 

Aif) 


The  experimental  result  is  that  A<^)  <  A<#>o»  ai^d  therefore 

c  >  Co  (10-21) 

How  can  this  result  that  the  potential  difference  decreased  be  understood?  Suppose,  in 
order  to  be  specific,  we  consider  a  parallel  plate  capacitor.  Then  we  can  assume  the 
electric  field  to  he  directed  from  the  positively  charged  plate  to  the  negatively  charged 
plate  as  in  Figure  6-9,  and  when  we  calculate  A<f>o  by  means  of  (6-38),  we  get 

A(^o  =  (  =  E^d  (10-22) 

-I- 


where  Eq  is  the  electric  field  with  a  vacuum  present  and  d  is  the  plate  separation. 
Similarly,  if  E  is  the  electric  field  with  the  dielectric  between  the  plates,  we  get 

=  Ed  (10-23) 


and,  since  A<>  <  A<J>o,  while  d  is  constant,  we  conclude  that 

E<Eq  (10-24) 

so  that  the  electric  field  has  been  decreased  by  the  presence  of  the  dielectric.  How  could 
this  have  come  about?  In  Figure  10-6,  we  show  the  capacitor  with  dielectric  between  its 
plates;  the  surfaces  of  the  dielectric  are  shown  slightly  separated  from  the  conductors 
for  clarity,  but  we  really  assume  that  the  region  is  completely  filled.  If  the  dielectric  is 
uniformly  polarized  so  that  P  =  const.,  then  =  0  by  (10-10).  Thus  the  only  bound 
charges  will  be  surface  charges  given  by  (10-8),  and  they  will  have  the  indicated  signs. 
These  surface  charges  will  produce  a  field  with  the  direction  shown;  since  the  charge 


Figure  10-6.  Charges  and  fields 
for  a  parallel  plate  capacitor. 
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Figure  10-7.  Cavity  used  to  measure  E  in  a 
dielectric. 


Q  will  still  produce  the  field  Eq,  the  resultant  field  E  is  seen  to  be 


E  ~  Eq  Efj  (10-25) 

so  that  E  <  Eq  in  agreement  with  (10-24)  and  experiment.  Thus,  this  method  of 
evaluating  the  field  inside  the  material  by  the  use  of  equivalent  bound  charge  agrees,  in 
this  case  at  least,  with  experiment  and  our  general  ideas  about  the  relation  between 
electric  field  and  potential  as  expressed  by  (6-38). 

Although  we  briefly  alluded  to  the  difficulty  of  actually  measuring  the  electric  field  in 
the  dielectric  by  means  of  a  test  charge,  one  can  still  ask  if  there  is  a  way  of  doing 
it— obviously  we  will  have  to  cut  a  hole  in  order  to  insert  the  charge.  It  is  possible  to 
devise  such  a  scheme  by  means  of  a  judicious  use  of  the  boundary  conditions  satisfied 
by  E;  the  relevant  one  is  (9-21),  which  says  that  E,  is  continuous.  The  reasoning  is  as 
follows:  (1)  somehow  determine  the  direction  of  E  in  the  dielectric  (as  we  will  see  in 
Section  10-6,  this  is  easily  done  for  a  large  class  of  dielectrics);  (2)  make  a  long  narrow 
hole  in  the  material  parallel  to  E  as  shown  in  Figure  10-7— this  cavity  now  has  a 
vacuum  inside  (such  a  cavity  is  usually  called  “needlelike”);  (3)  any  bound  surface 
charges  that  might  alter  the  fields  are  on  the  ends  of  the  cavity  since  that  is  the  only 
place  P  has  a  normal  component,  and,  since  the  ends  are  so  far  away  and  of  such  a 
small  area,  we  can  neglect  their  effects;  (4)  since  only  tangential  components  are 
involved,  E^  =  E  where  E^.  is  the  field  in  the  cavity;  (5)  now  insert  a  test  charge  Sq  into 
the  cavity  and  measure  the  force  on  it.  Then,  by  (3-14), 


(10-26) 


and  the  electric  field  in  the  dielectric  can  thus  be  found,  in  principle,  from  measure¬ 
ments  made  in  the  cavity.  This  scheme  is  known  as  the  cavity  definition  of  E. 


10-4  UNIFORMLY  POLARIZED  SPHERE 

As  an  example  of  the  use  of  bound  charges,  let  us  consider  a  sphere  of  radius  a  that  has 
a  constant  polarization  P.  We  choose  the  z  axis  to  be  in  the  direction  of  P  and  the 
origin  at  the  center  of  the  sphere  as  shown  in  Figure  10-8;  thus,  P  =  Pz.  Since  P  is 
constant,  p/,  =  0  by  (10-10).  We  see  from  the  figure  that  the  outer  normal  to  the 
dielectric  =  f,  and  therefore  there  is  a  bound  surface  charge  density  which  is  found 
from  (10-8)  and  (1-94)  to  be 

o^{e')  =  PcosB'  (10-27) 

As  we  see,  <7^  is  not  constant  but  varies  in  magnitude  and  sign  with  angle  as  indicated 
in  Figure  10-9.  For  simplicity,  we  will  find  the  potential  and  electric  field  only  for 
points  on  the  z  axis  and  for  positive  z;  in  the  next  chapter,  we  solve  this  problem 
completely  by  a  quite  different  method. 

We  see  from  Figure  10-10  that 

R  =  (z^  +  a'^  -  (10-28) 

and,  therefore,  if  we  use  (10-27),  (1-100)  (with  r  =  a\  and  (2-22),  we  find  that  ^  as 
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Figure  10-8.  A  uniformly  polarized 
sphere. 


Figure  10-9.  Equivalent  charge 
distribution  of  a  unifornily 
polarized  sphere. 


given  by  (10-9)  is 


1  rtTT  PcosO'  •  sinO' dO'd(p' 
^  4it€qJo  Jq  [z^  +  —  IzacosO'Y^^ 

Pa^  n 


ru  n 


(z^  -  Izafi) 


1/2 


The  integral  can  be  found  from  tables  to  be 
(z^  +  +  zafi)(z^  -h  -  2zafx) 

3z^a^ 


1/2 


-1 


(10-29) 


=  — \—rl(z^  +  a^){\z  +  <3|  -  |2  -  «!)  -  za{\z  4-  a|  +  |z  -  a|)]  (10-30) 
3z^a 

and  there  are  two  cases  to  be  considered. 
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1.  Outside  the  sphere.  Here  z  >  a  and  \z  -  a\  =  z  -  a;  also  |z  +  a|  =  z  +  a  since 
both  z  and  a  are  positive.  Using  these  values,  we  find  that  (10-30)  becomes  2a/3z^  and 
when  this  is  put  into  (10-29)  we  find  the  potential  outside  the  sphere  to  be 


Pa^ 

,  2 

3eo2 

(10-31) 

and  therefore 

a<^.„  2Pa^ 
oz  3coZ 

(10-32) 

These  results  become  more  understandable  if  we  express  them  in 
dipole  moment  p  of  the  sphere  which,  as  found  from  (10-2),  is 

terms  of  the  total 

p  =  ^TTQ^PZ 

(10-33) 

SO  that  (10-31)  and  (10-32)  can  also  be  written  as 

.  2 

47rcQZ 

'(10-34) 

2  p 

Ejz)  =  ^ 

47rcQZ 

(10-35) 

Upon  comparing  these  results  with  (8-48)  and  (8-50),  and  remembering  that  ^  =  0  and 
r  =  z  for  a  field  point  on  the  z  axis,  we  see  that  they  are  exactly  those  of  a  point  dipole 
of  total  moment  p.  This  makes  us  suspect  that  the  field  everywhere  outside  is  a  dipole 
field  corresponding  to  this  total  dipole  moment;  this  turns  out  to  be  correct  as  we  will 
see  in  the  next  chapter. 

2.  Inside  the  sphere.  Here  z  <  a,  so  that  \z  -  a\  =  a  -  z;  again,  \z  +  a\  =  z  a. 
In  this  case,  (10-30)  becomes  2z/3a^  which,  when  put  into  (10-29),  gives  the  potential 
inside  the  sphere  as 


and  therefore 


Pz 

3«o 


d<i>i 

3z 


P 

3^0 


(10-36)' 


(10-37) 


We  note  that  the  electric  field  is  constant;  this  may  make  us  suspect  that  E  is  constant 
throughout  the  whole  interior  of  the  sphere,  and  this  turns  out  to  be  the  case. 

It  will  be  left  as  an  exercise  to  show  that  these  same  results  also  hold  for  negative 
values  of  z,  that  is,  is  always  in  the  positive  direction,  and  is  constant  and 
given  by  (10-37)  for  all  z.  In  Figure  10-11,  we  illustrate  the  directions  for  E  that  we 
have  found;  these  directions  can  be  understood  from  the  source  charge  distribution 
shbwn  in  Figure  10-9. 

It  is  a  worthwhile  exercise  to  verify  that  these  results  are  in  agreement  with  the 
general  boundary  conditions  we  previously  obtained.  We  find  from  (10-31)  and  (10-36) 
that  the  potential  is  indeed  continuous  at  the  surface  of  the  sphere  as  we  found  in 
(9-29),  that  is,  when  z  —  a,  <t>o  =  <t>i  =  Pa/S^Q.  Along  the  z  axis,  is  a  normal 
component,  and  therefore  we  find  that 


o'fcCO) 
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Figure  10-11.  Electric  fields  on  z  axis  due  to  a  uniformly 
polarized  sphere. 


with  the  use  of  (10-32),  (10-37),  and  (10-27).  This  value  for  the  difference  in  the  normal 
components  is  exactly  what  it  should  be  according  to  (9-26). 


10-5  THE  D  FIELD 

We  recall  that  when  we  defined  E  in  Section  3-1,  we  pointed  out  that  E  is  determined, 
from  its  definition,  by  all  charges  of  whatever  origin  or  type.  In  Section  10-2,  we 
encountered  a  particular  class  of  charge — the  bound  charge  whose  density  is  given  by 
(10-10)  as  =  -  V  ‘  P.  It  is  conventional  and  convenient  to  divide  charge  into  the  two 
broad  classes  of  bound  charge  and  free  charge  with  corresponding  densities  and  p^. 
As  we  have  seen,  we  regard  the  bound  charges  as  arising  from  the  constituents  of 
matter,  and  we  generally  have  no  control  over  their  distribution.  Free  charges  are 
essentially  the  rest  of  the  charges.  The  name  “free”  is  given  to  them  because  we  can 
control  their  distribution  to  a  large  extent  by  physically  moving  them  about,  by 
spraying  them  onto  or  into  material  by  electron  beams,  for  example,  and  the  like.  This 
class  is  also  generally  taken  to  include  the  mobile  (free)  charges  of  conductors.  This 
division  does  not  always  give  us  a  clear-cut  classification,  but  it  is  useful  nevertheless. 
Thus,  we  can  write  the  total  charge  density  as  the  sum  of  these  two: 

Plotal  =  P  =  P/  +  P*  =  P/  -  V  ■  P  (10-38) 

and  when  this  is  substituted  into  v  ■  E  =  as  we  found  in  (4-10),  we  obtain 

V  •  (eoE  +  P)  =  P/  (10-39) 

The  form  of  this  equation,  in  which  only  the  free  charge  density  appears  on  the 
right-hand  side,  suggests  that  it  may  be  useful  to  define  a  vector  field  D(r)  as  follows: 

D  =  CqE  +  P  (10-40) 
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for  then 

V  •  D  =  jcy  (10-41) 

The  vector  D  is  often  called  the  electric  displacement  or  simply  the  displacement,  or, 
even  more  simply,  the  D  field.  The  principal  characteristic  of  D,  and  the  primary  reason 
for  its  definition,  is  its  property  that  its  divergence  depends  only  on  the  free  charge 
density.  The  dimensions  of  D  are  the  same  as  those  of  P,  and  thus  D  will  be  measured 
in  coulombs/(meter)^.  We  can  think  of  (10-41)  as  an  expression  of  Coulomb’s  law  for 
the  force  between  point  charges  plus  the  electrical  effects  of  matter. 

Now  that  we  have  (10-41),  we  can  quickly  find  some  of  the  properties  of  D.  The 
boundary  condition  satisfied  by  its  normal  component  can  be  found  from  (10-41),  (9-6), 
(9-7),  and  (9-24)  to  be 

n-(Dj-Di)  =  i)2„-Z)i„  =  (Tf  (10-42) 

where  Of  is  the  surface  density  of  free  charge.  Thus,  the  normal  component  of  D  will  be 
discontinuous  only  if  there  is  a  free  surface  charge  density;  this  is  in  contrast  to  E 
whose  normal  component  is  discontinuous  if  there  is  a  surface  density  of  any  kind  of 
charge. 

Gauss’  law  for  D  is  easily  found  from  (10-41)  and  (1-59)  to  be 

(10-43) 

where  is  the  net  free  charge  contained  within  the  volume  V  surrounded  by  the 
closed  surface  5.  We  note  both  the  analogy  to  and  the  contrast  with  the  corresponding 
result  for  E  given  by  (4-1).  Equation  10-43  can  often  be  advantageously  used  for  the 
calculation  of  D  for  problems  of  sufficient  symmetry,  in  much  the  same  manner  as  we 
did  for  E  in  Chapter  4. 

Even  though  (10-41)  contains  only  the  free  charge  density,  this  does  not  mean  that 
free  charges  are  the  only  source  for  D,  since,  according  to  the  Helmholtz  theorem  of 
Section  1-20,  we  have  found  only  one  of  the  source  equations.  The  remaining  one  is 
VXD.  This  is  easily  found  by  taking  the  curl  of  the  definition  (10-40)  and  using  (5-4); 
the  result  is 

V  X  D  =  V  X  P  (10-44) 

so  that  D  can  have  sources  in  bound  charges  as  well  as  in  free  ones.  The  boundary 
condition  satisfied  by  the  tangential  component  of  D  can  be  found  most  easily  from 
(9-21)  and  (10-40)  to  be 

D2,  -  Di,  =  P2,  -  Pi,  (10-45) 

It  is  also  possible  to  devise  a  cavity  definition  for  D  in  a  manner  analogous  to  that 
for  E  as  illustrated  in  Figure  10-7.  The  definition  is  based  on  the  continuity  of  the 
normal  components  of  D  in  the  absence  of  free  surface  charge,  as  stated  in  (10-42).  For 
this  purpose,  we  imagine  a  cavity  in  the  form  of  a  small  right  cylinder  whose  height  is 
very  small  compared  to  the  radius  of  its  base.  It  is  cut  out  of  the  dielectric  so  that  its 
base  is  perpendicular  to  D  in  the  dielectric  as  shown  in  Figure  10-12.  If  we  consider  a 
point  near  the  center  of  the  cavity,  the  edges  will  be  too  far  away  to  affect  the  fields  so 
that  D^.  (in  the  cavity)  will  be  parallel  to  D  (in  the  dielectric),  and  since,  by  construc¬ 
tion,  they  have  only  normal  components,  =  D.  Then  E^  =  D^Cq  =  D/cq  since 
P  =  0  in  the  vacuum  of  the  cavity.  If  we  now  imagine  putting  a  small  test  charge  bq  in 
the  cavity  and  measuring  the  force  on  it,  we  will  have  E^  =  bq  D/Cq,  so 

that  D  =  €Q(b¥ybq).  Thus,  in  principle,  we  can  find  D  in  the  dielectric  from  measure¬ 
ments  made  in  the  cavity. 
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Figure  10-12. 
dielectric. 


Cavity  used  to  measure  D  in  a 


Do 


Figure  10-13.  D  fields  on  z  axis  due  to  a  uniformly 
polarized  sphere. 


In  spite  of  their  apparent  simplicity,  (10-41)  and  (10-44)  clearly  will  not  be  too  useful 
until  we  can  relate  E,  P,  and  D  better;  we  will  do  this  in  the  next  two  sections. 
Nevertheless,  we  can  still  briefly  look  at  an  example. 


Example 

Uniformly  polarized  sphere.  This  is  the  system  we  discussed  in  the  last  section  for  which 
the  results  are  summarized  in  Figures  10-8,  10-9,  and  10-11.  We  would  like  to  obtain 
similar  things  for  D;  we  will  continue  to  consider  only  field  points  on  the  positive  z 
axis.  Outside  the  sphere  where  there  is  no  matter,  P  =  0,  and  we  find  at  once  from 
(10-40)  and  (10-32)  that 


2Pa^ 


(10-46) 


The  value  of  D,  inside  the  sphere  as  obtained  from  (10-40)  and  (10-37)  is 

D^z)  =  +  P=-\P  +  P  =  iP  (10-47) 

which  is  seen  to  be  independent  of  z  and  in  the  same  direction  as  P.  These  results  are 
illustrated  in  Figure  10-13.  Since  there  is  no  free  charge  on  the  surface,  we  expect  the 
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normal  components  of  D  to  be  continuous  there  according  to  (10-42).  We  can  verify 
this  and  check  our  results  at  the  same  time.  We  get,  as  expected,  D2  - 
=  -  D,,(a)  =  (2i>/3)  -  (2P/3)  =  0.  ■ 


10-6  CLASSIFICATION  OF  DIELECTRICS 

As  we  mentioned  at  the  end  of  Section  10-1,  we  generally  expect  that  there  will  be  a 
functional  relation  between  the  polarization  and  the  electric  field,  that  is,  P  =  P(E)  or 
Ey,  E^)  and  so  on.  Macroscopic  descriptive  electromagnetic  theory  does 
not  predict  the  form  of  these  functions,  but  takes  them  as  external  information.  From 
this  point  of  view,  these  relations  are  left  to  be  determined  from  experiment  or  to  be 
calculated  theoretically  from  the  microscopic  properties  of  matter  in  other  branches  of 
physics  such  as  statistical  mechanics  and  solid  state  physics.  This  does  not  leave  us  in  a 
hopeless  position,  however,  because  a  combination  of  experiment  and  general  theory 
shows  us  that  most  materials  fall  into  easOy  classifiable  groups,  and  this  result  can  be 
used  to  simplify  our  theory  and  make  it  more  useful.  It  is  desirable  to  do  this  step  by 
step  in  order  to  aid  our  understanding  of  the  hmitations  of  our  final  form. 


1.  Permanent  Polarization 

If  E  =  0,  there  are  two  possibilities  for  the  value  of  P(0).  If  P(0)  0,  then  the  material 

is  polarized  even  in  the  absence  of  a  field  and,  as  we  noted  before,  it  is  said  to  have  a 
permanent  polarization  and  is  called  an  electret.  Although  electrets  do  occur,  we  will  not 
consider  them  further  in  this  section.  The  situation  for  which  P(0)  =  0  is  more  typical 
and  the  sort  of  thing  we  expect  when  we  think  of  the  polarization  as  being  produced  by 
the  field;  we  shall  generally  use  the  term  dielectric  only  for  this  latter  case. 


2.  Nonlinear  Dielectrics 

Even  with  P(0)  =  0,  it  is  still  possible  that  the  relation  between  P  and  E  can  be  quite 
complicated.  For  most  materials,  however,  this  usually  requires  quite  exceptional 
conditions  such  as  very  large  fields,  or  low  temperatures,  or  both.  Thus,  it  is  found  that 
it  is  often  sufficient  to  write  P  as  a  power  series  expansion  in  the  components  of  E,  that 
is,  we  can  write 


P.  =  +  ...  (10-48) 

J  J  k 

where  the  indices  /,  y,  and  k  take  on  the  values  jc,  y,  and  i\  we  note  that  this  form 
satisfies  our  assumption  that  P(0)  =  0.  The  specific  values  of  the  coefficients  . . . 

will  depend  upon  the  particular  dielectric  involved.  If  the  second-order  or  higher  terms 
in  the  components  of  E  are  required  to  describe  the  material  adequately,  the  dielectric 
is  called  nonlinear.  It  requires  experiment  to  determine  whether  (10-48)  is  necessary  in  a 
given  case;  for  example,  some  ceramics  fall  into  this  category.  We  will  not  consider 
nonlinear  dielectrics  further,  but  now  restrict  ourselves  to  cases  for  which  only  the  first 
term  in  (10-48)  is  required;  such  materials  are  called  linear  dielectrics. 
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3.  Linear  Dielectrics 

In  this  case,  the  general  expression  relating  the  components  of  P  to  the  components  of 
E  can  be  written  in  the  form 

Px  =  +  x,yEy  +  X^zE,) 

Py  =  ^oiXyy^E^  +  XyyEy  +  Xy^E^)  (10-49) 

Pz  =  f-oiXzxEzc  +  XzyEy  +  XzzEz) 

where  the  proportionality  factors  Xij  called  components  of  the  electric  susceptibility 
tensor.  We  have  introduced  the  factor  Cq  so  that  the  Xij  will  be  dimensionless  as  can  be 
seen  from  (10-40).  In  general,  the  Xij  t>e  constants  but  may  be  a  function  of 

position  within  the  material.  The  Xij  cannot  depend  on  E  because  that  would  bring  us 
back  to  the  nonlinear  case  of  (10-48).  We  see  from  the  form  of  these  relations  that  P 
will  not  be  parallel  to  E  even  in  linear  dielectrics,  nor  will  D  generally  be  parallel  to  E. 
This  situation  is  quite  common  in  crystals  and  leads  to  such  phenomena  as  double 
refraction.  We  can  now  proceed  to  our  next  simplifying  assumption. 


4.  Linear  Isotropic  Dielectrics 

We  now  assume  in  addition  that  at  a  given  point  the  electrical  properties  of  the 
dielectric  are  independent  of  the  direction  of  E;  such  a  condition  is  known  as  isotropy. 
Since  one  direction  is  completely  equivalent  to  any  other,  P  must  necessarily  be  parallel 
to  E,  the  Xij  =  0  if  /  # y,  and  Xxx  =  Xyy  =  Xzz^  so  that  (10-49)  can  be  written  in  terms 
of  a  single  factor  of  proportionality  as 

P  =  x/oE  (10-50) 

where  Xe  called  the  electric  susceptibility.  Combining  (10-50)  with  (10-40),  we  find 
that 

D  =  (1  +  xJeoE  =  K,eoE  =  eE  (10-51) 

where 

=  1  +  Xe  ^  dielectric  constant  =  relative  permittivity  (10-52) 

c  =  fc/o  =  (absolute)  permittivity  (10-53) 

The  quantities  Xe»  ^  will  characterize  the  electrical  properties  of  the  material 

and  are  to  be  found  by  experiment;  their  values  can  be  found  in  many  tables.  For  all 
known  substances,  Xe  is  positive  for  static  fields  and  therefore  >  1.  We  see  from 
(10-51)  that  D  and  E  are  parallel  in  this  situation.  The  equation  D  =  tE  is  called  a 
constitutive  equation]  it  is  not  a  fundamental  equation  of  electromagnetism  but  is 
applicable  only  where  it  turns  out  to  be  applicable,  so  to  speak. 

In  this  case  of  linear  isotropic  dielectrics,  we  can  also  find  the  differential  equation 
satisfied  by  the  scalar  potential.  Using  (5-3),  we  can  write  (10-51)  as  D  =  - 1 and  if 
we  substitute  this  into  (10-41),  and  use  (1-115)  and  (1-45),  we  obtain 

V  •  (eV'^>)  =  €V^^^>  +  V<|>  •  V€  =  -|0/  (10-54) 

as  the  equation  we  would  have  to  solve  for  ^  since  we  still  must  allow  for  the  possibiUty 
that  e  is  a  function  of  position,  and  we  can  go  no  further  until  this  dependence  is 
known. 

Our  next  simpUfication  leads  to  such  an  important  situation  that  we  will  allot  it  its 
own  section. 
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10-7  LINEAR  ISOTROPIC  HOMOGENEOUS  (l.i.h.)  DIELECTRICS 

We  now  assume  in  addition  that  the  electrical  properties  are  independent  of  position; 
such  materials  are  called  electrically  homogeneous.  Generally  gases  and  liquids,  as  well 
as  many  solids,  fall  into  this  category  so  that  it  is  not  such  a  special  situation  as  one 
might  think.  Then  the  quantities  and  e  are  constants',  they  are  still  characteristic 

of  the  material,  however.  Equations  10-50  through  10-53  are  still  applicable  and,  in 
addition,  (10-54)  simplifies  to 

V  =  -  -  (10-55) 

e 

since  now  Vc  =  0.  By  comparison  with  (5-15),  we  see  that  for  l.i.h.  dielectrics  the 
potential  <p  again  satisfies  Poisson’s  equation  but  with  e  replacing  €q  and  replacing 
the  total  charge  density  p.  (The  bound  charges  of  the  material  haven’t  disappeared,  of 
course,  but  their  effect  is  now  summarized  in  the  factor  c.)  The  fact  that  <})  satisfies  the 
equation  (10-55)  also  means  that  for  l.i.h.  dielectrics  we  can,  with  care,  bodily  take  over 
solutions  we  have  previously  found  for  the  vacuum  case  and  simply  replace  t  by  €q;  we 
will  do  little  of  this,  however.  Also,  if  =  0,  then  (j)  will  again  satisfy  Laplace’s 
equation  v  =  0  in  this  region. 

The  boundary  conditions  at  a  surface  of  discontinuity  can  now  be  expressed 
completely  in  terms  of  E.  If  we  insert  (10-51)  into  (10-42),  and  remember  that  (9-21)  is 
still  applicable,  we  obtain 

^  ■  (^2^2  “ 

But  now  we  see  that,  even  if  oy  =  0,  the  normal  components  of  E  will  not  generally  be 
continuous  across  the  bounding  surface  separating  two  dielectrics,  so  that,  as  shown  in 
Figure  10-14,  the  direction  of  E  can  change  at  the  boundary.  Thus,  the  lines  of  E  can  be 
refracted  even  in  the  absence  of  a  free  surface  charge  density  and  a2  will  be  different 
from  ay 

In  a  l.i.h.  dielectric,  the  bound  and  free  charge  densities  are  related  in  a  simple  way, 
as  are  the  polarization  and  the  displacement.  If  we  eliminate  E  between  (10-50)  and 
(10-51),  and  use  (10-52),  we  find  that 

P  =  — D  =  ^ (10-57) 


(10-56) 


Figure  10*14.  Electric  fields  at  a  boundary 
between  two  dielectrics. 
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which  shows  us  that  P  and  D  are  also  parallel  and  that  |P1  <  |D|.  Now  if  we  take  the 
divergence  of  (10-57)  and  use  (10-10)  and  (10-41),  we  get 


(k,  -  1) 

Pb  =  — - — P/ 


(10-58) 


so  that  Ip^I  <  \pj-\.  If  we  insert  this  result  into  (10-38),  we  find  that  the  total  charge 
density  in  a  Li.h.  dielectric  can  always  be  written  as 


P  = 


(10-59) 


which  shows  us  that  the  total  charge  density  is  always  less  than  the  free  charge  density 
since  k^>  1.  As  a  special  case,  we  see  that  if  p^  ^  0,  then  p^  =  0,  so  that  at  any  point 
in  a  l.i.h.  dielectric  where  there  is  no  free  charge  density,  there  is  no  bound  charge 
density  either. 

From  now  on,  we  will  assume  that  we  are  deahng  with  l.i.h.  dielectrics  in  our 
examples  and  exercises  unless  we  exphcitly  specify  otherwise.  At  this  point,  we  are  able 
to  discuss  some  examples  quantitatively;  we  begin  with  the  capacitor,  which  we  first 
considered  qualitatively  in  Section  10-3. 


Example 

Parallel  plate  capacitor  M^ith  charges  constant.  In  Figure  10-15,  we  illustrate  a  capacitor 
of  total  free  charge  with  a  vacuum  between  the  plates  in  (a)  and  with  a  dielectric 
completely  filling  the  region  between  the  plates  in  (b).  The  directions  of  the  various 
field  vectors  are  also  shown.  The  vacuum  value  of  the  electric  field  was  discussed  in  the 
text  immediately  preceding  (6-40)  and  was  found  to  be  Eq  =  oy/co  where  o^=  Qf/A  is 
the  free  surface  charge  density  and  A  is  the  plate  area.  Since  Pq  =  0,  we  find  from 
(10-40)  that  the  displacement  Dq  is 

Do  =  toEo  =  oy  '  (10-60) 


Now  Qf  and  oy  are  kept  constant  when  the  dielectric  is  put  between  the  plates,  so  that 
D  will  not  be  changed  and  will  equal  the  vacuum  value: 

D  =  DQ  =  a^  (10-61) 

This  result  is  also  consistent  with  (10-42)  since  the  fields  are  zero  inside  the  conducting 
plate  and  therefore  D2„  -  =  Z>  -  0  =  o^.  The  electric  field  has  changed,  however, 

since  we  find  from  (10-51),  (10-61),  and  (10-60)  that 


^  ^0  ^0 


(10-62) 


r 


T 
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I'  !'■  I" 


(a)  (b) 

Figure  10-15.  Parallel  plate  capacitor  of  constant  charge,  (a)  Vacuum  between  the  plates, 
(b)  Dielectric  between  the  plates. 
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and  therefore  £  <  in  agreement  with  (10-24).  We  see  now  that  the  factor  by  which 
the  electric  field  is  reduced  is  exactly  equal  to  the  relative  permittivity.  The  potential 
difference  now  is 


=  j  E  •  ds  =  Ed 


Eod 


A<l>o 


(10-63) 


with  the  use  of  (10-62)  and  (10-22).  Thus,  the  potential  difference  is  less  than  the 
vacuum  value  by  the  same  factor  so  that  A<t>  <  AipQ  in  agreement  with  the 
experimental  result  We  can  find  the  capacitance  by  expressing  (10-63)  in  terms 
of  the  total  charge: 


and  therefore 


O/d 


I— 


Qf 


c  = 


d 


(10-64) 


where  we  have  used  (10-20)  and  (6-41)  to  identify  the  vacuum  value  of  the  capacitance 
Cq.  Thus,  we  see  that  the  presence  of  the  dielectric  has  increased  the  capacitance,  in 
agreement  with  (10-21),  and  the  ratio  of  the  capacitance  with  and  without  the  dielectric 
is  exactly  equal  to  the  dielectric  constant,  that  is,  C/Q  =  k^. 

The  polarization  as  found  from  (10-50)  and  (10-62)  is 

P  =  Xe^oP  =  (^e  -  1)«0'E  =  (10-65) 

With  the  further  use  of  (10-62),  the  third  form  can  be  rewritten  as 

P  =  i,{E^-E)  (10-66) 

so  that 


£  =  £o 


P 


(10-67) 


which  also  follows  from  (10-40)  and  (10-61),  that  is  D  ^  t^E  P  =  Dq  =  This 
latter  result  has  exactly  the  form  we  previously  deduced  in  (10-25)  and  now  we  have  a 
quantitative  expression  for  Since  P  is  constant,  V  •  P  =  0  and  there  are  no  bound 
volume  charges  in  agreement  with  (10-58)  since  the  only  free  charges  are  on  the 
surfaces  of  the  conducting  plates.  However,  there  are  bound  surface  charges  on  the 
dielectric  surfaces.  Their  magnitude  as  found  from  (10-8),  (10-65),  and  (10-60)  is 

=  \P„\  (10-68) 

and  the  signs  are  exactly  those  already  illustrated  in  Figure  10-6.  We  see  from  the  figure 
that  the  sign  of  is  always  opposite  to  that  of  the  immediately  adjacent  oy;  taking  this 
into  account  we  can  write  (10-68)  as 

(10-69) 

which  is  completely  analogous  to  the  result  previously  found  for  volume  charge 
densities  in  (10-58).  These  bound  surface  charges,  acting  as  two  plane  infinite  sheets, 
will  produce  the  field  We  can  calculate  the  magnitude  of  E^  by  using  our  previous 
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result  (3-12)  along  with  (10-68),  and  we  find  that 


\f^b\  \^i 


2€. 


P 

^0 


(10-70) 


This  agrees  exactly  with  (10-67),  which  we  found  by  other  means,  and  verifies  our 
previous  analysis  which  led  to  the  form  E  =  Eq  —  Ef^  given  in  (10-25).  This  field  is 
often  called  the  local  field  and  one  says  that  the  resultant  field  E  is  the  sum  of  the 
vacuum  field  Eg,  produced  by  the  free  charges  as  if  there  were  no  matter  present,  plus 
the  local  field  E|^  =  E^  produced  by  the  bound  charges  arising  from  the  polarization 
of  the  dielectric.  ■ 


■  Example 


Capacitance  in  general.  Although  we  obtained  (10-64)  by  considering  the  specific  case  of 
the  parallel  plate  capacitor,  the  simpHcity  of  this  result,  and  the  fact  that  C  =  k^Cq  no 
longer  contains  any  characteristics  of  the  parallel  plate  capacitor,  suggests  that  this  may 
actually  be  a  general  relation  that  holds  for  any  capacitor.  This  turns  out  to  be  the  case. 
If  we  combine  (10-41)  and  (10-51),  we  get 


(10-71) 


since  f  is  constant  for  a  l.i.h.  dielectric.  We  also  have  V  X  E  =  0  since  E  is  still 
conservative.  Suppose  we  are  given  a  certain  free  charge  distribution  described  by  pf.  If 
there  is  no  matter  in  the  region  of  interest,  we  solve  the  pair  of  source  equations  to  find 
an  electric  field  Eq.  Now  if  we  fill  all  of  the  region  with  a  dielectric  described  by  /c^, 
and  if  we  keep  p^  unchanged,  then  we  see  from  (10-71)  that  the  problem  is  exactly  the 
same  as  the  vacuum  case  we  solved,  except  that  the  source  charges  are  smaller 
everywhere  by  the  factor  k^.  Then,  as  we  can  see  from  (3-3)  for  instance,  the  field  E  we 
now  get  will  also  be  smaller  by  this  same  factor,  that  is, 


is  a  general  result.  The  potential  difference  A<J>  between  the  capacitor  plates  as  given  by 
(6-38)  will  be 


A(/)  =  J  E  '  d%  =  j 


-Eq  '  ds  AfpQ 


(10-72) 


as  in  the  special  result  (10-63).  We  note  that  this  result  is  consistent  with  our  comments 
following  (10-55). 

Since  2/  is  the  same  in  both  cases,  the  capacitance  will  be 


C  = 


A</> 


A(^)o 


(10-73) 


thus  showing  in  the  general  case  that  the  capacitance  of  any  capacitor  is  increased  by 
the  factor  when  all  the  space  between  its  plates  is  filled  with  a  dielectric.  The  use  of 
this  result  provides  a  convenient  way  of  measuring  k^. 

If  the  dielectric  is  not  homogeneous,  or  if  not  all  of  the  space  is  filled  with  dielectric, 
(10-73)  is  not  generally  true.  One  can  often  treat  such  problems  by  writing  the  potential 
difference  as 

A-  D  •  ds 

A<l>  =  I  E  ‘  ds  =  I 


€ 


(10-74) 
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Then  it  is  usually  possible  to  express  D  in  terms  of  the  total  free  charge  0/  by  means  of 
(10-41),  or  by  (10-43)  if  the  problem  has  enough  symmetry,  so  that  when  the  integral  is 
evaluated,  the  capacitance  can  be  found  from  (6-38).  In  such  a  case,  the  boundary 
condition  (10-42)  often  is  of  great  help.  Many  of  the  exercises  involve  these  considera¬ 
tions.  ■ 


Example 


Point  charge  in  an  infinite  dielectric.  Suppose  a  point  charge  q  is  Embedded  in  a 
dielectric  as  shown  in  Figure  10-16.  The  field  of  this  charge  will  polarize  the  dielectric. 
If  the  dielectric  has  a  finite  size,  the  bound  charges  on  the  surface  will  contribute  to  the 
resultant  field  and  the  problem  of  calculating  the  field  everywhere  could  be  quite 
complicated.  However,  if  the  dielectric  is  of  infinite  extent,  the  effect  of  any  bound 
surface  charges  on  the  outer  surface  can  be  neglected  and  we  can  assume  spherical 
symmetry.  Then  we  can  write  D  =  D(R)R  and  use  Gauss’  law  for  D  as  given  by 
(10-43),  If  we  integrate  over  the  sphere  of  radius  R  shown  dashed  in  the  figure,  we  get, 
in  the  by-now-familiar  way, 


■  da=  ^Z)R  -^06  =  AttR^D  =  =  q 


SO  that 


D  = 


A'ttR' 


and 


E  - 


qR 


47reR 


(10-75) 


and,  as  expected,  the  electric  field  is  just  that  of  a  point  charge  reduced  by  the  factor 
c/Cq  =  K^.  If  we  now  imagine  a  point  charge  q'  placed  at  R,  the  force  on  it  will  be 

qq'R 

F-  ^  ^  (10-76) 

which  is  simply  Coulomb’s  inverse  square  law  with  e  replacing  Cq. 

This  result  (10-76)  is  the  basis  for  a  common  statement  that  the  presence  of  a 
dielectric  decreases  the  forces  between  charges  by  the  factor  r/Cf,  =  We  see  now, 
however,  that  this  is  true  only  for  a  l.i.h.  dielectric  of  infinite  extent,  or  one  so  large  that 
the  bound  surface  charges  will  not  affect  the  field  and  we  can  safely  assume  spherical 
symmetry.  In  fact,  it  is  possible  for  the  force  on  to  actually  increase  under  the  right 
circumstances. 

The  polarization  of  the  dielectric  can  be  found  from  (10-57)  and  (10-75)  to  be 


Figure  10-16.  Point  charge  in  an  infinite 
dielectric. 
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and  is  directed  radially  from  q.  According  to  (10-58),  the  bound  charge  density  should 
vanish.  It  follows  from  (10-10),  (10-77),  and  (1-145)  that  this  is  indeed  the  case.  ■ 


10-8  ENERGY 

We  recall  our  result  (7-10)  for  the  energy  of  a  system  of  charges: 

U^=\(  p<t>dT  (10-78) 

•'all  space 

When  we  obtained  this  expression,  we  calculated  it  as  the  amount  of  reversible  work 
required  to  assemble  a  given  configuration  of  charges,  and  we  did  not  make  any 
distinction  between  free  and  bound  charges,  nor  was  it  necessary  to  do  so.  The 
implication  was  that  this  energy  could  be  retrieved  from  the  system  as  reversible  work, 
and  in  that  sense  it  is  appropriate  to  regard  it  as  potential  energy  as  we  did.  Now  when 
we  consider  charges  in  the  presence  of  matter,  we  have  to  ask  ourselves:  what  is  the 
useful  definition  of  energy?  Again,  this  must  be  the  work  required  for  us  to  put  together 
an  assembly  of  charges  over  which  we  have  control  and  thus  energy  that  can,  in 
principle,  be  retrieved  from  the  system.  But  the  only  charges  over  which  we  have  any 
sort  of  control  are  the  free  charges  and  it  is  only  these  in  a  broad  sense  that  we  can  use 
to  store  or  extract  energy,  as  in  the  process  of  charging  or  discharging  a  capacitor  in  a 
reversible  manner.  Hence,  the  energy  of  interest  to  us  is  that  of  the  free  charge 
distribution  in  the  presence  of  matter.  Failure  to  remember  the  restrictive  nature  of  this 
definition  leads  to,  and  has  led  to,  a  considerable  amount  of  confusion  and  argument 
about  energy  relations  when  matter  is  involved. 

In  order  to  appreciate  the  limitations  of  our  final  result,  it  will  be  useful  to  begin 
again  and  (5-48),  which  gives  the  energy  of  a  point  charge  in  terms  of  the  potential, 
provides  a  convenient  starting  point.  We  assume  that  we  have  some  preexisting 
situation  and  increase  the  free  charge  density  in  a  volume  element  dr  hy  the  amount 
5(cy.  Then  Bp^dr  is  small  enough  to  be  treated  as  a  point  charge  and,  by  (5-48),  the 
energy  of  the  free  charge  distribution  will  change  by 

=  <t>  Spj-  dr  (10-79) 

The  bound  charges  of  matter  are  included,  of  course,  since  is  the  potential  resulting 
from  all  charges;  for  example,  it  could  be  evaluated  by  substituting  (10-38)  into  (5-7). 
As  usual,  we  are  assuming  rigid  mechanical  supports  or  constraints  on  the  charge 
positions  so  that  no  purely  mechanical  work  is  done.  If  we  now  integrate  over  all  space, 
we  gel  the  total  change  in  the  electrostatic  energy: 

f  <i>  8pj  dr  (10-80) 

•'all  space 

During  this  process,  D  will  have  changed  and  by  (10-41),  we  initially  have  v  *  D  ^  p| 
and,  finally,  V  ■  (D  -I-  5D)  =  Py  +  Spy,  so  that  by  using  (1-114),  we  get  v  ■  SD  =  5p^. 
Then  (10-80)  becomes 

(  <t>iV'8D)dT  (10-81) 

•'all  space 

If  we  now  compare  this  expression  with  (7-22),  we  see  that  they  are  of  exactly  the  same 
form  with  fiD  replacing  The  arguments  that  led  us  from  (7-22)  to  (7-28)  can  be 
applied  in  a  completely  analogous  manner,  so  that  (10-81)  can  also  be  written  as 

8U^=  [  E  •  SDdr 

•'all  space 


(10-82) 
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Finally,  if  we  take  the  zero  of  energy  to  correspond  to  D  =  0,  we  can  obtain  the  total 
energy  by  integrating  this  from  the  initial  state  of  D  =  0  to  the  final  value: 

l/=  /"  Te-SD^t  (10-83) 

*^all  space*'0 

In  general,  (10-83)  cannot  be  evaluated  further  until  the  dependence  of  E  upon  D  is 
known,  and  this  could  be  quite  complicated.  However,  for  the  important  case  of  linear 
isotropic  dielectrics,  we  can  use  (10-51)  to  write  E  •  6D  =  D  ■  5D/e  =  8{D'^/2e)  so 
that 


and  thus  (10-83)  becomes 

f  |D*EJt  (10-84) 

*^all  space 

and  gives  the  total  reversible  work  done  on  the  free  charges.  We  can  interpret  (10-84) 
just  as  we  did  (7-28)  by  introducing  an  energy  density  given  by 

=  iD  ■  E  =  ^eE^  =  —  (10-85) 

for  linear  isotropic  dielectrics. 

■  Example 

Spherical  capacitor.  We  imagine  all  space  between  the  plates  of  the  capacitor  shown  in 
Figure  10-17  to  be  filled  with  a  dielectric  of  permittivity  c.  The  total  free  charge  on  the 
capacitor  is  Q.  As  usual,  D  will  be  radial  because  of  the  spherical  symmetry,  so  that  |  D  | 
will  be  constant  on  the  surface  of  the  dashed  sphere  of  radius  r.  Then,  if  we  apply 
(10-43)  to  this  sphere,  we  get,  as  in  the  last  section: 

j)Y)  -  dA  =  A-nr'^D  =  =  Q 


so  that  D  =  Q/^irr^  and  (10-85)  gives 
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This  applies  to  the  region  between  the  spheres;  u^  =  0  elsewhere  since  the  fields  are 
different  from  zero  only  in  the  region  occupied  by  the  dielectric.  Inserting  (10-86)  into 
(10-84),  and  using  (1-99),  we  find  the  total  energy  of  the  capacitor  to  be 


Ue  = 


32-77^6 


rlTT  rh  1 
'o  'o  K  r‘ 


—  •  dr dB  d^)  =  - — - -r 

^  ^  87r€  U  b 


1 


(10-87) 


If  there  were  a  vacuum  between  the  plates,  the  energy  would  be  given  by  (10-87) 
with  €  replaced  by  Cq.  Therefore,  since  c/cq  = 

U  =  ~  (10-88) 


so  that  <  U^Q  and  the  total  energy  is  decreased  by  the  presence  of  the  dielectric  in 
this  case  in  which  Q  is  kept  the  same. 

In  (7-21),  we  found  that  the  energy  of  a  capacitor  is  equal  to  Q^/2C.  This  result  was 
obtained  by  using  very  general  properties  of  the  charge  distributions  on  conductors, 
and  thus  is  generally  true  whether  there  are  dielectrics  present  or  not;  this  same  result 
was  also  obtained  by  using  only  general  properties  of  work  and  potential  difference  in 
Exercise  7-3.  Thus,  we  can  still  apply  energy  methods  to  the  calculation  of  capacitance, 
and  this  is  sometimes  more  convenient.  In  this  example,  if  we  equate  (10-87)  and  (7-21), 


we  find  the  capacitance  to  be 


C  = 


AiTtab 


KjCr 


(10-89) 


with  the  use  of  (10-53),  and  where  Q  is  the  vacuum  value  as  given  by  (6-37).  As  it 
should,  this  specific  result  agrees  with  our  general  conclusion  about  the  effect  of  a 
dielectric  on  capacitance  as  expressed  in  (10-73).  ■ 


In  general,  and  as  we  just  saw  in  the  last  example,  the  presence  of  a  dielectric  can 
alter  the  values  of  D  and  E  everywhere  so  that  the  total  energy  as  given  by  (10-84)  can 
be  expected  to  change.  The  exact  amount  of  this  change  will  normally  depend  on  the 
particular  manner  in  which  the  process  is  carried  out;  for  example,  charges  kept 
constant,  potentials  kept  constant,  only  part  of  space  filled  with  the  dielectric,  more 
than  one  dielectric  used  and  so  on.  As  a  result,  the  general  problem  of  energy  involving 
dielectrics  can  be  quite  complex,  and  it  is  not  always  possible  to  make  an  unambiguous 
assignment  of  the  energy  change  to  specific  parts  of  the  system.  There  is  one  compara¬ 
tively  simple  case,  however,  in  which  it  is  possible  to  ascribe  the  energy  change  to  the 
dielectric  itself,  and  we  shall  consider  it  as  an  illustration. 

Let  us  assume  that  initially  we  have  vacuum  everywhere  and  some  distribution  of 
charges  which  result  in  the  fields  Eq  and  Dq  =  throughout  all  space.  The  initial 
energy  can  then  be  evaluated  from  (10-84)  as 

Do-EorfT  (10-90) 

•'all  space 

Now  let  us  assume  that  we  keep  the  source  charges  fixed  in  values  and  locations  and 
introduce  a  dielectric  of  volume  V  into  this  preexisting  field  Eq.  (This  is  in  contrast  to 
the  previous  example  where  all  of  the  region  containing  the  already  existing  field  was 
filled  with  a  dielectric.)  As  we  know,  the  presence  of  a  dielectric  will  generally  change 
the  values  of  E  and  D  everywhere  and  the  new  energy  can  be  found  from  (10-84)  by 
using  these  new  values  of  the  fields.  The  change  in  the  energy,  in  this  case, 

can  be  ascribed  entirely  to  the  presence  of  the  dielectric,  and  if  we  call  it  14^,  we  have 

(D-E-Do-Eo)c/t  (10-91) 

•'all  space 
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It  can  now  be  shown  that  under  these  conditions,  (10-91)  can  be  written  as  an  integral 
over  the  volume  V  of  the  dielectric  only.  Since  this  is  a  rather  lengthy  calculation,  we 
have  to  leave  it  to  an  exercise  and  simply  quote  the  final  result,  which  turns  out  to  be 

^4*  =  -  i  fP  ■  Eo  dr  (10-92) 

Since  this  involves  only  the  volume  of  the  dielectric,  it  is  reasonable  to  consider  it  to  be 
localized  in  the  dielectric  and  to  represent  the  energy  of  the  dielectric.  Thus  we  can 
introduce  an  energy  density  for  these  bound  charges,  given  by 

-  iP  •  Eo  -  -  •  Eo  (10-93) 

where  we  also  used  (10-50).  These  expressions  (10-92)  and  (10-93)  are  thus  appropriate 
for  a  situation  in  which  the  polarization  is  thought  of  as  being  produced  by  the  field. 

In  all  of  our  discussion  so  far,  we  have  assumed  that  is  constant  during  these 
processes.  It  turns  out  that  many  dielectrics  have  a  that  depends  on  the  temperature, 
as  we  will  see  in  Appendix  B,  so  that  here  we  are  effectively  assuming  isothermal 
processes.  This  is  consistent  with  our  emphasis  on  as  being  related  to  the  reversible 
work,  so  that  it  is  really  more  analogous  to  the  Helmholtz  function  or  free  energy  of 
thermodynamics,  but  for  systems  at  constant  temperature,  there  is  no  distinction 
between  their  changes.  With  this  in  mind,  we  can  look  on  (10-92)  as  a  contribution  to 
the  internal  energy  of  the  dielectric  system. 

We  should  also  remind  ourselves  of  the  distinction  between  these  energies  and  the 
interaction  energy  of  a  charge  distribution  and  an  external  field,  which  we  discussed  in 
Section  8-4.  In  particular,  we  obtained  (8-64)  for  the  energy  of  a  dipole.  If  we  want  to 
npply  this  to  a  polarized  material,  we  will  have  to  assume  that  the  polarization  is  either 
a  permanent  one  or  that  the  external  field  is  small  enough  so  that  it  does  not  affect  P 
appreciably.  Then  the  dipole  moment  of  a  small  volume  will  be  given  by  (10-1)  and  the 
external  interaction  energy  as  obtained  from  (8-64)  can  be  written  as 

=  -P  •  (10-94) 

where  we  write  the  external  field  as  rather  than  Eq  that  we  have  been  using 
recently  to  represent  vacuum  values.  The  total  interaction  energy  will  then  be  obtained 
by  integrating  (10-94)  over  the  dielectric  to  give 

i4,ext  =  ~  jP-  Eext  dr  (10-95) 

For  example,  if  does  not  vary  much  over  the  volume,  we  can  take  it  out  of  the 
integral  and  use  (10-2)  to  get  t/, ,,,,  =  -p  •  in  agreement  with  (8-64). 

Example 

Energy  of  a  capacitor  in  general  We  have  already  seen  the  effect  of  a  dielectric  on  a 
capacitor  in  the  special  case  by  which  we  obtained  (10-88).  Let  us  now  briefly  look  at 

the  general  case.  The  energy  is  general  is  given  by  (7-21).  In  addition,  we  have  obtained 

the  general  relation  (10-73)  for  the  effect  on  the  capacitance.  Therefore,  if  the  charge  Q 
is  kept  constant,  the  energy  with  the  dielectric  between  the  plates  will  be  = 

Q  /2C  =  Q  /2fc^Co  =  Uq/k^  where  Uq  is  the  vacuum  energy,  so  that  the  decreased 
energy  given  by 

^0 

^  —  (Q  =  const.) 
is  a  completely  general  result,  in  agreement  with  (10-88). 


(10-96) 
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Now  let  us  suppose,  instead,  that  the  potential  difference  A<f)  is  kept  constant. 
Combining  (7-21)  with  (10-73),  we  find  that  U,  =  iC(A<#.)"  =  iK,Co(A<(>)2  =  so 
that 

=  kJUq  {A<t>  =  const.)  (10-97) 

and  the  energy  of  the  capacitor  has  increased  by  the  factor  k^,  in  contrast  to  (10-96). 
The  reason  for  this  is  that,  with  the  increase  in  capacitance,  the  charge  has  also  been 
increased  and  the  battery  had  to  do  work  on  these  free  charges  in  order  to  separate 
them.  In  addition,  it  had  to  polarize  the  dielectric  and  the  net  effect  of  all  of  these 
changes  is  just  that  described  by  (10-97).  ■ 


10-9  FORCES 


When  a  dielectric  is  polarized,  the  resultant  bound  charge  densities  will  have  forces  on 
them  due  to  the  electric  field.  This  general  subject  of  forces  on  dielectrics,  and  on 
conductors  in  the  presence  of  dielectrics,  is  really  quite  complex  and  it  is  easy  to  get  an 
incorrect  answer.  Generally  speaking,  the  only  satisfactory  way  of  handling  these  and 
similar  problems  is  to  use  “energy  methods,”  that  is,  by  comparing  the  energy  of  the 
initial  configuration  of  the  system  with  that  of  the  final  configuration.  Usually  such 
problems  faU  into  two  classes:  (1)  the  system  of  interest  is  completely  isolated  and  thus 
its  total  energy  is  conserved  or  (2)  the  system  is  not  isolated  and  one  has  to  consider  the 
possibility  of  energy  transfer  between  it  and  external  energy  sources  such  as  batteries; 
thus  the  system  energy  will  not  be  conserved,  although  that  of  the  system  plus  battery 
will  be.  Ordinarily,  these  two  classes  will  correspond  to  our  previous  cases  of  constant 


free  charge  or  constant  potential  difference. 

Because  of  these  considerations,  we  will  content  ourselves  here  with  discussing  only 
two  of  the  simplest  situations,  although  other  common  examples  will  be  found  in  the 
exercises.  Furthermore,  we  will  not  discuss  the  balance  between  electrical  and  mechani¬ 
cal  forces  that  is  required  to  maintain  mechanical  equilibrium  within  the  system,  or  to 
produee  a  new  one  when  electric  fields  are  applied.  If  the  dielectric  is  not  rigid,  it  will 
generally  deform  under  the  influence  of  these  electrical  forces.  This  phenomenon  is 
called  electrostriction;  it  is  generally  a  small  effect,  but  can  be  of  interest  and 
importance  under  some  circumstances. 


■  Example 

Average  surface  force  on  a  dielectric.  Let  us  consider  the  particular  case  of  a  capacitor. 
As  we  saw  in  (10-96),  the  energy  of  the  capacitor  for  constant  charge  will  be  decreased 
when  the  dielectric  is  present.  Since  the  general  tendency  of  systems  is  to  reduce  their 
energy,  we  see  that  the  capacitor  will  “want”  to  have  the  dielectric  in  place.  In  other 
words,  there  should  be  a  force  on  the  dielectric  whose  direction  is  such  as  to  pull  it  into 
the  region  between  the  plates. 

In  order  to  be  specific,  we  consider  a  parallel  plate  capacitor  with  square  plates  of 
side  L  so  that  A  =  L?.  We  also  assume  we  have  a  solid  slab  of  dielectric  of  the  correct 
size  to  just  fit  between  the  plates.  We  neglect  edge  effects  and  assume  the  field  to  be 
different  from  zero  only  in  the  region  between  the  plates.  In  Figure  10-18,  we  show  a 
side  view  in  which  the  dielectric  is  partway  between  the  plates.  With  the  dielectric 
completely  in  place,  the  total  change  in  energy  can  be  found  from  (10-96)  and  is 

At4=  [4-  t/o= 


(10-98) 
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Figure  10-18.  Force  on  a 
dielectric. 


We  let  {F)  be  the  average  force  on  the  dielectric;  the  total  displacement  of  the 
dielectric  is  L,  so  that  using  (7-37)  we  get 


(F)=- 


L 


{^]t 


(10-99) 


which  is  positive,  showing  that  the  dielectric  will  be  pulled  into  the  region  between  the 
plates.  If  we  express  this  in  terms  of  the  original  constant  energy  density  we  find 
from  (10-84)  and  (10-85)  that  Uq  =  u^q  (volume)  =  u^^L'^d  so  that 


Now  Ld  is  the  area  of  the  face  of  the  dielectric  upon  which  (i^)  is  acting,  so  that  if 
{/^ )  is  the  average  force  per  unit  area  we  get 


{fa)  = 


as  expressed  in  terms  of  the  initial  vacuum  situation. 


(10-100) 


Example 


Capacitor  immersed  in  a  fluid  dielectric.  As  an  example  of  the  force  on  a  conductor  in 
the  presence  of  a  dielectric,  we  consider  a  plate  of  a  parallel  plate  capacitor  for  which 
all  of  the  region  where  the  field  is  different  from  zero  is  occupied  by  a  dielectric.  In 
Section  7-4,  we  evaluated  this  by  looking  at  the  energy  changes  produced  by  and  the 
force  required  to  change  the  plate  separation  by  a  small  amount.  Our  treatment  was 
general  enough  so  that  we  can  use  the  same  results  and  need  only  supplement  them 
with  our  knowledge  of  the  effect  of  a  dielectric  on  capacitance  as  given  by  (10-73),  that 
is,  C  =  If  the  charge  is  kept  constant,  the  total  force  on  the  plates  in  the  presence 
of  a  dielectric  will  still  be  given  by  (7-39),  and  we  get 


"  2C2  dx  liKjC^f  dx  K, 


{Q  =  const.)  (10-101) 


in  terms  of  the  force  F^q  when  there  is  a  vacuum  between  the  plates.  Thus  the  force  on 
the  plates  has  been  reduced  by  the  factor  k^.  In  using  C  =  kjCq  in  this  way,  it  is 
essential  that  the  dielectric  completely  fill  the  region  between  the  plates,  as  will  be 
illustrated  by  some  of  the  exercises.  This  means  that  we  are  in  effect  assuming  the 
dielectric  to  be  a  fluid  and  that  the  capacitor  is  immersed  in  the  fluid.  Then,  if  the 
separation  is  decreased,  the  fluid  can  move  out  from  between  fi  e  plates,  while  if  the 
separation  of  the  plates  is  increased,  the  fluid  can  move  in  to  fill  the  region  and  there  is 
also  fluid  available  for  this  purpose. 
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If  the  potential  difference  is  kept  constant,  the  middle  form  of  (7-46)  is  appropriate 
to  use,  and  we  get 

F.  =  =  “^^^0  (A<f.  =  const.)  (10-102) 

and,  in  this  case,  the  force  on  the  plate  is  increased  by  the  factor  k^. 

Even  though  we  realize  that  there  are  different  processes  involved,  it  still  may  seem 
somewhat  paradoxical  that  the  presence  of  the  dielectric  decreases  the  total  force  in  one 
case  while  increasing  it  in  the  other.  If  we  recall  (7-37)  and  (7-45),  we  see  that  we  should 
be  able  to  understand  these  results  somewhat  more  by  looking  at  the  total  field  energy. 

We  found  in  (10-85)  that  the  energy  density  is  given  by  •  E.  If  the  free 

charge  Q  is  kept  constant,  then  D  will  be  constant  and  we  find  that  u^  =  D^/2t  = 
u^q/k^.  The  use  of  (10-84)  then  gives  =  U^o/k,  and  the  force  will  decrease  by  the 
factor  as  in  (10-101).  Similarly,  if  the  potentid  difference  A<#)  is  kept  constant,  then  E 
will  be  constant,  and  we  are  led  to  =  }cE^  =  Thus,  in  this  case,  we  will  find 

that  L4  =  which  corresponds  to  the  increase  in  the  force  described  by  (10-102). 
[We  note  that  these  results  for  the  capacitor  energy  are  exactly  those  we  found  by  a 
somewhat  different  approach  as  given  by  (10-96)  and  (10-97).] 

Further  study  as  to  exactly  how  these  mechanical  forces  are  affected  by  the  presence 
of  a  dielectric  shows  that  the  pressure  distribution  within  the  fluid  is  altered  in  the 
presence  of  an  electric  field.  The  resulting  pressure  changes  can  be  shown  to  account  in 
detail  for  the  changes  in  the  force  on  the  conductor.  ■ 


EXERCISES 

10-1  The  permanent  dipole  moment  of  the  water 
molecule  is  about  6.2  X  10“^°  coulomb-meter. 
What  is  the  maximum  polarization  possible  for 
water  vapor  at  100°  C  and  atmospheric  pressure? 
10-2  Electrostatics  began  with  the  observation 
that  charged  objects  attracted  small  pieces  of 
matter.  Describe  qualitatively  how  a  charged  body 
can  exert  a  net  force  on  neutral  matter  and  show 
that  the  force  will  be  attractive  as  observed. 

10-3  A  slab  of  material  has  parallel  faces.  One 
coincides  with  the  xy  plane  while  the  other  is 
given  by  z  =  r.  The  material  has  a  nonuniform 
polarization  P  =  P(1  +  ctz)z  where  P  and  a  are 
constants.  Find  the  volume  and  surface  densities 
of  bound  charge.  Find  the  total  bound  charge  in  a 
cylinder  of  the  material  of  cross  section  A  and 
sides  parallel  to  the  z  axis  and  thus  verify  directly 
that  (10-13)  holds  for  this  case. 

10-4  Consider  a  parallelepiped  of  volume 
AxAyAz  fixed  within  a  dielectric.  If  p+  is  the 
average  positive  bound  charge  density,  and  R+  is 
the  average  displacement  of  these  charges  when 
the  material  is  polarized,  show  that  the  net  gain  of 
positive  charge  through  the  faces  parallel  to  the 
yz  plane  will  be 
d 

(p+R+J  AxAyAz 

OX 


Similarly,  find  the  net  gain  due  to  motion  of 
negative  charge  of  density  -p+  (Why?)  and  aver¬ 
age  displacement  R_.  Combine  the  results  for 
all  faces  found  in  this  way  and  thus  show  that 
the  net  gain  of  charge  per  unit  volume  is  p/,  = 
-V  ■  P. 

10-5  Find  the  potential  and  on  the  axis 
produced  by  the  uniformly  polarized  sphere  dis¬ 
cussed  in  Section  10-4  for  negative  values  of  z. 
Show  that  your  answers  are  consistent  with  the 
results  found  for  z  >  0  and  with  Figure  10-11. 

10-6  Find  the  total  positive  bound  charge  of  the 
uniformly  polarized  sphere  of  Figure  10-8. 

10-7  A  sphere  of  radius  a  has  a  radial  polariza¬ 
tion  given  by  P  =  ar^f  where  ct  and  n  are  con¬ 
stants  and  u  >  0.  Find  the  volume  and  surface 
densities  of  bound  charge.  Find  E  outside  and 
inside  the  sphere.  Verify  that  your  results  for  E 
satisfy  the  appropriate  boundary  conditions.  Find 
outside  and  inside  the  sphere.  Sketch  your 
results  for  E  and  (j>. 

10-8  Repeat  Exercise  10-7  for  the  case  n  =  -1. 
Also  show  that  n  =  —  2  is  not  a  possibility  be¬ 
cause  of  (10-13). 

10-9  A  cube  of  edge  2  a  has  its  faces  perpendic¬ 
ular  to  the  xyz  axes  and  the  origin  at  its  center.  It 
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is  uniformly  polarized  in  the  z  direction.  Find  E 
at  the  center  of  the  cube. 

10-10  A  spherical  cavity  of  radius  a  is  inside  a 
very  large  dielectric  that  is  uniformly  polarized. 
Find  E  at  the  center  of  the  cavity. 

10-11  A  cylinder  of  length  IL  has  its  axis  along 
the  z  axis  and  a  circular  cross  section  of  radius  a. 
The  origin  is  at  the  center  of  the  cylinder  that  is 
uniformly  polarized  in  the  direction  of  the  axis, 
that  is,  P  =  Fz  where  P  =  const,  (a)  Find  the 
bound  charge  densities  and  (b)  Find  the 
electric  field  for  all  points  on  the  z  axis  for  which 
z  >  0.  (c)  Verify  that  your  results  in  (b)  satisfy  the 
boundary  condition  at  2  =  L.  (d)  From  the  result 
of  (b),  find  E  at  the  origin,  (e)  Sketch  the  result  of 
(d)  as  a  function  of  a/L.  For  what  value  of  a/L 
does  E  at  the  origin  have  its  maximum  magnitude 
and  what  is  its  value?  Is  this  reasonable? 

10-12  An  infinite  cylinder  of  circular  cross  sec¬ 
tion  of  radius  a  has  its  axis  along  the  z  axis.  It  is 
uniformly  polarized  transverse  to  its  axis,  that  is, 
P  =  Px  where  P  =  const.  Find  E  at  any  point  on 
the  axis  of  the  cylinder.  (It  is  easiest  to  choose  the 
field  point  at  the  origin.) 

10-13  Which  of  the  results  (10-55)  through  (10- 
59)  are  still  valid  if  the  dielectric  is  linear  and 
isotropic  but  nonhomogeneous? 

10-14  Show  that  the  angles  in  Figure  10-14 
satisfy  the  relation  cot  =  k^2  cot  aj.  Sup¬ 
pose  region  1  is  polyethylene  for  which  =  2.30, 
while  region  2  is  a  glass  for  which  ^  ^-OO- 
Find  a2  if  oc-^  =  36®.  Show  that  the  ratio  of  the 
bound  surface  charge  density  from  region  1  to  the 
total  bound  surface  charge  density  is  independent 
of  angle  and  evaluate  it  for  this  case. 

10-15  Find  the  expressions  analogous  to  (10-58) 
and  (10-59)  when  the  dielectric  is  not  homoge¬ 
neous  and  thus  show  that  there  can  be  a  bound 
charge  density  even  in  the  absence  of  free  charge. 
What  additional  conditions  are  necessary  to  have 
Pf,  =  0  when  =  0? 

10-16  Two  point  charges  q  and  are  initially 
in  a  vacuum  and  are  separated  by  a  distance  a. 
Then  a  slab  of  dielectric  of  thickness  d  <  a  is 
inserted  halfway  between  them,  with  the  faces  of 
the  slab  perpendicular  to  the  line  connecting  the 
charges.  Show  qualitatively  that  the  total  force  on 
q  will  be  increased. 

10-17  A  point  charge  q  is  located  at  the  center 
of  a  dielectric  sphere  of  radius  a.  Find  D,  E,  and 
P  everywhere  and  plot  your  results.  What  is  the 
total  bound  charge  on  the  surface  of  the  sphere? 


10-18  An  infinite  dielectric  with  dielectric  con¬ 
stant  has  a  spherical  cavity  of  radius  a  in  it. 
There  is  a  point  charge  q  at  the  center  of  the 
cavity.  Find  p^,  and  Find  the  total  bound 
charge  on  the  surface  of  the  cavity.  How  can  you 
reconcile  your  results  with  (10-13)? 

10-19  The  infinitely  long  coaxial  conductors  of 
Figure  6-12  have  the  space  between  them  filled 
with  a  dielectric  for  which  is  given  in  cylin¬ 
drical  coordinates  by  np”  where  a  and  n  are 
constants.  There  is  free  charge  per  unit  length 
on  the  inner  cylinder.  Find  D,  E,  and  p^  every¬ 
where  between  the  conductors.  Under  what  cir¬ 
cumstances  will  the  magnitude  of  E  be  constant? 
What  will  be  the  corresponding  values  of  D  and 
P.? 

10-20  An  infinite  slab  of  dielectric  of  thickness  t 
and  parallel  faces  has  a  constant  surface  density 
of  free  charge  0^  on  one  of  its  surfaces.  Find  E 
everywhere.  What  is  the  surface  density  of  bound 
charge  on  the  face  which  has  no  free  charge  on  it? 
10-21  An  infinite  line  charge  with  a  constant 
free  charge  per  unit  length  coincides  with  the 
z  axis.  It  is  coaxial  with  a  dielectric  cylinder  of 
radius  a  whose  dielectric  constant  varies  along 
the  axis  according  Xo  k^  =  a  +  ^z  where  a  and  ^ 
are  constants.  Find  D,  E,  P,  and  p^  at  all  points 
within  the  cylinder.  Is  your  result  for  pf,  con¬ 
sistent  with  the  results  of  Exercise  10-15? 

10-22  How  does  the  introduction  of  a  l.i.h.  di¬ 
electric  into  all  regions  of  a  general  system  affect 
the  values  of  the  coefficients  of  potential,  capaci¬ 
tance,  and  induction?  [These  coefficients  are  de¬ 
fined  in  (6-11)  and  (6-43).] 

10-23  A  slab  of  dielectric  of  thickness  t  is  in¬ 
serted  into  a  parallel  plate  capacitor  of  plate 
separation  d  and  plate  area  A  as  shown  in  Figure 
10-19.  The  surfaces  of  the  slab  are  parallel  to  the 
plate  surfaces.  Find  D,  E,  and  P  as  functions  of 
X,  and  plot  your  results.  (Express  them  in  terms 
of  Q.)  Find  the  capacitance  of  this  system.  Verify 
that  your  result  for  C  reduces  to  the  proper 
values  when  t  =  0  and  i  =  d. 

10-24  Reconsider  the  example  that  led  to  (10-73) 
for  the  case  in  which  the  potential  difference  is 
kept  constant  while  the  dielectric  is  put  between 
the  plates.  Find  what  happens  to  E,  D,  and  Q  and 
thus  show  that  (10-73)  is  still  correct. 

10-25  The  region  between  the  plates  of  a  paral¬ 
lel  plate  capacitor  is  filled  with  a  dielectric  for 
which  varies  linearly  with  distance  from  the 

value  at  one  plate  to  k^2  ihe  other.  Find 
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Figure  10-19.  Capacitor  in  Exercise  10-23. 

the  capacitance.  As  a  check  on  your  result,  show 
that  C  reduces  to  the  correct  expression  when 
is  constant.  Also  show  that  the  result  is  indepen¬ 
dent  of  whether  K^■^  is  greater  than  or  smaller 
than  k^2- 

10-26  The  region  between  the  plates  of  the 
spherical  capacitor  of  Figure  10-17  is  filled  with  a 
dielectric  for  which  varies  according  to 


1  ft 


r  -  a 


where  and  a  are  constants.  Find  the  capaci¬ 
tance.  Does  'your  result  reduce  to  the  correct 
value  for  «  =  0? 

10-27  The  coaxial  cylindrical  capacitor  of  Fig¬ 
ure  6-12  has  two  different  dielectrics  between  its 
plates.  The  value  of  is  for  <3  <  p  <  po,  and 
for  Po  ^  P  ^  capacitance  of  a 

length  L  of  this  system. 

10-28  The  region  between  the  plates  of  the 
spherical  capacitor  of  Figure  10-20  is  filled  with 
two  l.i.h.  dielectrics  with  permittivities  shown. 
The  total  volume  is  divided  exactly  into  halves  by 


a  plane  that  passes  through  the  common  center  of 
the  spherical  conductors.  Show  that  the  capaci¬ 
tance  is  given  by  C  =  27r(Ci  -f  t2)ab/{b  —  a). 

10-29  The  spherical  capacitor  of  Figure  10-17 
now  has  two  different  dielectrics  between  its 
plates.  The  value  of  is  iot  a  <  r  <  and 
k^2  for  <  r  <  b.  Find  the  capacitance  of  this 
system  by  finding  the  total  energy  of  the  fields 
between  the  plates. 

10-30  The  coaxial  cylindrical  capacitor  of  Fig¬ 
ure  6-12  has  a  dielectric  between  its  plates  for 
which  the  dielectric  constant  varies  as  =  Kqp" 
where  Kq  and  n  are  positive  constants.  Find  the 
capacitance  of  a  length  L  of  this  system  by 
finding  the  energy  in  the  fields  between  the  plates. 

10-31  A  l.i.h.  dielectric  sphere  of  radius  a  also 
contains  a  free  charge  of  constant  density  po- 
Find  D  and  E  for  all  points  inside  the  sphere. 
Find  the  total  energy  of  the  fields  inside  the 
sphere.  What  is  the  total  bound  volume  charge? 
Find  the  potential  due  to  this  system  for  all  r . 
What  is  <f)  at  the  center  of  the  sphere? 

10-32  The  parallel  plate  capacitor  of  Figure  10- 
18  has  square  plates  of  edge  L.  When  the  dielec¬ 
tric  is  in  a  distance  x,  show  that  the  capacitance 
as  a  function  of  x  is  given  by  C(x)  =  {€QL/d)[L 
+  (k^  -  l)x]. 

10-33  The  parallel  plate  capacitor  of  Figure  10- 
18  has  square  plates  of  edge  L.  It  is  connected  to 
a  battery  of  potential  difference  A</>o  when  there  is 
no  dielectric  between  the  plates.  While  it  is  kept 
connected  to  the  battery,  the  dielectric  is  inserted 
halfway  into  the  region  between  the  plates.  The 
battery  is  then  disconnected.  After  this,  the  di¬ 
electric  is  inserted  until  it  fills  the  whole  region 
between  the  plates.  Find  the  final  values  of  A4>, 
Q,  and  E. 

10-34  Consider  the  parallel  plate  capacitor  of 
Figure  10-18.  Find  the  total  force  on  the  face  of 
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the  dielectric  as  a  function  of  ;c.  Does  F(jc) 
increase  or  decrease  as  ;c  increases?  Show  that 
when  you  average  your  expression  for  F(x)  over 
X,  the  result  is  (10-99).  Hint:  recall  Exercise  10-32. 

10-35  Two  square  conducting  plates  of  length  L 
on  a  side  are  placed  a  distance  d  apart  to  form  a 
parallel  plate  capacitor.  They  are  kept  at  a  poten¬ 
tial  difference  A<^  while  a  slab  of  dielectric  of 
thickness  t  <  d  that  is  also  of  length  L  on  a  side 
is  inserted  parallel  to  the  edges  of  the  plates. 
Neglect  edge  effects  and  find  the  average  force 
with  which  the  dielectric  is  drawn  between  the 
plates. 

10-36  A  parallel  plate  capacitor  with  square 
plates  of  edge  L  and  separation  d  is  given  a 
charge  Q  and  disconnected  from  the  battery.  It  is 
then  placed  vertically  with  one  edge  immersed  in 
a  reservoir  of  hquid  dielectric  of  mass  density  p/. 
Neglect  edge  effects  and  show  that  the  liquid  will 
rise  to  a  height  h  within  the  capacitor  where 


^oSPiL^ 


10-37  Two  coaxial  conducting  cylinders  like 
those  of  Figure  6-12  are  lowered  vertically  into  a 
reservoir  of  liquid  dielectric  of  mass  density  p/.  If 
a  potential  difference  is  applied,  the  liquid 
will  rise  to  a  height  h  between  the  plates.  Neglect 
edge  effects  and  show  that  the  susceptibility  of 


the  liquid  is  given  by 

^  P/gh{b^  -  a^)}n{b/a) 

2fo(A<>)^ 

(Do  not  forget  the  battery.) 

10-38  Derive  (10-92).  It  is  best  to  proceed  in  the 
following  way.  First,  write  the  integrand  in  (10-91) 
as  E-  (D  -  Do)  +  Eo-  (D  -  Dq)  +  (E  •  Dq  -  Eo 
■  D).  Then,  with  the  use  of  (5-3),  (1-115),  (10-41), 
(1-59),  and  arguments  analogous  to  those  which 
led  to  (7-27),  you  should  be  able  to  show  that  the 
first  two  terms  in  the  newly  written  integrand 
each  contribute  zero  to  (10-91).  Now  show  that 
the  third  term  is  zero  in  the  vacuum  outside  the 
dielectric.  Finally,  the  further  use  of  (10-40)  as 
applied  to  (Do ,  Eq  )  and  (D,  E)  will  lead  to  (10-92). 
10-39  We  noted  at  the  beginning  of  Section  10-9 
that  the  forces  on  dielectrics  can  be  ascribed  to 
electric  forces  acting  on  the  bound  charges. 
Therefore,  it  may  seem  puzzling  that  we  found  a 
force  on  the  dielectric  of  Figure  10-18  that  is  in 
the  X  direction  while  the  electric  field,  which  was 
assumed  for  simplicity  to  be  like  that  of  Figure 
10-15/>,  is  perpendicular  to  the  direction  of  this 
resultant  force.  The  origin  of  the  force  can  be 
found  in  the  very  thing  we  neglected,  namely  the 
“edge  effects”  or  curvature  of  the  actual  electric 
field  lines  as  illustrated  in  Figure  6-10.  Show 
qualitatively  that  the  net  force  on  the  bound 
surface  charges  as  produced  by  the  curved  field 
lines  will  really  be  in  the  x  direction  as  we  found 
from  energy  considerations. 
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SPECIAL  METHODS  IN 
ELECTROSTATICS 


Up  to  now,  we  have  concentrated  on  finding  the  scalar  potential  tp  by  integration  over 
a  given  distribution  of  source  charges  by  using  (5-7),  for  example,  and  then  obtaining 
the  electric  field  from  E  =  —  V<^>.  As  we  noted  in  the  paragraph  following  (5-14),  some 
problems  are  stated  in  such  a  way  that  this  is  not  feasible  so  that  it  is  desirable  to  have 
other  methods  available.  Such  an  approach  is  to  regard  the  problem  of  finding  the 
potential  as  that  of  solving  the  partial  differential  equation  satisfied  by  <p.  This  is 
Poisson’s  equation,  as  given  by  (5-15): 

(11-1) 

where  p  is  the  total  charge  density.  We  also  found  in  (10-55)  that  it  can  be  written 
solely  in  terms  of  the  free  charge  density  for  a  Unear  isotropic  homogeneous  dielectric: 

V^4>=--  (11-2) 

c 

If  the  relevant  charge  densities  are  zero,  both  of  these  reduce  to  Laplace’s  equation 

V^</)  =  0  (11-3) 

Because  of  the  comparative  simplicity  of  Laplace’s  equation  we  will  concentrate  on 
solving  it.  We  will,  however,  discuss  one  example  of  finding  the  solution  of  Poisson’s 
equation  in  Section  11-6. 

Over  the  years,  many  methods  have  been  devised  for  solving  these  equations.  Some 
of  these  methods  are  very  general  and  systematic,  while  others  are  extremely  specialized 
and  of  limited  appUcability.  We  will  consider  samples  of  both  types.  The  motivation 
and  justification  for  much  of  what  we  will  do  is  provided  by  an  important  theorem  that 
we  consider  next. 

11-1  UNIQUENESS  OF  THE  SOLUTION  OF  LAPLACE'S  EQUATION 

We  want  to  show  that,  if  we  have  found  a  solution  of  Laplace’s  equation  that  satisfies 
the  given  boundary  conditions  (i.e.,  it  reduces  to  the  correct  preassigned  values  on  all 
points  of  the  surface  surrounding  the  region),  then  this  solution  is  unique.  The  term 
“boundary  conditions”  is  now  being  used  in  a  different  sense  from  that  of  Chapter  9. 
There  it  referred  to  the  necessary  behavior  of  fields  at  a  bounding  surface  of  discontinu¬ 
ity  between  two  media.  Here  we  are  assuming  that  we  are  dealing  with  a  region  that  is 
surrounded  by  a  surface  for  which  the  numerical  value  of  the  potential  is  given  or 
known  at  all  points;  that  is,  we  do  not  know  the  details  of  the  source  charge 
distribution  outside  this  region,  but  we  do  know  the  potential  produced  by  it  on  the 
surface.  For  example,  part  of  the  boundary  may  be  a  conductor  kept  at  a  potential  of 
12  volts  by  a  battery.  Then,  whatever  ^  may  be  elsewhere,  it  must  reduce  to  the  value 
12  volts  whenever  the  field  point  is  located  anywhere  on  the  conductor.  Sometimes  the 
boundary  involved  is  very  far  away,  that  is,  at  infinity. 
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It  will  be  sufficient  for  our  purposes  to  deal  with  a  somewhat  special  case.  We 
assume  that,  in  addition  to  satisfying  Laplace’s  equation,  is  constant  on  all  points  of 
the  bounding  surface  S: 

<t>  =  const.  on  boundary  (11-4) 

Now  if  we  use  (1-115),  (1-45),  (1-17),  and  (11-3),  we  find  that 

V  =  V4>  ■  V4>  +  (11-5) 

which,  when  used  in  (1-59),  leads  to 


J  (V(t>fdT  =Jv  {<j>^<j>)dT 


da  =  —^(£e 


da  =  0  (11-6) 


because  of  (11-4)  and  Gauss’  law  (4-1)  since  =  0.  As  the  integrand  in  the  first 
integral  of  (11-6)  is  a  sum  of  squares,  and  thereby  intrinsically  positive,  the  integral  can 
be  zero  only  if  the  integrand  itself  is  zero  everywhere;  therefore 


(11-7) 


according  to  (1-37).  The  expression  in  (11-7)  is  again  a  sum  of  squares,  and  therefore 
the  individual  terms  must  be  zero,  or 


d(f>  dip  d(p 
dx  dy  dz 


so  that  (p  =  const.  But,  since  <p  =  const,  on  the  boundary,  we  see  that 

<p  =  const.  everywhere  (11-8) 


Now  it  is  easy  to  prove  our  uniqueness  theorem.  We  let  <|>i(r)  be  a  solution  of  (11-3) 
that  satisfies  the  given  boundary  conditions.  We  also  assume  that  there  is  another 
distinct  solution  c^)2(r)  satisfying  these  same  boundary  conditions.  We  want  to  prove 
that  <^>1  and  <p2  are  identical.  For  this  case,  we  let  (f)  =  <f)^  —  (p2.  Then  v^</>  =  — 

V  ^<#>2  =  0  because  of  (11-3);  therefore  tp  is  also  a  solution  of  Laplace’s  equation.  On  the 
bounding  surface  S,  <pj^  =  <p2  so  that  <#>  =  0  on  the  boundary.  Since  zero  is  a  constant, 
this  <p  satisfies  all  of  the  conditions  of  the  previous  result;  thus  (11-8)  shows  that  ^  =  0 
everywhere,  and  therefore 

<Pi  =  ip2  everywhere  (13-9) 

which  is  what  we  were  to  prove. 

Sometimes  the  boundary  conditions  are  stated  in  terms  of  the  components  of  the 
field,  that  is,  in  terms  of  the  derivatives  of  the  potential  rather  than  its  absolute  value. 
One  can  prove  analogous  uniqueness  theorems  for  Laplace’s  equation  that  are  applica¬ 
ble  in  such  situations;  an  example  is  given  in  Exercise  11-1.  Similarly,  one  can  prove  a 
uniqueness  theorem  for  Poisson’s  equation,  although  we  do  not  find  it  necessary  to  do 
so. 

The  significance  of  this  result  (11-9)  from  a  practical  point  of  view  is  that,  once  we 
find  a  solution  of  Laplace’s  equation,  by  any  means  whatsoever,  which  satisfies  given 
boundary  conditions,  we  know  that  it  is  the  only  solution  and  we  do  not  need  to 
consider  the  possibility  that  there  are  others.  “Any  means  whatsoever”  can  include 
systematic  methods,  shrewd  guesses,  lucky  guesses,  or  simply  remembering  past  solu¬ 
tions  and  giving  them  a  new  twist. 
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■  Example 

Near  the  end  of  Section  6-1,  we  considered  conductors  with  cavities  as  illustrated  in 
Figures  6-5  and  6-6.  If  there  is  no  net  charge  inside,  we  concluded  that  the  cavity  (and 
any  conductors  therein)  forms  an  equipotential  volume  with  the  same  potential  as  the 
surrounding  conductor  so  that  the  electric  field  is  zero  everywhere  within  the  cavity. 
But,  since  the  inner  surface  of  the  surrounding  conductor  has  a  constant  potential, 
(11-4)  is  satisfied  and  thus  the  result  (11-8)  applies  to  these  cases,  showing  us  once 
again  that  the  cavity  (and  any  conductor  within  it)  is  an  equipotential  volume.  ■ 


The  first  methods  of  solving  (11-3)  that  we  consider  are  quite  interesting,  but  also 
rather  specialized. 


11-2  METHOD  OF  IMAGES 

We  recall  that  Coulomb’s  law  led  us  to  the  expression  (5-2)  for  the  potential  of  a  system 
of  point  charges,  where  the  contribution  of  each  charge  is  proportional  to  1/R  where  R 
is  the  distance  from  the  charge  to  the  field  point.  Therefore,  such  an  expression  must 
necessarily  satisfy  Laplace’s  equation;  we  also  see  this  explicitly  from  (1-144).  In  other 
words,  the  sum  of  individual  potentials  from  a  set  of  point  charges  is  automatically  a 
solution  of  Laplace’s  equation.  This  fact  is  the  basis  for  the  method  of  images.  Here  the 
aim  is  to  find  a  set  of  fictitious  charges  (image  charges)  that,  together  with  any  actual 
charges  that  may  be  present,  will  enable  us  to  satisfy  the  boundary  conditions  and  thus 
obtain  the  unique  potential  function.  That  is,  we  try  to  write  the  potential  in  the  form 

y  — (11-10) 

actual  image 

and  find  the  right  combination  as  best  we  can.  The  basic  idea  is  that  the  image  charges 
will  somehow  simulate  the  behavior  of  the  other  source  charges  or  of  the  bulk  material; 
accordingly,  the  image  charges  are  chosen  to  be  located  outside  the  region  in  which  we 
are  trying  to  find  (p.  This  method  is  best  illustrated  by  specific  examples. 

■  Example 

Point  charge  and  a  semiinfinite  plane  grounded  conductor.  As  shown  in  Figure  11-1,  the 
point  charge  is  at  a  distance  d  from  the  yz  plane  that  is  the  surface  of  a  conductor 
occupying  all  space  to  the  left  of  this  plane,  that  is,  for  all  negative  values  of  x.  The 
other  half  of  space  is  a  vacuum.  The  boundary  condition  is  that  </>  =  const,  at  x  =  0 
according  to  (6-2).  For  simplicity,  we  take  this  constant  value  to  be  zero  (the  conductor 
is  “grounded”);  if  the  actual  value  is  a  different  constant,  we  can  simply  add  it  to  our 
final  result.  Thus,  our  boundary  condition  is 

<#>(0,  y,  z)  =  0  (11-11) 

for  all  y  and  z.  We  will  try  to  use  (11-10)  to  satisfy  (11-11)  with  only  a  single  image 
charge  q'  also  located  on  the  x  axis  a  distance  d'  into  the  conductor  (and  thereby 
replacing  the  conductor  as  far  as  the  vacuum  region  is  concerned).  Since  the  coordi¬ 
nates  of  q  and  q^  are  {d,0,0)  and  ( - £/ ^ 0, 0),  respectively,  we  find  that  (11-10)  together 
with  (5-6)  gives 


1  ) 

f  q 

_  1  _ 

\ 

45760  1 

\ 

(x  -  +  z^ 

|l/2  ^  1 

[{x  +  d'f  +  +  z\ 

(11-12) 


<|>(x,  y,  z)  = 
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Figure  11-1.  Point  charge  and  a  semiinfinite  plane  grounded  conductor,  q'  is  the  image 
charge. 


When  this  is  combined  with  (11-11),  we  see  that  we  must  satisfy  the  condition 

q  q' 


-P 


=  0 


(11-13) 


Clearly  this  will  always  be  satisfied  if  d'  =  d  and  q'  =  —q.  Hence  q'  is  as  far 
“behind"’  the  boundary  as  q  is  in  “front”  of  it,  so  that  the  term  “image”  charge  fits 
very  well;  we  note  that  the  charge  sign  changed  in  this  process— this  is  characteristic.  If 
we  now  put  these  values  we  have  just  found  into  (11-12),  we  obtain  the  unique 
expression  for  the  potential 


^(x,  y,  z) 


-^1 _ ! _ 

-  df  +  y^  +  z^Y^^ 


[(x  +  df  +  y^  +  z^Y^" 


(11-14) 


and  it  is  the  complete  solution  to  the  problem.  We  use  (11-14)  only  for  x  >  0;  for 
X  <  0,  </)  has  the  same  value  zero  that  it  has  at  the  surface  of  the  conductor  as  we  know 
from  (6-1). 

We  can  now  find  the  electric  field  components  from  (5-3): 


Ey 
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We  can  check  our  solution  by  seeing  whether  these  have  the  correct  properties.  At  the 
surface  of  the  conductor,  and  are  tangential  components  and  should  vanish 
according  to  (6-2);  we  see  at  once  from  (11-15)  that  this  is  correct,  for  we  find  that 
Ey(0,  y,  z)  =  E^(0,  y,  z)  =  0.  At  the  conductor,  the  normal  component  of  E  is 
£„  =  n*E  =  x*E  =  £^  and  we  find  that 


E„  =  E^{Q,  y,  z)  = 


_ _ 

-+  y^  + 


qd 

ItkoRI 


(11-16) 


where  Rq  is  the  distance  from  q  to  the  corresponding  point  on  the  plane  jc  =  0  as  is 
also  shown  in  the  figure.  But  we  know  that  a  nonvanishing  £„  means  that  there  is  a 
surface  density  of  charge  (free  charge,  in  this  case),  and  we  find  from  (11-6)  and  (6-4) 
that  it  is  given  by 


_ ¥ _ 

2TT{d^  + 


(11-17) 


This  surface  charge  is  said  to  have  been  induced  by  the  point  charge  q.  We  see  that  oy 
is  not  constant  over  the  plane;  its  maximum  magnitude  of  q/l^nd'^  occurs  at  the  origin 
directly  below  q,  and  oy  ^  0  as  and  z  go  to  infinity.  We  can  find  the  total  charge 
induced  on  the  yz  plane  by  combining  (11-17)  with  (2-16)  and  (1-55): 

qd  rcx)  rcc  dy  dz  qd  ^oo  dz 


where  we  have  used  our  previous  results  (3-7),  (3-8),  and  (3-12)  to  evaluate  the  integrals. 
Thus  the  total  induced  charge  turns  out  to  be  equal  and  opposite  to  the  inducing 
charge,  and  hence  equal  to  the  image  charge  as  we  should  have  expected  since  the 
image  charge  simulates  the  overall  behavior  of  the  conductor. 

In  order  to  find  the  force  on  q,  we  need  the  value  of  E  at  its  location.  We  cannot, 
however,  use  the  first  terms  in  the  braces  of  (11-15)  since  they  represent  the  contribu¬ 
tion  due  to  q  itself,  as  we  see  from  (11-12),  and  would  mean  that  q  is  exerting  a  force 
on  itself — a  possibility  we  have  constantly  excluded.  Putting  the  coordinates  of  q, 
(d,0j0),  into  the  remaining  terms  of  (11-15),  we  find  that  E^  =  E^  =  0  and 
E^  =  -q/lS^Tt^d^,  so  that  the  force  on  q  is 


F  =  ^E  = 


l6lT€nd^ 


(11-19) 


and  is  directed  toward  the  conductor.  This  clearly  represents  the  resultant  force  of 
attraction  between  q  and  the  induced  surface  charge  oy  as  can  be  verified  by  direct 
integration  of  (2-17).  If  we  rewrite  (11-19)  as 

¥ 

F  = - - - rx  (11-20) 

477£o(2rf) 

we  see  that  it  is  exactly  in  the  form  of  Coulomb’s  law  for  the  attraction  between  q  and 
the  image  charge  —q,  as  they  are  separated  by  the  total  distance  2d. 

The  equation  giving  the  equipotential  surfaces  in  the  region  x  >  0  is  obtained  by 
setting  <#>  equal  to  a  constant  in  (11-14),  and  the  equipotential  curves  in  the  xy  plane 
are  then  found  by  setting  z  =  0.  In  terms  of  the  distances  R  and  R'  of  Figure  11-1,  the 
equation  of  the  equipotential  surface  as  found  from  (11-14)  is  just 

1  1  4776  0*/* 


<1 


=  const. 


(11-21) 
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Figure  11-2.  Equipotentials  (solid)  and  electric  field  lines  (dashed)  for  the  system  of  Figure 
11-1. 


Some  of  these  curves  are  shown  as  the  solid  lines  in  Figure  11-2.  The  dashed  lines  are 
the  lines  of  E.  Their  equation  can  be  found  from  (5-39)  and  (11-15).  ■ 


Example 

Point  charge  and  a  grounded  conducting  sphere.  See  Figure  11-3.  We  use  spherical 
coordinates  with  origin  at  the  center  of  the  sphere  of  radius  a  and  the  z  axis  is  chosen 
to  pass  through  the  location  of  g  at  a  distance  d  from  the  center.  The  boundary 
condition  is  that  the  potential  be  zero  on  the  surface  of  the  sphere,  that  is, 

9,cp)  =  0  (11-22) 

We  try  to  solve  this  problem  with  a  single  image  charge  at  a  distance  d'  from  the 
center;  we  require  d'  <  a  so  that  q'  will  be  outside  of  the  vacuum  region.  The 
potential  at  any  field  point  P  as  obtained  from  (11-10),  the  law  of  cosines,  and  an 
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Figure  11-3.  Point  charge  and  a  grounded 
conducting  sphere. 


inspection  of  the  figure  is 
1 

<t>(r,  e,  qp)  = 


47rC| 

1 


q  q' 

—  -i - 

R  R' 


47re, 


{r^  +  -  Ird cos  0)^^^  (r^  -I-  d 


f2 


Ird'  cos 

(11-23) 


When  this  is  combined  with  (11-22),  we  obtain  the  condition 

q  q' 


(a^  -h  d^  -  lad  cos  9)^^^  {a^  +  d'^  —  lad'  cos  0) 


+ 


1/2 


0 


(11-24) 


from  which  we  must  find  the  two  unknowns  q'  and  d'.  Since  this  will,  in  general, 
require  two  equations,  and  since  (11-24)  must  hold  for  all  values  of  6,  we  can  get  these 
equations  by  using  two  particularly  useful  values  of  0.  We  note  that  we  can  get  rid  of 
the  square  roots  in  the  denominator  by  making  each  term  in  the  parentheses  form  the 
square  of  something,  and  we  see  that  this  will  occur  for  the  values  0  and  tt  for  B,  When 
these  are  put  into  (11-24),  we  obtain  the  two  equations 

q  q' 


d  -  a 

q 


a  —  d' 

q' 


d  -\-  a  a  d' 


and 


=  0 

(11-25) 

=  0 

(11-26) 

we  find  that 

^~d 

(11-27) 

In  this  case,  the  image  charge  again  has  the  opposite  sign  to  the  inducing  charge  but  is 
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not  of  the  same  magnitude,  and,  in  fact,  \q'\  <  \q\.  Substituting  these  results  into 
(11-23),  we  find  the  potential  that  satisfies  the  boundary  conditions,  and  thus  gives  the 
correct  value  everywhere  outside  the  sphere,  to  be 


Q  1 

f  1 

{a/d) 

\ 

477€o  1 

[  (r^  -\-  d^  —  Ird cos  | 

-P  i^a^/dY  —  lr{a^/d)co^B 

1/2  j 

(11-28) 


The  electric  field  components  can  now  be  found  from  E  =  and  (1-101);  the 

nonvanishing  ones  are 


q  |'(r-i/cos^)  {a/d)\r  -  {a^/d)QO^B\ 

47r€o  \ 


(11-29) 


Ee 


qd  sin  6 
47r€o 


{a/df 

R'^ 


(11-30) 


At  the  surface  of  the  sphere,  Eg(a)  =  0  as  it  should  since  it  is  a  tangential  component;, 
however,  0,  and  since  this  is  a  normal  component  at  the  surface,  there  is  a 

surface  density  of  charge  given  by 


af{e)  =  to£„  =  (oEriaJ) 


-q{d^  -  a^) 

A'na{a^  +  -  ladcosO)^''^ 


(11-31) 


We  can  show  again  that  the  total  induced  charge  is  equal  to  the  image  charge.  With  the 
use  of  (2-16),  (1-100),  and  (2-22),  we  get 

q{d^  -  a^)  /•2jr /-ff  a^sinOdSdfp 


^ind 


q(d^  —  a^)a 


r- 

•^-1  ia 


0  (a^  d^  —  lad  cos 

dll 


-1  {a^  -P  -  ladii) 

The  integral  can  be  found  from  tables  and  is 

1 


3/2 


1 


d(a^  +  d^  -  ladii) 


1/2 


1 


-1 


1 


1 


ad\\d  ~  a\  \d  +  a\ 


In  this  case,  d  >  a,  and  (11-33)  becomes  l/[d{d^  —  a^)]  so  that 

a 

<lmd  = 


(11-32) 


(11-33) 


(11-34) 


as  we  thought. 

The  charge  q  will  be  attracted  toward  the  sphere  by  a  force  that  can  be  found  as  the 
Coulomb  force  between  q  and  its  image  q\  Their  distance  of  separation  D  =  d  -  d' 
=  {d^  —  a^)/d,  so  that,  according  to  (2-3), 


adq^z 


F  = 


2\2 


477€o((i^  -  a^) 


(11-35) 


If  d  ^  a,  the  force  varies  approximately  as  the  inverse  cube  of  the  distance  of 
separation. 

The  general  appearance  of  the  equipotentials  and  lines  of  E  for  this  case  are  shown 
in  Figure  11-4.  ■ 
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Figure  11-4.  Equipotentials  and  electric  field  lines  for  the  system  of  Figure  11-3. 


Example 

Point  charge  and  an  insulated  uncharged  conducting  sphere.  This  is  a  variation  on  the 
previous  example.  The  sphere  is  assumed  to  be  originally  neutral,  and  is  no  longer  kept 
at  a  definite  potential.  In  the  presence  of  q,  the  sphere  must  still  have  zero  net  charge 
because  it  is  no  longer  connected  to  something  from  which  it  can  obtain  charge  as  was 
the  case  in  the  last  examples.  It  must  also  be  an  equipotential  volume.  We  begin  by 
introducing  the  same  image  charge  q'  =  -{a/d)q  at  the  same  position  as  the  last 
example;  this  will  make  the  surface  of  the  sphere  have  constant  (zero)  potential.  But,  in 
order  to  keep  the  sphere  neutral,  we  must  put  another  charge  q”  =  -  q'  =  i<i/d)q 
somewhere  within  the  sphere.  The  only  place  we  can  put  it  and  keep  the  sphere’s 
surface  an  equipotential  is  at  the  center.  Thus,  we  are  led  to  the  system  of  three  charges 
shown  in  Figure  11-5.  Since  this  charge  distribution  satisfies  all  of  the  requirements,  it 
will  lead  to  the  correct  potential  and  field  everywhere  outside  the  sphere.  The  calcula¬ 
tion  of  most  of  the  features  of  this  example  will  be  left  as  exercises,  but  we  can  easily 
find  the  final  potential  of  the  sphere.  If  we  combine  the  results  shown  in  the  figure  with 
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Figure  11 -S.  Point  charge  q  and 
its  images  for  an  insulated  uncharged 
conducting  sphere. 


(6-5),  we  find  that 


<;>sphere  =  = 


q 

A'TTtQd 


(11-36) 


which,  interestingly,  is  the  potential  that  would  be  produced  by  q  at  the  location  of  the 
center  of  the  sphere  if  the  sphere  were  not  present  at  all.  ■ 


Example 

Point  charge  and  semiinfinite  plane  dielectric.  The  situation  here  is  similar  to  that  of 
Figure  11-1  except  that  the  shaded  region  for  all  negative  x  is  filled  with  a  l.i.h. 
dielectric  rather  than  with  a  conductor.  As  in  the  previous  example,  the  potential  does 
not  have  a  preassigned  value.  This  time  the  boundary  conditions  at  the  surface  x  =  0 
are  those  satisfied  by  the  components  of  E  as  given  by  (10-56)  with  oy  =  0: 


iy 


(11-37) 


'22 


'Iz 


We  have  taken  region  1  as  the  dielectric  {x  <  0)  and  region  2  as  the  vacuum  (x  >  0) 
corresponding  to  the  direction  of  h  shown. 

In  the  vacuum,  we  try  the  same  set  of  charges  as  in  Figure  11-1,  but  we  will  assume 
at  once  that  d'  =  d.  Thus,  as  in  (11-12),  we  get 


<t>2 


“^^^0  \  ^{x  -  d)^ 


-T 


which  leads  to  field  components 


1 


E2x  = 


(x  -  d)q 


^^^0  \  [{x  -  dY 


-F 


[(x  +  d)^  +  _y^  + 
(x  +  d)q' 


[(x  +  d)^  -\-  y^  z 


3/2 


(11-38) 


(11-39) 


1 

\ 

4i7£o\ 

[(x  -  J)^  +  +  z^  1 

(x  +  df  +y'^  + 

(11-40) 


and  where  F22  obtained  by  replacing  the  y  in  the  front  of  (11-40)  by  z. 

We  cannot  use  this  same  set  of  charges  to  calculate  the  potential  in  the  dielectric 
since  q'  is  located  there,  and  our  fictitious  charges  should  be  located  outside  the  region 
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Figure  11-6.  Image  charge  used  to  calculate  the 
potential  in  the  dielectric. 


in  question.  Let  us  press  our  luck  as  much  as  possible  and  try  using  a  single  point 
charge  q"  located  at  the  position  of  q  itself  as  shown  in  Figure  11-6.  This  will  produce 
a  potential  in  the  dielectric  given  by 


_ ^ _ 


(11-41) 


with  the  corresponding  field  components 


(jc  -  d)q" 

, _ ^ _ 

-  d)^  + 


(11-42) 

(11-43) 


and,  again,  is  obtained  by  replacing  y  by  z  in  the  numerator  of  (11-43).  Now  we 
are  ready  to  try  to  satisfy  the  boundary  conditions  on  the  field  components. 

The  first  equation  of  (11-37)  is  eo^2;c(*^’  IcSids  to 

«o(-9  +  9')  =  «(-?")  (11-44) 

while  the  second  equation  of  (11-37)  is  E2y(0,  y,  z)  =  £^i^(0,  y,  z)  and  yields 

q^q'  =  q"  (11-45) 


as  does  £’2^(0,  y,  z)  =  Ei/0,  y,  z).  When  we  solve  (11-44)  and  (11-45),  and  recall  that 
c/cq  =  K^,  we  find  that 


q'  = 


K,  -  1\ 


2^ 

+  1 


(11-46) 


which  means  that  we  have  managed  to  solve  the  problem  completely. 

Thus  we  are  led  to  the  two  sets  of  image  charges  shown  in  Figure  11-7.  The  box 
around  the  region  number  indicates  that  the  charges  shown  are  to  be  used  to  calculate 
<f)  in  that  region.  The  complete  solution  to  this  problem  is  thus  obtained  by  inserting  the 
values  of  q'  and  q"  given  by  (11-46)  into  (11-38)  through  (11-43). 

We  can  find  the  force  on  the  inducing  charge  q  at  x  =  d  from  (11-39)  and  (11-40) 
by  using  only  the  contribution  from  q\  and  it  is  seen  to  be 


F  =  ^E(J,0,0) 


AmQ{2df 


(  +  1  j 


(11-47) 
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and,  as  before,  is  the  same  as  the  Coulomb  force  of  attraction  between  q  and  q',  the 
induced  image  charge  in  the  dielectric.  Physically,  this  is  just  the  force  of  attraction 
between  q  and  the  bound  surface  charges  on  the  dielectric.  We  can  find  their  density  by 
using  (10-8),  (10-50),  (10-52),  (11-42),  and  (11-46): 


Oh{y>  2)  =  Pin  =  (k,  - 


^ _ 

\xe+^l2n{d^  +  y^  +  z^f^^ 


(11-48) 


and  is  negative  as  we  expect.  By  comparing  (11-17)  and  (11-18)  with  (11-48),  we  see 
that  the  total  bound  charge  induced  on  the  dielectric  surface  will  again  equal  the  image 
charge  q'. 

The  equipotential  curves  and  lines  of  E  for  this  system  are  shown  in  Figure  11-8.  As 
expected,  we  see  that  the  lines  of  E  are  refracted  as  they  cross  the  bounding  surface  of 
the  dielectric.  ■ 


11-3  ''REMEMBRANCE  OF  THINGS  PAST" 

Sometimes  a  solution  found  for  a  previous  problem  can,  with  appropriate  interpreta¬ 
tion,  be  adapted  and  used  to  solve  what  at  first  appears  to  be  a  completely  new 
problem.  We  will  illustrate  this  with  two  examples,  both  of  which  can  be  related  to  an 
example  from  Chapter  5. 


■  Example 

Uniform  infinite  line  charge  and  a  semiinfinite  plane  grounded  conductor.  We  consider  an 
infinitely  long  line  charge  of  constant  charge  A  per  unit  length  that  is  a  distance  a  from 
and  parallel  to  the  surface  of  a  grounded  conductor  occupying  half  of  all  space.  If  we 
take  the  line  to  be  parallel  to  the  z  axis,  the  surface  of  the  conductor  to  be  the  yz  plane, 
and  choose  the  x  axis  to  pass  through  the  line  charge,  we  get  the  situation  in  the  xy 
plane  shown  in  Figure  11-9.  The  boundary  condition  is  that  the  potential  be  constant 
and  equal  to  zero  on  the  conducting  surface,  that  is,  (f)(0,  z)  =  0.  Because  of  the 
similarities  of  Figures  11-9  and  11-1,  as  well  as  the  identity  of  this  boundary  condition 
with  (11-11),  we  can  make  a  good  guess  that  the  appropriate  image  charge  to  use  in  this 
case  is  another  infinite  line  charge  of  density  -  A  located  at  x  =  -a.  But  this  is  exactly 
the  charge  distribution  shown  in  Figure  5-7,  for  which  the  potential  is  given  everywhere 
by  (5-34),  and  whose  equipotentials  and  lines  of  E  are  illustrated  in  Figure  5-8.  (We 


Figure  11-9.  Uniform  infinite  line  charge  perpendicular 
to  the  page  and  parallel  to  a  semiinfinite  plane  grounded 
conductor. 
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recall  that  the  equipotential  surfaces  are  actually  cylinders  whose  axes  are  parallel  to 
the  z  axis  and,  in  fact,  these  axes  lie  in  the  xz  plane.)  As  we  noted  in  the  discussion 
following  (5-38),  the  yz  plane  (x  =  0)  is  the  equipotential  surface  for  =  0,  which  is 
exactly  the  boundary  condition  (11-11)  that  we  have  to  satisfy  for  this  problem. 
Therefore,  the  solution  is  given  by  our  previous  results.  However,  we  can  use  (5-34) 
only  in  the  unshaded  vacuum  region  of  Figure  11-9,  that  is,  —(tt/I)  <  (p  <  m/l..  Thus, 
the  equipotentials  and  lines  of  force  for  this  example  are  given  by  the  curves  in  the  right 
half  of  Figure  5-8.  In  other  words,  we  already  have  the  complete  solution  available  for 
this  example.  ■ 

We  can  go  even  further  with  what  we  found  for  the  complete  system  of  Figure  5-7. 
Suppose  that  one  of  the  equipotential  cylinders  were  replaced  by  a  solid  conductor 
occupying  the  volume  enclosed  by  the  cylinder.  The  surface  of  the  conductor  would  be 
an  equipotential  as  required  and  would  have  the  potential  corresponding  to  the  surface 
it  replaced.  The  electric  field  will  be  normal  to  the  conductor  as  required  since  the  lines 
of  E  are  already  normal  to  the  equipotential  cylinder.  There  will  be  a  surface  charge  on 
the  cylinder  given  by  (6-4),  but,  as  we  can  easily  see,  the  total  charge  per  unit  length  on 
the  cylinder  will  still  be  \  (assuming  a  surface  in  the  right  half  of  Figure  5-8),  Consider 
a  Gaussian  surface  of  integration  just  outside  the  conductor.  The  value  of  E  will  still  be 
found  from  (5-35)  and  (5-36)  so  that  the  surface  integral  of  Gauss’  law  (4-1)  will  be  the 
same  as  if  the  line  charge  were  there.  But  since  Gauss’  law  equates  the  surface  integral 
to  the  total  charge  inside  divided  by  Cq,  regardless  of  its  distribution,  the  total  charge 
per  unit  length  will  be  \  and  this  will  be  the  total  charge  on  the  conductor’s  surface.  In 
other  words,  outside  the  conductor,  nothing  has  changed,  and  we  can  still  use  (5-34) 
everywhere  else.  [Inside,  things  have  changed,  of  course:  the  electric  field  is  now  zero 
and  <}>  is  constant,  according  to  (6-1).]  Similar  remarks  apply  to  the  left-hand  part  of 
Figure  5-8.  We  now  are  ready  to  consider  our  next  example. 


Example 


Capacitance  of  two  parallel  cylindrical  conductors.  Consider  two  infinitely  long  conduct¬ 
ing  cylinders  whose  axes  are  parallel.  For  simphcity,  we  assume  that  they  have  the  same 
radius  A;  their  axes  are  separated  by  a  distance  D  as  shown  in  Figure  11-10.  If  we 
identify  these  cylinders  with  the  appropriate  equipotentials  of  Figure  5-8,  they  will 
carry  charges  of  and  -i-X  per  unit  length.  Our  problem  now  is  to  relate  these 
dimensions  to  our  previous  results  and  to  find  the  potential  difference.  In  (5-38),  we 
found  the  radius  of  a  circle  of  Figure  5-8  to  be  ^z/sinhij  and  the  location  of  its  center 
with  respect  to  the  origin  is  ticothi]  where  tj  =-  27rcQ(^)/X.  Therefore,  if  (f>  is  the 
potential  of  the  right-hand  cylinder  of  charge  X,  we  have 


A  = 


a 

sinhT^ 


(11-49) 


D 


=  a  coth  T]  =  A  cosh  rj 


(11-50) 


D 


Figure  11-10.  Cross-sectional  view  of  two  parallel 
cylindrical  conductors. 
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Solving  the  last  equation  for  tj,  we  find  the  potential  of  the  cylinder  to  be 

^  1/  ^  \ 

<f)  = - cosh 


(11-51) 


Since  the  potential  of  the  other  cylinder  is  —  </>,  the  potential  difference  between  the  two 
will  be 


A  (  D 

A<p  =  2<j>  =  —  cosh  ^  - — 
TTCn  \  2A 


(11-52) 


As  the  charge  on  a  length  L  of  this  system  will  be  XL,  we  see,  from  (6-28),  that  the 
capacitance  for  a  length  L  will  be 

XL  'n'enL 

c  =  —  = - TV - ^  (11-53) 

A<p  cosh  ^(D/2A) 

If  A  D,  as  would  be  appropriate  for  two  thin  wires,  we  find  from  the  series 
expansion  cosh“^  w  =  ln2w  -  (l/4u^)  -  -  -  •  that  we  can  approximate  (11-53)  as 

‘Tre^L 

C  ^ _ 2 _ cs: _ 2 _  (11-54) 

ln(D/A)  -  (A/Df  ln(D/A) 

which  is  a  commonly  found  expression.  [This  result  also  agrees  with  that  of  Exercise 
6-15  when  applied  to  this  case.]  ■ 

We  now  want  to  consider  some  of  the  more  systematic  methods  for  solving  Laplace’s 
equation. 


11-4  SEPARATION  OF  VARIABLES  IN  RECTANGULAR  COORDINATES 

When  (11-3)  is  expressed  in  rectangular  coordinates  with  the  use  of  (1-46),  it  becomes 

d^<l>  , 

^  ^  =  0  (11-55) 


5  +  ^-® 


We  will  try  to  solve  this  by  assuming  a  solution  in  the  form  of  a  product  of  quantities 
each  of  which  is  a  function  of  a  single  variable: 

<t>(x,y,z)  =  X(jc}Y(y)Z(z)  (11-56) 

Upon  substituting  this  into  (11-55)  and  dividing  by  XYZ,  we  obtain 


1  1  1  d^Z 

- T  - T  - r~T'  ~  ^ 

X  dx^  Y  dy^  Z  dz^ 


which  can  also  be  written  as 


\  d^X  I  d^Y 


1  d^Z 


(11-57) 


(11-58) 


The  left-hand  side  of  (11-58)  is  a  function  only  of  x  and  y,  while  the  right-hand  side  is 
a  function  only  of  z.  But  (11-58)  says  that  both  sides  must  always  be  equal  for  any  and 
all  values  of  x,  y,  and  z — quantities  that  can  be  varied  independently.  This  is  only 
possible  if  both  sides  are  equal  to  the  same  constant,  which  we  write  as  -y^.  Thus,  we 
have 

1  d^Z 


(11-59) 
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Repeating  this  process,  we  find  that 


\  d'^X  ^  1  d'^Y 

- =  - = 

X  dx^  Y  dy^  ^ 


(11-60) 


where  and  /8^  are  also  constants.  These  constants  are  not  independent,  for  when  we 
substitute  (11-59)  and  (11-60)  into  (11-57),  we  find  that 


=  0  (11-61) 

We  have  seen  that  d^X/dx^  =  a^X  and  this  can  be  integrated  at  once  to  give 

X{x)  =  (11-62) 

where  and  ^^e  constants  of  integration.  Similarly, 

Y{y)  =  h^e^y  +  (11-63) 

Z{z)  =  (11-64) 


The  product  of  these  three  functions  will  be  a  solution  of  (11-55),  provided  that  (11-61) 
is  satisfied.  Because  of  this  condition,  and  cannot  all  be  positive  or  all 

negative;  this  means,  in  turn,  that  the  constants  a,  y8,  and  y  cannot  all  be  real  or  all 
imaginary  so  that  if  one  is  real,  at  least  one  of  the  others  must  be  imaginary. 
Consequently,  at  least  one  of  the  functions  X,  7,  and  Z  must  vary  exponentially  with 
its  argument,  while  at  least  one  will  vary  sinusoidally. 

Evidently,  there  are  many  combinations  of  a,  p,  y  that  will  satisfy  (11-61),  and  each 
combination  will  give  a  solution,  so  that  there  are  many  possibilities.  At  the  same  time, 
the  constants  of  integration  may  themselves  depend  on  the  particular 

values  of  a,  jS,  y,  so  that  we  should  write  them  in  the  form  a2{oL),  b^{P\ .... 

Since  Laplace’s  equation  is  a  linear  equation,  a  sum  of  solutions  of  the  form  (11-56)  will 
also  be  a  solution;  if  we  add  up  all  the  possibilities,  we  see  that  we  can  write  the  most 
general  solution  to  Laplace’s  equation  in  rectangular  coordinates  in  the  form 


<f>{x,  y,  z)  =  Y,[ai{a)e‘'^  +  a2ia)e  [6i(/?)e^^ -f  62(;S)e 
[ci(Y)e'''  +  C2(7)e'^"] 


(11-65) 


where  the  sum  is  to  be  taken  over  all  values  of  a,  p,  y  that  satisfy  (11-61).  Since  there 
undoubtedly  are  an  infinite  number  of  combinations  of  a,  p,  y  that  meet  this  require¬ 
ment,  we  see  that  our  general  solution  contains  an  infinite  number  of  constants  of 
integration.  The  basic  idea  in  the  application  of  (11-65)  is  that  these  constants  must  be 
determined  so  that  <j>  will  satisfy  the  given  boundary  conditions.  Once  this  has  been 
done,  the  problem  is  completely  solved,  and  we  know  from  the  theorem  of  Section  11-1 
that  the  solution  obtained  for  </»  will  be  unique.  In  using  this  method,  then,  one  would 
start  with  (11-65),  and  satisfy  the  boundary  conditions  step  by  step  in  a  systematic 
manner;  no  guesswork  should  be  required.  As  usual,  all  of  this  is  best  illustrated  with  a 
specific  example. 


Example 

We  consider  a  region  bounded  by:  (1)  a  semiinfinite  conducting  plane  at  x  =  0 
occupying  that  half  of  the  yz  plane  corresponding  to  positive  y  (thus,  0  <  y  ^  oo,  —  oo 
<  z  <  oo);  (2)  a  similar  plane  at  x  =  L;  and  (3)  the  strip  between  them  in  the  xz  plane 
(thus,  0  <  X  <  L).  The  region  defined  in  this  way  is  shown  in  Figure  ll-lla,  and  its 
projection  on  the  xy  plane  is  shown  shaded  in  Figure  11-llZ?. 
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Figure  11-11.  (a)  Two  semiinfinite  conducting  planes  parallel  to  the  yz  plane,  (b)  Their 
projection  on  the  xy  plane. 


Let  us  assume  the  following  boundary  conditions: 


at  X  =  0 

(|)(0,  y,2)  =  0 

(11-66) 

at  X  =  L 

i-lL,  y,z)  =  0 

(11-67) 

at  y  =  00 

4>(x,  00,  z)  =  0 

(11-68) 

at  y  =  0 

4>(x,0,z)  =  fix) 

(11-69) 

where  f(x)  is  some  given  function,  that  is,  the  potential  on  strip  3  varies  with  x  only  in 
some  predetermined  manner.  This  set  of  boundary  conditions  could  correspond  to  the 
semiinfinite  sheets  being  grounded  conductors,  while  strip  3  in  the  xz  plane  is 
maintained  in  the  manner  described  by  f{x)  by  a  suitable  arrangement  of  batteries; 
(11-68)  corresponds  to  the  usual  requirement  that  the  potential  vanish  at  an  infinite 
distance  from  the  source  charges. 

Now  since  the  region  of  interest  extends  over  the  complete  range  of  z,  and  there  is 
no  dependence  on  z  in  the  boundary  conditions,  this  situation  is  actually  independent 
of  z  and  is  really  a  two-dimensional  problem  so  that  <^>  =  <t>(x,  _v).  Therefore,  we  see 
from  (11-65)  that  7  =  0  is  the  only  allowable  value,  and  (11-65)  reduces  to 

<t>=  E  A2{a)e~'"^][bi{P)e^y  + 

«2  +  j8^  =  0 

where  we  have  set  ^i(a)  =  ai^(a)[ci(0)  +  €2(0)],  and  so  on.  [Actually,  if  7  =  0,  then 
(11-59)  will  integrate  to  Z(z)  =  cj  +  CjZ  but,  in  order  to  have  our  solution  indepen¬ 
dent  of  z,  C2  must  be  zero,  which  again  will  result  in  the  form  given  by  (11-70).]  Since 
-y  =  0,  we  have  so  that  a  =  ij3,  where  i  =  ]/-l ,  and  there  is  only 

one  independent  quantity  to  be  summed  over  and  we  can  write 

<f>  =  (11-71) 
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This  reduction  of  (11-65)  to  (11-71)  followed  solely  from  the  fact  that  the  problem  is 
really  independent  of  z — which  is  a  “boundary  condition”  in  a  generalized  sense.  Now 
we  turn  to  the  boundary  conditions  that  give  actual  values  of  </). 

By  comparing  (11-68)  and  (11-71),  we  see  that  if  ^  is  positive,  the  term  varying  like 
cannot  appear  because  it  does  not  vanish  at  infinity  so  that  b^{P)  must  be  zero.  On 
the  other  hand,  if  ^  is  negative,  ^>2(^8)  must  be  zero.  In  both  cases,  the  remaining  term 
will  vary  as  so  that  there  is  really  only  one  possible  form.  For  definiteness,  we 

choose  ^  >  0;  thus  we  must  have  /)i(jS)  ==  0,  and  then  (11-71)  becomes 

<i>=  L  +  (11-72) 

p>0 

[p  cannot  be  zero,  since  then  (11-68)  will  not  be  satisfied.]  If  we  define  /?2(^)^i(/^)  “ 
^  (11-72)  can  be  written  more  simply  as 

)S>0 

If  we  now  use  (11-66),  we  get 

<^(0,  ^)  =  0  =  E  (11-74) 

The  only  way  in  which  this  can  be  zero  for  arbitrary  y,  since  is  always  positive,  is 

for  each  term  in  the  sum  to  be  zero;  thus  -t-  =  0,  so  that  =  —A^.  The  term  in 
the  parentheses  in  (11-73)  can  be  then  written  as  =  liAp^infix  and 

fj>  is  now 

z  2iA^sinj8xe^^^  (11-75) 

fi>0 

(Since  </>  must  be  a  real  quantity,  we  see  that  A^  itself  must  be  an  imaginary  constant.) 
Applying  (11-67)  to  (11-75),  we  have 

(|)(L,>^)  =  0=1;  2/^^sin^Le-^^  (11-76) 

J3>0 

which  shows  us  that  sin  =  0  and  therefore  fiL  =  n-n  ot 

nvr 

J3  =  —  (11-77) 

where  n  is  a  positive  integer  (since  ji  is  positive).  Thus  our  sum  over  ^  is  actually  a  sum 
over  n  and  it  is  convenient  to  write  it  that  way;  if  we  set  liA^  =  A„,  and  use  (11-77),  we 
can  write  (11-76)  as 

^  (  nil x\ 

<t>(x,y)=  E^„sin(  — (11-78) 


and  all  that  remains  to  be  found  are  the  constant  coefficients  A„.  For  this  purpose,  we 
have  one  boundary  condition  remaining. 

Putting  j  =  0  into  (11-78),  and  setting  the  result  equal  to  /(x),  according  to  (11-69), 
we  get 

^  /  nvrx  \ 

<#>(x,0)  =/(x)  =  E  — j  (11-79) 


which  shows  that  our  remaining  problem  is  that  of  expanding  /(x)  in  a  Fourier  series 
(using  only  the  sine  terms).  This  is  done  by  using  the  first  of  the  following  results  that 
are  easily  proved  by  direct  integration 


fmTTX]  /«7rx\  /■mTTX'l  jn7TX\ 

L  “nT)'“(TrJ 


A-jiS..  (11-80) 
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that  is,  these  integrals  are  zero  when  m  and  each  equals  for  w  =  «,  as  we  see 
from  (8-27).  This  result  (11-80)  is  generally  known  as  the  orthogonality  and  normaliza¬ 
tion  property  of  the  trigonometric  functions;  when  this  integral  is  zero,  the  functions 
are  said  to  be  “orthogonal.”  Combining  this  result  with  (11-79)  enables  us  to  “pick 
out”  any  of  the  coefficients  we  desire  as  follows:  we  multiply  both  sides  of  (11-79)  by 
sin (miTx/L)  and  integrate  over  the  range  L  of  x  and  we  get 


since  each  term  in  the  sum  is  zero  except  when  n  =  m.  Changing  the  index  back  to  n 
and  solving  for  A we  obtain 

2  cL  /  \ 

A„=  —  j  dx  (11-81) 

Once  f{x)  has  been  given,  we  can  determine  the  coefficients  by  carrying  out  the 
integration  indicated  in  (11-81),  and  then  the  A^  can  be  put  into  (11-78).  The  result  will 
be  the  correct  unique  value  for  the  potential  from  which  <f),  and  then  E,  can  be  found  at 
any  point  by  evaluating  the  sum.  ■ 


Example 

Special  case.  In  order  to  have  a  definite  example,  let  us  now  assume  that  f(x)  = 
<f>Q  =  const.  This  would  correspond  to  keeping  the  whole  strip  in  the  xz  plane  at  a 
constant  potential,  as  would  be  the  case  if  it  were  a  conductor  connected  to  a  single 
battery.  (It  would  have  to  be  insulated  from  the  conducting  walls  by  a  thin  strip  of 
dielectric  on  each  edge.)  Anyhow,  putting  this  into  (11-81),  we  get 


2  /  «7FX  A  2 

A„=  —  <|)oSin  —  dx  =  — (1  -  coswtt) 

L  >^0  \  h  )  WTT 


(11-82) 


Now  (1  —  cos  wtt)  =  2  if  «  is  an  odd  integer,  and  0  if  «  is  even,  so  that  ^„  =  0  if  n  is 
even,  and  A^  =  ^  is  odd.  Thus,  the  general  solution  (11-78)  as  applied  to 

this  special  case  becomes 

4  „  1  /  n7TX\ 

4,{x,  y)  =  <j>o-  E  -  sin  —  e  (11-83) 

„odd"  \  ^  > 


This  sum  cannot  easily  be  further  simplified,  and  in  order  to  find  ^  at  a  definite  point 
the  sum  will  generally  have  to  be  evaluated  numerically.  Ordinarily,  this  is  not  a  great 
problem  for  not  many  terms  in  the  sum  will  be  needed  to  achieve  a  reasonable  accuracy 
because  the  successive  terms  get  less  and  less  important,  both  because  of  the  factor  l/n 
and  of  the  appearance  of  n  in  the  exponential  term. 

We  can  now  use  (11-83)  to  calculate  the  electric  field  at  any  point  from  E  =  -  V^^>, 
and  we  get 


E,=  -<#>07  E  cos 

n  odd 


niTX 


-{n‘ny)/L 


(11-84) 


Ey  =  4>oj  E  sin 

^  «odd 


«7rx 


(11-85) 


while,  of  course,  =  —d<f>/dz  =  0.  We  note  that  these  expressions  have  the  correct 
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units  of  volts/meter.  We  also  see  that  =  0  at  ;c  =  0  and  L  as  it  should  because  it  is 
a  tangential  component  at  these  conducting  surfaces.  does  not  necessarily  vanish 
there  because  it  is  a  normal  component  and,  in  fact,  by  using  (6-4),  we  could  find  the 
surface  charge  density  as  a  function  of  position  on  these  conducting  surfaces.  ■ 
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If  we  use  (1-105),  we  can  write  (11-3)  as 


5/*  V  dr  j  sinO  36  j  ^2  ^ 


(11-86) 


The  general  solution  of  this  equation  can  be  found  by  the  same  systematic  application 
of  separation  of  variables  that  we  have  illustrated  for  rectangular  coordinates.  The 
results  are  more  complicated;  consequently,  for  our  purposes,  it  will  be  sufficient  to 
restrict  ourselves  only  to  those  cases  for  which  <f>  is  independent  of  the  angle  <p,  that  is, 
to  systems  with  axial  symmetry.  There  are  still  a  large  number  of  situations  which  fall 
into  this  category,  however.  If  (/>  =  <J)(r,  6),  (11-86)  simplifies  somewhat  to 


\  dr  f 


+ 


1  d 
sin  6  36 


-  0 


(11-87) 


By  analogy  to  (11-56),  we  now  look  for  a  solution  of  the  form 


<t>{rJ)^Rir)T{6) 


(11-88) 


If  we  substitute  this  into  (11-87),  divide  the  result  by  the  product  RT,  and  equate  the 
resulting  function  of  r  alone  to  that  for  6  alone,  we  get 


,dR\ 


1  d! 


Tiine  d6 


sin^ 


dT 


const.  =  K 


(11-89) 


since  each  term  is  a  function  of  a  different  independent  variable  so  that  they  must  be 
separately  equal  to  the  same  constant  K.  If  we  set  each  in  turn  equal  to  K,  we  get  two 
equations,  one  for  i?,  and  one  for  7.  Doing  this  for  the  first  term  and  carrying  out  the 
differentiation,  we  find  that  R  must  satisfy  the  equation 


d^R  dR 

r^~TT  +  2/—-  -  KR  =  0  (11-90) 

dr^  dr 


In  order  to  make  a  start  at  solving  this,  we  try  a  solution  of  the  form  R  =  ar^  where  a 
and  /  are  constants;  upon  substitution  into  (11-90),  the  result  is  that  [/(/  -Hi)  -  K]R 
=  0.  Since  we  do  not  want  R  to  be  zero,  as  this  would  make  <#>  =  0  everywhere,  we  see 
that  we  must  have 


K=l{l+l)  (11-91) 

Equating  this  to  the  second  term  of  (11-89),  we  find  that  the  equation  for  T  becomes 

\  d  I  dT.\ 

where  we  have  added  the  subscript  /  to  indicate  the  association  of  the  solution  with  the 
constant.  Now  since  T,  is  part  of  the  physical  quantity  (j),  it  must  be  a  reasonable 
function.  By  this  we  mean  that  it  should  be  finite,  single  valued,  and  continuous  over 
the  whole  range  of  6.  It  would  take  us  too  far  afield  to  investigate  this,  but  it  can  be 
shown  that  this  is  possible  only  if  /  is  a  positive  integer,  including  zero;  thus 

/-0,1,2,3,... 


(11-93) 
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As  a  matter  of  fact,  the  can  be  identified  with  the  Legendre  polynomials  we  have 
already  encountered  in  Chapter  8.  If  we  refer  back  to  Figure  8-1,  we  see  that  and  r- 
are  just  the  corresponding  spherical  coordinates  of  the  location  of  with  respect  to  the 
fixed  direction  f  shown;  is  the  corresponding  distance  from  the  source  point  to  the 
field  point  and  r  of  the  figure  will  be  a  definite  constant.  Accordingly,  in  (8-12),  we  can 
write  as  a  constant  Gj,  and  then  drop  the  index  i  on  0^  and  r,  to  get  an 

expression  in  the  same  notation  we  are  using  here,  that  is,  we  can  write 

1 

=  lG/'/>,(cosO)  (11-94) 

We  already  know  from  (1-144)  that  this  is  a  solution  of  Laplace’s  equation  and 
therefore  (j>  =  1/R,  must  be  a  solution  of  (11-87).  If  we  now  substitute  (11-94)  into  it, 
we  obtain 

\  d  I  dPM 

/(/+ 1)P;+  —  sin^^  =0  (11-95) 

^  '  siae  de\  dej\  ^ 

In  general,  this  sum  can  be  zero  only  if  each  term  is  zero  since  r  is  arbitrary,  so  that  the 
bracketed  term  must  be  zero  for  each  /.  Upon  comparing  this  with  (11-92),  we  see  that 
and  satisfy  the  same  differential  equation  and  thus  can  be  taken  as,  at  most,  a 
constant  times  P^.  We  will  absorb  any  such  constant  into  the  factor  R{r)  of  (11-88)  and 
simply  let  7)(^)  =  P/(cos^).  Then  we  can  write  (11-88)  as  i?/(/')P,(cos  ^),  and  since 
there  will  be  a  solution  of  this  form  of  the  linear  differential  equation  (11-87)  for  each 
possible  /,  we  can  write  the  general  solution  of  (11-87)  in  the  form 

00 

^{r,e)=  ^  Rj(r)P,(cos0)  (11-96) 

/  =  0 

We  still  have  to  find  the  general  form  of  R/,  however. 

The  equation  satisfied  by  i?/,  as  found  from  (11-90)  and  (11-91),  now  is 

d^R,  dR, 

-  lil  +  l)R.  =  0  (11-97) 

dr  dr 

where  /  satisfies  (11-93).  We  now  try  to  solve  this  equation  more  generally  than  before 
by  assuming  a  form  R^  =  a/"  where  a/  is  a  constant  and  n  is  an  integer,  and,  upon 
substitution  of  this  into  (11-97),  we  find  that  we  must  have  n{n  -I-  1)  -  /(/  -I-  1)  =  0. 
This  equation  has  the  two  solutions  n  =  I  and  —  (/  +  1),  so  that  the  general  solution  of 
(11-97)  has  the  form 

R,(r)=A,r'+^  (11-98) 

where  Aj  and  Bf  are  constants  of  integration.  Substituting  this  into  (11-96),  we  finally 
get  the  general  form  of  the  solution  to  Laplace’s  equation  for  an  axially  symmetric 
situation  as 

^  (  B.  \ 

<>('■>  ^)  =  E  M/' -I-  P, (cos e)  (11-99) 

/=o\  / 

As  we  saw  in  (8-10),  the  first  few  Legendre  polynomials  are 

/o(cos^)  =  l  Fi(cos ^)  =  cos ^  jP2(cos^)  =  ^(3cos^^  -  l)  (11-100) 
and  higher-order  ones  can  be  found  from  the  recursion  relation  (8-11): 

(/  +  l)P/_^i(cos  ^)  =  {21  -f  1)  cos  ^P;(cos  ^)  —  /P^_i(cos^)  (11-101) 
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In  the  last  section,  we  found  that  the  orthogonal  properties  of  trigonometric 
functions  as  expressed  in  (11-80)  were  a  great  help  in  finding  the  expansion  coefficients 
in  rectangular  coordinates.  The  Legendre  polynomials  have  a  similar  property  and  it  is 
equally  helpful.  It  can  be  shown  that 

w  2 

Pi{cos0)P^{cose)  sin  e  d0  =  p  dn  =  (11-102) 

where  we  have  used  (2-22).  As  an  application  of  this  property,  we  can  derive  a  result 
that  will  be  quite  useful  to  us  in  what  follows.  Consider  the  sum 

00 

Y.C,Pi{cos0)  =  0  (11-103) 

/=0 

where  the  C/  are  constants.  Since  the  sum  must  be  zero  for  any  arbitrary  value  of  the 
angle  6,  it  seems  plausible  that  this  can  be  the  case  only  if  each  term  in  the  sum  is  itself 
zero,  that  is,  if  all  of  the  are  zero.  We  can  easily  show  that  this  is  the  case.  In 
(11-103),  we  let  cos  ^  =  /x,  multiply  through  by  -P^(ia)  integrate  over  ix  from  - 1  to 
-I- 1,  and  use  (11-102);  in  this  way  we  get 

LcJ  PMPM  -  EC, (—)«,.  -  ^  -  0 

since  every  term  in  the  sum  is  zero  except  when  I  =  m.  Therefore,  C„j  =  0  for  all  w,  as 
we  suspected.  Changing  the  index  from  m  back  to  /,  we  have  shown  that 

00 

if  L  CiP, {cos  0)  =  0,  then  C,  =  0  (11-104) 

/  =  0 

Now  let  us  consider  some  specific  examples. 

Example 

Grounded  conducting  sphere  in  a  previously  uniform  field.  We  assume  that  initially  we 
have  a  completely  uniform  field  Eq  and  then  a  conducting  sphere  of  radius  a  is  inserted 
into  the  region  and  kept  at  zero  potential.  The  field  Eg  could  be  produced,  for  example, 
by  a  parallel  plate  capacitor  whose  plate  separation  is  very  large  compared  to  the  size  of 
the  sphere.  We  choose  the  z  axis  in  the  direction  of  Eg,  so  that  Eg  =  ^gZ,  and  take  the 
origin  at  the  center  of  the  sphere  as  shown  in  Figure  11-12.  Even  before  we  have  found 
the  solution  for  this  case,  we  can  anticipate  that  the  lines  of  E,  which  will  finally  result, 
will  have  the  general  form  shown  by  the  lines  in  the  figure  since  they  must  come  in 
normal  to  the  conducting  surface.  This  situation  clearly  has  axial  symmetry,  making  <j> 
a  function  of  r  and  only,  so  that  (11-99)  is  appropriate.  We  already  know  that  <^  =  0 
for  r  <  because  of  (6-1);  thus  we  need  concern  ourselves  only  with  finding  tp  for 
r  >  a.  In  order  to  do  this,  we  need  to  determine  the  boundary  conditions. 

At  the  surface  of  the  conducting  sphere,  ^  is  zero,  so  that  one  of  our  conditions  is 
that 

<l>(a,0)  =  0  (11-105) 

At  the  other  extreme,  when  we  get  far  away  from  the  sphere,  we  expect  the  original 
uniform  field  to  be  unaffected  by  the  presence  of  the  sphere,  that  is,  as  r  ->  oo, 
E(/*,  0)  ->  FqZ.  Thus,  in  this  fimit,  </>  should  reduce  to  the  form  of  a  potential 
appropriate  to  this  uniform  field.  But  since  E  =  -  v<f>,  this  means  that  for  large 
r,  E^  =  Eq=  -d^/dz  which  gives  (p  =  -EqZ  as  the  limiting  expression.  Thus,  our 
condition  at  the  far  boundary  is 

<p{r,0)  -  EqZ  =  -E^rcosO 


(11-106) 
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Figure  11-12.  Lines  of  E  for  a  grounded  conducting  sphere  in  a  previously  uniform  field. 


Putting  r  =  a  in  (11-99)  and  using  (11-105)  gives  us 

Y,  {A,a‘  +  —^\p,{cose)  =0  (11-107) 

/=o\  ^  / 

Now  (11-104)  shows  that  the  term  in  parentheses  is  zero,  so  that  Bi  = 
and  (11-99)  thus  becomes 

/=o  \ 

Applying  (11-106)  to  this,  we  gel 

00 

^^/^P,(cos^)  =  -E^rcosO  =  -£orPi(cos0)  (11-109) 

/=o 

with  the  use  of  (11-100).  If  we  separate  out  the  term  in  the  sum  for  /  =  1,  for 
convenience  in  writing,  (11-109)  takes  the  form 

00 

{Ai  +  EQ)rP^{cosd)  -1-  ^  ^/r^F/(cos^)  =  0  (11-110) 

Since  this  must  hold  for  all  large  r,  it  will  be  true  in  particular  for  a  definite  constant 
value  Kq.  But  then  (11-110)  is  exactly  of  the  form  (11-104),  which  shows  us  that 
=  —Eq,  and  ^^=0  (/ =5^  1)  thus  completing  the  evaluation  of  the  coefficients. 
Consequently,  the  sum  in  (11-108)  reduces  to  the  single  term  for  /  =  1,  and  our  final 
unique  expression  for  <j>  is 

a^EnCOsB  , 

<^)(r,^)  =  -Egrcos^  -I-  - ^ -  (11-111) 

Having  obtained  this  result,  we  have  completely  solved  the  problem,  and  <#>  and  E  can 
be  found  at  any  desired  field  point. 


,2/+l 


P;(cos^) 


(11-108) 
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As  we  see  from  (11-106),  the  first  term  in  (11-111)  is  just  that  corresponding  to  the 
original  uniform  field.  The  second  term  must  represent  that  part  of  the  potential  that 
arises  because  of  the  presence  of  the  sphere.  By  comparing  it  with  (8-48),  we  see  that  it 
is  a  dipole  term  and  the  dipole  moment  of  the  sphere  is 

p  =  47r£oa3£o  (11-112) 

Thus,  the  conducting  sphere  has  acquired  a  dipole  moment  proportional  to  the  original 
field  and  has  been,  in  effect,  polarized.  The  ratio  of  the  induced  dipole  moment  to  the 
applied  field  is  called  the  polarizability  a  and  we  see  that 

«  =  ~  =  (11-113) 

where  is  the  volume  of  the  sphere.  This  dipole  moment  must  have  its  origin  in  the 
surface  density  of  free  charge  on  the  sphere,  which  we  can  easily  find.  The  radial 
component  of  E  is 

d(f>  /  2a^  \ 

1  +  ^Ie^cosO  (11-114) 

At  the  surface  of  the  sphere,  this  is  the  normal  component,  and  we  can  get  the  surface 
charge  density  from  (6-4)  as 

a^{6)  =  (QE^aJ)  =  (3to£o)cos^  (11-115) 

which  is  seen  to  be  proportional  to  cos  0.  This  result  has  the  same  form  as  the  charge 
density  given  by  (10-27)  and  illustrated  in  Figure  10-9.  The  surface  charge  has  opposite 
signs  on  the  two  hemispheres,  and  it  is  this  overall  charge  separation  that  gives  rise  to 
the  dipole  moment.  [It  is  easy  to  verify  directly  that  when  p  is  calculated  by  using 
(11-115)  in  the  surface  integral  form  of  (8-22),  one  gets  (11-112);  this  same  result  was 
also  obtained  in  Exercise  8-8.]  The  sphere  was  originally  neutral  before  insertion,  and 
we  can  see  if  it  still  has  zero  net  charge  by  combining  (11-115)  and  (2-16);  we  get 

6/ total  ^  (ofda=  C”  (  (3e(,£ocos0)(a^sine£/»t/(p)  =  0 

•'0  •'o 

and  thus  the  sphere  is  still  neutral. 

The  remaining  component  of  E  is 

1  5<j>  i  a^\ 

Ee=  -^\E,sm9  (11-116) 

We  see  that  -^^(a,  ^)  =  0  as  it  must  since  it  is  a  tangential  component  at  the  surface  of 
the  sphere. 

Since  as  given  by  (11-111)  has  an  angular  dependence  arising  solely  from  the 
Pi(cos  6)  term  of  (11-99),  we  can  conclude  that  the  sphere  has  a  dipole  moment  only. 
In  other  words,  the  charge  distribution  (11-115)  is  such  that  it  produces  no  monopole 
moment,  as  well  as  zero  quadrupole  and  higher  moments;  this  was  also  verified  directly 
for  the  quadrupole  moment  in  Exercise  8-8. 

The  lines  of  E  as  found  from  (11-114)  and  (11-116)  are  illustrated  in  Figure  11-12.  ■ 


Example 

Dielectric  sphere  in  a  previously  uniform  field.  This  example  is  the  same  as  the  last  except 
that  we  have  an  uncharged  dielectric  sphere  rather  than  a  grounded  conducting  one. 
The  boundary  conditions  are  somewhat  different  because  the  sphere  is  no  longer  at  a 
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definite  potential  nor  is  (p  necessarily  constant  within  it.  It  will  be  convenient  to  look  at 
the  regions  outside  the  sphere  {r  >  a)  and  inside  the  sphere  (r  <  a)  separately;  we  will 
label  the  potentials  and  fields  applicable  for  these  regions  with  the  subscripts  o  and  f, 
respectively. 

At  large  distances,  the  field  again  has  to  become  uniform,  so  one  boundary  condition 
is  exactly  the  same  as  (11-106): 

-E^rcosO  (11-117) 

r-*  00 

At  the  surface  of  the  sphere,  (11-105)  no  longer  applies.  However,  the  sphere’s  surface 
is  a  surface  of  discontinuity  between  the  dielectric  and  the  vacuum,  and  we  know  that 
the  tangential  components  of  E  and  the  normal  components  of  D  are  continuous  there. 
These  are  written  in  terms  of  E  only  in  (10-56).  In  this  case,  we  have  oy  =  0,  and  since 
and  Eq  are  the  normal  and  tangential  components,  respectively,  we  can  write  (10-56) 
in  terms  of  the  derivatives  of  (f>  as 


\  r  dS  j  r  =  a  \  ^  I  r=a 


(11-118) 

(11-119) 


where  region  2  is  taken  to  be  the  outside,  while  1  is  the  inside.  Finally,  we  have  one 
more  condition  which  we  haven’t  met  before.  It  is  a  “boundary  condition”  of  a 
generalized  kind,  and  deals  with  conditions  at  the  origin  {r  =  0).  By  assumption,  there 
are  no  free  point  charges  within  the  sphere,  so  that  there  will  be  none  at  the  origin. 
Since  this  is  the  only  way  in  which  the  potential  could  become  infinite  there,  we  must 
also  require  that 

(j>  is  finite  for  r  =  0  (11-120) 


Rather  than  going  about  solving  this  problem  in  the  same  way  as  the  last  example, 
we  will  try  to  shorten  our  work  by  taking  advantage  of  our  experience.  We  expect  the 
dielectric  sphere  to  become  polarized  by  the  field  and  acquire  a  dipole  moment,  so  it  is 
plausible  that  once  again  only  the  /  =  1  term  of  (11-99)  will  survive.  Accordingly,  let  us 
assume  the  potential  outside  to  be  given  by 

<f.„=  (-.4„r+  ^|cos0  (11-121) 


where  and  are  constants.  Since  the  boundary  condition  (11-118)  will  thus  have  a 
cos  0  on  the  left-hand  side,  it  seems  reasonable  to  expect  the  same  on  the  right-hand 
side;  accordingly,  for  the  potential  inside  the  sphere,  let  us  choose  the  same  general 
form  as  (11-121).  Thus  we  also  write 

|  — H — cos^  (11-122) 

where  and  5,  are  constants.  If  we  can  manage  to  find  these  four  constants  by 
satisfying  all  of  the  boundary  conditions,  we  know  that  we  will  have  found  the  unique 
solution  to  the  problem. 

Combining  (11-117)  and  (11-121),  we  see  that  A^  =  Eq  and  we  now  have 

<|)^  =  l-^or -f  -^jcos^  (11-123) 

We  also  see  that  if  #  0  in  (11-122),  the  1/r^  term  will  make  ^  ^  oo  as  r  ^  0  which 
is  not  allowable  by  (11-120);  thus  this  term  cannot  appear  for  the  inside  form  of  the 
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potential,  so  we  must  really  have  5,  =  0  making  (11-122)  reduce  to 

=  -A^rcosB  (11-124) 

Substitution  of  these  expressions  into  (11-118)  and  (11-119)  results  in  the  following  two 
equations: 

Bq  +  -Boa  +  ^ 

since  c/cq  =  k^.  Solving  these,  we  find  that  A  -  =  3Eo/{k^  +  2)  and  =  [(k^  -  1)/ 
(k^  +  2)]a^EQ,  so  that  our  potentials  are 


= 


Eorcos  6  + 


—  1  \  a^EoCOS  0 


3Eo  ^ 


K.  +  2 


fc^  +  2 
rcos  6 


(11-125) 

(11-126) 


and  the  problem  is  completely  solved. 

The  field  inside  the  sphere  is  E,.  =  -  v^,  =  £,/,  and  since  Eg  =  E^i,  we  have 


E.= 


I  3  i 
\  +  2 


(11-127) 


and  we  see  that  |E,|  <  |Eo|  since  k,  >  1.  Thus  the  electric  field  is  constant,  parallel  to 
the  original  external  field,  but  smaller  than  it.  Consequently,  the  sphere  will  be 
uniformly  polarized,  and  the  polarization  as  obtained  from  ^0-50),  (10-52),  and 
(11-127)  is 


P  = 


'hZl 

+  2 


(11-128) 


and  the  magnitude  of  the  total  dipole  moment  as  obtained  by  multiplying  P  by  the 
volume  of  the  sphere  is 


'‘e  -  1\  , 

r  {n-n9) 

This  enables  us  to  write  (11-125)  as 

p  cos  6 

f}>o=  -Eorcos0+  - - T  (11-130) 

477€or^ 

where  the  second  term  agrees  exactly  with  (8-48)  as  we  would  expect. 

We  can  rewrite  (11-127)  in  an  interesting  and  instructive  way  by  subtracting  Eq  from 
both  sides.  We  find  that  E,  -  E^  =  [(1  -  kJ/(k^  +  2)]Eo  =  -P/3fo  by  using  (11-128), 

and  therefore 


P 

E,  -  Eo  -  —  (11-131) 

J€o 

which  shows  that  the  resultant  field  in  the  interior  can  be  written  as  E^  =  Eg  +  E,^, 
that  is,  as  the  sum  of  the  original  external  vacuum  field  and  a  local  field  Ej^  that  is 
proportional  to  the  polarization  and  opposite  to  it.  [We  previously  found  the  similar 
result  (10-67)  for  the  case  in  which  the  dielectric  had  the  form  of  a  slab  with  parallel 
faces.]  The  source  of  this  internal  field  is,  of  course,  the  bound  charges  appearing  on  the 
surface  of  the  dielectric  where  there  is  a  discontinuity  in  P,  and,  from  (10-8),  their 
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density  is  given  by  =  P  ■  n'  =  P  •  f  =  -Pcos  this  is  a  distribution  just  like  (10-27) 
and  Figure  10-9. 

In  writing  (11-130)  as  we  did,  we  were  able  to  write  the  potential  outside  explicitly  as 
the  sum  of  that  due  to  the  external  field  and  the  contribution  of  the  polarized  sphere. 
We  can  get  a  similar  result  for  by  combining  (11-126),  (11-127),  and  (11-131)  to  give 

=  -£:.rcos^=  -EQrcosO-\-  |  — jrcos^  (11-132) 

There  is  an  interesting  special  case  of  our  results.  If  we  let  ^  oo,  we  find  that 
0,  p  ^  <f),-  ->  0,  and  (11-111);  these  are  just  the  results  corre¬ 

sponding  to  the  conducting  sphere  of  the  last  example  as  we  see  from  (6-1),  (11-105), 
and  (11-112).  Thus,  we  see  that,  as  far  as  electrostatic  effects  are  concerned,  a 
conductor  acts  like  a  material  of  infinite  dielectric  constant. 

The  lines  of  E  found  for  this  system  are  shown  in  Figure  11-13.  ■ 


Example 

Sphere  with  uniform  permanent  polarization.  Suppose  we  have  a  sphere  with  uniform 
polarization  P  =  Fz  where  P  =  const,  but  with  no  external  field  present.  This  is  exactly 
the  system  we  considered  in  Section  10-4  and  for  which  we  found  </>  and  E  along  the  z 
axis  only.  The  form  in  which  we  have  written  (11-130)  and  (11-132)  enables  us  to  write 
down  the  complete  solution  at  once,  for  we  can  set  Eq  =  0,  interpret  p  and  P  as  the 
permanent  dipole  moment  and  polarization,  respectively,  and  we  get 

^0=  -F/cos^=  [— jrcos^  (11-133) 

47rcor'^  \  3€o  j 

The  first  expression  shows  us  that  the  field  everywhere  outside  the  sphere  is  a  dipole 
field  as  we  suspected  from  our  results  for  the  z  axis.  Similarly,  the  second  expression 
shows  us  that  the  electric  field  is  uniform  everywhere  inside  the  sphere  and  is,  in  fact, 


Figure  11-13.  Lines  of  E  for  a  dielectric  sphere  in  a  previously  uniform  field. 
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given  by 


P 


3c 


0 


in  agreement  with  (10-37)  that  we  previously  found  to  hold  on  the  2  axis. 


(11-134) 


Since  so  many  local  fields  turn  out  to  be  proportional  to  the  polarization  and 
opposite  to  it,  it  is  common  practice  to  write  in  the  general  form 


Eioc= 


I  P 


(11-135) 


where  is  a  dimensionless  constant  called  the  depolarizing  factor.  We  have  already 
found  two  of  them.  They  are  =  1  for  an  infinite  slab  with  parallel  faces  and  N  =  \ 
for  a  sphere,  as  found  in  (10-67)  and  (11-134).  The  result  of  Exercise  11-26  will  show 
that  N  —  ^  for  a  cylinder,  as  could  also  have  been  surmised  from  Exercise  10-12. 


11-6  SPHERICALLY  SYMMETRIC  SOLUTION  OF  POISSON'S  EQUATION 

If  we  combine  (11-1)  with  (11-55)  or  (11-86),  we  will  have  Poisson’s  equation  expressed 
in  rectangular  or  spherical  coordinates.  For  illustrative  purposes  in  this  section, 
however,  we  will  restrict  ourselves  to  completely  spherically  symmetric  situations  so 
that  </>  is  a  function  of  r  only,  that  is,  =  <f>(r).  Then  p  will  necessarily  be  a  function 
only  of  r  also,  and  we  get 


—  1  2^]  _  _ 
dr\  dr  ] 


(11-136) 


■  Example 

Sphere  with  uniform  charge  density.  Let  us  consider  a  sphere  of  radius  a  containing 
charge  of  constant  density  so  that  p  =  const,  inside,  while  p  =  0  outside.  We  want  to 
find  <j>  everywhere  by  using  (11-136).  Outside  the  sphere,  this  equation  becomes 
d(r^dt^y dr )/ dr  =  0,  which  can  be  integrated  twice  to  give 

+  y  (11-137) 

where  and  are  constants  of  integration.  [This  is  also  what  we  get  from  (11-99)  by 
dropping  all  the  angle-dependent  terms,  that  is,  using  only  /  =  0.1  Inside  the  sphere, 
(11-136)  becomes 

dr\  dr  I 

which  can  be  easily  integrated  twice  to  give 

</>/('*)  =  -  —  +  ^,  +  —  (11-138) 

6€o  A- 

where  and  are  constants.  Now  all  that  remains  to  be  done  is  to  evaluate  the 
constants  of  integration  from  the  boundary  conditions. 

Since  all  of  the  charges  are  contained  within  a  finite  volume,  we  want  4*  to  vanish  at 
infinity,  according  to  our  discussion  in  connection  with  (5-10).  Thus,  as  /■  ^  oo, 
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<j>^  -*  0,  and  we  see  from  (11-137)  that  =  0  and  therefore  (p^  —  B^/r .  Since  there  are 
no  point  charges  at  the  origin,  (11-120)  still  is  applicable  and  shows  us,  that,  in 
(11-138),  5,  =  0.  We  know  from  (9-29)  that  <p  is  continuous  at  r  =  a,  so  that 
=  (p,(a)  which  gives  A,-  =  {BJa)  +  (p«  V^Cq).  making  now  have  the  form 

ocq  a 

Finally,  since  there  is  no  surface  charge,  E„  =  is  continuous  at  r  =  a,  according  to 
(9-26),  so  that  =  -{dipydr)^^^,  which  leads  to  =  (pa/3co) 

or  S  =  paV3«o-  Putting  this  into  (11-137)  (with  =  0)  and  (11-139),  we  obtain 


<(>»('■) 


pa 


3tor 


4’,{r) 


r^) 


which  is  exactly  what  we  obtained  in  (5-22)  and  (5-23)  when  we  discussed  this  same 
example  by  other  methods.  ■ 


EXERCISES 

11-1  Reconsider  the  theorem  of  Section  11-1, 
and  show  that  if  the  normal  component  of  E  is 
preassigned  on  all  points  of  the  bounding  surface, 
then  <^>1  and  <p2  need  not  be  equal  but  can  differ 
at  most  by  a  constant. 

11-2  Verify  by  direct  integration  that  (11-19)  is 
the  resultant  of  the  Coulomb  force  between  q  and 
the  induced  charge  described  by  (11-17). 

11-3  A  point  charge  q  is  located  in  the  xy  plane 
near  two  grounded  conducting  planes  intersecting 
at  right  angles  as  shown  in  Figure  11-14.  The  z 
axis  lies  along  the  line  of  intersection  of  the 
planes.  Find  and  justify  the  image  charges  that, 
together  with  q,  will  give  the  potential  at  all 
points  in  the  vacuum  region  x  >  0,  y  >  0, 
-00  <  z  <  CO.  Find  <J)(x,  y,z)  in  the  vacuum 
region.  Find  £^(x,  y,  z).  Verify  that  vanishes 
on  the  conducting  plane  for  which  it  is  a  tangen¬ 
tial  component.  Find  the  surface  charge  density 
induced  on  the  plane  for  which  is  an  ap¬ 
propriate  component  to  use.  What  is  the  sign  of 
ap  ( Hint  :  recall  multiple  image  formation  in  plane 
mirrors  from  geometrical  optics.) 

11-4  Suppose  that  the  angle  between  the  con¬ 
ducting  planes  of  Figure  11-14  is  60°  rather  than 
the  90°  shown,  and  that  q  is  along  the  line 
bisecting  the  angle  (i.e.,  set  cr  =  ft  and  then  change 
the  angle).  Find  and  justify  the  image  charges 
that,  together  with  q,  will  give  <t>  at  all  points  in 
the  vacuum  region.  What  is  the  direction  of  the 
resultant  force  on  q? 

11-5  Suppose  that  q  in  Figure  11-1  is  replaced 
by  a  point  dipole  p  =  Find  the  force  on  p. 


Figure  11-14.  Geometry  for  Exercise  11-3. 

11-6  Suppose  that  the  point  where  the  x  axis 
intersects  the  middle  equipotential  curve  of  Fig¬ 
ure  11-2  is  midway  between  the  charge  and  the 
conductor.  Find  <#>  and  E  at  this  point. 

11-7  Verify  that  (11-35)  can  also  be  obtained  by 
using  (11-29)  and  (11-30). 

11-8  Using  the  spherical  coordinate  system  of 
Figure  11-3,  find  <}>  at  all  points  outside  the 
sphere  for  the  charge  distribution  of  Figure  11-5. 
Show  that  your  result  gives  (11-36).  Find  E  and 
the  force  on  q.  Find  and  show  that  the  total 
charge  induced  on  the  sphere  is  zero. 

11-9  The  conducting  sphere  of  Figure  11-3  is 
now  insulated  and  has  a  total  charge  Q  on  it. 
Find  the  potential  of  the  sphere  and  the  force 
on  q. 

11-10  After  (11-48),  we  saw  that  the  total  bound 
surface  charge  on  the  dielectric  was  equal  to  the 
image  charge.  How  do  you  reconcile  this  result 
with  (10-13)? 
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11-11  For  the  system  of  Figure  11-9,  find  the 
surface  density  of  induced  charge  on  the  conduc¬ 
tor,  the  total  induced  charge  per  unit  length  paral¬ 
lel  to  the  line  charge,  and  the  force  per  unit  length 
on  the  hne  charge. 

11-12  Show  that  the  attractive  force  on  a  length 
L  of  one  of  the  cylinders  of  Figure  11-10  is  given 
by 

^  _ _ ”ioL{^<i>y _ 

"  2[cosh-^  {D/IA)Y{D'^  - 

11-13  A  long  wire  of  circular  cross  section  of 
radius  A  is  strung  on  poles  at  a  height  h  above 
the  ground.  Neglect  the  sag  of  the  wire  and  the 
curvature  of  the  earth,  and  find  the  capacitance 
per  unit  length  of  this  system.  Also  find  the  force 
attracting  a  unit  length  of  the  uniformly  charged 
wire  toward  the  earth. 

11-14  Show  that  the  potential  produced  by  an 
infinite  line  charge  of  constant  density  A  at  a 
distance  D  from  the  parallel  axis  of  a  circular 
conducting  cyhnder  of  radius  A  is  that  which 
would  be  produced  by  the  actual  line  charge  and 
an  image  line  charge  -A  that  is  a  distance  A^/D 
toward  the  real  charge  from  the  center  of  the 
cylinder.  What  is  the  potential  of  the  cylinder? 

11-15  For  the  system  of  Figure  11-11,  find  the 
surface  charge  density  on  the  face  x  =  0. 

11-16  Verify  that  of  (11-84)  is  zero  for  y  =  0. 
[Hint:  it  may  help  to  recall  that  cos  m  = 

11-17  This  is  a  two-dimensional  problem.  Con¬ 
sider  a  square  in  the  xy  plane  with  comers  at 
(0,0),  (a,0),  (a,  a),  and  (0,  a).  There  is  no  charge 
nor  matter  inside  the  square.  The  sides  perpendic¬ 
ular  to  the  y  axis  have  a  potential  of  zero.  The 
side  Sii  X  =  a  has  the  constant  potential  while 
that  at  X  =  0  has  the  constant  potential  — 
Find  <f>  (x,y)  for  all  points  inside  the  square. 
Find  E  at  the  center  of  the  square  and  evaluate 
the  ratio  of  E  to  (4>o/^)  point  to  four 

significant  figures. 

11-18  Find  the  potential  </>  at  all  points  within  a 
cube  of  side  L  with  the  location  and  orientation 
of  Figure  1-41.  There  is  no  charge  nor  matter 
within  the  cube.  The  potential  on  the  face  z  =  L 
has  the  constant  value  </>o ,  and  the  potential  on  all 
other  faces  is  zero.  Show  that,  to  four  significant 
figures,  <^>  at  the  center  of  the  cube  is  0.1667  <f>Q. 

11-19  Show  that  the  solution  of  Laplace’s  equa¬ 
tion  can  be  written  as  a  sum  of  terms  each  of  the 
form  A'(x)  +  Y(y)  +  Z(z).  Be  sure  to  show  how 


these  functions,  or  appropriate  derivatives  of 
them,  are  related,  if  in  fact  they  are.  Find  the 
general  form  of  A'(x)  and  interpret  the  corre¬ 
sponding  electric  field. 

11-20  (a)  Calculate  directly  for 

/  =  0,1,2,  and  thus  show  that  (11-102)  is  correct 
for  these  cases. 

(b)  Show  that  when  the  differential  equation  (11- 
92)  satisfied  by  P)  is  expressed  in  terms  of  the 
variable  /i  =  cos  0,  it  becomes 


d 

d^ 


+  /(/  +  1)P/  -  0  (11-140) 


(c)  The  orthogonahty  property  expressed  by  (11- 
102)  for  I  ^  m  can  be  shown  to  be  a  consequence 
of  (11-140)  and  the  fact  that  Pf  is  finite  and  has 
finite  derivatives  at  /it  =  ±  1  as  follows:  multiply 
(11-140)  by  write  down  the  diflerential  equa¬ 
tion  satisfied  by  P^{^)  and  multiply  it  by  Py, 
subtract  these  two  expressions  and  integrate  the 
result  over  ju,  from  —  1  to  +1,  integrating  by  parts 
as  necessary. 

11-21  Find  the  equation  for  the  lines  of  E  corre¬ 
sponding  to  (11-111),  that  is,  for  the  conducting 
sphere  in  a  previously  uniform  field. 

11-22  Suppose  that  instead  of  (11-106)  we  had 
required  that  at  large  distances  <}>  -*  -pQr  cos  6 
+  ^0  where  4>o  is  constant,  since  this  will  still 
yield  a  uniform  field.  Find  ^  under  these  condi¬ 
tions.  If  your  solution  is  different  from  (11-111), 
how  can  you  interpret  the  result? 

11-23  A  spherical  cavity  of  radius  a  is  within  a 
large  grounded  conductor.  A  charge  q  is  placed 
within  the  cavity  at  a  distance  b  from  the  center. 
Find  <#»  at  all  points  within  the  cavity  by  using 
spherical  coordinates  with  origin  at  the  center  and 
z  axis  passing  though  the  location  of  q.  Find  E  at 
all  points  within  the  cavity.  Find  E  at  the  center 
of  the  cavity.  Find  the  surface  charge  density 
induced  on  the  wall  of  the  cavity.  What  is  the 
total  induced  charge  on  the  wall? 

11-24  Solve  the  two-dimensional  form  of 
Laplace’s  equation  expressed  in  plane  polar  coor¬ 
dinates  (p,  9)  by  separation  of  variables.  Thus, 
show  that  the  general  solution  has  the  form 


</>  =  /!  +  P  In  p 


m  =  l 


+  L  ^ 


X  ( Q,  cos  m9  +  sin  W9) 


(11-141) 


where  w  is  a  positive  integer  and  9  covers  its 
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whole  possible  range.  {HinV.  <fi  must  be  single 
valued.) 

11-25  An  infinitely  long  grounded  cylindrical 
conductor  with  circular  cross  section  of  radius  a 
has  its  axis  coinciding  with  the  z  axis.  It  is  placed 
in  a  previously  uniform  electric  field  Eq  = 
so  that  its  axis  is  perpendicular  to  Eq.  Find  4>  for 
all  points  outside  the  cylinder.  Find  the  surface 
charge  density  and  show  that  the  cylinder  remains 
neutral. 


11-26  The  cylinder  of  the  previous  exercise  is 
now  a  dielectric  rather  than  a  conductor.  Find  <p 
everywhere.  Find  E  and  P  inside  and  thus  verify 
that  the  depolarizing  factor  is  \  in  this  case. 
11-27  A  circle  of  radius  a  lies  in  the  xy  plane 
with  its  center  at  the  origin.  The  semicircular  part 
of  the  boundary  for  x  >  0  is  kept  at  the  constant 
potential  the  other  semicircle  for  x  <  0  is 
kept  at  the  constant  potential  -  .  Find  tf)  for  all 

points  within  the  circle.  Find  E  at  the  center  of 
the  circle. 


11-28  Although  (11-99)  gives  the  form  of  the 
general  solution  for  a  situation  with  axial  symme¬ 
try,  it  is  not  always  easy  to  find  the  coefficients  Ai 
and  Bj  by  setting  up  the  problem  for  general 
values  of  0.  Sometimes  the  following  approach 
can  be  used.  Since  (11-99)  is  true  for  all  values  of 
0,  it  must  be  true,  with  the  same  coefficients,  for 
the  particular  value  0  =  0,  that  is,  for  the  direc¬ 
tion  along  the  positive  z  axis — the  symmetry 
axis.  Then  r  =  z,  and  P;(cos  6)  =  P/(l)  =  1,  and 
(11-99)  reduces  to 

<#>(2)  =  L  ( +  77^)  ^ 

/=0\  2  y 

(11-142) 

Thus,  if  one  can  solve  for  «#>  on  the  z  axis,  it 
should  be  possible  to  find  A/  and  B;  by  compari¬ 
son  with  (11-142),  and  when  these  coefficients  are 
put  back  into  (11-99),  the  result  is  an  expression 
for  <j>  which  is  correct  for  all  0.  Sometimes  the 
identification  must  be  made  by  expanding  <^(z) 
in  a  power  series,  and  the  coefficients  found  by  a 
term  by  term  comparison.  As  an  example  of  this 
procedure,  consider  the  uniform  hne  charge  of 
finite  length  of  Figure  3-8,  for  which  the  potential 
is  given  by  (5-30).  Assume  that  L2  =  =  L, 

and  show  that  when  /■  >  L,  can  be  written  in 


the  form 

<^(r,  e) 


(/+!) 


where  the  sum  is  taken  over  only  even  values  of  / 
including  /  =  0. 


11-29  A  circular  ring  of  radius  a  lies  in  the  xy 
plane  with  origin  at  the  center.  It  has  a  constant 
linear  charge  density  X  on  its  circumference.  Find 
<^>(r,  0),  expressed  as  a  series  in  the  F'/(cos  0),  for 
all  r.  (See  previous  exercise.) 

11-30  A  system  of  two  concentric  spheres  has 
inner  radius  a  and  outer  radius  b.  The  region 
between  them  is  filled  with  a  spherically  symmet¬ 
ric  charge  distribution  of  volume  density  p  = 
p^^{r/ay  where  po  =  const,  and  «  >  0.  The  inner 
sphere  is  kept  at  a  constant  potential  <i>i,  while 
the  outer  is  at  a  constant  potential  4>2  ■  Find  (^>  for 
a  <  r  <  h  by  using  (11-136). 

11-31  Two  infinite  conducting  planes  are  paral¬ 
lel  to  the  xy  plane.  One  of  them  is  located  at 
z  =  0  and  is  kept  at  a  constant  potential  (>o- 
other,  at  constant  potential  has  z  =  d.  The 
region  between  them  is  filled  with  charge  with 
volume  density  p  =  po(z/i/)^.  Solve  Poissons 
equation  to  find  4*  for  0  <  z  <  d.  Find  the  surface 
charge  density  on  each  plate. 

11-32  Consider  the  coaxial  cylinders  of  Figure 
4-7.  The  inner  cylinder  is  kept  at  constant  poten¬ 
tial  and  the  outer  at  4)/,.  There  is  a  cylindrical 
sheath  of  constant  charge  density  in  the  region 
between  them  and  vacuum  elsewhere.  In  other 
words,  the  volume  charge  density  p^,/,  is;  zero  for 
a  <  p  <  Ply  A€q  for  Pi  <  p  <  p2,  and  zero  for 
p2  <  p  ^  by  where  A  =  const.  Solve  Poissons 
equation  to  find  <#>  for  a  <  p  <  />. 

11-33  Here  are  some  miscellaneous  results  for  a 
system  of  source  charges  occupying  a  finite  re¬ 
gion.  You  can  easily  prove  them  with  the  use  of 
(1-111),  (1-122),  (1-123),  (1-141),  and  (3-3): 


11-34  Occasionally,  one  will  find  in  other  books 
expressions  for  the  image  charges  used  for  the 
example  of  the  point  charge  and  semiinfinite  di¬ 
electric  that  are  different  from  the  ones  we  ob¬ 
tained.  As  shown  by  the  Cq  in  the  denominator  of 
(11-41),  we  used  vacuum  properties  in  the  region 
occupied  by  the  dielectric.  Another  point  of  view 
is  to  assume  in  effect  that  the  dielectric  fills  all 
space  as  far  as  calculations  involving  q"  are 
concerned.  Thus,  one  can  still  use  (11-41)  but 
with  an  e  in  the  denominator  instead.  Show  that, 
if  this  is  done,  q"  is  found  to  be  times  that 
given  in  (11-46).  Also  show  that  the  potential  and 
fields  in  the  dielectric  will  nevertheless  be  exactly 
the  same  as  before,  as  must  be  the  case. 
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ELECTRIC  CURRENTS 


Electrostatics  deals  with  relations  among  electric  charges  that  are  at  rest.  The  next 
principal  division  of  electromagnetism  that  we  will  consider— magnetostatics— involves 
forces  between  moving  charges.  A  flow  of  electric  charge  is  called  an  electric  current, 
and,  in  this  chapter,  we  want  to  devise  useful  ways  of  describing  these  currents  in 
general.  We  will  also  discuss  some  aspects  of  a  particular  class  of  currents,  those  in 
conductors. 


12-1  CURRENT  AND  CURRENT  DENSITIES 

Suppose  that  we  have  someone  stationed  at  a  point  P  observing  charges  passing  that 
point;  these  charges  may  be  traveling  along  a  metal  wire  or  may  be  simply  a  beam  of 
charged  particles  moving  through  space.  In  any  event,  we  assume  that  in  a  time  interval 
A/,  our  observer  finds  that  a  charge  Lq  has  passed  P.  Then  we  can  define  the  average 
current  (/)  during  this  interval  as  the  average  rate  of  flow  of  charge 

Aq 

(/>  -  ^  (12-1) 

Later,  we  will  be  more  specific  about  how  Aq  or  (I)  could  be  measured  but  if,  for 
example,  the  current  were  due  to  a  flow  of  protons,  each  of  charge  e,  then  the 
measurement  process  could  be  imagined  as  being  simply  one  of  counting.  Thus,  if  N 
protons  passed  by  in  this  interval,  Aq  =  Ne  and  (I)  =  Ne/At.  As  is  implied  by  (12-1), 
the  “direction”  or  sense  of  the  current  is  defined  as  that  of  the  flow  of  positive  charge. 
If  the  moving  charges  had  a  negative  charge,  for  example  if  they  were  electrons,  the 
direction  of  (/>  would  be  opposite  to  their  direction  of  motion.  The  reason  for  this  is 
quite  simple.  Suppose  the  region  around  a  point  originally  were  neutral,  that  is,  had 
equal  amounts  of  positive  and  negative  charge.  Then  if  negative  charges  were  leaving 
this  region,  it  would  acquire  an  excess  of  positive  charge  which  is  the  same  net  effect  as 
if  positive  charges  were  coming  into  the  region. 

If  the  flow  of  charge  is  not  uniform  in  time,  we  can  define  an  instantaneous  current  I 
as  the  instantaneous  rate  of  flow  of  charge: 


For  some  time,  we  will  be  concerned  with  currents  that  are  constant  in  time  so  that 
1  —  const,  and  (1}  =  I.  These  are  called  steady  currents  or  stationary  currents  and 
describe  a  uniform  rate  of  flow  of  charge. 

As  we  noted  in  Section  2-2,  the  unit  of  charge  is  actually  defined  in  terms  of  the  unit 
of  current  which  is  called  an  ampere,  so  that,  according  to  (12-1),  1  coulomb  --  1 
ampere-second.  The  ampere  itself  is  defined  in  terms  of  the  force  between  currents  and 
we  will  give  it  a  precise  definition  in  the  next  chapter. 

It  is  often  convenient  to  think  of  the  current  as  traveling  along  a  geometric  curve,  as 
illustrated  in  Figure  12-1  where  the  arrow  head  indicates  the  direction  of  I  and  is  a 
displacement  along  the  line  in  the  sense  of  /.  This  idealized  situation  could  usefully  be 
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Figure  12*1.  A  filamentary  current. 

taken  to  describe  the  flow  of  charge  in  a  very  thin  wire  or  in  a  beam  of  small 
cross-sectional  area.  Such  currents  are  called  filamentary  currents.  However,  we  will 
also  need  to  consider  situations  in  which  the  flow  of  charge  is  distributed  throughout  a 
volume  or  on  a  surface,  and  we  want  to  have  suitable  descriptions  of  them.  We  can  do 
this  by  introducing  the  current  densities. 

The  first  of  these  is  the  volume  current  density  J.  Its  direction  is  that  of  the  direction 
of  flow  of  charge  and  its  magnitude  J  is  given  by  the  current  per  unit  area  through  an 
area  set  perpendicular  to  the  flow,  or  it  is  charge  per  unit  time  per  unit  area.  We  can 
simultaneously  illustrate  this  definition  and  obtain  a  useful  relation  by  considering  the 
situation  of  Figure  12-2.  Let  us  find  the  charge  which,  in  a  time  A?,  has  passed 
through  the  small  area  Aa  on  the  left,  which  is  perpendicular  to  J.  By  (12-1), 
A^  =  (/)Ar  =  (/)Aa  Ar  since  {J)  is  average  current  per  unit  area.  But  all  of  the 
charge  that  has  passed  through  ^a  is  contained  within  the  volume  At  of  the  cylinder  of 
length  A/,  so  that,  if  we  use  (2-14),  we  also  have  A^  =  p  At  =  p  A/  Aa  where  p  is  the 
volume  charge  density.  Equating  these  two  expressions  for  A^,  and  canceling  the 
common  factor  Ac,  we  find  that  (J)  =  p(A//Ar)  =  f>(v)  where  (v)  is  the  average 
speed  of  the  charges.  Now  this  relation  clearly  holds  instantaneously,  as  well  as  on  the 
average,  and  since  the  direction  of  J  is  defined  as  that  of  the  direction  of  flow,  which  is 
V,  we  can  write 

J  =  pv  (12-3) 

If  the  moving  charges  are  of  different  types  with  densities  p,  and  corresponding 
velocities  v^-,  then  we  see  that,  in  At,  the  charge  of  type  i  that  has  passed  through  will  be 
A^j  =  p^|v,|  Aa  At.  Then  the  total  of  all  kinds  will  be  Aq  =  E,p,|vJ  At  Aa,  and  gives  us 
the  natural  generalization  of  (12-3)  in  the  form 

J  =  Ep,v,  (12-4) 

i 

By  comparing  these  last  two  results,  we  see  that  we  can  still  use  (12-3)  in  the  general 
case  by  taking  p  as  the  total  volume  charge  density  and  v  as  an  average  velocity, 
weighted  by  the  densities  p^,  much  as  in  the  calculation  of  the  velocity  of  the  center  of 
mass  of  a  collection  of  mass  points. 

Now  suppose  that  J  and  an  element  of  area  dsL  are  not  parallel  as  is  shown  in  Figure 
12-3.  We  can  find  the  charge  that  has  passed  through  da  in  a  time  dt  in  a  manner 
similar  to  that  we  used  for  Figure  12-2.  This  time  the  total  charge  would  be  that 


Figure  12-2.  Calculation  of 
volume  current  density. 
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Figure  12-3.  The  current 
density  and  element  of  area  are 
not  parallel. 


Figure  12-4.  Calculation  of  total 
rate  of  flow  of  charge  through  the 
area  S. 


contained  in  the  cylinder  of  slant  height  dl  and  volume  dl  cos  ^  da  and  would  be  given 
hy  dq  =  p  dl da  ^  pv  dadt  =  ps  ‘  d^  dt  =  ^  •  d2L  dt  with  the  use  of  (12-3). 
Therefore,  the  rate  of  flow  of  charge  through  Ja  will  be 


y) 

/  through  Ja 


d2i 


(12-5) 


If  we  consider  an  arbitrary  surface  S  as  shown  in  Figure  12-4,  we  can  find  the  total  rate 
at  which  charge  is  flowing  through  it  by  adding  up  the  contributions  of  all  the  elements 
Ja  as  given  by  (12-5).  Thus  we  get 


dt  j through  S 


•  Ja 


(12-6) 


which  is  sometimes  called  the  flux  of  charge.  In  (12-6),  S  can  be  either  an  open  surface 
or  a  closed  surface. 

If,  for  some  reason,  the  moving  charges  can  be  thought  of  as  being  constrained  to 
flow  on  a  surface,  we  can  define  a  surface  current  density  K.  Its  direction  is  that  of  the 
direction  of  flow  of  charge  and  its  magnitude  K  is  defined  as  equal  to  the  current  per 
unit  length  through  a  line  lying  in  the  surface  and  oriented  perpendicular  to  the  flow. 
This  definition  is  indicated  schematically  in  Figure  \l-5a.  In  Figure  12-5/?,  we  illustrate 
a  situation  where  K  is  not  at  right  angles  to  the  line  ds\  the  unit  vector  t  is  drawn  at 
right  angles  to  ds  and  lying  on  the  surface,  as  does  K,  so  that  it  is  a  tangential  vector. 
By  using  methods  analogous  to  those  by  which  we  obtained  (12-3)  and  (12-5),  we  can 
show  that 


K  =  av 


dt  I 


through  ds 


(12-7) 

(12-8) 


where  a  is  the  surface  charge  density. 

Similarly,  for  a  filamentary  current,  one  obtains 

/  =  A|y|  (12-9) 

where  \  is  the  linear  charge  density  of  the  flow. 

In  subsequent  discussions,  we  will  be  constantly  dealing  with  what  is  known  as  a 
current  element  and  it  is  convenient  to  introduce  it  here.  For  the  filamentary  current  of 
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Figure  12-5.  (a)  Definition  of  surface  current  density  K.  (b)  K  is  not  perpendicular  to  the 
line  ds. 


Figure  12-6.  Calculation  of  equivalents  to  a  current  element. 


Figure  12-1,  it  is  defined  simply  as  the  product  Id%.  In  order  to  get  an  equivalent  to 
this  for  distributed  currents,  we  consider  Figure  l2-6a  in  which  dA  is  the  small 
cross-sectional  area  of  the  filament.  Since  the  flow  is  normal  to  the  cross  section,  we  see 
from  (12-5)  that  I  =  J dA  so  that  Ids  =  J dA  ds  =  J dr  where  dr  is  the  volume  of  the 
element  shown  shaded.  Since  J  and  ds  are  parallel  in  this  case,  we  get  lds  =  J  dr. 
Similarly,  for  a  surface  current,  we  get  the  correspondence  Ids  =  K  da  where  da  is  the 
area  dlds  of  the  element  shown  shaded  in  Figure  l2-6b.  Thus  we  have  the  following 
equivalent  expressions  for  current  elements: 

I  ds  =  ^  dr  =  ILda  (12-10) 

These  results  also  show  the  reasons  for  the  names  “volume”  and  “surface”  current 
densities. 


12-2  THE  EQUATION  OF  CONTINUITY 

In  the  introduction  to  Chapter  2,  we  mentioned  that  all  experiments  indicate  that  net 
charge  is  conserved.  We  can  express  this  fundamental  law  of  conservation  of  charge  in  a 
convenient  quantitative  manner  in  terms  of  the  quantities  we  have  just  introduced. 
Suppose  that,  in  Figure  12-4,  the  surface  5  is  a  closed  stationary  surface  bounding  a 
volume  V.  Now  the  total  rate  at  which  charge  is  flowing  out  through  the  surface  S  must 
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equal  the  rate  at  which  the  total  charge  within  V  is  decreasing,  since  the  total  must  be 
constant.  Therefore,  if  Q  is  the  total  charge  within  V,  we  find  from  (12-6),  (2-14),  and 
(1-59)  that 


dQ 

dt 


dp 


r  UfJ  r 

-  /  —  c/t  =  /  V  • 
K  dl  Jy 


(12-11) 


We  were  able  to  go  from  the  third  expression  to  the  fourth  as  we  did  because  F  is  a 
volume  of  constant  shape  and  size  so  that  any  limits  of  integration  which  may  be 
involved  in  the  definite  integral  over  V  are  independent  of  the  time;  in  addition,  p  may 
be  a  function  of  position  as  well  as  of  time.  Combining  the  last  two  expressions  in 
(12-11),  we  get 

Since  charge  is  conserved  at  all  points,  not  at  just  part  of  a  given  volume,  the  integral 
must  hold  for  any  arbitrary  volume,  including  an  arbitrarily  small  one  located  any¬ 
where.  Thus  (12-12)  can  be  always  true  only  if  the  integrand  is  zero  everywhere  so  that 

dp 

V  •  J  +  —  =  0  (12-13) 

ot 

This  important  result  is  called  the  equation  of  continuity  and  is  a  mathematical 
expression  of  the  fundamental  experimental  result  that  net  charge  is  conserved.  We  can 
note  here  that  processes  like  “pair  production”  and  “annihilation”  of,  say,  electrons 
and  positrons,  do  not  violate  this  result  because  the  net  charge  is  constant  since  equal 
amounts  of  positive  and  negative  charge  are  “created”  or  “destroyed”  in  these 
phenomena.  Similar  results  are  found  to  hold  in  more  complicated  reactions  in  nuclear 
and  high  energy  physics  where  large  numbers  of  particles  are  produced;  in  all  cases,  the 
net  charge  is  conserved. 

If  we  now  combine  (12-13)  with  (9-6)  and  (9-24),  we  get  the  boundary  condition 
satisfied  by  the  current  density  at  a  surface  of  discontinuity  as 

h-  (J2  -  Jj)  =  ~  ~  (12-14) 

Physically,  this  condition  expresses  the  fact  that  if  more  charge  is  brought  up  to  the 
surface  than  is  taken  away,  charge  will  necessarily  accumulate  there,  and  conversely. 

In  the  special  case  of  steady  currents,  in  which  everything  is  constant  in  time,  dp/dt 
and  do/dt  will  both  be  zero,  and  these  last  two  results  simplify  to 


V- J  =  0 


(12-15) 


h*  (J2  Jl)  —  J2n  An  “  0  (12-16) 

Since  all  charge  is  conserved,  p  and  J  are  clearly  the  total  charge  density  and  current 
density,  respectively.  Now  let  us  consider  their  component  parts.  We  begin  with  the 
bound  charge  whose  density  is  p^.  Now  in  the  process  of  polarizing  a  material,  the 
bound  charges  will  generally  be  moving,  as  we  saw  in  Section  10-1,  so  that  we  can 
define  a  bound  charge  current  density  J^.  Since  the  process  of  polarization  involves 
only  separation  of  bound  charges,  or  reorientation  of  dipoles,  bound  charges  are 
necessarily  conserved,  as  shown  by  (10-13).  Thus  we  must  have  a  separate  equation  of 
continuity  for  bound  charges,  that  is. 


v-J.  +  -  =  0 


(12-17) 
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If  we  write  jo^  =  -  v  •  P,  as  given  by  (10-10),  we  also  have 

d  I  dF\ 

and,  since  this  must  be  true  ever3where,  we  can  write 

4  =  ^  (12-18) 

thus  identifying  the  bound  current  density.  This  current  is  often  called  the  polarization 
current  density  and  is  a  consequence  of  the  process  of  polarization. 

Since  total  charge  is  conserved,  according  to  (12-13),  and  bound  charge  also  is,  as 
shown  by  (12-17),  the  free  charge  must  be  conserved  too  and  we  can  write 

V  •  +  ^  =  0  (12-19) 

which  will  lead  to 

dof 

~  '^/l)  ^  '^f2n  ~  '^fln  ^  ^  (12-20) 

in  exactly  the  way  by  which  we  obtained  (12-14).  In  the  special  case  of  steady  currents, 
these  become 

V  •  J/  =  0  and  h •  (j^2  -  J^i)  =  0  (12-21) 

Since  free  charges,  and  thus  free  currents,  are  the  ones  over  which  we  have  some 
control,  they  are  usually  the  ones  in  which  we  are  most  interested,  and,  consequently, 
we  will  be  concentrating  on  them  for  some  time.  Free  currents  are  often  classified 
further  into  the  two  broad  categories  of  conduction  currents  and  convection  currents, 
although  the  distinction  between  them  is  somewhat  ill  defined.  Generally  speaking, 
conduction  currents  include  the  motion  of  charges  in  conductors,  that  is,  materials  that 
already  contain  mobile  charges  because  of  their  intrinsic  nature.  The  most  common 
example  is  that  of  currents  in  metals,  although  we  can  include,  in  this  class,  currents  in 
semiconductors  and  solutions  of  electrolytes.  In  the  last  case,  positive  and  negative  ions 
resulting  from  the  formation  of  the  solution  provide  the  ready-made  carriers.  On  the 
other  hand,  convection  currents  are  usually  associated  with  the  motion  of  charged 
particles  in  physical  streams  through  otherwise  empty  space  such  as  beams  of  ions, 
electron  beams  in  vacuum  tubes,  charged  particles  in  the  solar  wind,  and  the  like.  This 
class  can  also  be  taken  to  include  the  physical  motion  of  macroscopically  charged 
bodies,  such  as  we  would  get  by  moving  around  a  piece  of  glass  that  had  been 
positively  charged  by  electrification  by  friction.  The  class  of  most  importance  to  us, 
however,  is  that  of  conduction  currents  and  we  now  consider  that  in  more  detail. 
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As  a  convenient  prototype  of  this  case,  we  can  think  of  the  current  in  a  metallic  wire.  In 
(6-1),  we  found  that  E  =  0  in  the  interior  of  a  conductor  for  a  completely  static 
situation.  Now,  with  moving  charges  in  the  wire,  we  no  longer  have  a  static  situation, 
although  it  may  be  steady,  so  that  it  may  well  be  that  E  ^  0  within  the  conductor.  In 
fact,  the  very  motion  of  the  charges  implies  that  there  are  forces  on  them  that  in  turn 
implies  a  nonzero  value  of  E.  Consequently,  the  conductor  can  no  longer  be  expected  to 
be  an  equipotential  volume. 

We  find  experimentally  that  if  we  apply  an  initial  difference  of  potential  to  a 
conductor  there  will  be  currents  in  it,  but  if  it  is  then  left  alone,  the  currents  will 
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eventually  cease  to  exist,  and  the  conductor  will  have  attained  the  state  of  electrostatic 
equilibrium  whose  properties  we  have  discussed  in  Chapter  6.  It  is  also  found  that  we 
can  maintain  a  constant  current  in  a  conductor  by  means  of  a  constant  potential 
difference  only  if  we  also  continuously  supply  energy  to  the  system  from  some  external 
source.  Thus  work  is  somewhere  being  done  on  these  moving  charges  as  they  circulate 
in  the  closed  paths  of  the  ordinary  circuit.  If  the  total  work  is  done  on  a  charge  q  as 
it  goes  around  a  closed  path,  the  ratio  of  the  two  is  called  the  electromotive  force  i,  or 
simply  the  emf,  so  that,  with  the  use  of  (3-1),  we  have 

W  1 

—  =  -c£f^  •  i/s  =(£e  •  t/s  (12-22) 

q  q^c  ^ 

But,  as  we  know  from  (5-5),  the  conservative  electric  field  with  which  we  are  familiar 
cannot  do  any  net  work  on  the  charge  in  such  a  case  as  this,  so  that  somewhere  within 
the  circuit  there  must  be  a  source  or  sources  of  a  nonconservative  electric  field  then 
(12-22)  can  be  written  as 


(12-23) 


(Since  electric  field  can  be  measured  in  volts/meter,  we  see  that  the  unit  for  emf  is  the 
volt— the  same  as  for  potential  and  potential  difference.)  Later  we  will  discuss  how 
some  of  these  nonconservative  electric  fields  can  be  produced,  but,  for  now,  it  is 
sufficient  to  note  that  the  most  common  and  famihar  of  these  sources  are  batteries.  A 
battery  does  work  on  a  charge  that  passes  through  it  and  the  source  of  this  energy  is 
essentially  due  to  chemical  reactions  of  one  sort  or  another  within  the  battery;  thus,  in 
a  sense,  a  battery  is  analogous  to  a  pump  that  can  do  work  on  a  fluid  and  raise  it,  for 
example,  against  the  conservative  gravitational  field.  The  battery  is  an  example  of  a 
localized  source  of  a  nonconservative  field  so  that  E„^  in  (12-23)  is  different  from  zero 
only  when  the  path  of  the  charge  is  within  the  battery  and  E„^  =  0  elsewhere  on  the 
circuit.  In  this  case,  it  is  possible  to  speak  of  the  emf  of  the  source  itself  as  a  specific 
quantity,  and  its  value  will  be  obtained  from  (12-23)  as 


-^source  =  /  (12-24) 

•^source 

For  simplicity,  therefore,  we  restrict  the  rest  of  our  discussion  to  those  conducting 
regions  that  are  free  of  nonconservative  electric  fields,  so  that  we  can  write  E  =  - 
and  hence  V  X  E  =  0,  as  long  as  we  stay  outside  of  the  batteries. 

Since  E  will  exert  forces  on  the  moving  charges,  there  should  exist  some  functional 
relation  between  and  E,  that  is,  we  expect  to  be  able  to  write  =  Jy(E).  We  will  also 
assume  for  now  that  JfiO)  =  0,  thereby  excluding  superconductors  from  our  considera¬ 
tions.  This  relation  between  and  E  can  be  quite  complex  and  will  depend  on  the 
material.  We  dealt  with  a  similar  situation  in  Section  10-6  when  we  discussed  the 
relation  between  P  and  E  for  dielectrics,  and  we  could  construct  a  similar  classification 
scheme.  However,  we  pass  immediately  to  the  case  of  a  linear  isotropic  conductor,  that 
is,  we  assume  that  we  can  write 

J|=aE  (12-25) 

where  the  factor  of  proportionality  a  is  called  the  conductivity,  (This  is  a  standard 
notation  and  should  not  lead  to  any  confusion;  in  those  very  few  cases  where  we  have 
surface  charge  density  and  conductivity  in  the  same  expression,  we  write  the  surface 
charge  density  as  Equation  12-25  is  another  example  of  a  constitutive  equation,  as 
is  D  =  eE,  and  only  experiment  can  decide  whether  it  is  suitable  for  a  given  material  or 
not.  In  (12-25),  a  is  to  be  independent  of  the  field  E,  although  it  may  still  depend  on 
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position,  and  other  variables  such  as  temperature.  The  unit  of  o  is  called  1  (ohm- 
meter)"^  and  since  is  in  amperes/(meter)^  and  E  in  volts/meter,  we  easily  find  that 
1  ohm  =  1  volt/ampere. 

When  (12-25)  is  applicable,  the  boundary  condition  (12-21)  for  a  steady  current  can 
be  written  completely  in  terms  of  E: 

h- ((TjEj  -  aiEi)  =  0  (12-26) 


We  will  still  have  n  X  (E2  -  Ej^)  =  0,  as  well,  since  V  X  E  =  0  in  all  of  the  regions  we 
will  consider.  Thus,  we  have  a  situation  similar  to  that  we  found  for  dielectrics  in 
Figure  10-14  in  which  the  lines  of  E  are  refracted  as  we  cross  a  bounding  surface 
between  two  media  of  different  conductivities. 

If  the  material  is  homogeneous  as  well,  then  a  =  const.,  that  is,  independent  of 
position.  In  other  respects,  u  is  a  characteristic  of  the  material  and  is  to  be  found  from 
experiment  or  else  calculated  from  the  atomic  properties  of  matter  by  means  of  the 
theories  used  in  other  branches  of  physics;  for  our  purposes,  we  take  it  as  a  given 
quantity.  Not  all  materials  are  linear,  isotropic,  and  homogeneous,  but  the  assumption 
of  (12-25)  with  a  =  const,  holds  very  well  for  metals  and  solutions  of  electrolytes,  for 
example. 

If  we  have  a  l.i.h.  conductor  and  steady  currents,  we  can  combine  (12-21),  (12-25), 
(5-3),  and  (1-45)  to  give  V  •  =  0  =  V  ■  (nE)  =  ctv  •  E  =  -<t  In  other  words, 

V  ^</>  =  0  and  the  potential  still  satisfies  Laplace’s  equation.  This  result  provides  one 
with  an  experimental  method  of  solving  Laplace’s  equation  by  setting  up  the  required 
boundary  values  of  <#>  on  the  boundaries  of  a  conducting  region  for  then,  by  measuring 
the  magnitude  and  direction  of  the  current  density  J^,  one  can  find  the  values  of  E  from 
E  =  J/a. 

The  relation  J|  =  ctE  for  a  l.i.h.  conductor  is  equivalent  to  the  macroscopic  empirical 
relation  known  as  Ohm's  law  and,  in  fact,  is  often  called  the  microscopic  form  of 
Ohm’s  law.  We  can  see  how  this  comes  about  by  analyzing  the  situation  depicted  in 
Figure  12-7.  This  is  a  portion  of  a  uniform  conductor  of  length  /  and  cross-sectional 
area  A  carrying  a  total  current  /.  If  |A<^)|  is  the  magnitude  of  the  potential  difference 
between  the  ends,  then  the  magnitude  of  E  =  |A<f>l//  according  to  (5-3)  and  (1-38) 
since  V</>  is  a  constant  in  this  region  of  constant  current  and  dimensions.  Similarly,  the 
current  density  is  =  I/A  by  (12-6),  if  we  assume  the  current  to  be  distributed 
uniformly  over  the  cross  section,  which  turns  out  to  be  a  very  accurate  approximation. 
Substituting  these  into  (12-25),  we  get  I/A  =  a|A<i>|//,  or  /  =  {oA/l)\^\.  Thus,  we 
have  a  relation  between  these  macroscopic  quantities  and  we  see  that  the  current  is 
proportional  to  the  potential  difference,  (or  conversely).  This  is  usually  written  in  the 
form 


where  the  proportionality  factor  is 


R 


(12-27) 

(12-28) 


Figure  12-7.  Portion  of  a  conductor  carrying 
a  total  current  /, 
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Equation  12-27  is  the  empirical  result  discovered  by  Ohm  and  is  known  as  Ohm’s  law, 
while  the  quantity  R  is  called  the  resistance,  and  is  measured  in  ohms  (i.e., 
volts/ampere).  Thus  we  have  shown  the  equivalence  between  (12-25)  and  (12-27)  for  a 
l.i.h.  conductor  and  have,  simultaneously,  obtained  (12-28)  as  a  method  of  calculating 
the  resistance.  The  reciprocal  of  the  conductivity,  1/a,  is  called  the  resistivity  and  is 
very  often  written  as  p! 

As  we  see  from  the  figure,  is  directed  longitudinally  along  this  uniform  conductor, 
as  is  E  since  they  are  parallel.  Thus,  at  the  surface,  E  will  be  tangential,  and  since  the 
tangential  components  of  E  are  continuous  by  (9-21),  there  will  be  a  tangential  field 
outside  the  conductor  which  is  given  by  E  =  J^/a.  This  is  in  marked  contrast  to  the 
static  case  where  not  only  was  E  =  0  inside  the  conductor,  but  it  was  necessarily 
normal  to  the  surface,  as  we  saw  in  (6-2)  and  Figure  6-16. 

We  conclude  this  section  by  using  some  of  our  results  to  obtain  an  interesting  and 
somewhat  unexpected  relationship. 

Example 

Relation  between  resistance  and  capacitance.  Suppose  we  have  two  conductors  of  some 
shape.  We  consider  two  ways  in  which  we  can  put  them  to  use. 

1.  As  a  capacitor— let  us  fill  the  region  between  these  conductors  with  a  l.i.h. 
dielectric  of  permittivity  c  and  put  equal  and  opposite  charges  on  them  as  shown  in 
Figure  12-Sa.  We  want  to  find  the  capacitance.  From  (6-38),  we  know  that  we  can  find 
the  potential  difference  by  evaluating  the  integral 

^<t‘  =  j  ^-ds  (12-29) 

over  any  convenient  path  between  the  plates.  We  can  write  the  free  charge  Q  on  the 
positive  plate  as  an  integral  over  its  surface  S: 

Q  ^  j a^da  =  JfE  ■  Ja  =  e Je  •  i/a  (12-30) 

with  the  use  of  (2-16),  (10-56),  and  (6-1).  Putting  these  into  (6-38),  we  find  that  the 
capacitance  can  be  written  as 

ejE-da 

C  =  — = - 

f  E-ds 

2.  As  a  resistance — now,  instead  of  the  dielectric,  let  us  fill  the  region  between  the 
plates  with  a  l.i.h.  conductor  of  conductivity  a  as  shown  in  Figure  12-86.  We  also 
maintain  the  same  potential  difference  between  the  plates  by  keeping  each  plate  at 


(12-31) 


(a)  (b) 

Figure  12-8.  Two  conductors  used  (a)  as  a  capacitor  and  (b)  as  a  resistance. 
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the  same  potential  as  was  used  before.  As  we  saw  above,  <f>  satisfies  Laplace’s  equation 
under  these  circumstances,  and  since  the  boundary  conditions  are  exactly  the  same  in 
the  two  cases,  we  know  from  the  uniqueness  theorem  of  Section  11-1  that  </*(r)  will  be 
identical  for  each.  In  other  words,  the  potential  difference  will  again  be  given  by  (12-29) 
with  exactly  the  same  values  of  E  at  each  point  on  the  path  of  integration.  The  total 
current  1  passing  between  the  plates  can  be  expressed  as  a  surface  integral  over  the 
same  upper  plate  with  the  use  of  (12-6)  and  (12-25);  the  result  is  that 


(12-32) 


When  we  put  (12-29)  and  (12-32)  into  (12-27),  we  find  the  resistance  of  this  system  to 
be  given  by 


1 


(12-33) 


Comparing  (12-31)  and  (12-33),  we  see  that  l/Ra  =  C/c  or 

RC  =  -  (12-34) 

a 

showing  that  these  two  properties  of  the  system  are  not  independent  but  are  in  fact 
related  in  this  simple  way.  [This  relation  (12-34)  is  reminiscent  of  a  typical  thermody¬ 
namic  result  as  it  expresses  a  relation  between  macroscopic  properties  of  a  system 
without  giving  an  indication  of  the  absolute  value  of  either.]  This  very  general  result 
also  can  be  used  as  a  means  of  measuring  C  indirectly,  since  resistance  measurements 
are  comparatively  easy  to  perform  with  an  ammeter  and  a  voltmeter,  while  a  direct 
electrostatic  measurement  of  C  is  generally  much  harder  to  do.  ■ 
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In  the  previous  section,  we  mentioned  the  experimental  fact  that  the  maintenance  of  a 
steady  current  in  a  conductor  is  possible  only  if  energy  is  constantly  being  supplied  to 
the  system.  But  in  a  steady  situation,  where  things  remain  constant  in  time,  there 
cannot  be  an  accumulation  of  electrical  energy  either.  Consequently,  what  is  supplied 
as  electrical  energy  must  be  converted  into  another  form  of  energy,  and,  in  fact,  it  is 
observed  that  the  electrical  energy  expended  appears  as  heat  produced  within  the  body 
of  the  conductor.  We  can  put  this  into  quantitative  form  in  the  following  way.  We  saw 
in  (5-45)  and  (5-46)  that  the  work  done  by  the  electric  field  on  a  charge  is 
A</)  where  A<Jt  is  the  change  in  potential.  Therefore  the  rate  at  which 
electrical  work  is  being  done  on  the  system  is  AIT/Ar  =  —  (A^/A^)  A</>  =  — /A<j>  by 
(12-1)  since  we  have  a  steady  current.  In  the  steady  state,  this  must  also  be  the  rate  of 
conversion  of  energy  into  heat.  If  we  let  w  be  the  rate  of  production  of  heat  per  unit 
volume,  then  we  find  by  using  the  dimensions  used  in  Figure  12-7,  where  the  volume  is 
Al,  that 


w  = 


~a[ 


JjE 


Since  Jy  and  E  are  parallel,  we  can  also  write  this  as 


w  =  J|  •  E  =  aE^ 


J/ 


o 


(12-35) 
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with  the  use  of  (12-25).  The  quantity  w  is  also  referred  to  as  the  power  “dissipation” 
per  unit  volume.  Since  our  unit  of  power  is  1  watt  =  1  joule/second,  w  will  be 
measured  in  watts/(meter)^. 
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This  result  that  we  have  just  obtained  is  perfectly  general  since  it  follows  directly  from 
a  combination  of  the  macroscopic  laws  of  conservation  of  energy  and  the  meaning  of 
current  and  potential  difference.  Nevertheless,  its  origin  may  seem  obscure  and  one 
may  feel  the  need  of  an  “explanation”  in  terms  of  the  microscopic  average  behavior  of 
the  moving  charges  in  the  conductor.  Related  to  this  question  of  “why”  is  there  a 
production  of  heat  is  the  problem  of  “  why”  does  a  conductor  have  a  resistance  in  the 
first  place.  Although  we  leave  a  more  comprehensive  discussion  of  these  questions  to 
Appendix  B,  we  can  easily  enough  get  a  semiquantitative  answer  to  both  of  these 
questions  from  a  microscopic  picture. 

First  of  all,  if  the  electric  field  produced  the  only  force  on  the  mobile  free  charges, 
they  would  have  a  constant  acceleration  given  by  a  =  ¥^/m  =  qE/m  where  m  is  the 
mass  of  the  charge  carrier.  But  a  constant  acceleration  will  result  in  an  indefinitely 
increasing  velocity,  which  is  not  observed.  A  steady  current  means,  according  to  (12-3), 
a  constant  velocity  and  hence  zero  acceleration,  that  is,  a  zero  net  force.  Therefore,  the 
electrical  force,  which  is  in  the  direction  of  motion  of  the  charges,  must  be  balanced,  at 
least  on  the  average,  by  another  force  directed  opposite  to  the  motion.  In  order  to  get 
an  idea  of  the  origin  of  this  force,  let  us  consider  the  specific  case  of  a  metal  where  the 
free  charge  carriers  are  electrons  each  of  charge  ~e.  They  move  about,  not  in 
completely  empty  space,  but  among  the  ions  of  the  metal  that  are  arranged  in  the 
regular  array  of  the  crystal.  The  electrons  can  certainly  collide  with  these  ions  (as  well 
as  with  each  other),  and,  when  they  do,  their  velocity  will  be  changed.  Between 
collisions,  they  will  be  accelerated  by  the  electric  field,  but  on  collision,  the  result  of  this 
process  will  be  abruptly  changed.  Thus,  it  is  the  collisions  that  are  the  origin  of  the 
other  force,  and  it  is  the  average  effect  in  which  we  are  interested.  By  analogy  with 
similar  effects  involving  “friction”  in  mechanics,  we  shall  try  to  describe  the  overall 
effect  of  collisions  as  their  giving  rise  to  a  force  proportional  to  the  velocity  and 
opposite  to  it;  thus  we  write  the  mechanical  force  as  ^  =  -|v  where  |  is  an 
appropriate  proportionality  factor.  The  net  force  will  then  be  the  sum  of  the  electrical 
and  mechanical  forces,  or 


Fnet  =  wa=  -cE-^v  (12-36) 

We  see  that  this  equation  of  motion  allows  a  situation  in  which  the  acceleration  a  =  0; 
then  the  velocity  will  be  a  constant,  v^,  which  is  found  from  (12-36)  to  be 


eE 

T 


(12-37) 


This  velocity  is  commonly  called  the  drift  velocity,  in  mechanics  it  is  usually  known  as 
the  terminal  velocity,  as,  for  example,  in  the  case  of  an  object  falling  near  the  earth  and 
also  subject  to  the  viscous  (resistive)  drag  of  the  air.  If  n  is  the  number  of  electrons  per 
unit  volume,  the  free  charge  density  will  be  =  «(-e),  and  if  we  substitute  this,  along 
with  (12-37),  into  (12-3),  we  find  the  value  of  the  steady  free  current  to  be 


(12-38) 


But  this  is  exactly  of  the  form  of  Ohm’s  law  given  by  (12-25)  and,  by  comparison,  we 
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see  that  not  only  have  we  accounted  for  its  general  form  from  this  simplified 
microscopic  view,  but  we  also  have  obtained  an  expression  for  the  conductivity: 


Qualitatively,  this  result  has  reasonable  properties.  It  is  proportional  to  the  number 
density  of  carriers,  and  inversely  proportional  to  the  “frictional”  term  so  that  the 
smaller  the  effect  of  collisions,  the  larger  will  be  the  current  for  a  given  E  and  uice 
versa.  We  also  note  that  it  is  proportional  to  the  square  of  the  charge  so  that  it  is 
actually  independent  of  the  sign  of  the  charge  of  the  carriers.  We  cannot  go  any  further 
in  trying  to  calculate  a  until  we  can  calculate  f  This,  however,  involves  the  detailed 
theories  of  solid  state  physics  and  the  analysis  of  collisions  that  we  cannot  pursue 
further  here.  On  the  other  hand,  one  can  use  measured  values  of  a  to  evaluate  the 
factor  i. 

We  have  just  seen  how  the  overall  effect  of  collisions  can  account  for  the  observed 
finite  value  of  the  current.  We  can  also  see  how  the  existence  of  colhsions  can  account 
qualitatively  for  the  conversion  of  electrical  energy  into  heat  described  by  (12-35).  Not 
only  does  a  collision  change  the  electron  velocity  in  direction,  but  by  changing  its 
magnitude,  also  changes  the  kinetic  energy  of  both  the  electron  and  the  struck  ion. 
Thus  there  is  a  transfer  of  energy  from  the  ordered  motion  of  the  electron  produced  by 
the  field  to  the  disordered  random  vibrations  of  the  ions  constituting  the  crystal.  As  we 
know  from  thermodynamics,  this  type  of  process  is  an  irreversible  one,  so  that  the  net 
effect  of  the  collisions  will  be  to  increase  the  disordered  energy  of  the  metal  crystal.  But 
it  is  just  this  increase  in  disordered  motion  that  is  associated  with  the  production  of 
heat.  As  we  mentioned,  this  is  exactly  what  is  observed,  and  we  can  see  now  that  it  too 
is  a  necessary  consequence  of  the  same  microscopic  processes  that  result  in  a  finite 
conductivity. 
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As  we  know  from  Chapter  6,  if  we  put  some  free  charge  on  or  within  a  conductor,  the 
system  will  not  generally  be  in  equilibrium  and  it  will  have  to  readjust  itself  by  means 
of  currents  until  the  final  electrostatic  equilibrium  state  is  attained  for  which  all  the 
charge  is  on  the  surface  and  the  conductor  is  an  equipotential  volume.  We  do  not, 
however,  know  any  of  the  details  of  this  process,  nor  do  we  know  how  long  it  will  take 
in  a  typical  case.  We  can  use  some  of  the  results  we  have  just  obtained  to  give  us  an 
idea  of  the  nature  of  this  process;  it  will  involve  a  nonsteady  situation  since  the  currents 
involved  will  eventually  become  zero. 

We  consider  a  l.i.h.  conducting  dielectric  for  which  we  can  write  J^=  aE  and 
D  =  cE.  Since  the  free  charge  density  can  be  chan^ng  in  time,  we  use  (12-19)  and  the 
above  relations,  along  with  (10-41),  to  get  an  equation  involving  only: 


3t  I 


=  V  ■  J/  =  V  •  (uE)  =  V  • 


0  o 

=  -  V  D  =  -p. 
c  c  ^ 


so  that  p^  satisfies  the  differential  equation 


(12-40) 


which  has  the  solution 


p^(0  =  P;(0)e-'/'=p^(0)e-/’ 


(12-41) 
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where  t  =  c/a  and  Py(0)  is  the  initial  value.  This  result  says  that  the  free  charge  density 
in  a  l.i.h.  material  can  only  decrease!  [One  can  make  it  increase,  of  course,  but  only  by 
means  other  than  conduction  processes  described  by  J^=  aE  such  as,  for  example, 
injecting  a  pulse  of  electrons  that  come  to  rest  within  the  body  of  the  material. 
However,  after  the  termination  of  the  pulse,  the  charge  density  that  was  produced  will 
then  decay  exponentially  as  described  by  (12-41).] 

Thus,  as  long  as  conduction  processes  are  the  only  mechanism  by  which  equilibrium 
(pf=  0)  is  produced,  we  see  that  the  approach  to  equihbrium  will  be  one  of  exponential 
decay.  The  charge  density  will  decrease  by  a  factor  of  1/e  in  time  t  =  c/a.  This 
particular  behavior  is  often  given  the  name  of  relaxation-,  hence  t  is  called  the 
relaxation  time,  and  its  value  gives  us  an  estimate  of  the  time  required  for  attainment  of 
equilibrium. 

Actually,  the  simple  result  we  have  obtained  is  only  applicable  to  a  poorly  conduct¬ 
ing  dielectric.  For  a  very  good  conductor  such  as  a  metal  the  situation  turns  out  to  be 
much  more  complicated.^  In  this  case,  the  fields  change  so  rapidly  in  time  that  one  has 
to  include  magnetic  effects  as  well  and  some  of  the  phenomena  that  will  not  be 
discussed  until  Chapters  17,  21,  and  26.  One  finds  that  the  shape  and  size  of  the 
conductor  affect  the  time  taken  to  attain  final  equilibrium  and  that  this  time  is  generally 
much  longer  than  simply  r.  We  can  get  a  rough  intimation  as  to  why  this  can  be  the 
case  by  estimating  the  value  of  t  for  a  typical  metal.  For  most  metals,  e  =  eg,  and  for 
copper  a  =  5.8  X  lOVohni-meter,  so  that  t  =  c/a  =  (8.85  X  10“^^)/(5.8  X  lO"^)  = 
10  “^^  second.  This  is  a  very  short  time,  but  it  is  also  much  smaller  than  the  average 
time  between  collisions,  which  is  about  10“^**  second,  as  can  be  deduced  from 
experiment  and  a  more  detailed  form  of  (12-39).  Since  we  have  assumed  collisions  to  be 
the  physical  origin  of  a  finite  conductivity,  it  is  unreasonable  that  effects  depending  on 
conductivity  can  occur  on  such  a  much  shorter  time  scale,  and  hence  that  a  simple 
expression  like  (12-41)  can  really  describe  the  situation  in  metals. 

If  the  bound  charges  in  a  dielectric  do  not  have  the  equilibrium  distribution 
described  by  all  of  the  results  of  Chapter  10,  they  too  will  relax  in  some  manner  toward 
equilibrium.  Here,  however,  conduction  is  not  generally  available  as  a  mechanism,  or  is 
negligible,  and  the  primary  processes  of  relaxation  usually  involve  thermal  agitation  in 
one  way  or  another.  This  is  a  separate  and  large  field  of  study  all  by  itself  and  we  are  in 
no  position  here  to  consider  its  details,  and  must  simply  content  ourselves  with  the 
observation  that  these  phenomena  exist. 

EXERCISES 

12-1  At  a  given  instant,  a  certain  system  has  a 
current  density  given  by  J  =  A{x^k  +  y^y  +  z^z) 
where  A  is  a,  positive  constant,  (a)  In  what  units 
will  A  be  measured?  (b)  At  this  instant,  what  is 
the  rate  of  change  of  the  charge  density  at  the 
point  (2, -1,4)  meter?  (c)  Consider  the  total 
charge  Q  contained  within  a  sphere  of  radius  a 
centered  at  the  origin.  At  this  instant,  what  is  the 
rate  at  which  Q  is  changing  in  time?  Is  Q  increas¬ 
ing  or  decreasing? 

12-2  Verify  (12-7),  (12-8),  and  (12-9). 

12-3  A  total  charge  Q  is  distributed  uniformly 
throughout  a  sphere  of  radius  a.  The  sphere  is 


then  rotated  with  constant  angular  speed  w  about 
a  diameter.  Assume  that  the  charge  distribution  is 
unaffected  by  the  rotation,  and  find  J  everywhere 
within  the  sphere.  (Express  it  in  spherical  coordi¬ 
nates  with  the  polar  axis  coinciding  with  the  axis 
of  rotation.)  Find  the  total  current  passing  through 
a  semicircle  of  radius  a  fixed  in  space  with  its 
base  on  the  axis  of  rotation. 

12-4  A  dielectric  sphere  of  radius  a  is  uniformly 
polarized.  It  is  rotated  with  constant  angular  speed 
w  about  the  diameter  parallel  to  P.  Assume  that  P 
is  unaffected  by  the  rotation  and  find  the  cur¬ 
rents.  Plot  your  result  as  a  function  of  the  ap- 
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(b) 

Figure  12-9.  (a)  Resistors  in  series,  (fa)  Resistors  in  parallel. 


propriate  coordinate(s).  Find  the  total  current 
passing  through  a  semicircle  of  radius  a  fixed  in 
space  with  its  base  on  the  axis  of  rotation. 

12-5  A  sphere  of  radius  a  centered  at  the  origin 
is  made  of  a  l.i.h.  conducting  material.  The  poten¬ 
tial  on  the  surface  is  maintained  at  the  values 
given  in  spherical  coordinates  by  <^o  cos  B  where 
<f>Q  =  const.  Find  the  free  current  density  every¬ 
where  inside. 

12-6  Two  “resistors”  of  resistances  and  R2 
are  connected  by  conductors  of  neghgible  resis¬ 
tance  to  each  other  and  to  terminals  T  and  T'  as 
shown  in  Figure  12-9a,  that  is,  they  are  connected 
in  “series.”  If  a  potential  diiference  A<f>  is  now 
apphed  across  the  terminals,  show  that  this  com¬ 
bination  is  equivalent  to  a  single  resistor  of  resis¬ 
tance  Rs  =  +  ^2-  Similarly,  show  that  the 

equivalent  resistance  of  the  “parallel”  combina¬ 
tion  shown  in  (b)  can  be  found  from  1/Rp  = 

(1/R^)  +  (1/R2)- 

12-7  A  long  straight  wire  carries  a  steady  cur¬ 
rent  /.  The  current  is  distributed  uniformly  over 
the  circular  cross  section  of  radius  a.  Consider  a 
length  /  of  the  wire  that  has  a  resistance  R .  Find 
the  electric  field  in  the  vacuum  region  just  outside 
the  wire  and  express  it  in  terms  of  the  quantities 
given.  (Overall,  this  portion  of  the  wire  is  neutral.) 
12-8  Consider  a  material  with  a  nonzero  con¬ 
ductivity.  Assume  the  material  to  be  hnear  and 
isotropic  in  both  its  dielectric  and  conducting 
properties.  Assume  steady  free  currents,  (a)  If  the 
material  is  inhomogeneous,  show  that  there  will 
be  a  volume  density  of  free  charge  in  the  material 
given  by 

P/  =  J/-v(^)  (12-42) 

(b)  Show  that,  at  a  surface  of  discontinuity  be¬ 
tween  two  materials,  there  will  be  a  free  surface 
charge  density  given  by 


(Since  all  complete  circuits  will  have  interfaces 


between  different  materials,  such  as  connections 
between  wires  and  battery  terminals,  there  will  be 
accumulations  of  charge  within  the  system  that 
will  be  constant  in  time.  Thus,  the  above  results 
show  us  that  it  is  these  distributions  of  electric 
charge  which  are  the  sources  of  the  electric  field 
in  systems  carrying  steady  currents.) 

12-9  Two  large  parallel  plane  conducting  plates 
are  a  distance  d  apart.  The  region  between  them 
is  filled  with  two  l.i.h.  materials  whose  surface  of 
separation  is  a  plane  parallel  to  the  plates.  The 
first  material  (with  properties  and  Ci)  is  of 
thickness  x,  while  the  second  material  (02*^2) 
has  thickness  d  —  x.  There  is  a  steady  current 
between  the  plates  that  are  kept  at  constant 
potentials  of  and  <#>2.  Find  the  potential  at  the 
surface  of  separation  of  the  two  media,  and  the 
free  surface  charge  density  there. 

12-10  The  region  between  the  coaxial  cylinders 
of  Figure  6-12  is  filled  with  a  l.i.h.  conducting 
material.  If  a  potential  difference  is  apphed 
between  the  cyhnders,  find  the  current  between 
the  cylinders  for  a  length  L  of  the  system. 

12-11  Consider  an  infinite  slab  of  conducting 
dielectric  of  thickness  d  and  with  plane  parallel 
faces.  Two  metal  cylinders,  each  of  radius  A,  have 
their  axes  parallel  and  a  distance  D  apart.  These 
cyhnders  pass  through  the  dielectric  with  their 
axes  normal  to  the  plane  surfaces.  If  a  potential 
difference  A^  is  apphed  between  these  metal 
“electrodes,”  find  the  current  /  that  will  pass 
from  one  to  the  other. 

12-12  A  very  long  wire  of  radius  a  is  suspended 
near  the  bottom  of  a  very  deep  lake.  Assume  the 
lake  to  have  a  plane  bottom  that  is  a  very  good 
conductor.  The  wire  is  parallel  to  the  bottom  and 
at  a  height  h  above  it.  If  the  conductivity  of  the 
water  is  a,  find  the  resistance  between  the  wire 
and  the  bottom  for  a  length  L  of  the  system. 

12-13  Show  that  when  (12-35)  is  integrated  over 
the  total  volume  of  a  uniform  conductor,  the  total 
rate  of  production  of  heat  can  be  written  as  PR, 
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12-14  Show  that,  when  a  complete  circuit  in¬ 
cludes  a  localized  source  of  emf  the  steady 
state  current  /  will  be  given  by  /  =  S/K  where  K 
is  the  total  resistance  of  the  whole  circuit.  (See 
previous  exercise.) 

12-15  Show  by  direct  integration  that  when  a 
capacitor  is  charged  by  a  battery  of  emf  the 
amount  of  heat  developed  in  the  circuit  is  equal 
to  the  final  electrostatic  energy  of  the  capacitor. 

12-16  Two  square  metal  plates  each  0.1  meter 
on  a  side  are  parallel  to  each  other  and  separated 
by  a  distance  of  10'^  meters.  The  region  between 
the  plates  is  filled  with  water  of  conductivity  10'^ 
(ohm-meter)^ ^  If  a  potential  difiference  of  150 
volts  is  maintained  between  the  plates,  find  the 
rate  of  change  of  temperature  of  the  water.  (Ne¬ 
glect  end  effects  and  heat  losses  to  regions  outside 
the  water.) 

12-17  A  copper  wire  2.5  millimeters  in  diameter 
is  carrying  a  current  of  10  amperes.  Assume  one 
free  electron  per  copper  atom  and  find  the  magni¬ 
tude  of  the  drift  velocity.  [Copper  has  a  density  of 
8.92  grams/(centimeter)^  an  atomic  weight  of 


63.5  grams/mole,  and  Avogadro’s  number  is  6.02 
X  lO^Vmole.] 

12-18  In  Section  12-5,  we  discussed  a  micro¬ 
scopic  picture  that  associated  the  existence  of 
resistance  in  a  metal  with  collisions  between  the 
mobile  electrons  and  the  metal  ions.  Based  on  this 
viewpoint,  what  do  you  think  will  be  the  effect  on 
the  resistance  if  the  temperature  of  the  conductor 
is  increased? 

12-19  Verify  that  c/a  has  the  dimensions  of 
time. 

12-20  Find  the  relaxation  time  for  a  glass  with  a 
resistivity  of  10^^  ohm-meter  and  a  relative  per¬ 
mittivity  of  4.0. 

12-21  The  region  between  the  plates  of  a  capaci¬ 
tor  is  filled  with  a  material  of  finite  conductivity 
with  resultant  total  resistance  K,  Show  that  the 
charge  on  the  plates  will  decrease  to  1/e  of  its 
initial  value  in  a  time  RC  where  C  is  the  capaci¬ 
tance.  [Note  the  similarity  between  this  result  and 
(12-34)  and  (12-41).  But,  of  course,  different 
processes  are  being  described— or  are  they  the 
same?] 


13 _ 

AMPERE'S  LAW 


Interestingly,  the  general  subject  that  we  nowadays  call  magnetism  also  began  with  the 
observation  that  certain  naturally  occurring  minerals  could  attract  other  materials.  The 
name  presumably  derives  from  the  association  of  these  objects  with  the  ancient  cities  of 
Magnesia  in  Asia  Minor  since  they  could  be  found  nearby.  For  centuries,  the  subject 
was  thought  to  be  independent  of  electricity.  During  this  time,  however,  people  did 
learn  about  the  magnetic  properties  of  the  earth  and  invented  the  magnetic  compass. 
The  first  indication  of  the  connection  between  electricity  and  magnetism  occurred  in 
1819  when  Oersted  somewhat  accidentally  discovered  that  an  electric  current  could 
exert  forces  on  a  magnetic  compass  needle.  Ampere  heard  of  Oersted’s  result  and 
quickly  found  that  an  electric  current  could  also  exert  a  force  on  another  electric 
current.  He  began  a  systematic  study  of  these  forces,  and,  by  means  of  a  series  of 
ingenious  and  elegant  experiments  during  the  period  1820-1825,  he  was  able  to  deduce 
the  form  of  the  basic  law  of  force  between  electric  currents.  About  50  years  later, 
Maxwell  described  Ampere’s  work  as  being  “one  of  the  most  brilliant  achievements  in 
science.” 

These  forces  between  steady  currents  are  what  we  will  take  as  our  starting  point,  and 
we  leave  to  a  later  chapter  the  description  of  magnetic  materials  as  well  as  the  effect  of 
matter  in  general.  Since  currents  are  involved,  the  charges  are  not  at  rest  but  moving. 
However,  as  we  saw  in  the  last  chapter,  the  charges  are  moving  with  constant  average 
speed  in  steady  currents.  Under  these  circumstances,  the  forces  involved  will  also  be 
constant  in  time;  thus  we  are  justified  in  referring  to  this  subject  as  magnetostatics. 


13-1  THE  FORCE  BETWEEN  TWO  COMPLETE  CIRCUITS 

In  Section  2-2  where  we  introduced  Coulomb’s  law,  we  dealt  with  individual  point 
charges.  One  might  expect,  by  analogy,  that  here  we  would  similarly  consider  “little 
pieces”  of  the  current  and  study  the  forces  between  them.  The  natural  thing  to  think  of 
in  this  context  is  the  current  element  of  (12-10)  since  it  involves  both  the  magnitude  of 
the  current  and  its  local  direction.  In  the  laboratory,  however,  one  must,  of  necessity, 
deal  with  complete  closed  circuits  for  steady  currents,  so  what  one  has  to  do  is  to  take, 
as  a  fundamental  experimental  law,  that  which  describes  the  total  force  between  two 
complete  circuits.  Once  this  has  been  done,  one  can  try  to  deduce  from  this,  as  best  one 
can,  a  formula  that  gives  the  force  between  the  hypothesized  current  elements.  This  is 
what  we  will  do. 

We  consider  two  idealized  complete  circuits  C  and  C',  carrying  steady  filamentary 
currents  I  and  1%  respectively.  The  situation  we  have  in  mind  is  shown  in  Figure  13-1. 
What  we  want  is  the  total  force  on  C  due  to  C\  which  we  write  as  The  circuits 

are  idealized  in  the  sense  that  the  batteries  are  not  included  in  the  diagram.  It  is 
assumed  that  the  necessary  batteries  are  some  distance  away  and  the  conducting  leads 
from  them  are  twisted  closely  together,  since  one  of  Ampere’s  first  experiments  showed 
that  two  oppositely  directed  currents  close  together  produced  no  effect  on  another 
current.  In  spite  of  what  was  said  above,  the  result  for  the  total  force  is  written  in  terms 
of  the  current  elements  Ids  and  I' ds'  shown;  their  location  with  respect  to  an 
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arbitrary  origin  is  given  by  their  position  vectors  r  and  r'  and  the  relative  position 
vector  is  defined  as  usual  by  R  =  r  —  r',  that  is,  it  is  drawn  from  the  “source  point”  to 
the  “field  point.”  (A  comparison  of  Figure  13-1  with  Figure  2-2  is  instructive.)  We 
assume  a  vacuum  throughout  the  region  not  occupied  by  currents. 

The  basic  experimental  law  that  gives  the  total  force  on  C  due  to  C'  can  be 
written  as 


Ids  X  {r  ds'  X  R) 


R- 


(13-1) 


and  is  what  we  will  take  as  Ampere  "s  law.  We  note  that  it  has  the  form  of  a  double  line 
integral,  each  of  which  is  taken  over  the  corresponding  circuit.  It  strains  one’s  credulity, 
of  course,  to  have  it  asserted  that  a  formula  of  the  generality  implied  by  (13-1)  could 
have  been  deduced  from  a  very  few  experiments  on  circuits  of  special  and  simple 
shapes  as  was  done  by  Ampere.  Equation  13-1  evidently  represents  a  generalization 
from  results  that  have  been  found  for  very  many  special  cases. 

The  factor  Pq/4^  that  appears  in  (13-1)  is  a  constant  of  proportionality  whose 
numerical  value  depends  on  the  system  of  units  that  is  being  used;  the  dimensions  of  jit  ^ 
are  seen  to  be  those  of  force/(current)^.  In  the  SI  unit  system  which  we  are  using  (in 
effect,  MKSA  units),  is  defined  to  have  precisely  the  value 


juq  =  47r  X  10  ^  newton/(ampere)^ 


=  477  X  10  ’’  henry /meter  (13-2) 

This  constant  jUg  is  called  the  permeability  of  free  space,  and  is  generally  written  in  the 
last  form  from  which  we  see,  by  comparison  of  both  forms,  that  1  henry  =  1 
joule/(ampere)^.  Since  the  newton  and  meter  are  already  determined  by  other  indepen¬ 
dent  definitions,  we  see  that  this  definition  of  jitg  fixes  the  unit  of  current  that  is  all  that 
remains  undefined  in  (13-1).  Thus,  (13-2)  essentially  gives  us  the  definition  of  the 
ampere  and  thence  that  of  the  coulomb. 


0 


Figure  13-1.  Relations  be¬ 
tween  two  circuits  as  used 
to  state  Ampere's  law. 
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If  there  are  several  circuits  that  can  interact  with  C,  the  force  of  each  will  be  given  by 
an  expression  like  (13-1),  and  the  total  force  on  C  will  be  the  vector  sum  of  them: 


Fc  =  F. 


total  on  C 


(13-3) 


c 


Although  we  can  imagine  generalizing  (13-1)  and  (13-3)  to  include  distributed  currents 
with  the  use  of  (12-10),  it  will  be  convenient  to  continue  with  filamentary  currents  only. 

The  integrand  in  (13-1)  is  more  complicated  from  a  directional  point  of  view  than  is 
Coulomb’s  law  as  expressed  by,  say,  (2-15),  since  the  integrand  depends  on  the  relative 
orientation  of  the  three  quantities  /f/s,  I'  and  R.  We  also  note  that  the  quantities 
relating  to  the  two  circuits  appear  unsymmetrically  in  the  integrand.  This  observation 
may  be  somewhat  disquieting  because  it  may  make  us  wonder  that,  if  the  roles  of  C 
and  C'  were  interchanged,  the  force  on  C'  due  to  C  might  not  be  equal  and  opposite  to 
that  on  C  due  to  C\  as  we  would  expect  from  Newton’s  third  law  as  applied  to  these 
macroscopic  complete  circuits.  However,  this  asymmetry  is  only  apparent  as  we  can  see 
by  rewriting  our  result.  Using  (1-30),  (1-141),  and  (1-38),  we  find  that  we  can  write 


IdsX  {I' ds'  X  R) 


=  ir  ds'\  ds 


R 


irR{ds  •  ds') 


=  -Il'ds' 


ds'V\  — 


II'R{ds  •  Js') 


1 

=  -Il'ds'dr^l  - 

R 


II'R{ds 


R^ 

ds') 


R 


(13-4) 


where  we  have  written  to  indicate  the  differential  change  in  (l/R)  resulting 

from  a  displacement  along  C.  Inserting  (13-4)  into  (13-1),  we  find  that  the  total  force 
can  also  be  written  as 


A'it 


1 


{ds  •  ds')R 


where,  in  the  first  term,  we  integrate  over  C  first  and  then  over  C'.  The  integral  over  C 
has  the  form  of  an  integral  over  a  closed  path  of  the  differential  of  a  scalar,  and  since 
the  final  and  initial  points  coincide,  we  have 


i 


i  1 
R 


=  0 


and  the  first  term  of  (13-5)  thereby  vanishes,  leaving  us  with 


juq//'  f  f  {ds  •  ds')R 

it- 


(13-6) 


47r  rcTa 

as  another  expression  that  will  give  us  the  same  total  force.  We  can,  in  fact,  regard 
(13-6)  as  another  version  of  Ampere’s  law  in  vacuum.  In  this  form,  the  two  circuits 
appear  more  symmetrically  except  for  R,  which  has  a  definite  sense.  If  we  were  to  use 
(13-6)  to  calculate  the  force  on  C'  due  to  C,  we  would  get 

Uo/T  r  r  ■  ^s)R 

r|  =  R,  we  haveR  =  -R;  also  ds'  ■  ds  =  ds  •  ds' 


where  R'  =  r'  -  r.  Since  R'  =  |r 
by  (1-16).  Thus,  on  comparing  (13-6)  and  (13-7),  we  see  that 


as  is  to  be  expected  for  the  total  forces. 


=  -F. 


(13-8) 
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This  calculation  shows  us  that  there  is  a  lot  of  ambiguity  in  the  expression  for  the 
total  force  on  a  complete  circuit  that,  after  all,  is  all  one  can  really  measure  in  the 
laboratory.  In  fact,  we  could  write  down  an  innumerable  set  of  “  versions”  of  Ampere’s 
law  by  simply  adding  to  the  integrand  of  (13-1)  any  function  that  vanishes  when 
integrated  over  a  complete  circuit.  Long  experience  has  shown,  however,  that  nothing  is 
to  be  gained  from  this  and  the  formulation  given  in  (13-1)  is  the  most  useful  and  is  to 
be  preferred  for  many  reasons  as  we  will  see. 

We  are  assuming  a  static  situation,  that  is,  the  circuits  are  at  rest  at  fixed  positions. 
This  means  that  in  order  for  C  to  be  in  equilibrium  there  must  be  an  additional 
mechanical  force  ^  on  it  so  that  the  net  force  will  be  zero;  in  other  words,  we  must 
have 

Fc'^c+Fc..  =  0  (13-9) 

Similar  remarks  apply  to  C'. 

As  we  said  before,  Ampere’s  law  (13-1)  is  a  generalization  of  results  from  many 
special  cases.  As  usual,  in  order  to  get  any  use  out  of  this  law  one  has  to  evaluate  it  for 
special  cases  in  order  to  obtain  results  that  can  be  checked  relatively  easily  in  the 
laboratory.  As  an  illustration  of  the  use  of  (13-1),  we  will  apply  it  to  a  particularly 
simple  and  important  case. 


13-2  TWO  INFINITELY  LONG  PARALLEL  CURRENTS 

We  consider  two  infinitely  long  straight  circuits  carrying  currents  /  and  r.  They  are 
parallel  to  each  other  and  a  distance  p  apart.  In  order  to  be  specific,  let  us  use 
cylindrical  coordinates  and  choose  the  z  axis  to  coincide  with  the  source  current  I'  as 
shown  in  Figure  13-2.  These  currents  must  each  be  part  of  a  closed  circuit,  of  course; 
we  assume  that  the  closing  portions  lie  along  curves  at  infinity  (such  as  large  semi¬ 
circles)  and  hence  are  so  far  away  that  their  contribution  can  be  neglected  because  of 
the  in  the  denominator  of  (13-1).  We  see  from  the  figure  that  r  =  pp  -I-  zz  and 
r'  =  z'z  so  that  R  =  r  —  r'  —  pp  +  (z  —  z')z  and  =  (p-  {z  ~  z'p.  We  also  see 
that  ds  =  dr  =  dzz  and  ds'  =  dr'  =  dz'  z  since  both  p  and  p  are  constants  in  this 


Figure  13-2.  Calculation  of  force  be¬ 
tween  two  infinitely  long  parallel  currents. 
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case.  Using  these  results  and  the  fact  that  R  =  R/R,  we  find  that 

dsX  (i/s'  X  R)  dz dz'  i  X  [z  X  [pp  +  {z  —  z')z] }  p  dzdz'  p 


R 


R 


(13-10) 


with  the  use  of  (1-76)  and  (1-26).  Substituting  this  into  (13-1),  we  obtain 


C'-*C 


4w 


r^f 


dz‘ 


+  (7  -  z'f 


3/2 


(13-11) 


where  the  hmits  of  integration  will  cover  the  circuits  C  and  C'.  If  we  make  the 
substitution  t  —  2'  —  z  so  that  dt  =  dz'  since  z  is  kept  constant  during  the  integration 
over  z',  we  find  that  the  integral  over  z'  becomes 

^00  dt  2 

+  , 2)3/2  =  ^ 

according  to  (3-7)  and  (3-8).  Therefore,  (13-11)  reduces  to 

PqII'P 


2wp  J- 


/ 


dz 


(13-12) 


If  we  were  now  to  carry  out  the  integration  over  z,  that  is,  over  C,  we  would  get  an 
infinite  force.  We  can,  nevertheless,  still  get  something  useful  from  our  result  by  noting 
that  the  integrand  is  independent  of  z,  so  that  the  force  on  a  length  dz  will  be  given  by 
d¥  =  —(pqII'p/Ittp)  dz.  Thus,  if  we  introduce  a  force  per  unit  lengthy  f^^,  we  can  write 

=  ^  =  -  (  parallel  \  (^3.^3) 

dz  I’np  V  currents/ 

We  see  that  has  constant  magnitude,  is  proportional  to  the  product  of  the  currents, 
is  inversely  proportional  to  the  separation  p,  and  is  directed  perpendicular  to  the 
currents.  In  fact,  since  the  coefficient  of  p  in  (13-13)  is  negative,  we  see  from  Figure 
13-2  that  this  is  a  force  of  attraction  of  C  toward  C'. 

In  Figure  13-2,  we  assumed  that  I  and  r  were  in  the  same  direction.  If,  now,  I  and 
r  were  oppositely  directed,  then  either  ds  or  d%'  would  be  of  opposite  sign  to  that  it 
previously  had  since  the  line  element  is  defined  to  be  in  the  same  sense  as  that  of  the 
current.  Then  we  see  from  (13-10)  that  the  double  cross  product  would  have  its  sign 
changed  and  (13-13)  would  become 


P  /  antiparallel \ 
Imp  \  currents  / 


(13-14) 


which  is  one  of  repulsion  on  C. 

We  can  sum  up  the  quahtative  nature  of  these  results  by  saying  that  parallel  (‘Tike”) 
currents  attract,  while  antiparallel  (“  unlike”)  currents  repel;  this  is  sort  of  “opposite” 
to  the  behavior  that  we  recall  for  the  electrostatic  forces  between  point  charges. 

A  particular  case  of  (13-14)  that  is  of  interest  is  that  for  which  the  currents  are 
equal;  when  /  =  /',  it  becomes 


^  Imp 


(13-15) 


This  arrangement  can  be  attained  in  practice  by  making  the  very  long  straight  parallel 
lines  C  and  C'  in  Figure  13-2  portions  of  the  same  circuit  by  connecting  the  ends  at 
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infinity  to  close  the  circuit.  In  this  case  one  is  certain  to  have  equal  and  opposite 
currents  so  that  (13-15)  is  applicable.  But  now,  with  juq  defined  by  (13-2),  there  is 
nothing  arbitrary  left  in  (13-15)  so  that  the  absolute  value  of  I  in  amperes  can  be  found 
from  a  determination  of  the  mechanical  quantities  and  p.  In  other  words,  (13-15) 
can  be  used  to  measure  /;  this  is  essentially  the  method  that  is  actually  used  to 
determine  the  value  of  the  ampere.  Once  any  current  I  has  been  found  in  this  manner, 
the  value  I'  of  any  other  can  be  found  in  principle  by  using  it  in  this  arrangement  so 
that  either  (13-13)  or  (13-14)  describes  the  measurable  force  per  unit  length. 


13-3  THE  FORCE  BETWEEN  CURRENT  ELEMENTS 


Although  it  is  often  unwise  to  draw  conclusions  about  an  integrand  from  the  nature 
and  value  of  a  definite  integral,  we  have  done  it  before,  for  example  in  getting  (7-29), 
and  we  will  be  doing  it  again.  The  form  of  (13-1)  is  such  that  it  can  be  written  as 


and  the  integrand 


Pq  Ids  X  {r ds'  X  R) 
477 


(13-16) 


(13-17) 


given  a  natural  interpretation  as  the  force  exerted  on  the  current  element  Ids  by  the 
current  element  I'  ds'.  We  could  call  this  still  another  version  of  Ampere’s  law  and,  in 
fact,  this  is  very  often  what  is  done.  As  we  pointed  out,  it  cannot  be  checked  directly 
with  experiments  on  current  elements  but  it  does  allow  a  verifiable  generalization  to 
moving  point  charges  and  it  is  consistent  with  all  that  we  shall  do  later.  In  this  form, 
(13-17)  is  more  nearly  the  analogue  of  Coulomb’s  law  that  we  would  expect  to  find, 
including  the  inverse  square  dependence  on  the  distance  R  between  the  elements. 

In  contrast  to  Coulomb’s  law,  however,  d¥^>^^  is  not  generally  along  the  line 
connecting  the  elements,  the  direction  of  which  is  given  by  R.  As  a  consequence, 
Newton’s  third  law  is  not  satisfied  by  (13-17),  although  we  saw  it  to  hold  for  the  overall 
circuits  in  (13-8).  In  order  to  show  this,  let  us  calculate  the  force  exerted  on  I' ds'  by 
Ids;  as  we  saw  before,  we  can  get  it  by  interchanging  the  primed  and  unprimed 
quantities  in  (13-17)  and  by  replacing  R  by  -R.  In  this  way,  we  find  that 


dF. 


Po  r ds'  X  {Ids  X  R) 

477  R^ 


(13-18) 


where  R  =  r  —  r'  still.  If  we  add  (13-17)  and  (13-18),  we  find,  with  the  use  of  (1-30), 
that 


dF.^.^dF. 


^■nR^ 


[R  X  ((is'  X  (is)] 


(13-19) 


which  is  generally  different  from  zero,  in  contrast  to  (13-8).  This  sum  will  be  zero  only 
if  ds'  and  ds  are  parallel  as  in  Figure  13-2,  or  if  R  is  perpendicular  to  the  plane  formed 
by  ds'  and  ds. 

If  we  do  the  same  thing  with  our  more  symmetrical  form  (13-6),  we  would  get  still 
another  possible  form  for  the  force  between  current  elements,  namely 


dF'.^  = 


^0  [{lds)  iI'ds')]R 
477  R^ 


(13-20) 


which  is  directed  along  the  line  connecting  the  elements.  It  is  also  easy  to  verify  that 
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this  form  satisfies  the  third  law,  that  is 

+ =  0  (13-21) 

Although  (13-17)  and  (13-20)  will  lead  to  the  same  value  for  the  total  force  between 
complete  circuits,  they  can  give  different  results  when  applied  to  elements.  As  an 
example,  suppose  the  current  I  of  Figure  13-2  were  directed  into  the  page  while  r  is 
kept  the  same.  Then  we  would  get  a  picture  for  these  “crossed”  currents  like  that  of 
Figure  13-3.  In  this  case,  d%  and  d%'  are  perpendicular  so  that  (13-20)  gives  d¥'>^^  =  0, 
while  from  (13-17)  we  find  that  d¥^,^^  ¥=  0.  The  reason  for  this  discrepancy  is  that  in 
going  from  (13-1)  to  (13-5)  we,  in  effect,  lost  a  term  that  is  zero  for  a  complete  circuit 
but  is  not  zero  for  the  integrands',  this  was  shown  explicitly  in  (13-4). 

In  spite  of  the  more  symmetrical  appearance  of  (13-20),  its  direction  along  the  line 
connecting  the  elements,  its  desirable  property  expressed  in  (13-21),  in  contrast  to 
(13-19),  why  is  it  that  (13-17)  is  the  accepted  form  for  the  force  between  current 
elements  rather  than  (13-20)?  Putting  aside  future  comparison  with  experiment  for  the 
moment,  we  can  see  that  (13-20)  has  an  inherent  problem  that  makes  it  unsuitable  for 
our  purposes.  Because  of  its  proportionality  to  d^  •  d%\  (13-20)  involves  the  cosine  of 
the  angle  between  the  elements.  Thus  it  cannot  be  written  in  the  form  of  a  product  of 
the  element  Ids  and  something  that  is  independent  of  the  element,  that  is,  a  field. 
Since  this  product  property  is  essential  to  the  development  of  a  theory  based  on  fields, 
we  abandon  (13-20).  On  the  other  hand,  (13-17)  does  possess  the  form  needed  to  enable 
us  to  introduce  a  new  field,  as  we  will  immediately  proceed  to  do,  and  hence  we  adopt 
the  form  (13-1)  along  with  (13-17)  as  our  fundamental  law  of  magnetostatics. 


EXERCISES 

13-1  Apply  (13-6)  to  the  system  of  Figure  13-2 
and  thus  show  directly  that  (13-12)  is  again  ob¬ 
tained. 

13-2  In  order  to  get  an  idea  of  the  magnitude  of 
magnetic  forces,  find  the  force  per  unit  length 
between  very  long  equal  and  opposite  10  ampere 


currents  separated  by  1  centimeter.  Find  the  ratio 
of  this  to  the  weight  per  unit  length  of  the  copper 
wire  described  in  Exercise  12-17. 

13-3  Consider  the  two  infinitely  long  straight 
currents  shown  in  Figure  13-4.  I'  coincides  with 
the  y  axis.  I  is  parallel  to  the  yz  plane,  is  at  a 
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Figure  13-4.  The  two  currents  of  Exercise  13-3. 

distance  p  from  it,  crosses  the  x  axis  at  =  7  -  0, 
and  makes  the  angle  a  with  the  xy  plane  as 
shown.  Show  that  the  force  on  /  of  C  due  to  /'  of 
C'  is  -  cot  ax. 


13-4  Consider  the  two  circuits  shown  in  Figure 
13-5.  All  currents  lie  in  the  same  plane.  C'  is 
infinitely  long.  The  sides  of  the  rectangle  of  length 
b  are  parallel  to  C'.  Find  the  total  force  on  C.  Is 
it  attractive  or  repulsive? 


13-5  An  infinite  plane  current  sheet  coincides 
with  the  xy  plane.  The  surface  current  density  is 
K'  =  K'y  where  K'  =  const.  A  very  long  wire 
carrying  a  current  I  is  parallel  to  the  y  axis  and 
intersects  the  positive  z  axis  at  a  distance  d  from 
the  origin.  Find  the  force  per  unit  length  on  the 
wire. 

13-6  A  current  I'  is  distributed  uniformly  over 
a  very  long  cylinder  of  circular  cross  section  of 
radius  a.  The  axis  of  the  cylinder  coincides  with 
the  2  axis.  I'  is  in  the  direction  of  positive  z.  A 
very  long  current  /  is  along  a  line  parallel  to  the 
2  axis;  it  is  also  in  the  direction  of  positive  z.  / 
crosses  the  positive  x  axis  at  a  distance  d  from 
the  origin.  Find  the  force  per  unit  length  on  the 
current  /.  [You  will  probably  need  to  use  (3-16).] 

13-7  A  circular  loop  of  radius  a  lies  in  the  xy 
plane  with  its  center  at  the  origin.  It  carries  a 
current  I'  that  circulates  counterclockwise  as  seen 
when  looking  back  at  the  origin  from  positive 
values  of  z.  A  very  long  current  I  is  parallel  to 
the  X  axis,  is  going  in  the  positive  x  direction, 
and  intersects  the  positive  z  axis  at  a  point  a 
distance  d  from  the  origin.  Find  the  total  force 
on  the  circuit  C  carrying  I. 

13-8  Two  circles,  each  of  radius  a,  carry  cur¬ 
rents  circulating  in  the  same  sense.  One,  with 
current  /',  lies  in  the  xy  plane  with  center  at  the 
origin.  The  other,  with  current  /,  is  parallel  to  the 
xy  plane  with  its  center  on  the  positive  z  axis  at  a 
distance  d  from  the  origin.  Find  the  force  on  the 
circuit  with  current  I.  Express  your  answer  in 
terms  of  the  angles  (p  and  <f>'  of  cylindrical  coor¬ 
dinates,  but  leave  your  answer  in  integral  form. 
13-9  Four  very  long  straight  wires  each  carry 
current  of  the  same  value  /.  They  are  all  parallel 
to  the  2  axis  and  intersect  the  xy  plane  at  the 
points  (0,0),  (fl,0),  (a,  a),  and  (0,  u).  The  first 
and  third  have  their  currents  in  the  positive  z 
direction;  the  other  two  have  currents  in  the 
negative  z  direction.  Find  the  total  force  per  unit 
length  on  the  current  corresponding  to  the  point 
(a,  a). 


Figure  13-5.  The  circuits  of  Exercise  13-4. 
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THE  MAGNETIC  INDUCTION 


Ampere’s  law  is  another  example  of  an  “action  at  a  distance”  law.  At  the  beginning  of 
Chapter  3,  we  discussed  the  similar  property  of  Coulomb’s  law  and  we  concluded  that 
it  would  be  useful  to  divide  it  into  two  parts  by  introducing  the  electric  field  as  a  kind 
of  intermediary  to  describe  the  interaction  between  the  charges.  We  now  want  to  do  the 
same  thing  for  the  force  between  currents.  For  historical  reasons,  the  field  that  we  vdll 
use  for  this  purpose  is  called  the  “magnetic  induction”;  the  term  “magnetic  field”  is 
generally  used  for  a  different  vector  field  that  we  define  later  when  we  include  the 
effects  of  matter. 


14-1  DEFINITION  OF  THE  MAGNETIC  INDUCTION 


We  recall  that  we  were  able  to  go  from  Coulomb’s  law  to  the  electric  field  because  we 
saw  in  Section  3-1  that  the  force  on  a  charge  could  be  written  as  the  product  of  the 
charge  and  another  quantity  that  we  called  the  electric  field.  We  now  see  that  (13-1)  can 
be  rewritten  in  a  somewhat  similar  fashion  as 


(14-1) 


The  factor  in  parentheses  is  independent  of  the  current  element  Ids  at  the  position  r, 
but  it  does  depend  on  the  distribution  of  the  other  current  elements  with  respect  to 
Ids.  If  we  represent  the  quantity  in  parentheses  by  B(r),  and  use  (1-137),  we  have 


I'ds'  X  R 


Hq  r  ds'  X  R 


(14-2) 


and 


Fc.^c  = 


(14-3) 


The  vector  field  B,  which  we  have  defined  in  this  way,  is  called  the  magnetic  induction', 
sometimes  it  is  also  known  as  the  magnetic  flux  density  or  simply  as  the  B  field.  In 
addition,  (14-2)  is  generally  known  as  the  Biot-Savart  law. 

We  see  from  (14-3)  that  the  unit  of  B  will  be  1  newton/(ampere-meter).  This 
combination  is  not  normally  used,  however,  and  the  standard  unit  for  B  is  generally 
written  in  one  or  another  of  two  forms:  1  tesla  =  1  weber/(meter)^.  By  comparing  this 
with  the  above  we  see  that  1  weber  =  1  joule/ampere  =  1  volt-second. 

By  means  of  this  procedure,  then,  we  have  introduced  another  vector  field  B  that  we 
can  calculate  at  any  field  point  r  by  means  of  (14-2)  even  if  there  is  no  current  element 
there  to  have  a  force  on  it.  Again,  as  for  E,  one  can  regard  this  as  all  simply  a 
mathematical  convenience  in  that  the  calculation  of  B  provides  one  with  a  kind  of 
distributed  contingency  statement  that  tells  us  what  the  force  on  a  circuit  C  would  be  if 
it  were  put  there.  On  the  other  hand,  one  can,  as  we  discussed  in  Section  3-4,  regard  B 
as  a  real  physical  entity  in  itself. 
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If  there  is  more  than  one  source  circuit,  we  can  find  B  for  a  given  one,  by  means 
of  (14-2),  and  then  the  resultant  induction  at  r  will  be  given  by  the  vector  sum  of  the 
individual  contributions: 


flo  r  /,  rfS,.  X 


R: 


(14-4) 


where  R,  =  r  -  r,  in  terms  of  the  position  vector  r,  of  the  current  element  of  the 
/th  circuit.  We  note  that  Ids  of  C  is  not  included  in  (14-4),  that  is,  we  do  not  envisage 
a  current  element  exerting  a  magnetic  force  upon  itself. 

Although  (14-3)  was  written  in  terms  of  the  total  force  on  the  complete  circuit  C,  it 
is  natural  to  interpret  the  integrand  as  giving  the  force  t/F  on  the  current  element  Ids 
located  at  r: 


dF  =  Ids  X  B(r) 


(14-5) 


This  force  is  perpendicular  to  both  the  current  element  and  the  magnetic  induction,  is 
zero  when  they  are  parallel,  and  has  a  maximum  magnitude  when  they  are  perpendicu¬ 
lar,  as  we  see  from  (1-22).  This  directional  property  of  JF  is  illustrated  in  Figure  14-1, 
which  corresponds  to  the  definition  of  the  cross  product  shown  in  Figure  1-14. 

In  a  similar  manner,  we  can  interpret  the  integrand  of  (14-2)  as  the  contribution 
dB(r)  to  the  total  induction  produced  by  the  current  element  I'ds'  located  at  the 
source  point  r': 


rfB(r)  = 


/Aq  I'ds'  X  R 


^0  I'ds'  X  R 
47r 


(14-6) 


This  expression  is  another  version  of  the  Biot-Savart  law.  The  directional  relations 
given  by  (14-6)  are  shown  in  Figure  14-2.  We  see  that  iiB  is  perpendicular  to  the  plane 
formed  by  ds'  and  R,  has  its  maximum  magnitude  at  a  field  point  located  on  a  line 
perpendicular  to  ds',  and  is  zero  at  a  field  point  located  directly  forward  of  or  behind 
ds'.  There  is  a  convenient  right-hand  rule  that  qualitatively  describes  the  situation  of 
Figure  14-2:  point  the  thumb  of  the  right  hand  in  the  direction  of  I'  ds'  and  then  the 
fingers  will  curl  in  the  correct  general  sense  of  the  direction  of  d  B. 

Everything  we  have  done  up  to  now  has  been  staled  in  terms  of  filamentary  currents. 
However,  as  we  know,  there  are  many  situations  that  arise  in  which  it  is  convenient  to 
describe  them  in  terms  of  currents  distributed  throughout  a  volume  or  over  a  surface. 
We  can  easily  adapt  our  results  to  such  cases  by  using  the  equivalents  for  current 
elements  that  we  found  in  (12-10).  For  example,  if  the  source  currents  are  described  by 


Figure  14-1.  Force  on  a  current  element  due  to  an 
induction  B. 
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Figure  14-2.  Geometrical  relations  between  a 
current  element  and  the  magnetic  induction  it 
produces. 


the  volume  current  density  J'(r').  the  results  analogous  to  (14-2)  and  (14-6)  will  be 


JV)  X  ^ 


R 


dr 


(14-7) 


_  Mo  X  R 


where  the  integral  is  to  be  taken  over  the  whole  volume  V'  containing  currents. 
Similarly,  (14-3)  and  (14-5)  become 


F  =  J  J(r)  X  B(r)  dr  (14-9) 

d¥  =  JxEdr  (14-10) 

where  F  is  the  total  force  on  all  of  the  currents  contained  within  the  volume  V  whose 
distribution  is  described  by  J(r). 

Using  (12-10)  again,  we  get  corresponding  expressions  when  surface  currents  are 
involved: 


^  K'(r')  X  R  ^  , 

B(r)  =  —  /  - - da' 

(14-11) 

'  '  Arr  Js'  -R" 

jUo  K'  X  Rda' 
dE  =  — - . - 

(14-12) 
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F=J  K(r)  X  B(r)  da 

(14-13) 

dF  =  KxBda 

(14-14) 

Finally,  if  all  of  the  possibilities  we  have  mentioned  are  simultaneously  present,  the 
total  B  at  a  given  point  will  be  the  sum  of  all  of  the  various  contributions  from  (14-4), 
(14-7),  and  (14-11),  and  it  will  be  this  resultant  B  that  would  be  used  in  (14-3),  (14-5), 
(14-9)!  (14-10),  (14-13),  or  (14-14)  as  would  be  appropriate. 

We  have  not  made  any  use  of  any  of  our  previous  classifications  of  currents  that  we 
discussed  in  Section  12-2  and  indeed  it  is  a  basic  hypothesis  of  our  subject  that  the 
magnetic  induction  B  is  produced  by  all  currents  from  any  source  whatsoever,  and  later 
we  will  find  it  necessary  to  introduce  currents  of  types  different  from  any  we  have  yet 
encountered. 

As  in  the  case  of  the  electric  field,  an  equation  like  (14-2)  can  be  regarded  as  a 
“recipe”  for  calculating  B  once  the  current  distribution  is  given,  and  now  we  want  to 
consider  a  few  examples  of  such  direct  calculations. 


14-2  STRAIGHT  CURRENT  OF  FINITE  LENGTH 

Let  us  consider  a  steady  filamentary  current  I'  and  find  the  B  produced  by  a  finite 
length  of  it.  If  we  choose  the  origin  where  the  perpendicular  from  the  field  point  P 
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intersects  the  current  and  use  cylindrical  coordinates,  we  get  the  situation  shown  in 
Figure  14-3a.  Evidently  this  is  not  a  complete  circuit  but  a  portion  of  one.  Cases  hke 
this  are  useful,  however,  because  more  complicated  complete  circuits  can  frequently  be 
thought  of  as  being  composed  of  parts  such  as  this;  then,  once  we  can  find  B  for  each 
part,  the  resultant  can  be  found  by  vector  addition,  as  implied,  for  example,  in  (14-4). 

We  see  from  the  figure  that  r  =  pp  and  r'  =  z'z  so  that  R  =  r  -  r'  =  pp  -  z% 
=  p^  +  z''^,  and  ds'  =  dz'z.  Therefore,  we  find  that  ds'  XR  =  p  dz'z  X  p  =  p  dz'^ 
and  then,  since  $  is  constant,  (14-2)  becomes 


Po/'p$ 

j 

rL^  dz'  Po-^'PV 

z' 

477  J 

,p^(p^  +  ^'T^ 

<P 


47rp 


+  (p^  +  L?) 


2\V2 


(14-15) 


This  result  can  also  be  written  in  terms  of  the  angles  a2  and  whose  positive  sense  is 
defined  in  Figure  14-3b  for  we  see  from  the  figure  that 


B  =  — (sina2  +  sinaj 

47rp 


(14-16) 


Thus,  the  induction  is  always  perpendicular  to  the  plane  formed  by  the  current  and  the 
position  vector  of  the  field  point. 

We  can  obtain  B  for  an  infinitely  long  straight  current  by  letting  L2  ^  oo  and 
Z-i  00  (or,  correspondingly,  012  •n/2  and  ^/2)  and  the  result  is  that 


B  =  — ^ 

iTTp 


(14-17) 


We  can  use  this  expression  to  compare  this  present  approach  with  that  of  the  last 
chapter.  If  we  have  an  infinitely  long  current  parallel  to  the  z  axis,  which  passes 
through  P,  as  is  the  case  in  Figure  13-2,  then  the  force  on  a  length  ds  of  it  can  be 
found  by  combining  (14-17),  (14-5),  and  (1-76)  to  give 

d¥  =  Idz  z  X - - - 

27rp  2irp 

which  is  exactly  what  we  found  by  the  direct  calculation  that  led  to  (13-13). 


Figure  14-3.  Calculation  of  B  due  to  a  straight  current  of  finite  length. 
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Figure  14-4.  Lines  of  B  due  to  an  infinitely  long 
straight  current  directed  out  of  the  page. 


The  magnitude  of  B  as  given  by  (14-17)  varies  inversely  with  the  distance  from  the 
current.  The  surfaces  of  constant  B  are  thus  cyhnders  whose  axes  coincide  with  the 
current.  The  radius  of  a  given  cylinder  is  determined  from  p  =  Since  B  is  in 

the  q)  direction,  the  lines  of  B  in  a  plane  perpendicular  to  these  cylinders,  and  hence  to 
will  be  circles.  Thus,  we  get  a  picture  for  B  due  to  an  infinitely  long  straight  current 
like  that  shown  in  Figure  14-4;  the  figure  is  drawn  so  that  I'  is  perpendicular  to  the 
page  and  coming  out  of  it. 


14-3  AXIAL  INDUCTION  OF  A  CIRCULAR  CURRENT 

As  another  example  of  a  filamentary  current,  let  us  consider  a  current  I'  circulating 
along  the  circumference  of  a  circle  of  radius  a  as  shown  in  Figure  14-5.  In  order  to  be 
specific,  we  assume  the  circle  to  he  in  the  xy  plane  with  the  origin  at  its  center.  We 


y 


X 


Figure  14-5.  Calculation  of  axial 
induction  of  a  circular  current. 
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choose  our  field  point  along  the  z  axis  so  that  it  is  on  the  line  normal  to  the  area 
enclosed  by  the  current. 

We  see  that  r  =  zz  while  r'  =  x'x  +  y'y  =  a(cos(p'x  +  sin<p^y);  we  are  using  the 
polar  angle  (p'  to  locate  the  source  point,  but  expressing  its  position  vector  in  terms  of 
the  constant  rectangular  unit  vectors.  Hence,  R  =  —a  cos  <p'x  -  a  sin  cp'y  +  zz  so  that 
z^.  In  addition,  ds'  =  dr'  =  ad(p'{  —  sm(p'x  +  coscp'y)  and  therefore  we 
get 

ds'  X  R  =  ui/(p'[z(cos  (p'x  +  sincp^y)  +  az] 


with  the  use  of  (1-28).  Inserting  these  results  into  (14-2),  we  find  that 

[z(cos<p'x  4-  sin<p'y)  +  az]  dcp' 


B(z) 


47r 


/: 


{a^  -I-  z^) 


2\3/2 


2{a^  +  z^) 


2\3/2 


(14-18) 


where  the  x  and  y  components  have  integrated  out  to  zero.  Thus,  the  induction  is 
completely  along  the  z  axis  as  seems  evident  from  the  symmetry  of  the  situation 
depicted  in  Figure  14-5.  At  the  center  of  the  circle  (z  =  0),  the  induction  becomes 
simply 

IXqI' 

Bcenter  =  (14-19) 


At  large  distances  from  the  circle,  that  is,  for  z  ^  a,  (14-18)  approximates  to 

B(^)  =  ■  2^3  ^  (14-20) 

and  varies  inversely  as  the  cube  of  the  distance  z.  In  this  respect,  it  is  similar  to  the 
electric  field  of  a  dipole  as  we  saw  in  (10-35),  for  example.  This  similarity  is  not 
accidental,  as  we  will  learn  in  Chapter  19.  Now  let  us  consider  one  of  the  applications 
of  our  result. 


Example 

Axial  induction  of  an  ideal  solenoid.  Suppose  we  have  a  cylinder  of  length  L  and  circular 
cross  section  of  radius  a.  If  we  wind  a  wire  uniformly  around  it  to  give  us  a  total  of  N 
“turns,”  the  resultant  device  is  called  a  solenoid  and  is  shown  in  Figure  14-6  (only  a 


oooooO^ 


Figure  14-6.  Cross  section  of  an  ideal  solenoid  with  its  axis  along  the  z  axis. 
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few  of  the  turns  are  shown  in  cross  section.)  If  the  wires  are  very  thin  and  wound  right 
next  to  each  other,  we  can,  to  a  first  approximation,  neglect  the  pitch  of  the  winding, 
and  we  can  consider  it  as  equivalent  to  a  set  of  N  circular  filamentary  currents  of  radius 
a.  (This  is  often  referred  to  as  an  “ideal”  solenoid.)  The  value  of  B  at  a  point  P  on  the 
axis  can  then  be  obtained  by  summing  up  the  contribution  of  each  circular  turn  as  is 
given  by  (14-18).  Consider  a  small  portion  dz^  of  the  length  located  a  distance  z^hova 
one  end.  If  n  =  N/L  is  the  number  of  turns  per  unit  length,  then  there  will  be 
dN  ^  n  dzQ  circular  rings  in  this  small  portion,  each  approximately  the  same  distance 
z  =  Zp-  Zq  from  the  field  point  P.  Hence,  from  (14-18),  their  contribution  to  the 
magnitude  of  B  at  P  will  be 


dB 


\i!^ra^ndzQ 
2  -I-  {zp  -  Zgf 


(14-21) 


according  to  (14-4).  The  total  value  of  fi  at  P  will  then  be 

{iQl'a^n  dzQ 


^  =  / 

Jn 


0  +  {zp  -  z^f\ 


21  3/2 


/ 


L  —  Zp 


dz‘ 


{a^  +  z'^) 


/2^3/2 


I 

f  {L-Zp) 

2  1 

\ 

{L  -  Zp)^ 

1/2 

(14-22) 


where  we  have  let  z'  ^  Zq-  Zp  and  used  the  value  given  for  the  integral  in  (14-15), 
This  result  can  also  be  expressed  very  simply  in  terms  of  the  angles  and  ^2  defined 
in  the  figure;  we  see  that  we  have 

B  =  yfio«/'(cos  0(2  +  cos  a-i)  (14-23) 

If  the  solenoid  is  infinitely  long,  then  both  and  a  2  approach  zero  and  (14-23) 
simplifies  to 

B  =  ^onr  (14-24) 


and  is  independent  of  the  location  of  P. 


INFINITE  PLANE  UNIFORM  CURRENT  SHEET 

As  an  example  of  a  continuous  current  distribution,  let  us  consider  an  infinite  plane 
sheefon  which  there  is  a  constant  surface  current  density  K'.  We  will  find  the  value  of 
B  at  an  arbitrary  field  point  with  the  use  of  (14-11).  Let  us  assume  the  sheet  to  coincide 
with  the  xy  plane  and  that  K'  is  in  the  y  direction  so  that  K'  ^5'^ 

As  we  see  from  Figure  14-7,  r  =  xx  -I-  yy  +  zz,  r'  =  x'\  +  y'y,  R  =  (x  -  x  )x  +  {y 
_  +  22,  =  (x  -  x')^  +  (y  "  y')^  +  ^y'-  Therefore,  K  X  R 

-  K'y  X  r’=  K'[zk  +  {x'  -  x)z]  and  (14-11)  becomes 

.00  [zx {x' -  x)z]  dx' dy' 


477 


f(x-xO'+  (p 


/)^  + 


,3/2 


HgK'  .00  .00  {z\  +  X'z)  dX' dY' 
4t  i-oo-'-oo  (x'^  +  Y'^  +  z^y^^ 


(14-25) 


where  X'  x'  -  x  and  Y'  =  y'  -  y.  We  see  at  once  that  the  z  component  will  vanish 
because  the  integrand  is  an  odd  function  of  X'.  Then  the  integral  reduces  to  exactly  the 
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Figure  14-7.  Calculation  of 
B  due  to  an  infinite  plane 
uniform  current  sheet. 


same  form  as  that  of  (3-11),  and  if  we  use  the  results  given  in  (3-12)  and  (3-13)  by 
simply  replacing  ot/cq  by  iioK'  and  z  by  x,  we  obtain 


B  =  ±iiioK'k  =  (14-26) 

Thus,  we  see  that  B  has  a  magnitude  independent  of  the  location  of  the  field  point,  is 
parallel  to  the  current  sheet  and  at  right  angles  to  the  direction  of  the  current,  and  has 
opposite  signs  on  the  two  sides  of  the  sheet.  This  is  summed  up  in  Figure  14-8  showing 
the  lines  of  B  as  drawn  in  the  xz  plane  so  that  K'  is  perpendicular  to  the  plane  of  the 
page  and  coming  out  of  it. 
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> 

Figure  14-8.  Lines  of  B  due 

-  to  an  infinite  plane  uniform 

current  sheet  perpendicular 
_  to  the  page. 
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If  we  write  the  volume  current  density  as  the  product  p'v'  given  by  (12-3),  then  (14-7) 
becomes 


p'\'  X  R  dr' 


(14-27) 


Now  let  us  assume  that  the  charges  described  by  f/  are  contained  within  a  very  small 
volume.  Then  r'  will  be  practically  the  same  for  all  volume  elements  dr'  and  we  can 
take  r'  =  const.,  thus  making  R  and  constants  also.  If  we  assume  in  addition  that 
all  of  the  charges  have  the  same  velocity  we  can  remove  all  of  these  constant  factors 
from  out  of  the  integral  and  (14-27)  becomes 


B(r)  = 


Pq  XR 
^  R^ 


Mo  X  ft 
47r 


(14-28) 


where  q'  is  the  total  charge.  But  under  these  conditions,  q'  can  be  regarded  as  a  point 
charge,  so  that  (14-28)  gives  the  magnetic  induction  produced  by  a  moving  point 
charge. 

By  comparing  (14-28)  with  (14-6),  we  see  that  this  value  of  B  is  just  the  same  as  that 
produced  by  a  current  element 

I'ds'  =  q'\'  (14-29) 

In  other  words,  we  have  found  that  a  moving  point  charge  is  the  equivalent  of  a  current 
element  and  (14-29)  gives  the  quantitative  connection.  Having  obtained  this  result,  we 
can  easily  adapt  some  of  our  previous  results.  For  example,  if  we  combine  this 

equivalence  with  (14-5)  and  write  the  force  as  F  rather  than  d  F,  we  find  that  there  will 

be  a  magnetic  force  on  a  moving  point  charge  given  by 

X  B  (14-30) 


where  B  is  the  value  of  the  induction  at  the  location  of  the  charge.  Similarly,  we  can  use 
(13-17)  to  express  the  magnetic  force  on  one  point  charge  q  moving  with  velocity  v  due 
to  another  point  charge  q'  of  velocity  v'  and  we  get 


_  jUpW'  vx  (v'  X  R) 


(14-31) 


Finally,  if  we  add  (14-30)  to  (3-1),  which  gives  the  electric  force  on  q,  we  find  the  total 
electromagnetic  force  to  be 

F  =  ^(E  -H  V  X  B)  (14-32) 


This  important  result  is  usually  called  the  Lorentz  force. 

Since  all  of  our  discussion  of  magnetism  up  to  now  has  been  based  on  steady 
currents,  we  can  expect  that  (14-28)  and  (14-31)  are  appUcable  for  constant  velocities, 
that  is,  zero  or  negligible  acceleration.  It  does  turn  out  that  the  fields  produced  by 
accelerated  charges  are  different  from  these  and  lead  to  phenomena  usually  described 
as  “radiation.”  In  addition,  even  if  the  charges  are  moving  with  constant  velocity,  we 
can  use  (14-28)  and  (14-31)  only  if  the  velocities  involved  are  “small.”  Although  it  is 
not  at  all  evident  at  this  point  that  this  should  be  the  case,  nor  even  what  is  to  be 
considered  “small,”  we  can  anticipate  some  of  the  results  of  Chapter  29  and  simply 
assert  that  we  require  that  |v|  c  where  c  is  the  speed  of  light  in  vacuum.  [Although 
we  have  been  dealing  only  with  inductions  that  are  constant  in  time,  it  is  worth  noting 
that  the  value  of  B  at  the  fixed  point  r  as  given  by  (14-28)  is  actually  time  dependent 
since  both  R  and  R  will  change  as  q'  moves,] 
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We  have  found  that  the  sources  of  B  are  currents  of  any  type.  Just  as  we  did  for  E  in 
Chapters  4  and  5,  we  would  also  like  to  express  this  information  in  terms  of  the 
differential  source  equations  of  the  induction.  In  other  words,  we  want  to  evaluate 
V  X  B  and  V  •  B,  and  this  is  what  we  will  obtain,  along  with  other  information,  in  the 
next  two  chapters. 


EXERCISES 

14-1  Find  the  magnetic  induction  produced  by 
the  currents  of  Figure  13-4  at  the  point  on  the  x 
axis  that  is  midway  between  them. 

14-2  Suppose  the  field  point  P  of  Figure  14-3  is 
located  at  an  arbitrary  value  of  z  rather  than  at 
z  =  0  as  shown.  Show  that  the  value  of  B  there 
can  still  be  written  in  the  form  (14-16)  where 
and  a2  are  measured  positive  below  and  above, 
respectively,  from  the  perpendicular  dropped  from 
P  to  the  line  of  I'. 

14-3  Two  infinitely  long  straight  currents  are 
parallel  to  the  z  axis.  One  of  them,  carrying  a 
current  intersects  the  xy  plane  at  the  point 
(xj,  yi);  the  other,  with  current  I2,  intersects  the 
xy  plane  at  (x2,y2)-  hi^*^  the  resultant  B  pro¬ 
duced  by  them  at  any  field  point  (x,  y,  2). 

14-4  A  square  of  edge  a  lies  in  the  xy  plane 
with  the  origin  at  its  center.  Find  the  value  of  the 
magnetic  induction  at  any  point  on  the  z  axis 
when  a  current  /'  circulates  around  the  square. 
Show  that  your  result  gives  the  value  /ira 

for  the  induction  at  the  center. 

14-5  An  ideal  solenoid  of  length  L  and  N  turns 
is  wound  with  a  square  cross  section,  that  is,  each 
turn  is  a  square  of  edge  a.  Find  the  induction 
produced  at  the  center  of  the  solenoid  when  there 
is  a  current  /'  in  the  windings.  What  does  this 
become  for  an  infinitely  long  solenoid? 

14-6  Two  circular  loops,  each  of  radius  a,  have 
planes  parallel  to  the  xy  plane  and  centers  on  the 
2  axis  a  distance  d  apart.  Each  carries  the  same 
current  /'  circulating  in  the  same  sense.  Choose 
the  origin  midway  between  them  and  find  the 
axial  field  B,{z).  What  is  at  the  origin?  Show 
that  dB,/dz  vanishes  when  evaluated  at  the  mid¬ 
way  point.  Show  that  the  second  derivative  of  B^ 
will  also  vanish  there  provided  that  d  =  a.  What 
is  B,  (0)  under  these  conditions?  Show  that 
d^Bydz^  also  vanishes  at  the  origin.  An  arrange¬ 
ment  like  this  with  d  =  a  is  called  a  Helmholtz 
coil  and  is  used  to  produee  an  approximately 
constant  induction  over  a  small  region. 

14-7  The  current  shown  in  Figure  14-9  follows 
along  the  arc  of  a  circle  lying  in  the  xy  plane  with 


Higure  14-9.  The  current  of  Exercise  14-7. 

center  of  curvature  at  the  origin.  Find  B  at  any 
point  on  the  z  axis.  As  a  check  on  your  result, 
show  that  it  reduces  to  (14-18)  under  appropriate 
conditions. 

14-8  A  wire  is  wound  in  a  helix  of  pitch  angle  a 
on  the  surface  of  a  cylinder  of  radius  a  so  that  N 
complete  turns  are  formed.  If  the  wire  carries  a 
current  /',  show  that  the  axial  component  of  the 
induction  produced  at  the  center  of  the  helix  is 

/a){l  + 

14-9  An  infinite  plane  current  sheet  coincides 
with  the  xy  plane.  Its  surface  current  density  is 
K'  =  where  K'  =  const.  Another  infinite 
plane  current  sheet  is  parallel  to  the  xy  plane  and 
intersects  the  positive  z  axis  at  z  =  d.  The  second 
current  density  is  K'  =  -K'y.  Find  B  every¬ 
where. 

14-10  Repeat  the  preceding  exercise  with  the 
surface  current  of  the  second  sheet  now  given  by 
=  K'y. 

14-11  A  circular  dielectric  disc  of  radius  a  has  a 
uniform  surface  charge  density  ct  on  it.  It  is 
rotated  with  constant  angular  speed  w  about  an 
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axis  that  is  normal  to  the  surface  of  the  disc  and 
passes  through  its  center.  Assume  that  the  charge 
distribution  is  not  altered  by  the  rotation  and  find 
B  at  an  arbitrary  point  on  the  axis  of  rotation. 
What  is  B  at  the  center  of  the  disc? 

14-12  A  sphere  of  radius  a  contains  a  total 
charge  Q  ^stributed  uniformly  throughout  its 
volume.  It  is  set  into  rotation  with  constant  angu¬ 
lar  speed  w  about  a  diameter.  Assume  that  the 
charge  distribution  is  not  altered  by  the  rotation 
and  find  B  at  the  center  of  the  sphere. 

14-13  A  dielectric  sphere  of  radius  a  is  uni¬ 
formly  polarized.  It  is  rotated  with  constant  angu¬ 
lar  speed  io  about  the  diameter  parallel  to  the 
polarization.  Assume  that  the  polarization  is  not 
affected  by  the  rotation  and  find  B  at  the  point 
where  the  axis  of  rotation  intersects  the  surface  of 
the  sphere,  that  is,  at  the  “north  pole’*  of  the 
sphere.  What  is  B  at  the  center  of  the  sphere? 
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14- 14  An  infinitely  long  cylinder  of  circular  cross 
section  of  radius  a  carries  a  current  /'  that  is 
uniformly  distributed  over  the  cross-sectional  area. 
The  axis  of  the  cylinder  coincides  with  the  z  axis 
and  r  is  in  the  positive  z  direction.  Choose  a 
field  point  on  the  x  axis  and  find  B  for  all  values 
of  X,  both  inside  and  outside  of  the  cylinder. 

14-15  In  the  circuit  shown  in  Figure  14-10,  the 
curved  lines  are  semicircles  with  common  center 
C.  The  straight  portions  are  horizontal.  At  this 
instant  a  point  charge  q  located  at  C  has  a 
velocity  v  directed  vertically  downward.  Find  the 
magnetic  force  on  q. 

14-16  Figure  14-11  shows  a  short  thick  solenoid. 
The  N  turns  of  the  winding  uniformly  occupy  the 
region  between  the  two  coaxial  cylinders  of  radii 
a  and  b.  Neglect  the  pitch  of  the  windings  and 
show  that  the  axial  component  of  the  induction 


Figure  14-10.  The  circuit  of  Exercise  14-15. 


Figure  14-11.  The  solenoid  of  Exercise 
14-16. 
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produced  by  a  current  /'  is  given  by 


B(z) 


Ai(b  -  a) 


( /  +  z  )  In 


b-\- 

+  (^  +  z)^ 

1/2  \ 

a  + 

+  (/  +  z)^ 

p72 1 

+  (/  -  z) In 


b  + 

+  {1-  zf 

1/2 

a  + 

+  (/  —  z)^ 

1/2 

14-17  Show  that  if  all  of  the  distributed  source 
currents  occupy  a  finite  volume  V',  the  expression 


(14-7)  for  B  can  be  transformed  into  the  form 


Mo  /•  V'  X  J'(r') 
4w  Jy  R 


dr' 


This  result  emphasizes  the  role  of  the  nonuni¬ 
formities  of  the  source  currents  in  producing  the 
induction.  We  will  not  generally  find  it  conve¬ 
nient  to  use  this  form. 

14-18  A  closed  filamentary  circuit  C  carrying  a 
steady  current  /  is  in  a  region  where  B  is  con¬ 
stant.  Show  that  the  total  force  on  C  is  zero.  Now 
suppose  that  C  is  a  plane  circuit  and  the  plane 
surface  is  parallel  to  the  direction  of  B.  Show  that 
in  this  case  there  will  be  a  nonzero  torque  on  C 
that  will  be  parallel  to  the  plane  of  C. 


15 


THE  INTEGRAL  FORM 
OF  AMPERE'S  LAW 


The  first  diflferential  source  equation  that  we  want  to  consider  is  V  X  B.  The  general 
definition  of  the  curl  of  a  vector  given  by  (1-73)  suggests  that  we  consider  the  line 
integral  of  B  about  some  closed  path. 


15-1  DERIVATION  OF  THE  INTEGRAL  FORM 


We  will  show  that 

•  ds  =  ;io4nc 


(15-1) 


where  the  integral  is  taken  about  an  arbitrary  closed  path  C  and  is  the  total  current 
passing  through  the  area  enclosed  by  the  curve  C.  The  path  C  can  be  any  closed  curve 
and  need  not  coincide  with  any  real  circuit.  The  expression  (15-1)  is  known  as  the 
integral  form  of  Ampere^ s  law;  it  is  also  very  commonly  referred  to  as  Ampere^ s 
circuital  law. 

For  simplicity,  we  initially  assume  that  B  is  produced  by  a  single  filamentary  circuit 
C'  carrying  a  current  I'  so  that  B  is  given  by  (14-2).  Inserting  this  expression  into  the 
left-hand  side  of  (15-1),  we  find  that 


PqI'  f  f  ds'  {ds'  X  R) 


47r  %%' 


R 


(15-2) 


where  we  used  (1-29)  to  interchange  the  dot  and  the  cross  in  the  integrand.  If  we  now 
recall  from  Section  1-7  that  the  magnitude  of  the  cross  product  equals  the  area  of  the 
parallelogram  with  the  two  vectors  as  sides  and  then,  in  addition,  recall  (4-3),  we  see  " 
that  we  should  analyze  (15-2)  in  terms  of  solid  angles. 

The  general  situation  is  illustrated  in  Figure  15-1.  Suppose  we  consider  a  given  point 
P  on  the  path  of  integration  C.  The  source  circuit  C'  will  subtend  some  total  solid 
angle  S2  at  that  point.  Now  in  carrying  out  the  integration  over  C,  we  give  the  point  P  a 
series  of  successive  displacements,  one  of  which  is  ds.  After  P  has  been  displaced  by 
dsy  the  source  circuit  C'  will  generally  have  a  different  aspect  as  viewed  from  P,  so  that 
the  solid  angle  which  C'  subtends  at  the  new  position  of  P  will  have  changed  to  a  new 
value  +  dQ.  Thus,  d^  =  change  in  solid  angle  subtended  by  C'  at  P  slssl  result 

of  the  displacement  of  P  by  ds.  But  we  can  also  obtain  the  same  relative  change  by 
imagining  P  held  fixed  and  giving  an  equal  and  opposite  displacement  (  —  ds)  to  every 
point  of  C'.  (You  can  easily  convince  yourself  of  this  by  holding  this  book  at  a 
reasonable  distance  from  your  eyes  and  then  comparing  the  visual  result  of:  (1)  keeping 
the  book  held  fixed  and  moving  your  head  back,  and  (2)  keeping  your  head  fixed  and 
moving  the  book  an  equal  amount  away  from  your  head.)  TTius  we  can  also  say  that 
dU  =  change  in  solid  angle  produced  by  keeping  P  fixed  and  displacing  every  point  of 
C'  by  -ds;  the  new  position  and  orientation  of  C'  are  also  shown  in  the  figure.  Now 
we  see  that  -ds  X  ds'  =  dsi  =  shaded  area  with  sides  -ds  and  ds',  so  that,  according 
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Figure  15-1.  Calculation  of  change  in  solid  angle  subtended  at  Pdue  to  a  displacement 
of  the  circuit  C . 


to  (4-3),  the  term  under  the  integrals  of  (15-2)  is  just  d2i  *  R//?^  =  solid  angle 
subtended  at  by  i/a  =  change  in  sohd  angle  subtended  at  P  resulting  from  the 
displacement  of  ds'  by  -i/s.  Therefore,  when  we  carry  out  the  integration  over  C'  in 
(15-2),  we  are  summing  up  all  of  the  contributions  from  all  of  the  ds'  of  C\  so  that  we 
have 


( -d/s  X  ds')  •  R 


dn 


(15-3) 


where,  again,  d/S2  is  the  change  in  sohd  angle  observed  at  P  due  to  a  displacement  of  P 
by  d/s,  but  it  is  calculated  in  (15-3)  by  an  equivalent  summation  over  C'  based  on 
holding  P  fixed  and  displacing  C',  Inserting  (15-3)  into  (15-2)  and  carrying  out  the 
integration  over  C,  we  get 

(^B-ds=  (15-4) 

JJ-  477  Pc  477 

where  Afl  is  the  total  change  in  the  solid  angle  subtended  by  C'  at  the  various  points 
on  C  when  summed  over  the  closed  path  C.  It  turns  out  that  there  are  two  cases  to  be 
considered. 
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1.  The  path  C  does  not  link  the  circuit  C'.  In  this  case,  the  relative  orientations  are 
like  those  shown  in  Figure  15-2.  Here,  if  we  start  at  P,  then  when  we  come  back  to  P 
after  completing  the  loop  C,  the  final  solid  angle  has  the  same  value  that  it  had  initially, 
so  that  AS2  =  0  and  (15-4)  becomes 


(15-5) 


2.  The  path  C  does  link  the  circuit  C\  In  this  case,  the  path  of  integration  encloses 
the  source  current  and  we  have  a  situation  like  that  shown  in  Figure  15-3.  It  is  easier  to 
see  what  the  change  will  be  if  we  pick  our  initial  point  A  just  above  the  surface  S' 
enclosed  by  C'  and  the  final  point  A'  just  below  the  surface  S'  and  then  go  to  the  limit 
as  A'  and  A  become  coincident.  First,  we  note  that  the  direction  of  the  normal  h'  to  the 
surface  enclosed  by  C'  is  determined  from  the  direction  of  I'  by  the  standard 
right-hand  rule  shown  in  Figure  1-24, 

(a)  At  the  initial  point  A.  We  see  from  Figure  15-4a  that  the  angle  between  dd!  and 

R  is  =  90°  -  5  where  6  is  very  small  and  positive.  Then  the  solid  angle  subtended 
by  d2i'  at  A  as  given  by  (4-3)  will  be  da'  =  da'cos(9Q°  —  S)/R^  and  is 

positive.  Now  as  A  is  taken  closer  to  the  surface  5',  5  ->  0,  all  of  the  contributions  to 
the  solid  angle  subtended  by  C'  at  A  are  positive,  and,  since  A  then  “sees”  one  half  of 
all  space,  we  get 

^for^  ^  ^initial  “+277  (15-6) 

(In  order  to  convince  yourself  of  this,  imagine  your  eye  located  at  A  just  above  this 
page,  and  then  let  your  eye  approach  near  coincidence  with  the  page.) 

(b)  At  the  final  point  A'.  As  we  see  from  Figure  15-4h,  the  angle  between  dst'  and  R 
is  =  90°  +  €  where  c  is  positive  and  very  small.  Then  the  solid  angle  subtended  by 
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(a) 


Figure  15-4.  Situation  near  (a)  the  initial  point  A  and  (b)  the  final  point  A'. 


dd!  at  A'  will  be  Ja'cos(90®  +  and  will  be  negative.  Then,  as  A'  nears  the 

surface,  t  ^  0,  all  of  the  contributions  to  the  solid  angle  will  be  negative,  and  since  A' 
will  “see”  one  half  of  all  space,  we  get 

^  ^final  = 

Combining  (15-7)  and  (15-6),  we  find  that  the  total  change  in  solid  angle  for  this 
case  will  be 

Afl  =  =  (-2,7)  -  (2,7)  =  -4^  (15-8) 

so  that  (15-4)  becomes 

■  ifs  =  mo2'  (15-9) 

and  equals  Hq  times  the  current  passing  through  the  surface  enclosed  by  the  curve  C. 
Comparing  (15-5)  and  (15-9),  we  see  that  the  value  of  this  line  integral  of  B  is  different 
from  zero  only  if  the  path  of  integration  encloses  a  current. 

We  also  see  that  if  the  sense  of  integration  around  C  were  reversed,  then  A  and  A' 
would  be  interchanged  as  initial  and  final  points,  AJ2  would  equal  +4w,  and  the  value 
of  the  integral  would  be  that  is,  the  current  r  would  be  counted  as  negative. 

We  can  summarize  these  sign  results  by  means  of  Figure  15-5,  Once  the  sense  of 
integration  about  C  has  been  chosen,  this  determines  the  positive  sense  of  its  normal  h, 
as  in  Figure  1-24.  Then,  if  a  current  F  passes  through  the  surface  enclosed  by  C  in  this 
same  sense,  as  in  (a)  of  the  figure,  it  will  make  a  positive  contribution  to  the 
integral,  while  if  it  passes  through  C  in  the  opposite  sense,  as  in  (Zj),  it  contributes 
-fioF  to  the  integral.  (Note  that  Figure  15-5a  corresponds  to  Figure  15-3.) 

If  there  is  more  than  one  source  current  so  that  B  will  be  given  by  an  expression  like 
(14-4),  then  each  current  /,  will  contribute  either  0  or  ±/Ao^i  depending  on  whether 


Figure  15-5.  Sign  conven¬ 
tions  for  current  as  related 
to  sense  of  integration 
about  C. 
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passes  through  C  or  not,  as  well  as  upon  its  sense  of  doing  so,  and  we  will  get 

<^Bds=  Y,  Mo'^,  =  Mo4nc  (15-10) 

G  i 

enclosed 

where  is  the  net  current  enclosed  by  the  path  of  integration.  Thus  we  have  obtained 
the  integral  form  of  Ampere’s  law  that  we  initially  stated  in  (15-1).  [We  note  that  this 
result  has  a  certain  “similarity”  to  Gauss’  law  (4-1).]  There  are  some  general  implica¬ 
tions  of  this  result  that  we  can  point  out.  Any  currents  not  enclosed  by  the  path  of 
integration  do  not  contribute  to  the  value  of  the  integral,  although  they  certainly  can 
affect  the  value  of  B  at  a  particular  point.  Also,  the  location  of  the  enclosed  currents 
does  not  affect  the  value  of  the  integral,  although  if  they  are  moved  about  within  C 
they  can  affect  the  value  of  B  at  particular  points  on  the  path  of  integration. 

We  can  now  put  (15-10)  into  another  useful  form  by  expressing  in  terms  of  the 
current  density  J  by  means  of  (12-6).  (We  will  drop  the  prime  on  the  source  current 
density  now  for  simplicity  of  notation.)  If  we  do  this,  and  use  Stokes’  theorem  (1-67), 
we  obtain 


B  '  ds  =  \Xq( S  f (v  X  B)  •  i/a  (15-11) 

’^S  ''S 

where  S  is  the  open  surface  enclosed  by  C.  Since  C  is  arbitrary,  (15-11)  also  holds  for 
any  very  small  area,  and  we  can  equate  the  integrands  to  get  our  desired  source 
equation 

V  X  B  =  (15-12) 

This  fundamental  result  is  equivalent  to  Ampere’s  law  of  force  between  complete 
circuits.  We  see  at  once  that,  in  contrast  to  the  electrostatic  field,  the  magnetic 
induction  is  not  a  conservative  field  since  V  X  B  is  not  always  zero. 

Furthermore,  we  can  use  (15-12)  to  find  the  boundary  conditions  satisfied  by  the 
tangential  components  of  B  at  a  surface  of  discontinuity.  If  we  insert  (15-12)  into 
(9-13),  we  obtain 

h  X  (B2  -  Bi)  =  lim  (mo^J)  (15-13) 

In  order  to  interpret  this  result,  we  consider  the  small  area  element  in  the  transition 
layer  that  is  perpendicular  to  the  flow  as  shown  in  Figure  15-6  (Compare  to  Figure  9-5.) 
The  total  current  AJ  through  this  area  as  given  by  (12-6)  is  A/  =  7/^A.y.  As  the 
transition  layer  is  shrunk  to  zero  thickness,  so  that  h  0,  this  total  current  will  be 
squeezed  into  a  surface  current  of  density  K  and  the  constant  total  can  be  written  as 
AI  =  K  As,  as  seen  from  Figure  \2-5a.  Thus,  we  see  by  comparing  the  two  expressions 
for  AI  that  hJ  ^  K,  and  since  the  two  vectors  are  in  the  same  direction,  we  get 

K=  lim(/iJ)  (15-14) 

h-*0 

and  (15-13)  becomes 

nx  (B2  -  Bi)  =  iWoK  (15-15) 


T 

h 

J. 


J 


Figure  15-6.  Small  area  element  in  the  transition  layer. 
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which  is  the  required  boundary  condition.  As  in  (9-18),  we  can  use  the  alternative  form 
written  directly  in  terms  of  the  tangential  components: 

-  Bi,  =  MoK  X  h  (15-16) 

where  the  relation  between  the  normal  and  tangential  vectors  is  that  illustrated  in 
Figure  9-5. 


15-2  SOME  APPLICATIONS  OF  THE  INTEGRAL  FORM 

Much  as  we  were  able  to  do  with  Gauss’  law  in  Section  4-2,  we  can  use  (15-1)  to 
calculate  B  fields  if  the  problem  has  sufficient  symmetry.  The  principal  problem  is  that 
of  choosing  a  suitable  closed  path  for  integration.  The  main  things  to  look  for  are 
curves  on  which  B  has  a  constant  magnitude,  and  curves  for  which  B  is  either  parallel 
to  or  perpendicular  to  the  sense  of  traversal  of  the  path,  both  for  ease  in  integration 
and  for  avoiding  difficulties  with  an  unknown  dependence  of  B  on  position.  We 
illustrate  this  process  by  considering  a  few  standard  examples. 

■  Example 

Infinitely  long  straight  current.  Let  us  assume  the  current  I  to  be  uniformly  distributed 
over  the  circular  cross  section  of  radius  a  of  an  infinitely  long  cylinder  as  shown  in 
Figure  15-7.  If  we  review  the  general  dependence  of  the  direction  of  B  due  to  a  current 
as  shown  in  Figure  14-2  and  consider  the  general  “symmetry”  of  this  problem,  we 
conclude  that  B  lies  in  the  plane  perpendicular  to  the  direction  of  /,  is  everywhere 
tangent  to  the  dashed  circle  of  radius  p  shown,  and  its  magnitude  can  depend  on  p  at 
most  and  must  be  independent  of  z  and  (p.  In  other  words,  B  has  the  general  form 
B  =  5^(p)4>.  These  considerations  are  just  as  valid  whether  the  field  point  is  inside  the 
cylinder  or  is  outside  of  it  as  happens  to  be  shown  in  the  figure.  Thus,  for  any  value  of 


Figure  15-7.  Portion  of  a  long 
straight  current. 
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p,  let  us  choose  as  our  path  of  integration  a  circle  of  radius  p  and  go  around  it  in  the 
same  sense  as  the  assumed  direction  of  B.  Then  we  will  have  ds  =  p  d(p  ^  according  to 
(1-82),  and  (15-1)  becomes 

ds  =  ■  pd<pv  =  2'npB^  =  poltnc  (15-17) 

since  both  p  and  B^{p)  are  constant  on  the  circle.  Therefore, 

B,ip)  =  ^  (15-18) 

1.  Outside  the  cylinder.  Here  p  >  a,  and  C  clearly  encloses  the  total  current  /;  thus 
=  I  and  (15-18)  becomes 

B^ip)  =  ^  (P  >  a)  (15-19) 

By  comparing  this  result  with  (14-17),  and  recalhng  that  we  have  dropped  the  prime  on 
the  source  current,  we  see  that  the  induction  outside  an  infinitely  long  straight  current 
is  the  same  as  if  the  current  were  a  filamentary  one  going  along  the  axis  of  the  cylinder. 

2.  Inside  the  cylinder.  Here  p  <  a,  and  now  C  does  not  enclose  all  of  the  current  but 

only  that  fraction  equal  to  the  circular  area  enclosed  by  C  divided  by  the  total 
cross-sectional  area  of  the  cylinder.  Thus  /gnc/-^  =  so  that  =  I{p^/a^) 

and  (15-18)  becomes 

BM  =  T^2  (15-20) 

^  27ra 

[Both  of  these  results  (15-19)  and  (15-20)  agree  with  those  found  for  Exercise  14-14,  but 
have  been  obtained  much  more  easily  here.] 

We  also  note  that  both  of  our  expressions  give  the  same  value  B^{a)  =  at 

the  surface  of  the  cyhnder  so  that  B^  is  continuous  across  it.  This  is  in  agreement  with 
(15-16)  since  B  has  only  tangential  components  in  this  case  and  there  is  no  surface 
current  K  on  the  cylinder.  The  dependence  of  B^  on  p  is  illustrated  in  Figure  15-8.  ■ 


■  Example 

Infinite  uniform  plane  current  sheet.  In  Figure  15-9  we  show  an  edge-on  view  of  the 
infinite  plane  sheet  with  K  out  of  the  page.  We  assume  that  |K|  =  K  =  const.;  this 
current  distribution  could  be  approximated  by  many  closely  packed  wires  all  parallel 


Figure  15-8.  fi^dueto 
an  infinitely  long  straight 
current  as  a  function  of 
distance  p  from  the  current 


0 


p  axis. 
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Figure  15-9.  Path  of  integration  for 
finding  B  due  to  an  infinite  uniform  plane 
current  sheet. 


and  all  carrying  the  same  current.  Since  there  is  no  preference  for  angles  above  or 
below  the  horizontal,  nor  in  or  out  of  the  page,  we  conclude,  after  looking  at  Figure 
14-2  again,  that  B  is  perpendicular  to  K,  is  parallel  to  the  plane  of  the  sheet,  and  is 
oppositely  directed  on  the  two  sides  of  the  sheet  as  shown.  B  may  still  depend  on  the 
normal  distance  D  from  the  sheet,  however.  Accordingly,  we  choose  the  rectangular 
path  of  integration  shown  dashed,  with  two  horizontal  sides  each  of  length  /  and  each 
the  same  distance  D  from  the  sheet;  these  are  connected  by  two  vertical  sides  of  length 
ID.  On  the  horizontal  sides,  B  is  parallel  to  ds,  so  that  B  •  Js  =  B{D)  ds  and  B{D)  is 
constant.  On  the  vertical  sides,  B  is  perpendicular  to  Js  by  construction  so  that 
B  •  ds  =  0  and  there  is  no  contribution  to  the  integral  from  these  sides;  this  is  an 
advantage  since  the  form  of  B{D)  is  unknown.  Since  |K|  is  current  per  unit  length,  we 
have  /gnc  =  Kl  for  this  path  and  (15-1)  becomes 

so  that 

B  =  (15-21) 

which  agrees  exactly  with  what  we  found  in  (14-26)  by  direct  integration.  Thus  we  have 
found  once  again  that  the  magnitude  of  B  is  independent  of  distance  from  the  current 
sheet. 

This  result  is  also  in  agreement  with  the  boundary  condition  (15-16)  for  we  see  from 

Figure  15-10  that  it  becomes  82^  -  B^^  =  Bl  —  (  —  Bl)  =  2Bl  =  iUqK  X  h  =  iiqKI  so 

that  B  =  2^0^  above.  ■ 

Example 

Infinitely  long  ideal  solenoid.  We  assume  that  the  turns  of  the  cylindrical  coil  are  so 
closely  wound  and  that  the  wires  are  so  thin  that  the  pitch  of  the  windings  can  be 
neglected.  Then,  in  effect,  we  have  a  current  sheet  of  surface  density  K  circulating 
around  the  cylinder  as  indicated  in  Figure  15-11.  If  there  are  n  turns  per  unit  length 
and  1  is  the  current  in  the  windings,  the  current  per  unit  length  will  be  nl  so  that 

K=  nl  (15-22) 

If,  in  addition,  we  assume  that  the  solenoid  is  infinitely  long,  we  can  conclude  that  B 


1 


1 


K(out) 


Figure  15-10.  Geometry  used  to  verify  the 
boundary  conditions  on  B. 
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/flout} 


Figure  15-11.  Path  of  integration  for 
finding  B  due  to  an  infinitely  long  ideal 
solenoid. 


will  be  parallel  to  the  axis  of  the  cylinder  and  with  the  sense  shown.  In  the  figure,  is 
the  induction  inside  the  solenoid,  while  is  the  value  outside;  both  must  be 
independent  of  z  since  the  solenoid  is  infinitely  long,  making  one  value  of  z  as  good  as 
another.  Again  we  choose  a  rectangular  path  of  integration  C  shown  dashed;  the 
vertical  sides  are  of  length  /  and  the  sense  of  integration  is  parallel  to  B,  and 
antiparallel  to  B^.  The  vertical  side  inside  is  a  distance  d  from  the  current  sheet  and  the 
outside  vertical  side  is  a  distance  D  from  it.  The  horizontal  sides  are  of  length  J  4-  D; 
since  ds  is  perpendicular  to  B  on  them,  B  •  ds  =  0  and  they  will  not  contribute  to  the 
integral.  Furthermore,  =  Kl  =  nil]  then  (15-1)  becomes 

■  ds  =  BJ  -  BJ  =  iiqKI  =  jionll 

so  that 

A  -  A  =  (15-23) 

We  see  that  this  result  is  independent  of  both  d  and  D]  therefore,  (15-23)  is  also  in 
agreement  with  (15-16)  as  well  if  we  choose  region  1  to  be  outside  of  and  region  2  to  be 
inside  of  the  solenoid. 

Since  (15-23)  is  independent  of  />,  it  will  also  be  true  as  Z)  ->  oo.  But  then,  if  we 
imagine  looking  back  at  the  solenoid  from  a  great  distance  away,  we  will  see  the 
oppositely  directed  currents  essentially  superimposed  and  Ampere's  experimental  result 
tells  us  that  they  will  produce  a  negligible  effect.  Thus,  for  D  oo,  =  0  and  (15-23) 
gives  for  this  case; 

5,  =  =  tionl  (15-24) 

If  we  substitute  this  back  into  (15-23),  which  is  possible  since  it  holds  for  any  D,  we 
now  find  that 

B^  =  0  (everywhere)  (15-25) 

Furthermore,  since  the  results  (15-23)  and  (15-24)  are  also  independent  of  d,  we  can 
then  conclude  that 


B^  =  fi^Kz  =  ju-qw/z  (everywhere) 


(15-26) 
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In  other  words,  for  an  infinitely  long  ideal  solenoid,  the  induction  is  confined  entirely  to 
the  interior  and  is  uniform  across  the  cross  section;  it  is  also  independent  of  a,  the 
radius  of  the  cylinder.  [Our  result  (15-24)  agrees  with  our  previous  one  given  in  (14-24); 
in  the  latter  case,  however,  we  found  this  value  only  on  the  axis,  but  now  we  see  that  it 
is  true  for  all  interior  points.]  ■ 


■  Example 

Toroidal  coil.  Here  we  have  a  current  /  in  a  conductor  that  is  wound  uniformly,  that  is, 
with  constant  pitch,  around  a  torus  as  in  Figure  15-12  where  only  a  few  turns  are 
shown.  The  cross  section  could  be  circular  or  rectangular,  for  example.  (Such  an 
arrangement  can  also  be  imagined  to  be  obtained  from  taking  a  solenoid  of  finite 
length,  and  bending  it  into  the  shape  of  a  doughnut,  thus  joining  its  ends.)  We  cannot 
learn  everything  about  B  from  (15-1)  for  this  case,  so  we  will  consider  only  circular 
paths  of  radius  p  which  are  centered  at  the  center  of  the  torus  and  are  in  the  plane 
which  includes  the  central  axis  of  the  torus.  For  any  such  circular  paths,  ds  =  p  d<p  ^ 
and  (15-1)  becomes 


Figure  15-12.  Toroidal  coil  and  paths  of  integration  used  to  calculate  the  induction  it 
produces. 
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since,  from  the  symmetry,  will  depend  only  on  p  and  hence  will  be  constant  on  such 
a  path. 

Now  for  a  path  inside  the  circle  defined  by  the  inner  boundary  of  the  torus,  such  as 
Cj,  =  0  and  =  0.  For  a  path  within  the  torus,  such  as  Cj,  ienc  ^  where  N  is 
the  total  number  of  turns  and  (15-27)  gives 


B 


f^pNI 

Imp 


(15-28) 


Finally,  for  a  path  completely  outside  the  torus,  such  as  C3,  we  find  that  4^^  =  ~ 

NI  =  0,  according  to  Figure  15-5,  since  for  every  current  I  out  of  the  page  there  is 
necessarily  an  equal  one  going  into  the  page.  Therefore,  B^  0  only  within  the  torus 
itself. 

If  the  dimensions  of  the  cross  section  of  the  torus  are  small  compared  to  its  central 
radius,  then  p  =  const,  for  all  paths  C2  and  B^  is  approximately  constant  across  the 
cross  section. 

These  calculations  do  not  tell  us  anything  about  B^  and  B^;  they  have  to  be  found 
by  a  direct  calculation  from  the  Biot-Savart  law  (14-2).  We  will  not  do  this,  but  content 
ourselves  with  the  observation  that  they  turn  out  to  be  of  the  order  of  magnitude  of 
B^/N;  thus  they  can  be  made  negligible  by  using  very  many  turns,  that  is,  by  using 
closely  packed  windings.  We  can,  however,  at  least  make  these  comments  plausible  by 
considering  the  path  of  integration  C4  shown  in  Figure  15-13.  This  is  a  path  completely 
surrounding  the  torus  and  lying  in  the  plane  perpendicular  to  its  axis,  that  is,  in  the 
plane  <p  =  const.;  the  trace  of  C4  is  also  shown  in  Figure  15-12.  For  any  finite  pitch 
angle,  corresponding  to  a  finite  number  of  turns  N,  we  see  that  exactly  one  turn  will 
pass  through  the  plane  enclosed  by  C^;  thus  4^^.  =  /.  The  value  of  ds  as  given  by  (1-82) 
with  dip  =  0  i$  ds  ^  dpp  +  dz  z,  so  that  (15-1)  becomes 


S  B  '  ds  =  ^  (B^dp  -i-  B^  dz)  =  (15-29) 

•'C4  C4 

Since  this  is  different  from  zero,  we  see  that  B^  or  B^  or  both  must  be  different  from 
zero  on  at  least  some  portions  of  C4.  Furthermore,  the  value  of  this  integral  is  N  times 
smaller  than  that  for  as  we  see  from  (15-28),  so  that  for  comparable  dimensions  of 
the  paths,  the  magnitude  of  B^  and/or  B^  will  be  roughly  of  the  order  of  B^/N  as  we 
stated  above.  ■ 


Figure  15-13.  Path  of  integra¬ 
tion  in  a  plane  perpendicular 
to  the  axis  of  the  torus. 
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15-3  DIRECT  CALCULATION  OF  v  X  B 


Although  we  have  already  found  the  curl  of  B  to  be  given  by  (15-12),  we  obtained  it 
somewhat  indirectly.  It  is  of  interest  to  see  that  we  can  also  get  this  same  result  by 
operating  directly  on  our  basic  defining  equation  for  B.  It  is  convenient  to  use  the 
expression  (14-7)  in  terms  of  a  continuous  distribution  of  current.  Taking  the  curl  of 
this  expression,  we  get 


V  X  B(r)  =  v  X  ^  f 

47r  •'F' 


J'(r')  X  R  iJr' 


R- 


Mo 

=  —  /  V  X 


477 


/  ’ 
J  \/i 


J'(r)  X  R 


R 


dr'  (15-30) 


where  we  were  able  to  go  from  the  second  to  the  third  term  because  the  limits  of 
integration  depend  on  source  point  coordinates  (x',  y',  z')  while  V  involves  derivatives 
with  respect  to  the  field  point  coordinates  (x,  y,  z).  If  we  now  use  (1-119),  we  find  that 
the  quantity  under  the  integral  becomes 


J'(r0 


R 


R 


R 


R^ 


[v  •  J'(r0]  +  I  •  V  |J^(rO  -  [J'(r0  •  v](^ 


R 


J^(r0 


R 


-  [J'(r0-V] 


R 

F 


(15-31) 


where  the  second  and  third  terms  are  zero  because  any  component  of  V  operating  on 
J'  gives  zero  since  J' depends  only  on  the  components  of  Now  that  we  have  (15-31), 
we  can  use  (1-132)  to  change  from  v  to  v  Mn  the  second  term  of  the  right-hand  side  in 
order  to  get  an  integrand  that  involves  the  primed  coordinates  in  such  a  way  that  we 
can  perform  the  integration;  we  leave  the  first  term  unchanged.  Doing  this,  and 
inserting  the  result  in  (15-30),  we  find  that 

R 
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V  X  B  = 


477 


Mo 


V' 


R 


(15-32) 


We  can  show  that  the  second  integral  is  zero  by  rewriting  it  with  the  use  of  (1-129): 


R 


Since  we  are  considering  only  steady  currents,  V '  •  J'  =  0  by  (12-15)  and  the  volume 
integral  vanishes.  Now  the  source  current  distribution  occupies  a  finite  volume; 
consequently,  the  bounding  surface  S'  can  always  be  made  large  enough  so  that 
J'(r')  =  0  on  all  points  of  S'  and  the  surface  integral  also  vanishes.  Thus,  as  we  said, 
the  integral  in  (15-33)  is  zero,  and  (15-32)  reduces  to 


V  X  B 


R  \ 


dj' 


(15-34) 


The  X  component  of  the  right-hand  side  of  this  equation  has  exactly  the  same  form  as 
(4-23),  with  ixqJ^  replacing  p/cg;  the  result  of  integrating  (4-23)  was  found  to  be  (4-26) 
so  that  we  have 


V  •  ^ 


R 

F 


(15-35) 


with  similar  expressions  for  the  y  and  z  components  of  (15-34).  Adding  these  results, 
and  finally  dropping  the  prime  on  J'  in  order  to  agree  with  the  standard  notational 
convention,  we  get 

V  X  B  =  /io[.4(r)x  +  y^(r)y  4-  y^(r)z]  =  /ioJ(r)  -  (v  X  B),., 
which  is  exactly  what  we  found  before  as  given  by  (15-12). 
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EXERCISES 

15-1  A  circle  of  radius  a  lies  in  the  xy  plane 
with  its  center  at  the  origin.  Find  the  solid  angle 
subtended  by  this  circle  at  a  point  on  the 
positive  z  axis. 

15-2  Consider  the  induction  B  produced  by  an 
infinitely  long  straight  current  /.  Choose  a  con¬ 
venient  closed  path  C  in  the  plane  perpendicular 
to  the  current  and  which  does  not  enclose  the 
current.  Show  by  direct  integration  that  (15-5)  is 
correct  in  this  case. 

15-3  Apply  (15-1)  to  a  circle  of  radius  p  <  a 
whose  plane  is  perpendicular  to  the  z  axis  of  the 
solenoid  of  Figure  15-11  and  thus  show  that 
=  0  in  the  interior. 

15-4  Apply  (15-1)  to  a  circle  of  radius  p>  a 
whose  plane  is  perpendicular  to  the  z  axis  of  the 
solenoid  of  Figure  15-11  and  show  that,  if  the 
windings  have  a  finite  pitch,  the  average  value  of 
on  the  circle  equals  p^I/lmp. 

15-5  Find  another  current  distribution  that  will 
produce  the  same  in  a  torus  as  that  which  we 
found  in  (15-28). 

15-6  A  toroidal  coil  of  N  turns  is  wound  on  a 
circular  cross  section  of  radius  b.  If  the  radius  of 
the  central  axis  is  a,  that  is,  this  is  the  distance 
from  the  center  0  to  the  center  of  the  cross 
section,  find  the  ratio  b/a  necessary  in  order  that 
the  total  deviation  in  B^  across  the  cross  section 
be  not  more  than  2  percent  of  the  value  at  the 
center. 

15-7  Consider  the  infinitely  long  coaxial  cyhn- 
drical  conductors  shown  in  Figure  6-12.  The  inner 
conductor  carries  a  total  current  /  in  the  z  direc¬ 
tion,  while  the  outer  conductor  carries  a  current  I 
in  the  -z  direction.  Assume  the  currents  to  be 
uniformly  distributed  over  their  respective  cross 
sections.  Find  B  everywhere  and  plot  your  results 
as  a  function  of  p. 

15-8  A  certain  B  field  is  given  in  cylindrical 
coordinates  by  B  =  0  for  0  <  p  <  a,  B  = 
(Po//27rp)[(p^  -  a^)/{b^  -  for  n  <  p  < 

b,  and  B  =  (p,Ql/2'np)^  for  b  <  p.  Find  the 


current  density  J  everywhere.  How  could  you 
produce  such  a  B? 

15-9  Consider  a  very  long  cylindrical  beam  of 
charged  particles.  The  beam  has  a  circular  cross 
section  of  radius  a,  a  uniform  charge  density  p..^, 
and  the  particles  have  the  same  constant  velocity 
V.  Find  B  inside  and  outside  of  the  beam  and 
express  your  result  in  terms  of  these  given  quanti¬ 
ties. 

15-10  Two  infinitely  long  coaxial  cylindrical 
surfaces  have  the  z  axis  as  their  common  axis. 
The  inner  surface  of  radius  a  carries  a  surface 
current  =  A'^q),  and  the  outer  surface  of  radius 
b  carries  a  surface  current  K2  =  K2^-  Both 
and  Kj  are  constant.  Find  B  everywhere. 

15-11  In  Figure  15-14,  we  show  a  portion  of  a 
current-free  region  in  which  B  is  uniform.  Show 
that  such  an  induction  cannot  drop  abruptly  to 
zero,  as  is  indicated  schematically  by  the  location 
of  the  arrows,  by  applying  (15-1)  to  the  dashed 
rectangular  path  shown.  Show  qualitatively  that  a 
change  in  B  of  the  general  nature  shown  in  Figure 
6-10  will  be  compatible  with  (15-1). 

I 

B  0  B  -  0 

'  ’ 


Figure  15-14.  Hypothetical  lines  of  B  for 
Exercise  15-11. 

15-12  Show  that  (15-12)  can  be  obtained  by  a 
direct  calculation  of  the  curl  of  the  expression  for 
B  given  in  Exercise  14-17. 


16 


THE  VECTOR  POTENTIAL 


The  remaining  differential  source  equation  of  the  induction  that  we  need  is  V  •  B.  This 
is  much  more  easily  obtained  than  was  v  X  B.  After  we  have  found  it,  we  will  find  that 
we  can  express  much  the  same  information  as  before  in  terms  of  a  new  vector  field  that 
we  will  be  able  to  introduce. 


16-1  THE  DIVERGENCE  OF  B 


The  direct  approach  is  quite  easy  in  this  case.  If  we  use  our  definition  of  B  as  stated  in 
terms  of  a  filamentary  current  in  (14-2),  we  find  that 


V  B  -  V 


.  I'ds'  X  R 

Hi'  , 

^  T7 

' ds'  xk' 

47r? 

Att  7 

)  V  • 

C' 

(16-1) 


since  once  again  the  limits  of  integration  depend  at  most  on  r'  while  V  operates  on  the 
components  of  r.  We  can  use  (1-116)  to  rewrite  the  integrand  as 


A 

(  R  V 

(^) 

•  (v  X  rfs')  -  ds'  ■ 

(16-2) 


Now  d%'  is  a  function  only  of  the  components  of  r',  and  hence  is  a  constant  as  far  as  V 
is  concerned;  thus  v  X  =  0.  Also,  (1-147)  gives  V  X  (%/R^)  =  0;  therefore,  (16-2) 
is  identically  zero  and  (16-1)  becomes  exactly 


V  ■  B  =  0  (16-3) 

It  is  clear  that  this  is  true  in  the  case  of  more  than  one  filamentary  source  when  B 
would  be  given  by  (14-4);  the  case  of  distributed  currents  will  be  left  as  an  exercise. 

Now  that  we  have  (16-3),  we  can  immediately  obtain  the  boundary  condition 
satisfied  by  the  normal  components  of  B  at  a  surface  of  discontinuity  and  we  find  from 
(9-6)  and  (9-7)  that 

n- (Bj-Bj  =  0  (16-4) 

SO  that  the  normal  components  of  B  are  always  continuous. 

This  important  result  V  •  B  =  0  is  one  of  Maxwell’s  equations.  We  will  find  that  we 
will  have  no  occasion  to  change  it,  even  when  we  consider  nonstatic  fields,  so  that 
(16-4)  as  well  will  be  generally  correct.  We  can  get  an  interpretation  of  (16-3)  by 
comparing  it  with  the  analogous  equation  for  the  electric  field  as  given  by  (4-10), 
namely  v  ■  E  =  p/e^.  Here  p  is  the  net  charge  density  and  arises  because  electric 
charge  exists  in  individual  units  of  opposite  sign  so  that  it  is  possible  to  have  p  #  0  by 
having  an  excess  of  one  sign  or  another.  But  we  see  from  (16-3)  that  such  a  situation 
cannot  arise  in  the  magnetic  case  and  therefore  there  cannot  be  individual  units  of 
magnetic  charge  analogous  to  electric  charge.  Such  magnetic  charges  are  called  mag¬ 
netic  monopoles.  Although  their  existence  has  been  shown  to  be  compatible  with  the 
requirements  of  quantum  mechanics,  every  experimental  search  that  has  been  made  for 
them  has  been  unsuccessful.  Consequently,  until  any  such  time  that  magnetic  mono¬ 
poles  have  been  unambiguously  found  to  actually  exist,  we  must  continue  to  write 
V  ‘  B  =  0  and  remember  that  the  sources  of  B  are  only  and  always  currents. 
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Figure  16-1.  The  net  flux  of  B  through  the  closed 
surface  5  is  zero. 


If  we  combine  (16-3)  with  the  divergence  theorem  (1-59),  we  find  that 

■  Ja  =  0  (16-5) 

which  says  that  the  flux  of  B  through  any  closed  surface  is  always  zero.  If  we  express 
this  in  terms  of  the  lines  of  B,  (16-5)  says  that  there  are  no  net  lines  of  B  through  any 
closed  surface,  or,  that  there  are  always  as  many  lines  leaving  the  surface  as  entering  it; 
hence  the  general  situation  will  always  be  like  that  shown  in  Figure  16-1.  This  is  in 
contrast  to  the  electric  case,  where  lines  of  E  can  begin  or  end  on  charges,  as  shown,  for 
example,  in  Figure  8-7. 

Nevertheless,  we  will  find  it  very  useful  to  consider  the  surface  integral  of  B  over  a 
surface  that  is  not  closed.  If  we  let  ^  be  the  magnetic  flux  through  a  surface  *S,  then  by 
definition,  we  shall  have 

$  =  fs-da  (16-6) 

and  this  can  be  different  from  zero.  Since  B  is  measured  in  webers/(meter)^,  the  unit  of 
flux  will  be  a  weber. 


16-2  DEFINITION  AND  PROPERTIES  OF  THE  VECTOR  POTENTIAL 

If  we  compare  (16-3)  with  the  general  vector  theorem  (1-49)  that  says  that  the 
divergence  of  a  curl  is  always  zero,  we  are  led  to  suspect  that  we  should  be  able  to  write 

B(r)  =  V  X  A(r)  (16-7) 

The  vector  field  A(r)  introduced  in  this  way  is  called  the  vector  potential.  We  will  see 
that  in  many  ways  it  is  a  kind  of  analogue  to  the  scalar  potential  <#>.  We  find  from  (16-7) 
that  the  unit  of  A  will  be  1  weber/meter  =  1  volt-second/meter. 

If  (16-7)  is  to  be  useful,  it  should  be  possible  to  find  an  explicit  way  of  calculating  A 
in  terms  of  a  given  distribution  of  source  currents.  We  do  this  by  the  direct  approach  of 
showing  that  our  defining  equation  for  B  can  actually  be  written  in  this  form.  If  we  use 
(1-141)  and  (1-118),  we  find  that 


ds'  X  R 


-ds'  X  v|  —  I  =  V  X 
R 


ds' 

R 


(V  X  ds') 


R 


ds'  \ 

-VXI- 


since  V  X  ds'  =  0  diS  before.  Inserting  this  into  (14-2),  we  get 


B  =  — — d)  V  X 

477 


ds' 

~R 


=  V  X 


47r  R 


(16-8) 


(16-9) 


when  we  use  the  fact  that  V  operates  only  on  the  components  of  r.  We  see  that  (16-9) 
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does  have  the  form  of  (16-7)  and  by  comparison  we  can  define  A  for  this  filamentary 
current  as 


(16-10) 


If  there  is  more  than  one  filamentary  source  current,  then  we  can  apply  (16-8)  to  each 
term  of  (14-4)  and  the  resultant  A  will  be  given  by 


(16-11) 


where  R,  =  r  -  r,.  Thus,  we  have  succeeded  in  showing  that  B  can  be  written  in  the 
form  (16-7)  and,  in  addition,  we  have  simultaneously  found  how  to  calculate  A.  We 
note  that  the  contribution  of  each  current  element  /,  (is,  to  A  is  in  the  direction  of  the 
element  itself. 

If  the  currents  are  distributed,  rather  than  filamentary,  we  can  use  our  equivalents 
(12-10)  to  adapt  (16-10),  and  we  find  that  the  vector  potential  produced  by  volume  and 
surface  currents  will  be  given,  respectively,  by 


J(rO  dr' 
R 

K(r')  da' 
R 


(16-12) 

(16-13) 


while  that  produced  by  a  moving  point  charge  would  be  obtained  by  our  combining 
(14-29)  and  the  integrand  of  (16-10)  to  give 


A(r)  = 


471  R 


(16-14) 


[As  in  Section  14-5,  we  would  use  (16-14)  only  for  the  case  |v|  c.] 

The  general  idea  behind  all  of  this  is  that  we  would  use  the  above  expressions  to  find 
A  and  then  find  B  by  differentiation  according  to  (16-7),  so  that  the  procedure  would 
be,  in  this  sense,  analogous  to  that  we  have  used  in  electrostatics. 

It  is  of  interest  to  find  the  divergence  of  A.  Dotting  v  into  (16-10),  we  obtain 


V  •  A 


Ho  f  I'ds'\ 

\  Ji  1 

(  ds'  \ 

^  47r  1^'  R  j 

1  477  1 

and,  if  we  use  (1-115),  (1-141),  and  (1-16),  we  find  that 


ds' 

-I-*' 


(  1 


R 


1 


-  +-(V  Js')=  -V' 


R 


ds' 


(16-15) 


(16-16) 


since  V  ■  ds'  =  0  for  the  usual  reason.  If  we  insert  (16-16)  into  (16-15),  and  use  (1-67), 
we  get 


But  the  integrand  is  always  zero  by  (1-48)  and  therefore 

V  ■  A  =  0  (16-17) 

While  (16-17)  was  obtained  for  only  a  single  filamentary  current,  we  see  that  this  will 
still  hold  for  more  than  one  source  current  when  A  would  be  given  by  (16-11). 

Although  we  have  an  integral  form  (16-12)  that  enables  us  to  calculate  A  once  the 
current  distribution  is  known,  it  is  useful  to  obtain  the  differential  equation  satisfied  by 
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A  in  case  the  information  is  given  in  other  forms,  as  we  found  to  occur  so  often  for  <t>, 
as  for  example  in  Chapter  11.  If  we  take  the  curl  of  both  sides  of  (16-7),  use  (1-120), 
(16-17),  and  (15-12),  we  get 

VXB  =  VX(VXA)  =  v(v  •  A)  -  V^A  =  -  V^A  =  jitoJ 

so  that 

V'A=  (16-18) 

which,  in  rectangular  coordinates,  is 

=  -Hio-4  V^A^=-iioJy  V^A,=  -HoJ,  (16-19) 

By  comparing  this  with  (11-1),  we  see  that  each  rectangular  component  of  A  satisfies 
Poisson’s  equation. 

If  we  now  change  our  point  of  view  somewhat,  we  can  regard  (16-7)  and  (16-17)  as 
being  the  two  differential  source  equations  of  A  in  the  sense  of  the  Helmholtz  theorem 
of  Section  1-20.  But  then  we  can  immediately  find  the  boundary  conditions  satisfied  by 
the  components  of  A  at  a  surface  of  discontinuity  in  properties.  We  find  from  (16-17) 
and  (9-6)  that 

h  •  (Aj  -  Aj)  =  -  /ti„  =  0  (16-20) 

so  that  the  normal  components  are  continuous.  If  we  now  insert  (16-7)  into  (9-13),  we 
obtain 

nX  (Aj  -  Ai)  =  lim  (/iB)  =  0  (16-21) 

h^Q 

since,  whatever  else  B  may  do  in  the  transition  layer,  we  certainly  expect  B  to  remain 
finite  as  the  thickness  of  the  transition  layer  is  reduced  to  zero,  thus  making  /zB  ^  0  as 
/i  ->  0.  Thus,  the  tangential  components  of  A  are  also  continuous.  But  when  all  of  the 
components  of  a  vector  are  continuous,  the  vector  itself  is  continuous  across  the 
surface,  and  therefore  we  conclude  that 

A^  =  Ai  (16-22) 

in  complete  analogy  to  the  continuity  of  the  scalar  potential  4>  as  expressed  in  (9-29). 

The  magnetic  flux  $  can  also  be  expressed  in  terms  of  the  vector  potential.  If  we  put 
(16-7)  into  the  definition  (16-6),  and  use  Stokes’  theorem  (1-67),  we  find  that 

0  =  J(v  X  A)  •  <ia  =  ^ A  -  ds  (16-23) 

showing  that  the  flux  can  be  written  as  the  line  integral  of  A  about  the  curve  bounding 
the  surface  for  which  0  is  desired.  Sometimes  (16-23)  offers  an  alternative  way  of 
calculating  A  if  0  can  be  easily  found  from  a  previous  solution  and  if  the  problem  has 
enough  symmetry  so  that  a  convenient  path  C  can  be  devised. 

Quantities  that  are  called  “potentials”  in  physics  generally  have  an  ambiguity 
associated  with  their  absolute  value  because  they  are  ordinarily  introduced  as  functions 
from  which  other  functions  of  interest  can  be  obtained  by  differentiation.  We  saw  this 
in  the  case  of  the  scalar  potential  that  was  undetermined  up  to  a  scalar  additive 
constant  as  we  discussed  in  connection  with  (5-10).  A  similar,  but  more  complex, 
situation  also  holds  for  the  vector  potential.  If  we  review  how  we  went  from  (16-9)  to 
(16-10)  with  the  use  of  (16-7),  and  then  remember  the  general  vector  result  (1-48)  that 
the  curl  of  a  gradient  of  a  scalar  is  always  zero,  we  see  that  we  could  add  the  gradient  of 
an  arbitrary  scalar  to  (16-10)  and  still  get  the  same  induction.  In  order  to  make  this 
explicit,  let  us  assume  that  A  is  a  “suitable”  vector  potential,  that  is,  it  gives  the  correct 
value  of  B  when  we  use  it  in  B  =  v  X  A.  Now  suppose  that  A^  is  another  function 
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given  by 

V(0  =  A(r)  +  Vx(r)  (16-24) 

where  xC**)  is  a  scalar  field,  but  is  otherwise  arbitrary.  The  induction  corresponding 
to  as  obtained  from  (16-7)  and  (1-48)  will  be 

B^  =  VXA'^  =  VXA  +  VXVX  =  VXA  =  B  (16-25) 

Thus  the  two  inductions  will  be  identical.  However,  the  property  that  v  ■  A  =  0 
followed  directly  from  our  original  straightforward  definition  (16-10),  and  led  us  to  the 
very  desirable  continuity  condition  (16-22)  as  well  as  the  simple  differential  equation  we 
obtained  in  (16-18).  Consequently,  it  would  seem  very  reasonable  that  any  vector 
potential  we  wish  to  use  should  satisfy  this  same  condition,  so  that,  in  addition  to 
asking  that  A^  give  the  correct  B,  we  require  that  A^  also  satisfy  (16-17): 

V  •  A+  -  0  (16-26) 

This  will  clearly  lead  to  some  restriction  on  our  choice  of  x-  We  can  see  what  this  will 
be  by  substituting  (16-24)  into  (16-26)  and  using  (16-17)  and  (1-45):  v  •  A^  =  0  = 
V  ■  A  +  V  •  Vx  =  V  ^x»  therefore, 

V^X  =  0  (16-27) 

In  other  words,  we  do  not  want  to  use  just  any  scalar  function  in  (16-24),  but  we 
require  in  addition  that  x  be  a  solution  of  Laplace’s  equation.  [The  expression  (16-24)  is 
an  example  of  what  is  known  as  a  gauge  transformation,  and  we  consider  them  again  in 
more  detail  in  Chapter  22  after  we  have  completed  the  development  of  the  general 
theory.  The  requirement  (16-26),  and  hence  (16-27),  leads  to  the  so-called  Coulomb 
gauge.] 

The  vector  potential  is  not  as  useful  in  magnetostatics  as  one  might  expect  by 
analogy  with  the  scalar  potential  in  electrostatics.  One  of  the  problems  is  that,  even  in 
many  apparently  simple  cases,  A  cannot  be  expressed  in  a  closed  form,  or  at  least  one 
that  is  reasonably  famihar.  It  is  in  the  discussion  of  time  dependent  problems  that  the 
vector  potential  is  most  useful.  Nevertheless,  we  consider  some  specific  examples  to 
illustrate  the  general  features  that  we  have  just  considered. 


16-3  UNIFORM  INDUCTION 

If  B  has  been  found  by  other  means,  then  it  is  often  possible  to  use  (16-7)  in 
conjunction  with  (16-17)  to  obtain  A.  As  an  extreme  example,  let  us  consider  a  uniform 
induction  given  by  B  =  fiz  where  B  =  const.  Writing  (16-7)  in  rectangular  coordinates 
with  the  use  of  (1-43),  we  get  the  three  equations 

dA  dA  dA  dA  dA^  dA 

— i - ^  =  0  — ^ - ^  =  0  — - ^ 

dy  dz  dz  dx  dx  dy 

which  we  propose  to  solve  by  inspection.  We  can  satisfy  the  first  two  by  taking  A^  and 
.4  to  be  both  independent  of  z,  while  A^  is  at  most  a  function  of  z;  however,  if  we  keep 
(16-17)  in  mind  it  is  probably  simpler  just  to  take  A^  =  const.  Then  we  see  that  the 
remaining  equation  in  (16-28)  will  be  satisfied  if  (a)  A^  =  0,  Ay  =  Bx,  or,  {b) 
A^  =  —By,  A  =  0,  or,  (c)  A^=  —  \By,  Ay  =  \Bx,  and  so  on.  We  note  that  (c)  is 
just  one  half  the  sum  of  (^2)  and  {b).  We  also  see  that  these  three  solutions  all  satisfy 
the  condition  v  ■  A  =  0.  Clearly,  there  are  many  other  possibilities,  but  these  are 
enough  to  illustrate  the  point  that  there  is  a  lot  of  possible  arbitrariness  in  A.  In  order 
to  emphasize  that  these  are  different  functions,  yet  all  give  the  same  B,  the  projections 


B  (16-28) 
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(a)  (b)  (c) 

Figure  16-2.  Various  vector  potentials  that  describe  the  same  uniform  induction. 


of  A  on  the  xy  plane  for  an  arbitrary  origin  are  illustrated  as  the  corresponding  parts 
{a),  {b\  and  (c)  of  Figure  16-2;  part  (c)  is  obtained  most  easily  by  noting  that 

=  A\-\-  A^y=  which  is  the  equation  of  a  circle. 

Physically,  the  ambiguity  in  A  in  this  case  reflects  the  fact  that  a  uniform  B  can  be 
produced  within  a  given  region  in  a  variety  of  ways.  For  example,  it  could  be  produced 
in  the  interior  of  a  solenoid  as  in  (15-26),  or  on  one  side  of  an  infinite  current  sheet  as 
in  (15-21),  or  in  the  region  between  two  current  sheets  as  in  Exercise  14-9,  and  so  on. 
Thus  the  symmetry  properties  of  A  will  generally  reflect  the  corresponding  symmetry  of 
the  source  distribution  as  would  be  found  by  direct  calculation  from  (16-12),  for 
example. 

A  very  common  and  useful  expression  for  the  vector  potential  describing  a  uniform 
induction  is  based  upon  (c),  which  can  be  written  in  vector  form  as 

A  =  X  r  (B  =  const.)  (16-29) 

In  this  form,  A  is  independent  of  the  original  choice  of  direction  for  B. 


16-4  STRAIGHT  CURRENTS 

In  Section  14-2,  we  found  the  value  of  B  produced  by  the  straight  current  of  finite 
length  shown  in  Figure  14-3.  Now  let  us  consider  the  same  current  distribution  in  terms 
of  the  vector  potential.  As  before,  d%'  =  dz%  and  if  we  now  call  the 

current  /,  (16-10)  becomes 


A  = 


(p^  +  Lf)  ^  +  -^1 


=  z - 

477 


In 


(p^  +  L2)  ^  +  L2 

(p^  +  L^y^^-L, 


(16-30) 


where  we  have  used  (5-29)  and  (5-30)  with  z  =  0.  Before  we  go  on  to  discuss  the 
properties  of  this  A,  let  us  check  our  result  by  showing  that  it  gives  the  correct  B.  If  we 
combine  (16-30)  with  (16-7)  and  (1-88),  noting  that  A^(p)  is  the  only  nonzero 
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component  of  A,  we  find  that  B^  =  B^  =  0,  while 
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(16-31) 


which  is  just  what  we  found  before  in  (14-15). 

The  dependence  of  on  p  as  given  by  the  logarithm  in  (16-30)  is  exactly  that  which 
we  found  for  the  scalar  potential  of  a  line  charge  in  (5-30),  and  therefore  will  have  some 
of  the  same  difficulties.  For  example,  if  we  try  to  go  to  the  limit  of  an  infinitely  long 
current  by  letting  L2  and  become  infinite,  we  will  find  according  to  (5-32)  that 
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P 


(16-32) 


This  shows  the  dependence  of  A  on  p  for  a  very  long  straight  current  but  will  go  to 
infinity  for  an  infinitely  long  one.  As  we  did  for  ^  in  (5-28),  we  can  choose  another  zero 
for  our  vector  potential  by  writing 


A  = 


P 


(16-33) 


so  that  po  is  the  distance  from  the  infinitely  long  current  at  which  we  choose  A  to  be 
zero,  since  we  cannot  make  it  do  so  at  infinity.  However,  there  is  also  a  special  case  in 
which  the  ambiguities  in  A  disappear  because  of  the  nature  of  the  system. 


Example 

Two  antiparallel  long  currents.  Let  us  consider  a  system  comprised  of  a  current  I  in  the 
positive  z  direction  and  a  parallel  current  -/,  that  is,  in  the  negative  z  direction;  the 
two  currents  are  a  distance  2  a  apart  as  shown  in  Figure  16-3.  (Compare  with  Figure 
5-6.)  Assuming  L2  and  to  be  already  large  enough  so  that  we  can  use  (16-32),  we 
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find  the  total  potential  at  P  to  be 


.  .^^0^  I, 

—  In 

A  =  z - ( In 
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.  p-  J/ 

z - 

At: 


In 


(16-34) 


where  p+  and  p_  are  the  distances  from  the  respective  currents.  Since  Lj  and  no 
longer  appear  in  this  expression,  we  can  let  them  go  to  infinity  and  we  get  the 
unambiguous  finite  result  (16-34)  for  these  oppositely  directed  currents;  we  note  that 
we  would  have  gotten  this  same  result  if  we  had  started  with  (16-33)  instead. 

In  a  specific  case,  p+  and  p_  have  to  be  evaluated  in  terms  of  the  particular 
coordinate  system  that  is  being  used.  In  order  to  illustrate  this,  we  assume  our  currents 
that  are  parallel  to  the  z  axis,  also  lie  in  the  xz  plane,  with  I  intersecting  the  x  axis  at 
a,  and  -/at  -a.  Then  the  situation  will  correspond  exactly  to  that  shown  in  Figure 
5-7  with  the  symbol  X  replaced  by  /,  and  we  can  use  (5-34)  to  write  down  the  vector 
potential  for  this  case  as 


A(p,(p)  =  In 
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'  4-  p^  +  lap  cos  (p 

-T  p^  —  lap  cos  (p 


(16-35) 


The  surfaces  of  constant  will  then  be  the  same  as  those  given  by  (5-37)  and  (5-38) 
with  Pq/  replacing  X/cq,  that  is,  =  const,  corresponds  to 

2 

=  const.  (16-36) 

P-f 


or,  in  rectangular  coordinates, 


{x  -  a  coth?/)  +  = 


sinh  rj 


(16-37) 


where,  now,  rj  =  I'itA^/PqL  Thus,  the  surfaces  of  constant  A^  are  cylinders  with  axes 
parallel  to  the  z  axis  whose  intersections  with  the  xy  plane  are  the  circles  described  by 
(16-37),  and,  in  fact,  are  exactly  the  circles  shown  as  solid  curves  in  Figure  5-8.  As 
before,  the  circles  whose  centers  lie  on  the  positive  x  axis  correspond  to  ^4^  >  0  while 
those  with  centers  on  the  negative  x  axis  correspond  to  <  0;  the  j'z  plane  (x  =  0  or 
(p  =  90°)  is  the  surface  on  which  A^  =  0. 

The  induction  B  can  now  be  calculated  from  (16-35)  and  (16-7)  with  the  use  of 
(1-88);  the  results  are  that 


1 

PQla{a^  +  p^)  sin<p 

(16-38) 

p 

d<p 

1 

*o 

1 

^  = 

Po^^^(p^  “  cos  9 

(16-39) 

dp 

2  2 

V+P- 

0 

(16-40) 

so  that  B  lies  completely  in  the  xy  plane.  We  note  that  the  dependence  on  position  of 
Bp  is  like  that  of  -  of  (5-36),  while  that  of  is  like  that  of  in  (5-35);  in  fact,  we 
can  connect  these  two  fields  in  a  formal  sense  by  B  =  (pqCqZ/X)/  X  E  as  is  easily 
verified  with  the  aid  of  (1-76).  This  means,  however,  that  the  lines  of  B  for  this  case  are 
perpendicular  to  the  lines  of  E  shown  as  the  dashed  lines  of  Figure  5-8;  but  the  curves 
that  are  perpendicular  to  the  lines  of  E  in  this  figure  are  exactly  the  solid  equipotential 
circles  of  the  same  figure.  Thus,  the  lines  of  B  are  themselves  circles  of  this  same  type 
described  by  (16-36)  and  (16-37)  and  are  as  shown  in  Figure  16-4 


258  THE  VECTOR  POTENTIAL 


Figure  16*4.  Lines  of  B  produced  by  two  antiparallel  long  straight 
currents. 


We  can  also  come  to  this  same  conclusion  by  finding  the  lines  of  B  directly.  The 
direction  of  a  line  of  induction  will  be  given  by  an  equation  of  the  same  kind  as  (5-39), 
that  is, 

Js,,  -  kB  (16-41) 

where  k  is  a.  constant.  When  this  is  written  in  terms  of  the  coordinates  p  and  <p  in  the 
xy  plane,  we  get  the  analogue  of  (5-41): 

1  ^  ^  ^ 

P  dcp 

In  this  specific  case,  if  we  substitute  (16-38)  and  (16-39)  into  this  equation,  we  find  that 

I  dp  +  p^)  sin  (jp 

p  dtp  [p^  —  a^)  cos  (p 


or 


(p^  -  dp  sin(p  dcp 
p{a^  +  p^)  cos  (p 


(16-43) 


This  equation  can  be  integrated  with  the  help  of  tables  to  give 

p^  ^  =  Jfap  cos  cp  (16-44) 

where  JT  is  a  dimensionless  constant  whose  value  characterizes  a  given  line  of 
induction.  If  we  express  (16-44)  in  rectangular  coordinates,  it  becomes 

(jc  —  —  l)  (16-45) 

showing  that  the  lines  of  B  are  circles  with  centers  at  on  the  x  axis  and  with  a 
radius  -  1)^^^,  which  again  leads  us  to  Figure  16-4.  ■ 
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16-5  INFINITELY  LONG  IDEAL  SOLENOID 

Since  we  have  found  the  values  of  B  produced  by  this  system  as  given  in  (15-25)  and 
(15-26),  we  will  use  them  as  an  example  of  the  calculation  of  A  by  means  of  (16-23).  In 
Figure  16-5  we  show  an  end-on  view  of  the  solenoid  with  the  equivalent  surface  current 
K  of  (15-22)  circulating  around  it;  the  axis  of  the  solenoid  (z  axis)  is  out  of  the  page  as 
is  B.  According  to  (16-13),  each  current  element  K  da'  gives  a  contribution  to  A  in  its 
own  direction,  and  if  we  consider  the  respective  contributions  dA^  and  dA2  of  two 
symmetrically  located  ones  Kj  da[  and  K2  da'2  as  shown  in  Figure  16-6,  we  see  that  the 
p  components  will  cancel  and  we  will  be  left  with  only  a  <p  component.  Hence  we 
conclude  that  A  has  only  a  $  component,  that  is,  the  lines  of  A  are  circles  in  this  plane, 
so  that  we  can  write 

A  =  /l^(p)4)  (16-46) 

since  A  must  be  independent  of  z  for  this  infinitely  long  solenoid  and  is  independent 
of  <p  by  symmetry.  Thus,  a  suitable  path  of  integration  C  to  be  used  in  (16-23)  is  a 
circle  of  radius  p  for  which  ds  =  p  dcp^;  in  this  way,  we  get 

^A‘ds  =  ^A-^pd(p  =  IfTpA^  =  <I> 

so  that 

i  («-47) 

1.  Inside  the  solenoid.  Here  p  <  a,  and  since  B,  is  uniform,  according  to  (15-26),  the 
flux  as  obtained  from  (16-6),  (1-52),  and  (1-53)  is 

$  =  j ■  daz  =  pQnl  j  da  =  pQuIirp^  (16-48) 

which,  when  substituted  into  (16-47)  gives 

^cp(p)  =  (p<«)  (16-49) 

2.  Outside  the  solenoid.  Here  p  >  a,  and  since  B^  =  0,  the  flux  enclosed  is  the 
constant  value  obtained  from  (16-48)  for  p  =  u,  that  is,  $  =  p^nlTra^.  When  this  is 
inserted  into  (16-47),  we  get 

^<p(p)  =  (p>«)  (16-50) 


Figure  16-5.  End-on  view  of  a  long  ideal  solenoid. 
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Figure  16-6.  The  resultant  vector  potential  of 
the  two  symmetrically  located  current  elements 
has  only  a  4>  component. 


Figure  16-7.  Vector  potential  and  magnetic  induction  of  a  long  ideal 
solenoid  as  functions  of  the  distance  p  from  the  axis. 


We  note  that  both  (16-49)  and  (16-50)  give  the  same  value  when  p  =  a;  this  is 

in  agreement  with  the  continuity  property  of  A  as  expressed  by  (16-22). 

In  Figure  16-7,  we  show  both  and  plotted  as  a  function  of  p  in  order  to 
contrast  their  behavior.  This  result  is  interesting  because  it  shows  us  that  outside  the 
solenoid  where  the  induction  is  zero,  the  vector  potential  is  different  from  zero.  This 
illustrates  quite  clearly  that  what  really  counts  from  this  point  of  view  is  not  the 
absolute  value  of  A  but  the  way  in  which  it  changes  as  given  by  B  =  v  X  A.  In  order  to 
see  what  is  happening  here,  we  find  from  (1-88)  that  with  A  of  the  form  (16-46),  the 
only  possible  nonzero  component  of  B  is  =  ^(|0^^)/p^p.  Inside  the  solenoid, 
pA^  =  yPoAi/p^  from  (16-49),  so  that  B^-  =  p^nl  in  agreement  with  (15-26).  Outside, 
however,  (16-50)  gives  pA^  =  =  const.,  so  that  =  0  as  we  know. 

It  is  also  of  interest  to  note  that  the  circular  lines  of  A,  which  we  have  found  to  hold 
for  this  case,  correspond  qualitatively  to  Figure  16-2c,  which  we  deduced  as  a  possible 
description  for  a  uniform  induction. 
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EXERCISES 

16-1  We  obtained  the  results  (16-3),  (16-7),  and 
(16-17)  by  assuming  filamentary  currents.  Show 
that  these  same  results  follow  if  one  assumes 
distributed  steady  currents. 

16-2  Apply  (16-5)  to  a  small  cylinder  in  the 
interior  of  an  infinitely  long  ideal  solenoid.  As¬ 
sume  the  axis  of  the  cylinder  to  coincide  with  the 
solenoid  axis,  and  thus  show  that  —  0. 

16-3  A  certain  induction  has  the  form  B  = 
{ax/y^)k  +  {Py/x'^)y  -1  /(x,  y,  z)z  where  a 
and  p  are  constants.  Find  the  most  general  possi¬ 
ble  form  for  the  function  f(x,y,z).  Find  the 
current  density  J  and  verify  that  it  corresponds  to 
a  steady  current  distribution. 

16-4  Show  that  (16-29)  is  a  suitable  vector 
potential  for  any  constant  induction,  not  just  one 
in  the  z  direction.  Also  show  that  (16-29)  satisfies 
(16-17). 

16-5  Find  the  x  fhat  transforms  each  of  the 
vector  potentials  of  Section  16-3  into  the  others 
and  verify  that  each  such  x  satisfies  (16-27). 

16-6  Repeat  the  calculation  that  led  to  (16-30) 
for  a  field  point  with  coordinates  {z,p)  rather 
than  simply  (0,  p).  Show  that  the  A  that  you 
obtain  gives  the  same  B  as  found  for  Exercise 
14-2. 

16-7  We  always  have  v  ■  B  =  0;  also,  v  X  B  = 

0  at  a  point  where  there  is  no  current.  These 
equations  tell  us  how  certain  derivatives  of  B  are 
related.  These  relations  can  be  used  to  obtain 
approximate  expressions  for  B  in  cases  where  the 
general  case  is  too  hard  to  solve  exactly  while 
special  cases  are  easy  to  do.  As  an  example, 
consider  the  circle  carrying  a  current.  We  found 
the  induction  along  the  axis  quite  easily  in  (14-18). 
If  one  sets  up  (14-2)  for  a  general  field  point,  one 
finds  an  integral  which  must  be  expressed  in 
terms  of  elliptic  functions.  One  can  approximate 
this  integral  for  points  near  the  z  axis  by  making 
a  power  series  expansion  of  the  integrand  for 
small  p,  but  we  consider  another  approach.  Be¬ 
ginning  with  (14-18),  we  write  a  Taylor  series 
expansion  for  as  B^ip,  z)  -  8^(0,  z)  + 
{dB^/dp)oP-  Use  (14-18)  and  v-B  =  0  to 
evaluate  this  approximation  for  B^  at  a  point  off 
the  axis  but  near  the  axis.  Similarly,  find  an 
approximate  expression  for  B^(p,  z). 

16-8  A  circle  of  radius  a  lies  in  the  xy  plane 
with  the  origin  at  its  center.  A  current  /  traverses 
this  circle  in  the  sense  of  increasing  polar  angle 


(p'.  Find  an  expression  for  A  produced  at  an 
arbitrary  field  point  (x,  y,  z).  Write  it  in  terms  of 
its  rectangular  components  and  express  it  as  an 
integral  over  q/.  Do  not  evaluate  the  integral. 
Now  assume  that  the  field  point  is  on  the  z  axis 
and  evaluate  the  integral  to  find  A  at  any  point  on 
the  axis.  Now  go  back  to  the  general  expression 
for  A,  find  integral  expressions  for  the  compo¬ 
nents  of  B,  and  then  show  that  if  the  field  point  is 
on  the  axis,  (14-18)  is  obtained. 

16-9  A  square  of  edge  2  a  lies  in  the  xy  plane 
with  the  origin  at  its  center.  The  sides  of  the 
square  are  parallel  to  the  axes,  and  a  current  I 
goes  around  it  in  a  counterclockwise  sense  as  seen 
from  a  positive  value  of  z.  Find  A  at  all  points 
within  the  square.  What  is  A  at  the  center? 

16-10  Find  A  produced  at  any  point  on  the  z 
axis  by  the  current  on  the  circular  arc  shown  in 
Figure  14-9.  Why  won’t  your  result  give  the  cor¬ 
rect  value  of  B  as  found  in  Exercise  14-7? 

16-11  An  infinitely  long  cylinder  has  a  circular 
cross  section  of  radius  a  and  its  axis  along  the  z 
axis.  A  steady  current  I  is  distributed  uniformly 
over  the  cross  section  and  is  in  the  positive  z 
direction.  Use  (16-23)  to  find  A  everywhere.  If  A 
outside  the  cylinder  is  written  in  the  form  (16-33), 
what  is  A  on  the  z  axis? 

16-12  A  wire  is  wound  in  a  helix  of  pitch  angle 
a  on  the  surface  of  a  cylinder  of  radius  a  so  that 
N  complete  turns  are  formed.  If  the  wire  carries  a 
current  /,  show  that  the  axial  component  of  the 
vector  potential  produced  at  the  center  of  the 
helix  is 

(/i„//277-)ln[A''i7tana  +  [l  +  (Nit 

Show  that  this  is  the  same  as  that  which  would  be 
produced  by  a  current  /  in  a  wire  of  length  equal 
to  that  of  the  cylinder  and  going  parallel  to  the 
axis  along  the  outer  surface  of  the  cylinder.  Show 
why  this  should  be  the  case. 

16-13  Find  A  for  the  coaxial  cylinders  carrying 
equal  and  opposite  currents  as  described  in  Ex¬ 
ercise  15-7.  Express  your  answer  in  terms  of  Aq, 
the  value  on  the  axis.  If  it  is  possible  to  make 
A  =  0  outside  of  the  outer  cylinder,  do  so,  and 
then  find  the  corresponding  value  of  Aq. 

16-14  An  infinite  plane  current  sheet  coincides 
with  the  xy  plane.  The  current  density  has  con¬ 
stant  magnitude  K  and  is  in  the  positive  y  direc¬ 
tion.  Find  the  vector  potential  A  everywhere.  If 
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you  cannot  make  it  vanish  at  infinity,  express  it  in 
terms  of  its  value  at  the  current  sheet. 

16-15  A  sphere  of  radius  a  contains  a  total 
charge  Q  distributed  uniformly  throughout  its 
volume.  It  is  set  into  rotation  about  a  diameter 
with  constant  angular  speed  o).  Assume  that  the 
charge  distribution  is  not  altered  by  the  rotation 
and  find  A  at  any  point  on  the  axis  of  rotation. 
16-16  Express  the  constant  X  in  (16-44)  in 
terms  of  the  magnitude  of  B  when  it  crosses  the 
positive  X  axis  at  its  greatest  distance  from  the 
origin.  What  would  be  the  value  of  whose 
constant  magnitude  corresponds  to  this  same 
circle? 


16-17  The  results  that  we  obtained  for  the  two 
parallel  infinitely  long  lines  carrying  oppositely 
directed  currents  are  not  as  accidental  as  one  may 
think.  Consider  any  current  distribution  for  which 
the  currents  are  only  in  the  z  direction.  Show  that 
in  this  case,  one  can  always  write  B  =  X  z, 
and  thus  show  that  the  lines  of  B  will  always  be 
parallel  to  the  surfaces  of  constant  .  Apply  this 
result  to  the  two  antiparallel  infinitely  long  cur¬ 
rents  and  show  that  it  is  consistent  with  the 
directions  of  B  shown  in  Figure  16-4. 

16-18  Physically,  one  would  expect  the  flux  O 
to  be  independent  of  gauge.  Why?  Show  that  this 
is  indeed  the  case. 
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FARADAY'S  LAW 
OF  INDUCTION 


The  overall  general  results  that  we  have  obtained  so  far  can  be  summarized  by  the  four 
differential  source  equations  for  the  vector  fields 


VE  = 


V  •  B  =  0 


(17-1) 


VXE  =  0  vxB  =  jiLoJ 

as  given  by  (4-10),  (5-4),  (15-12),  and  (16-3).  In  addition,  we  have  (12-13),  which 
expresses  conservation  of  charge,  and  (14-32),  which  gives  the  force  on  a  point  charge 
in  terms  of  the  electric  field  and  the  magnetic  induction: 


V-J  +  —  =  0  F  =  i?(E  +  V  X  B)  (17-2) 

at 

The  equations  (17-1)  form  two  completely  independent  sets,  one  for  E  and  one  B, 
thereby  implying  no  connection  between  the  two  field  vectors.  Faraday  felt,  or 
suspected,  that  there  really  was  a  relation  between  these  fields  and  tried  many 
experiments  to  verify  this.  About  1831,  he  finally  succeeded  in  doing  so,  but  only  for 
the  case  in  which  things  were  changing  in  time,  that  is,  for  a  nonstatic  situation.  This 
effect  was  also  found  independently  by  Henry,  but  it  is  usually  referred  to  as  Faraday's 
law  of  induction  or  simply  as  Faraday 's  law. 

Now  all  of  the  equations  in  (17-1)  were  obtained  from  a  study  of  static  fields.  Only 
in  our  derivation  of  the  equation  of  continuity  did  we  explicitly  consider,  for  a  short 
while,  cases  that  were  time  dependent.  In  order  to  make  progress  when  things  are 
varying  in  time,  we  will  do  the  only  thing  which  is  at  all  reasonable  and  assume  that  the 
equations  (17-1)  are  still  valid  for  nonstatic  cases  unless  we  are  forced  by  experiment  to 
modify  them.  In  this  chapter,  we  will  see  that  one  of  them  must  be  changed  to 
encompass  new  circumstances. 


17-1  FARADAY'S  LAW 

We  will  consider  substantially  the  same  experimental  situation  as  did  Faraday,  al¬ 
though  it  will  be  somewhat  simplified.  Suppose  that  we  have  a  closed  circuit  C  formed 
by  a  conducting  wire  as  shown  in  Figure  17-1.  We  also  assume  the  presence  of  an 
induction  B  so  that  there  will  be  a  flux  through  the  surface  S  enclosed  by  C.  If  we 
arbitrarily  choose  a  sense  of  traversal  about  C  as  indicated  by  the  arrow,  this  will  define 
the  direction  of  the  element  of  area  cia  by  Figure  1-24  and  we  can  then  find  $  from 
(16-6);  4>  will  be  positive  for  the  choice  shown  in  the  figure.  We  assume  that  there  are 
no  batteries  or  other  sources  of  emf  in  the  circuit. 

If  the  flux  through  C  is  constant  so  that  d<b/dt  =  0,  then  it  is  found  that  there  is  no 
current  in  the  circuit.  Faraday  found,  however,  that  if  the  flux  through  C  is  not 
constant,  so  that  d^/dt  ^  0,  then  there  is  a  current  produced  in  C.  This  current  is  said 
to  be  “induced”  by  the  changing  flux  and  is  accordingly  called  an  induced  current.  It 
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turns  out  that  the  numerical  value  of  the  current  depends  on  the  resistance  of  the 
circuit  so  that  it  is  more  convenient  to  express  the  quantitative  result  of  experiment  in 
terms  of  the  induced  emf  that  is,  the  work  done  per  unit  charge  as  we  defined  it  in 
(12-22).  It  is  found  that 


d^ 


which  is  Faraday's  law.  Since  will  be  measured  in  volts,  it  is  also  often  called  the 
induced  voltage  or  just  the  voltage’,  another  name  given  to  it  is  induced  electromotance. 

The  flux  4>  can  change  for  a  variety  of  reasons:  the  induction  B  may  be  changing  in 
time,  the  circuit  may  be  altering  in  shape  or  size  so  that  the  area  enclosed  by  it  may  be 
changing,  the  circuit  may  be  moving  by  translation  or  rotation  so  that  it  may  enclose 
different  values  of  B,  or  a  combination  of  these  effects  may  be  occurring.  It  has  been 
found  by  means  of  many  experiments  that  (17-3)  is  valid  regardless  of  the  origins  of 
d^/dt.  We  can  also  note  that  B  does  not  have  to  be  different  from  zero  at  all  parts  of 
the  surface  S  and  it  could  well  be  zero  on  portions  of  S\  the  result  (17-3)  still  turns  out 
to  be  applicable.  Furthermore,  Faraday’s  law  is  still  found  to  hold  in  the  form  (17-3) 
even  in  the  presence  of  matter.  Since  we  will  not  systematically  consider  the  magnetic 
effects  of  matter  until  Chapter  20,  we  will  assume  materials  we  consider  until  then  to  be 
“  nonmagnetic,”  that  is,  to  have  the  same  magnetic  properties  as  a  vacuum. 

The  negative  sign  is  included  in  (17-3)  to  represent  the  “direction”  or  “sense”  of  the 
induced  emf  as  compared  to  the  original  arbitrarily  chosen  sense  of  traversal  about  C. 
This  sense  is  often  more  conveniently  described  by  Lenz'  law:  the  induced  emf  (and 
hence  the  induced  current)  has  such  a  sense  as  to  oppose  the  change  that  is  producing  it. 
The  key  words  to  remember  are  oppose  and  change]  in  other  words,  it  is  not  the 
absolute  value  of  nor  its  sign,  which  is  of  importance  here  but  the  way  in  which  it 
is  changing.  (When  stated  in  this  way,  Lenz’  law  is  seen  to  be  an  example  of 
Le  Chatelier’s  principle,  which  describes  the  response  of  a  system  in  a  state  of  stable 
equilibrium  to  external  effects  which  tend  to  alter  that  state.)  In  order  to  illustrate  the 
application  of  Lenz’  law  let  us  consider  for  simplicity  a  circuit  that  is  fixed  in  shape, 
size,  and  position  so  that  can  change  only  if  B  changes.  This  is  shown  in  Figure  17-2 
and,  to  be  specific,  let  us  choose  our  indicated  sense  of  traversal  about  C  so  that  '!>  is 
positive.  Now  we  first  suppose  that  |B|  is  increasing;  then  d^/dt  will  be  positive,  and 
^ind  negative  by  (17-3).  This  means  that  will  be  opposite  to  our  original 

choice  of  traversal  about  C  and  hence  will  be  in  the  “sense”  of  the  double  arrowheads 
of  (a)  of  the  figure;  this  will  also  be  the  direction  of  the  induced  current  as  shown, 
is  not  necessarily  to  be  thought  of  as  localized,  as  may  be  implied  by  the  position 
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Figure  17-2.  The  direction  of  the  induced  current  when  the 
magnitude  of  B  is  (a)  increasing  and  (b)  decreasing. 


Figure  17-3.  The  conducting  rod  moves  to  the  right 
with  constant  velocity. 


of  its  symbol,  since  (17-3)  describes  the  overall  effect  on  the  macroscopic  circuit.]  Let  us 
see  how  our  conclusions  fit  Lenz’  law.  Since  $  is  increasing,  the  induced  current  will 
“want”  to  oppose  this  by  trying  to  decrease  the  flux  by  producing  lines  of  B  opposite  to 
the  positive  sense  of  the  normal  to  the  area,  that  is,  “into”  the  circuit.  The  general 
directions  of  the  lines  of  B  produced  by  as  obtained  from  the  right-hand  rule 
following  (14-6)  are  shown  by  the  dashed  curves  and  we  see  that  they  really  do  tend  to 
decrease  the  flux  through  C.  Thus,  the  two  statements  lead  to  the  same  qualitative 
conclusion.  In  part  (b)  of  the  figure  we  illustrate  the  results  that  we  obtain  when  |B|  is 
assumed  to  be  decreasing.  Then,  is  still  positive  but  decreasing  so  that  d^/dt  is 
negative  and  is  positive,  that  is,  in  the  same  sense  as  our  originally  chosen  sense  of 
traversal  about  C.  The  direction  of  now  is  such  as  to  produce  lines  of  B  that  will 
tend  to  increase  the  flux  through  the  enclosed  area,  that  is,  to  oppose  the  change,  in 
accord  with  Lenz’  law. 

Before  we  go  on  to  restate  Faraday’s  law  in  terms  of  fields,  let  us  look  at  an  example 
that  we  can  easily  analyze  quantitatively. 

Example 

In  Figure  17-3,  we  show  a  conducting  rod  that  rests  on  another  conductor  bent  to  form 
a  U-shaped  figure.  An  external  agent  moves  the  rod  to  the  right  with  constant  velocity 
V.  We  assume  the  presence  of  a  constant  induction  B  that  is  normal  to  and  out  of  the 
page.  The  circuit  C  will  then  be  the  rectangle  of  sides  I  and  x.  Let  us  choose  the  sense 
of  traversal  about  C  to  be  counterclockwise,  so  that  the  positive  sense  of  the  area  is  out 
of  the  paper.  Then  the  flux  through  C  as  found  from  (16-6)  is 

=  f  B  •  da  =  Blx 
J  s: 


(17-4) 
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The  induced  emf  as  obtained  from  (17-3)  is 

dx 

And  =-^=  -Bl  — 
dt  dt 

and  is  negative,  that  is,  in  the  clockwise  sense.  This  will  also  be  the  direction  of  as 
shown.  To  check  this  against  Lenz’  law,  we  see  that  $  increases  as  jc  increases.  Thus 
will  “want”  to  decrease  $  by  producing  lines  of  B  that,  within  the  circuit,  will  be 
directed  into  the  page,  in  agreement  with  the  sense  of  1-^^  found  above  and  shown  in 
the  figure.  The  magnitude  of  the  induced  emf  is  constant  since  v  is  constant.  But,  as  a: 
increases,  more  conductor  is  included  in  the  circuit  so  that  the  resistance  will  increase. 
Thus,  the  induced  current  will  decrease  as  the  area  enclosed  by  the  circuit  increases.  ■ 


=  -Blv 


(17-5) 


From  (12-23),  we  see  that  we  can  interpret  the  existence  of  the  induced  emf  as 
indicating  the  presence  of  a  nonconservative  induced  electric  field  along  the  wire  so 
that  we  can  also  write  (17-3)  in  the  form 


d^ 

~di 


(17-6) 


In  (9-21)  we  saw  that  the  tangential  components  of  the  electric  field  are  continuous,  and 
we  will  see  in  the  next  sections  that  this  is  still  correct.  Thus,  the  electric  field  just 
outside  the  wire  will  be  the  same  as  that  inside  so  that  (17-6)  also  holds  for  a  path 
immediately  adjacent  to  and  outside  of  the  circuit.  In  fact,  (17-6)  no  longer  contains  any 
specific  characteristics  of  the  wire,  and,  in  light  of  the  last  sentence,  it  is  natural  to 
assume  that  (17-6)  represents  a  general  physical  law  relating  the  induced  electric  field  to 
the  changing  flux  and  thus  will  apply  to  any  closed  curve  whether  or  not  there  is  a 
circuit  there  to  show  an  induced  current.  Furthermore,  at  any  point  in  space,  we  can 
write  the  total  electric  field  E  as  the  sum  of  a  conservative  part  E^  and  a  nonconserva¬ 
tive  part  that  is,  E  =  E^  +  and  then  we  have 


ds  =  ^E, 


ds  ^E,-„h  •  ds 


ind 


(17-7) 


But  the  first  integral  on  the  right  is  zero  for  the  conservative  field,  as  we  know  from 
(5-5),  so  that  when  (17-7)  and  (17-6)  are  combined  we  get  an  expression  relating  the 
total  electric  field  E  and  the  changing  flux: 


(17-8) 


We  take  (17-8)  to  be  our  final  statement  of  Faraday’s  law  of  induction  as  stated  in 
terms  of  the  field  vectors  and  it  holds  for  any  closed  path  C  and  for  any  manner  by 
which  O  can  change.  Because  of  the  various  possibilities  for  changing  flux,  it  is 
desirable  to  divide  our  further  discussion  of  (17-8)  into  two  broad  categories  depending 
on  whether  the  medium  is  at  rest  or  is  moving. 
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If  the  various  parts  of  the  region  of  interest  to  us  are  not  moving,  then  the  bounding 
curve  C  will  not  be  instantaneously  changing  its  shape  or  size,  so  that  ^  can  be 
changing  in  time  only  because  B  is  changing  in  time,  that  is,  B  ^  B(r,  t).  Then  if  we 
also  use  (1-67),  (17-8)  becomes 


^B 


(  —  •  da=  ( {v  X  E)  •  da 
*/.c  at  •'c 
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and  therefore 


But  since  (17-8),  and  hence  (17-9),  holds  for  any  arbitrary  path  of  integration  with  its 
corresponding  surface  S,  including  an  infinitesimal  one,  the  integrand  of  (17-9)  must  be 
zero  everywhere,  and  we  get 


(17-10) 


as  a  differential  statement  of  Faraday’s  law  for  stationary  media.  With  (17-10),  we 
finally  have  a  relation  between  electricity  and  magnetism  in  terms  of  the  field  vectors. 

We  can  state  (17-10)  in  still  another  way.  We  still  have  V  •  B  =  0  and  therefore 
B  =  V  X  A  as  in  (16-7).  Inserting  this  into  (17-10),  we  get  v  X  E  =  -  ^(  V  X  A)/ dt  = 
-V  X  (5A/^/),  or 

Vx(E  +  ^j=0  (17-11) 

But  we  also  know  from  (1-48)  that  a  quantity  whose  curl  is  zero  can  be  written  as  the 
gradient  of  a  scalar  so  that  we  can  conclude  from  the  above  that  E  -T  {dX/dt)  = 
or 


5A 

E=-V(.-- 


(17-12) 


showing  that,  in  general,  E  depends  on  both  a  scalar  and  a  vector  potential.  In  a  static 
case,  where  dK/dt  =  0,  (17-12)  reduces  to  E  =  -  V<^)  and  we  are  back  to  a  conserva¬ 
tive  electric  field;  in  general,  however,  we  can  anticipate  that  tp  will  not  always  be 
exactly  the  same  as  the  scalar  potential  of  electrostatics. 

Since  V  X  E  can  now  be  different  from  zero,  we  have  to  reinvestigate  the  behavior  of 
the  tangential  components  of  E  at  a  surface  of  discontinuity,  since  our  previous  result 
(9-21)  depended  on  v  X  E  =  0.  If  we  put  (17-10)  into  (9-18),  we  get 


E2,  -  =  lim  ( 

h-*0 


dB 

—  I  X  h 
dt 


As  the  transition  layer  is  shrunk  to  zero  thickness,  we  certainly  expect  that  dB/ dt  will 
remain  finite  so  that  as  h  ^  0,  h{dB/dt)  0;  thus  the  right  hand  side  of  the  above 
equation  is  zero  and  we  find  that 

E„  =  E,  (17-13) 


which  shows  that  the  tangential  components  of  the  electric  field  are  still  continuous,  in 
agreement  with  the  parenthetical  remark  following  (9-22).  We  will  have  no  reason  in 
what  follows  to  alter  this  conclusion. 


Example 

Fixed  loop  in  an  alternating  induction.  As  an  example  of  a  stationary  system  involving  a 
real  circuit,  let  us  consider  the  rectangular  loop  of  sides  a  and  b  shown  in  Figure  17-4. 
We  choose  the  z  axis  to  lie  in  the  plane  of  the  loop  and  parallel  to  the  side  a;  the  origin 
is  chosen  at  the  center.  We  let  the  plane  of  the  loop  make  an  angle  with  the  yz  plane 
so  that  the  normal  h  to  the  plane  lies  in  the  xy  plane  and  makes  the  same  angle  <p  with 
the  X  axis.  Furthermore,  let  us  assume  the  presence  of  an  induction  B  directed  along 
the  X  axis  as  given  by  B  =  xBqCOs((o/  +  a),  that  is,  it  is  spatially  constant  over  the 
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Figure  17-4.  A  fixed  rectangular  loop  in 
an  alternating  induction. 


area  of  the  loop  but  is  oscillating  harmonically  in  time  with  a  phase  angle  a  that 
depends  on  the  choice  of  the  zero  for  /.  Here  o:  =  Ittv  is  the  circular  (or  angular) 
frequency  and  is  measured  in  (second)"^  or  radians/second;  v,  on  the  other  hand  is  the 
ordinary  frequency,  that  is,  number  of  oscillations  per  unit  time  and  will  be  measured  in 
hertz  where  1  hertz  =  1  (second)  Then  the  flux  through  the  loop  as  found  from 
(16-6)  is 

^  =  I  B  ■  h  da  =  ^qCOS  <p  cos  (co?  +  a)  /  da  =  B^ab  cos  (p  cos  (w/  +  a)  (17-14) 

where  ab  is  the  area  of  the  loop.  The  induced  emf  as  given  by  (17-8)  is  then 

^ind  =  •  i/s  =  oiB^ab  cos  (p  sin  (w/  -I-  a)  (17-15) 

which  is  seen  to  be  proportional  to  the  frequency  of  oscillation  and,  since  it  varies  as 
sin(wr  -H  a),  is  90°  out  of  phase  with  B,  which  varies  as  cos  (cor  +  a).  For  example, 
^ind  is  a  maximum  when  the  flux  is  zero  but  changing  at  its  maximum  rate.  If  the  loop 
were  formed  from  a  single  wire  wound  into  N  turns,  each  turn  would  have  an  induced 
emf  given  by  (17-15)  so  that  the  total  emf  for  the  coil  would  be  N  times  as  great,  since 
it  corresponds  to  total  work  per  unit  charge  when  taken  around  the  whole  circuit  and  is 
therefore  additive.  Hence  it  would  be  given  by  Nc^B^ah  cos  cp  sin  (tor  +  a).  ■ 


■  Example 

Let  us  consider  an  infinitely  long  cylindrical  region  containing  a  B  field  given  in 
cylindrical  coordinates  by 


B 


^0  cos  (cor  +  a)z  (p  <  a) 
0  (p  >  a) 


(17-16) 
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where  Bq  =  const.  In  other  words,  B  is  spatially  constant  over  the  area  of  the  circle  but 
harmonically  oscillating  in  time;  we  would  visualize  this  as  being  produced  by  an 
infinite  ideal  solenoid  with  an  alternating  current  in  the  windings.  Applying  (17-10),  we 
get  V  X  E  =  co5Qsin(cor  +  a)z.  The  cylindrical  symmetry  of  this  problem  and  our 
previous  experience  leads  us  to  expect  that  E  will  lie  in  the  xy  plane  and  have  the  form 
E  =  £’^(p)4),  that  is,  be  tangent  to  circles  of  radius  p.  Accordingly,  we  choose  such  a 
circle  as  a  path  of  integration,  and  then,  for  any  p, 


^E  -  iis  =  ■  p  dtp  ^  =  iTTpE^ 

=  y  ( V  X  E)  -  t/a  =  coBq  sin  (to/  +  a)  J  da. 


(17-17) 


with  the  use  of  (1-67)  and  (1-53).  The  area  integral  equals  7rp^  if  p  <  ^2,  and  has  the 
constant  value  if  p  >  a  because  of  (17-16).  Substituting  these  into  (17-17),  we  find 
that 


1 

^  2  ~  (17-18) 

+  «)  (P  >  «)  (17-19) 

In  Figure  17-5,  we  show  the  maximum  value  of  |F^|,  that  is,  its  amplitude,  as  a 
function  of  p.  As  in  the  last  example,  E^  is  90°  out  of  phase  with  B,  depending  as  it 
does  on  the  rate  of  change  of  B,  rather  than  on  its  absolute  value.  Induced  electric  fields 
produced  in  this  general  way  are  the  basis  of  operation  of  the  charged  particle 
accelerator  known  as  the  ■ 


17-3  MOVING  MEDIA 

Many  of  the  more  interesting  and  practical  applications  of  Faraday’s  law  arise  when  a 
part  or  all  of  the  circuit  or  “medium”  is  moving.  If  we  imagine  our  path  of  integration 
C  to  pass  through  specific  points  of  the  medium,  then,  as  these  points  move,  C  will  be 
carried  along  and  $  can  change  for  that  reason;  simultaneously,  B  may  be  changing  in 
time.  Therefore,  in  order  to  evaluate  d^/dt,  we  have  to  compare  the  flux  passing 
through  the  final  surface  enclosed  by  the  final  shape  of  C  to  that  enclosed  by  the  initial 
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shape  of  C;  that  is,  we  need  to  evaluate 


~di 


AO  1 

Urn  —  =  lim  — 

A/  A/-»0  A^ 


f  B(/  +  A/)  •  + 

J  V/  t  A.  \ 


'5(/  +  A/) 


At)  -  f  B(0  •  da{i) 

•'5(0 


(17-20) 

In  Figure  17-6,  we  show  the  initial  and  final  locations  of  the  bounding  curve  C.  The 
element  ds  of  C{t)  is  displaced  an  amount  vAt  as  a  result  of  the  motion.  In  the 
process,  it  sweeps  out  the  element  of  area 


cfa,  =  tis  X  \At  (17-21) 

shown  shaded.  We  also  see  that  |JaJ  is  a  portion  of  the  area  of  the  “side” 
connecting  C(t)  and  C(t  +  Ar)  so  that  the  total  area 

sit)  +  S,  +  S{t  +  ^t)  (17-22) 

is  the  bounding  area  of  a  closed  volume  through  which  the  total  flux  of  B  is  zero, 
according  to  (16-5).  In  order  to  evaluate  the  first  term  in  the  brackets  of  (17-20),  we 
apply  (16-5)  to  the  volume  of  Figure  17-6  at  the  time  t  +  At.  Therefore 

(f)  B{t  +  At)  •  da  =  Q  =  -  (  B(t  +  AO  •  da{t) 

+  /  B(/  +  At)  ■  d&^+  f  B(/  AO  *  da{t  +  AO  (17-23) 

•'•S',  •'5(r  +  A0 


where  the  minus  sign  in  the  first  terrn  arises  because  ^/a(r)  points  into  the  volume  while 
the  surface  integral  was  defined  in  (1-56)  in  terms  of  the  element  of  area  being  positive 
outward.  In  addition,  the  values  of  B  are  all  evaluated  at  t  +  At,  while  the  areas  are 
written  in  terms  of  their  values  which  define  the  shape  of  the  figure  in  Figure  17-6. 
Since  we  are  going  to  the  limit  A/  — >  0  eventually,  it  is  appropriate  to  think  of 
expanding  B  in  the  power  series 

^B 

B(/  +  AO  =  B{t)  +  —At  +  ... 

dt 


Figure  17-6.  The  bounding  curve  C  at  a  time  t  and  a  time  t  +  At 
later.  The  line  element  ds  sweeps  out  the  area  da^. 
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and  we  explicitly  keep  only  terms  of  first  order  in  Af.  If  we  now  substitute  this 
expression  into  only  the  first  and  second  integrals  of  (17-23),  use  (17-21),  (1-23),  and 
(1-29),  we  obtain 


f  B(r  +  Af)  ■  d^{t  -I-  Ar)  -  /*  B(r)  ■  dsi{t) 

/  [B(/)  X  v(01  ■ 

•'SC/)  ot  •'C(/) 


+  terms  of  the  order  of  ( Af  )^  (17-24) 

where  we  were  able,  after  substitution  of  (17-21),  to  write  the  integral  over  in  (17-23) 
as  an  integral  over  C  because  all  of  the  terms  involved  in  it  are  evaluated  on  C{t\  the 
initial  bounding  curve.  If  we  now  substitute  (17-24)  into  (17-20)  and  let  At  ->  0,  the 
terms  originally  of  the  order  of  (A/)^  and  higher  will  vanish  and  we  are  left  with 

d^  /•  .  .  ^ 

I  ‘  da  +  (p{B  X  \)  ■  ds  (17-25) 

J c  at  Tr- 


dt 


The  first  term  is  familiar  to  us  by  now  as  arising  from  the  time  variation  of  B,  so  that 

the  second  term  is  that  arising  because  of  the  motion.  If  we  now  substitute  (17-25)  into 

(17-3)  and  (17-8),  we  will  get  the  induced  emf  and  the  line  integral  of  the  electric  field 
in  the  moving  system.  If  we  label  these  quantities  with  a  prime,  and  use  (1-23)  again,  we 
find  that 

5B 

S’'=(£E'-ds=  -  [  —  ■da+<£{vxB)  ds  (17-26) 

•fc  •'s  dt  Jc 

which  can  be  written  with  the  use  of  (1-67)  as 


so  that 


^B 


/*  V  X  (E'  -  V  X  B)  •  Ja  =  -  f  -  da 
ds  •'s  dt 


V  X  (E' 


V  X  B)  = 


dE 


(17-27) 


(17-28) 


since  (17-27)  holds  for  any  arbitrary  bounding  curve. 

It  is  important  to  remember  that  these  last  three  numbered  equations  contain 
quantities  that  are  referred  to,  and  would  be  measured  in,  different  systems.  The 
primed  quantities  are  those  that  would  be  observed  by  someone  in  the  moving  system 
and  hence  at  rest  with  respect  to  it.  On  the  other  hand,  the  quantities  v,  B,  and  dE/ dt 
are  those  that  would  be  measured  by  an  observer  at  rest  in  the  unprimed  system  of 
coordinates  (which  we  will  often  call  the  laboratory  system);  this  follows  since  our 
derivation  based  essentially  on  Figure  17-6  was  all  written  from  the  point  of  view  of 
one  watching  the  moving  curve  C. 

Keeping  these  remarks  in  mind,  we  can  now  obtain  an  interpretation  of  the 
argument  of  the  curl  in  (17-28)  by  considering  the  force  on  a  point  charge  q  as 
described  by  these  two  hypothesized  observers.  From  the  point  of  view  of  the  stationary 
observer,  what  one  has  is  a  charge  q  moving  with  velocity  v  in  an  induction  B  and  the 
force  on  it  will  be  given  by  (17-2)  as  F  =  ^(E  +  v  X  B)  where  E  is  the  electric  field  in 
this  system.  For  the  observer  moving  along  with  the  primed  system,  the  charge  q  is  at 
rest,  and  therefore  the  only  possible  electromagnetic  force  that  could  be  written 
according  to  (17-2)  is  F'  =  qE'  where  E'  is  the  electric  field  in  the  moving  system.  If  we 
restrict  ourselves  to  cases  of  zero  or  negligible  relative  acceleration,  as  we  have  been 
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consistently  doing,  then  both  of  these  systems  can  be  regarded  as  inertial  systems,  and 
we  know  from  mechanics  that  the  two  forces  will  be  the  same,  that  is,  F'  =  F.  Equating 
these  expressions  for  the  forces,  we  find  the  fields  in  the  two  systems  to  be  related  by 

E'  =  E  +  V  X  B  (17-29) 

Now  we  see  that  the  argument  of  the  curl  in  (17-28)  is  really  the  electric  field  in  the 
unprimed  system  so  that  the  equation  can  be  written  as 

dB 

V  X  E  =  -  —  (17-30) 

ot 

which  is  exactly  the  same  as  (17-10)  that  we  found  for  the  case  of  stationary  media.  In 
other  words,  Faraday’s  law  of  induction,  when  written  in  this  way,  has  a  form  that  is 
independent  of  the  motion  of  the  medium.  [Again,  when  we  consider  relative  velocities  v 
that  are  comparable  to  the  speed  of  light  in  a  vacuum  in  Chapter  29,  we  will  find  that 
(17-29)  will  need  to  be  modified  somewhat;  our  conclusions  with  respect  to  (17-30), 
however,  will  not  be  altered.] 

The  terms  depending  on  v  in  (17-26)  and  (17-29)  are  usually  known  as  '‘motional” 
terms,  while  the  others  that  depend  on  the  time  variation  of  B  are  often  known  as 
“transformer”  terms.  Some  problems  are  most  easily  solved  and  understood  by  looking 
at  things  from  the  point  of  view  of  an  observer  in  the  moving  system,  so  that  one  uses 
expressions  for  the  motional  emf  and  motional  electric  field  given  by 

=  fK  ■  ds  =  (j){y  X  B)  •  </s  (17-31) 

E;  =  V  X  B  (17-32) 

Now  let  us  look  at  a  few  examples  of  this  type. 


Example 

We  begin  by  looking  again  at  the  system  illustrated  in  Figure  17-3.  We  have  already 
analyzed  this  by  using  Faraday’s  law  in  the  macroscopic  form  (17-3)  and  found  the 
overall  induced  emf  to  be  given  by  (17-5).  Since  B  is  constant  in  time  in  this  example, 
the  emf  must  be  given  completely  by  the  motional  term.  As  the  sliding  rod  is  the  only 
part  of  the  system  that  is  moving,  we  see  from  (17-32)  that  it  is  the  only  place  where 
E^  ¥=  0.  We  also  see  that  E'  is  directed  along  the  moving  rod  as  shown  in  Figure  17-7 
and  has  the  constant  magnitude  E'  =  Bv  since  B  and  v  are  perpendicular.  We  also 
show  the  direction  of  ds  that  corresponds  to  the  original  choice  of  positive  sense  of 
traversal  around  the  circuit  on  which  the  calculation  of  4>  given  in  (17-4)  was  based. 
Then  E'  and  ds  are  oppositely  directed  and  E'  ‘  ds  =  ~E'ds  =  ~Bvds  and  (17-31) 
gives 

Buds  =  -Blv 

*^rod 

in  agreement  with  (17-5).  Since  the  direction  of  the  induced  current  will  be  that  of  E', 
we  see  from  Figures  17-7  and  17-3,  that  will  have  a  clockwise  sense  that  we  found 
before  to  be  consistent  with  Lenz’  law.  Although  we  got  the  correct  value  of  the 
induced  emf  in  (17-5),  we  were  not  able  to  “localize”  it,  but  now  we  see  its  origin  can 
be  ascribed  completely  to  the  situation  within  the  moving  conducting  rod.  Furthermore, 
in  this  example,  we  can  interpret  the  origin  of  the  induced  current  as  due  to  the 
magnetic  force  produced  on  a  charge  moving  in  an  induction  as  seen  by  the  stationary 
observer.  ■ 


(17-33) 
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I  B{out) 


Figure  17-7.  The  electric  field  seen  by  an  observer 
moving  with  the  rod  of  Figure  17-3. 


■  Example 

As  a  variation  on  the  above  example,  we  consider  a  conducting  rod  of  length  /  moving 
with  constant  velocity  perpendicular  to  the  rod  and  also  perpendicular  to  a  constant  B 
as  shown  in  Figure  17-8.  In  this  case,  we  do  not  have  a  complete  circuit  and  there 
cannot  be  a  circulating  induced  current.  In  fact,  in  the  final  steady  state  of  the  system, 
there  can  be  no  current  at  all  in  the  rod  and  therefore  E'  =  0  according  to  (12-25).  But 
then  (17-29)  gives 

E  =  -V  X  B  (17-34) 

so  that  the  stationary  observer  sees  an  electric  field  of  magnitude  E  =  Bv  directed 
upward  along  the  rod  as  shown  in  Figure  17-9  and  that  is  drawn  from  the  observer’s 
point  of  view.  Now  this  electric  field  must  come  from  somewhere,  and  since  we  are 
dealing  with  a  homogeneous  material,  it  can  only  come  from  surface  charges  on  the 
ends,  and  they  will  have  the  signs  shown  in  the  figure.  Furthermore,  the  unprimed 
observer  will  conclude  that  there  is  a  potential  difference  A<^>  between  the  ends  of  the 
rod  that  can  be  found  from  (5-11)  and  (17-34)  to  be 

A(j>=  f  E-ds  =  El  =  Blv  (17-35) 


Figure  17-8.  A  moving  conducting 
rod  not  part  of  a  circuit. 


E 


V  X  B 


+  +  -^ 


V 


Figure  17-9.  The  situation  as 
seen  by  a  stationary  observer. 
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E'  =ifc  0 


E'  =  0 


E'  0 


Figure  17-10,  The  situation  as  seen  by  the  observer  moving  with  the  rod. 


[We  note  that  this  has  the  same  numerical  value  as  the  motional  emf  given  by  (17-33) 
for  the  previous  example,  but  now  we  are  talking  about  a  completely  different  concept.] 

What  is  the  origin  of  the  surface  charges?  During  the  original  stages  of  the  motion, 
the  movable  charges  of  the  conductor  were  subject  to  the  magnetic  force  X  B  that  is 
directed  downward  along  the  rod.  This  will  lead  to  a  separation  of  the  charges,  the 
positive  ones  moving  toward  the  bottom  of  the  rod  and  the  negative  ones  to  the  top. 
But  these  separated  charges  will  produce  an  electric  field  pointing  upward  that  will  tend 
to  decrease  the  total  force  on  a  given  charge  in  the  interior.  Finally,  enough  charges  will 
be  separated  so  that  the  electric  field  E  produced  by  them  will  lead  to  an  upward  force 
that  just  balances  the  downward  magnetic  force.  This  is  the  final  equilibrium  state 
described  by  (17-34). 

Now  the  number  of  charges  at  the  ends  will  be  the  same  for  both  observers,  since  it 
involves  only  counting  that  they  can  do  equally  well.  Therefore,  the  moving  observer 
sees  the  same  distribution  of  charges  on  the  ends  that  we  found  above.  But  since 
E'  =  0  in  this  system,  the  rod  will  be  seen  as  an  equipotential  volume  and  therefore  the 
potential  difference  between  the  ends  will  be  =  0,  in  contrast  to  (17-35),  and  is 
consistent  with  the  requirement  that  there  is  no  current  in  this  system.  However,  these 
surface  charges  will  produce  an  electric  field  E'  0  in  the  whole  region  outside  the  rod, 
so  that  the  final  view  of  things  will  be  qualitatively  like  that  shown  in  Figure  17-10;  the 
values  of  E'  at  the  surface  can  be  found  in  terms  of  the  surface  charge  density  from 
(6-4).  Thus,  this  example  has  been  valuable  in  showing  us  that  different  observers  will 
not  necessarily  describe  a  given  physical  situation  in  exactly  the  same  way  when  stated 
in  terms  of  fields,  but  their  relative  descriptions  will  depend  on  their  relative  motion. 

If  the  rod  is  a  dielectric,  rather  than  a  conductor,  there  will  be  no  movable  charges 
which  can  be  separated  to  lead  to  a  situation  Uke  Figure  17-9  and  it  is  quite  possible  for 
E^  to  be  different  from  zero.  In  this  case,  the  moving  dielectric  can  become  polarized; 
several  examples  of  such  situations  will  be  considered  as  exercises.  ■ 

Example 

Rotating  loop.  Let  us  consider  again  the  loop  with  the  dimensions  and  orientation 
shown  in  Figure  17-4.  However,  we  now  assume  that  B  =  is  constant  in  time,  while 
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the  loop  is  rotating  as  a  rigid  body  about  the  z  axis  with  constant  angular  speed  w  so 
that  9  is  a  function  of  the  time  with  the  form  (p  =  cot  -I-  (po  where  <po  is  the  value  of  the 
angle  at  /  =  0. 

Let  us  first  find  the  induced  emf  from  the  overall  view  given  by  (17-3).  We  find  the 
flux  in  the  same  manner  as  we  used  to  get  (17-14): 

O  =  iB’hda  =  BQab  cos  (p  =  B^ab  cos  (cot  +  (Po)  (17-36) 

Substituting  this  into  (17-3),  we  find  the  induced  emf  to  be 

(f'nd  =  (^B^ab  sin  (cot  -I-  cpo)  (17-37) 

Again,  if  the  loop  were  formed  from  a  single  wire  wound  into  N  turns,  each  turn  would 
have  an  emf  given  by  (17-37)  so  that  the  total  emf  of  the  coil  would  be  N  times  as 
great,  that  is, 

=  NoiB^ab  sin  (cot  -I-  <Po)  (17-38) 

What  we  have  discussed  here  is  a  rudimentary  form  of  an  electric  generator,  and  it  is 
Faraday’s  law  applied  in  this  manner  that  accounts  for  most  of  the  electrical  energy 
produced  in  the  world  today. 

Although  a  comparison  of  the  induced  emfs  given  by  (17-15)  and  (17-37)  shows 
obvious  similarities  in  form,  the  physical  mechanisms  involved  are  quite  difTerent,  one 
being  produced  by  a  changing  induction  in  a  stationary  coil,  while  the  other  arises  in  a 
coil  moving  with  respect  to  a  constant  induction. 

It  is  worthwhile  looking  at  this  same  example  in  terms  of  the  motional  electric  field. 
In  Figure  17-11,  we  show  the  plane  of  the  loop  at  some  instant.  The  angular  velocity  of 
rotation  is  given  by  to  =  coz  while  r  is  the  position  vector  of  a  point  on  the  loop  with 
respect  to  the  origin  at  its  center.  The  arrows  indicate  the  positive  sense  of  traversal 
about  the  loop  that  we  have  been  using  so  that  the  normal  h  of  Figure  17-4  is  here  out 
of  the  paper.  For  rigid  body  rotation,  the  velocity  of  any  point  is  given  by  v  ==  X  r, 
and  with  B  given  by  B  =  SqX,  we  find  the  motional  electric  field  from  (17-32), 
(1-30),  and  (1-20)  to  be 

E;„  =  V  X  B  =  -(B  •  r)o3  =  -B^xuiz  (17-39) 

We  now  must  insert  this  expression  into  (17-31)  and  integrate  around  the  loop.  We  see 


Figure  17-11.  The  rectangular  loop  is  rotating  in 
a  constant  induction. 
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from  Figure  17-11  that  the  d%  for  the  horizontal  portions  of  length  b  are  all 
perpendicular  to  z  so  that,  on  them,  ~  z  •  Js  =  0  and  they  will  not  contribute 

to  the  integral.  On  the  two  vertical  sides  of  length  a,  we  have  ds  =  dz  z,  and  if  we  let  X/ 
and  be  the  x  coordinates  of  the  left-  and  right-hand  sides,  respectively,  we  find  that 
when  (17-39)  is  substituted  into  (17-31),  we  get 

{-B^x^oidz)  =  0}BQa{x,-  x^)  (17-40) 

V2  ''-{a/2) 

Upon  referring  back  to  Figure  17-4,  we  see  that  x^=  -  sin(p  while  Xj  =  \b  sin<p; 
thus  X/  —  x^  =  b  sinqD  and  (17-40)  becomes 

sincp  =  oiBQcb  sin{<^t  +  (po)  (17-41) 

exactly  as  we  found  in  (17-37),  We  now  see,  however,  that  while  there  is  a  motional 
electric  field  associated  with  every  point  on  the  loop  as  given  by  (17-39),  only  those 
portions  that  are  parallel  to  the  angular  velocity  contribute  to  the  induced  emf.  On  the 
other  portions,  the  induced  electric  field  is  always  perpendicular  to  the  displacement 
and  hence  can  do  no  work  on  a  charge  as  it  passes  around  the  loop,  ■ 


Example 

Homopolar  generator.  This  interesting  device  was  invented  by  Faraday.  Consider  a 
plane  circular  conducting  disc  of  radius  a  rotating  with  constant  angular  speed  w  in  a 
uniform  B  that  is  perpendicular  to  the  plane  of  the  disc.  This  is  shown  in  Figure  17-12 
where  both  B  and  w  have  been  chosen  to  be  into  the  paper.  There  are  sliding  contacts 
at  the  central  axle  at  0  and  at  a  point  P  on  the  rim  of  the  disc.  The  circuit  is  completed 
with  conducting  wires  and  a  resistance  R,  Ala  point  with  position  vector  r  with  respect 
to  the  origin  at  the  center,  the  velocity  will  be  v  =  u  X  r  and  will  be  tangentisd  as 
shown.  Therefore,  there  will  be  a  motional  electric  field  found  from  (17-32)  to  be 

=  (u)  X  r)  X  B  =  o)Br  (17-42) 

and  is  thus  seen  to  be  radially  outward.  When  we  put  this  into  (17-31),  we  see  that  the 
only  contribution  to  the  induced  emf  will  come  from  that  part  of  the  disc  between  0 
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and  P  and  since  i/s  =  Jr,  we  will  get 

•  i/s  =  (  (j^Brdr  ^  (17-43) 

70  7o 

The  resultant  current  in  the  external  circuit  will  have  the  direction  shown  since  it 
corresponds  to  the  general  sense  of  E;„.  Although  devices  like  this  can  be  built  and  they 
do  operate,  they  are  generally  impractical  because  of  the  large  sizes  and  high  rotational 
speeds  necessary  to  gel  a  reasonable  value  of  the  emf.  If,  instead  of  this  arrangement, 
an  external  emf,  such  as  a  battery,  is  used  to  produce  a  current  through  the  system  by 
means  of  the  contacts,  then  the  disc  will  rotate  and  one  has  a  homopolar  motor.  ■ 
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Although  we  began  with  Faraday's  law  in  the  form  (17-3)  appropriate  to  the  system  as 
an  overall  unit,  we  rather  quickly  converted  it  into  an  expression  involving  fields.  For 
many  applications,  it  is  convenient  to  deal  with  properties  of  the  system  as  a  whole, 
much  as  capacitance  proved  to  be  a  useful  concept,  and  we  now  want  to  revert  to  that 
attitude.  We  begin  by  looking  again  at  magnetic  flux  0;  in  this  way,  we  will  be  led  to 
another  important  geometrical  properly  of  a  system  known  as  inductance. 

In  Figure  17-13,  we  show  two  filamentary  circuits  Cj  and  Q  with  their  respective 
currents  Ij  and  4.  The  line  elements  d%j  and  t/s^  are  located  by  their  position  vectors 
r  and  with  respect  to  an  arbitrary  origin  0  and  =  |  | .  Now  the  current  4 

will  produce  an  induction  at  each  point  of  the  surface  Sj  enclosed  by  Cj  and  thence 
a  flux  in  Cj  that  can  be  found  from  (16-6).  For  our  purposes,  however,  it  will  be 
more  useful  to  express  the  flux  in  terms  of  the  vector  potential  by  means  of  (16-23). 
Therefore,  if  A^(r^)  is  the  vector  potential  produced  by  circuit  Q  at  the  point  of  the 


Figure  17-13.  Positions  of  current  elements  of  two  filamentary 
circuits. 
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circuit  Cy,  then  the  flux  through  Cj  due  to  Q  will  be  given  by  (16-23)  and  (16-10)  as 

ds, ' 

,  — (pcp  ' 

c 


R 


(17-44) 


Jk 


We  see  that  the  flux  through  Cj  is  proportional  to  the  current  /;.  in  C^.  If  we  give  this 
factor  of  proportionality  the  symbol  Mj,^  and  call  it  the  mutual  inductance  of  circuits  j 
and  k,  we  can  write 


j  ~  ^jk^k 


(17-45) 


M 


jk 


-  Ui 


dS:  •  d%i 


R 


Jk 


(17-46) 


It  can  be  seen  from  (17-46)  that  the  mutual  inductance  is  a  purely  geometrical  factor 
relating  the  sizes  and  relative  orientation  of  the  two  circuits  and  can  be  found  in 
principle  by  evaluating  the  double  integral  over  the  two  circuits.  Since  jxq  was  defined 
to  have  the  units  of  henrys/meter  in  (13-2),  we  see  that  the  unit  of  mutual  inductance 
will  be  1  henry. 

Similarly,  if  we  calculate  the  flux  in  Q  due  to  the  current  Ij  in  Cy,  we  will  find  that 

Oy^,  =  M,,/y  (17-47) 


M, 


Mo  r  r  ^^k 


kj 


= m. 


ds 


R 


kj 


(17-48) 


But  since  ds,^  •  dSj  =  dsj  •  Rf^j  =  Rjf^  =  jty  -  and,  by  using  arguments  simi¬ 
lar  to  those  used  in  connection  with  (6-19),  we  see  that  the  order  of  integration  does  not 
afifect  the  value  of  the  double  integral,  so  that 

M,y  =  My,  (17-49) 


This  tells  that  the  flux  through  Cy  by  a  current  Iq  in  C,  equals  the  flux  through  C,  by 
the  same  current  Iq  in  Cy. 

It  can  be  seen  from  (17-46)  that  the  mutual  inductance  can  be  either  positive  or 
negative  depending  on  the  choices  made  for  the  senses  of  traversal  about  Cy  and  C, 
since  they  can  be  made  arbitrarily  and  independently  and  this  will  of  course  be 
reflected  in  the  signs  of  the  fluxes. 

The  overall  induced  emf  arising  in  one  circuit  due  to  a  changing  current  in  another 
can  be  conveniently  written  in  terms  of  mutual  inductance;  if  we  substitute  (17-45)  into 
(17-3),  we  get 


dt 


J  dh 

dt 


(17-50) 


since  the  circuits  are  assumed  to  be  at  rest  so  that  Afy,  is  a  constant.  The  emf  induced 
in  C,  can  be  obtained  from  (17-50)  by  interchanging  the  indices  j  and  k. 

If  there  is  more  than  one  circuit  producing  the  resultant  B  throughout  C^,  then  it 
follows  from  (14-4)  or  (16-11)  that  the  total  flux  will  be  the  sum  of  terms  like  (17-45): 

(17-51) 

k  k 


Similarly,  the  total  induced  emf  in  Cy  produced  by  other  circuits  can  be  obtained  from 
(17-51)  and  (17-3)  and  is 

d^.  ^  dh 

^..mutual  =  -  ^ 

Although  (17-46)  provides  a  recipe  by  which  the  mutual  inductance  can  be  calcu¬ 
lated  in  principle,  a  direct  application  of  it  often  leads  to  complicated  integrals. 
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■  Example 

Two  coaxial  parallel  rings.  In  Figure  17-14,  we  have  a  circle  Cj  of  radius  a  lying  in  the 
xy  plane  with  origin  at  the  center.  Another  circle  Q  of  radius  b  is  parallel  to  the  xy 
plane  and  its  center  is  on  the  z  axis  at  a  distance  c  from  the  origin.  The  relevant 
position  vectors  are  seen  to  be  =  a  cos  <pj\  +  a  sin  <pjy,  =  Z?  cos  <p^  +  b  sin  + 
cz  and  therefore 

dsj  =  dxj  =  a  d{pj{  —  sin  cp^x  +  cos  (p^y) 

=  dTtk  =  ftrfqp*(-sin<p^  +  costfiS) 

^Jk  =  !*■;  -  '■*1  =  +  a^  +  b^-  lab  cos  {kpj  - 

dsj  ■  =  ab  cos  (<p^.  -  (p^)dq>j  dkp^ 

When  these  are  substituted  into  (17-46),  the  result  is  that 

^  ^  n.  n. _ cos(y^.  -  <pJ^<p,.J<p^ _  (17-53) 

47r  JQ  Jq  b^  —  lab  cos  {(fj  - 

Although  it  was  easy  enough  to  write  (17-53)  down,  it  cannot  be  expressed  in  terms  of 
elementary  functions  but  requires  the  use  of  elhptic  functions,  so  we  leave  (17-53)  as  it 
is.  ■ 

In  many  cases  the  problem  of  finding  the  mutual  inductance  can  be  handled  more 
easily  by  using  the  definition  of  it  as  flux  per  unit  current  as  expressed  by  (17-45).  This 
method  thus  generally  requires  the  calculation  of  ^  from  a  previous  knowledge  of  B 
and  the  use  of  the  defining  equation  (16-6). 


X 


Figure  17-14.  Two  coaxial  parallel  rings. 
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Example 

Short  coil  wound  over  a  long  solenoid.  Suppose  we  have  an  infinitely  long  solenoid  with 
n^  turns  per  unit  length.  We  now  suppose  that  another  coil  is  wound  tightly  about  the 
solenoid  so  that  there  are  a  total  of  turns  occupying  a  total  length  as  shown  in 
Figure  17-15.  The  number  of  turns  per  unit  length  of  the  coil  will  then  be  n,.  =  Nyi^. 
In  this  case,  we  know  how  to  find  B  if  there  is  a  current  in  the  windings  of  the 
solenoid;  the  uniform  value  inside  as  given  by  (15-26)  is  B,  =  If  the  coil  is 

tightly  wound  on  the  solenoid  surface,  we  can  take  the  cross-sectional  area  of  it  to  be 
approximately  the  same  as  that  of  the  solenoid,  S.  Then  since  B^  is  normal  to  the  plane 
of  S,  the  flux  per  turn  of  the  coil  will  be  =  B^S  =  iion^SI,  so  that  the  total  flux 
through  the  turns  will  be  =  Hon^N^SI^.  Substituting  this  into  (17-45), 

we  find  the  mutual  inductance  of  this  system  to  be 

1*0 

(17-54) 

Since  A/„.  =  according  to  (17-49),  we  can  use  this  result  to  find  the  flux 
produced  in  the  solenoid  when  there  is  a  current  4  in  the  coil.  It  will  be  given  by 


It  is  possible,  of  course,  for  the  circuit  Cj  to  produce  a  flux  that  passes  through 
itself.  The  coefficient  of  proportionality  that  arises  in  this  case  is  called  the  self-induc¬ 
tance  or,  often,  simply  the  inductance.  If  we  use  Figure  17-16  and  proceed  in  the  same 
manner  by  which  we  obtained  (17-44)  through  (17-46),  we  find  that 

(17-55) 


4>  =  L  J 

Mo 


dSj 


d%\ 


R 


(17-56) 


Here  now  the  double  integral  is  taken  twice  over  the  same  circuit  and  dSj  and  are 
separate  line  elements  of  Cj.  As  indicated  in  (17-56),  we  will  sometimes  suppress  one  or 
more  of  the  indices  on  the  self-inductance  when  it  will  not  lead  to  any  confusion.  By 
comparing  Figures  17-16  and  14-2,  we  see  that  because  of  the  sign  conventions  we  are 
consistently  using,  -  will  always  be  positive  so  that  the  self-inductance  Ljj  as  given 
by  (17-55)  will  always  be  a  positive  quantity. 

If  the  current  Ij  is  changing,  then  by  (17-3),  there  will  be  an  emf  induced  in  the 
circuit  because  of  its  own  changing  flux.  This  is  usually  called  the  self-induced  emf  or 
the  back  emf  and  will  be  given  by 


.self 


df 

dt 


dt 


(17-57) 


Finally,  if  there  are  other  circuits  about,  the  total  flux  in  Cj  will  be  the  sum  of 
(17-51)  and  (17-55),  and  the  total  emf  induced  in  it  will  be  the  sum  of  its  self-induced 


Figure  17'15.  Short  coil  wound 
over  a  long  solenoid. 
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Figure  17-16.  Calculation  of  self-inductance. 


and  mutually  induced  emfs.  Thus,  we  can  write 

4>;=  LA/,.4  (17-58) 

k 

(n-59) 

where  the  index  k  takes  on  the  value  j  as  well  as  the  values  used  to  label  the  other 
circuits  and  with  the  understanding  that  when  the  indices  are  the  same  we  use  the 
notation 

=  h  =  h  (17-60) 

Although  (17-56)  has  aifappealing  appearance  and  is  useful  in  formal  calculations,  it 
will  not  work  for  true  filamentary  currents  of  zero  thickness  in  the  sense  that  it  will 
always  give  an  infinite  value  for  the  self-inductance.  This  occurs  because  in  the  double 
integration,  as  soon  as  d%j  and  ds'j  coincide,  Rjj  =  0  and  the  inte^al  diverges.  The 
physical  reason  is  that  near  such  a  wire  |B|  -  1/p  and  goes  to  infinity  as  p  0, 
leading  to  an  infinite  flux.  For  more  realistic  circuits,  for  which  one  is  really  dealing 
with  distributed  currents,  rather  than  trying  to  develop  a  generalization  of  (17-56),  one 
ordinarily  goes  back  to  (17-55)  to  find  the  self-inductance  as  the  ratio  of  flux  to  current, 
or  uses  the  energy  methods  that  we  will  discuss  in  the  next  chapter.  Consequently,  we 
consider  only  one  simple  example  of  the  application  of  (17-55). 

■  Example 

Ideal  solenoid.  As  in  the  previous  example,  the  induction  is  given  by  B  =  pQnl  and  is 
uniform  over  the  cross  section  of  area  S.  Therefore,  the  flux  per  turn  will  be 
BS  =  pQnSI.  If  we  consider  a  length  /  of  the  solenoid,  there  will  be  nl  turns  and  the 
total  flux  will  be  p^n^SlI.  Substituting  this  into  (17-55),  we  get  L  =  ^//  or 

L  =  p^nHS  (17-61) 

We  note  that  L  -  IS,  which  is  the  volume  of  this  portion  of  the  solenoid.  Also  L  -  n^; 
this  arises  because  5  -  /i  and  the  number  of  turns  is  also  -  n.  ■ 

EXERCISES 

17-1  Choose  the  positive  sense  of  traversal  about  17-2  In  a  certain  region,  the  induction  as  a 
C  to  be  the  opposite  of  that  shown  in  Figure  17-2  function  of  time  is  given  by  B  =  BQ(t/T)z  where 
and  then  show  that  (17-3)  leads  to  the  same  and  t  are  constants.  Find  A.  Assuming  the 
directions  for  the  induced  emf  for  the  two  cases  scalar  potential  to  be  zero,  find  E  from  the  above 
discussed  in  the  text.  result  for  A.  Use  this  E  to  evaluate  the  left-hand 
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side  of  (17-8),  and  thus  show  directly  that  it 
equals  the  right-hand  side. 

17-3  Suppose  the  current  in  the  infinitely  long 
straight  circuit  C'  of  Figure  13-5  is  given  by 
/=  where  Iq  and  X  are  constants.  Find 

the  induced  emf  that  will  be  produced  in  the 
rectangular  circuit  of  this  same  figure.  What  is  the 
direction  of  the  induced  current? 

17-4  An  infinitely  long  straight  wire  carrying  a 
constant  current  I  coincides  with  the  z  axis.  A 
circular  loop  of  radius  a  lies  in  the  xz  plane  with 
its  center  on  the  positive  x  axis  at  a  distance  b 
from  the  origin.  Find  the  flux  through  the  loop.  If 
the  loop  is  now  moved  with  constant  speed  v 
parallel  to  the  x  axis  and  away  from  /,  find  the 
emf  induced  in  it.  What  is  the  direction  of  the 
induced  current? 

17-5  Find  the  emf  induced  in  the  loop  of  Figure 
17-4  when  it  is  rotating  so  that  <p  =  w?  -f  <Po 
while  simultaneously  B  is  oscillating  at  the  same 
frequency,  that  is,  B  =  xBq  cos  (tor  +  a).  Is  it 
possible  to  choose  the  constants  such 

a  way  that  the  induced  emf  is  always  zero? 

17-6  A  certain  closed  circuit  has  a  total  resis¬ 
tance  If  the  total  flux  through  it  changes  from 
to  show  that  the  magnitude  of  the  total 
charge  that  will  flow  through  the  circuit  is  given 
by  2  =  (®/ "  Note  that  this  result  is 

independent  of  the  total  time  required  or  of  the 
particular  manner  in  which  0  varies  with  time. 
17-7  A  uniform  induction  B  is  parallel  to  the 
axis  of  a  nonmagnetic  cylinder  of  radius  a  and 
dielectric  constant  k^.  If  the  cylinder  is  rotated 
about  its  axis  with  a  constant  angular  velocity  w 
parallel  to  B,  find  the  polarization  produced  within 
the  cylinder  and  the  surface  charge  on  a  length  / 
of  it. 

17-8  A  spherical  shell  of  radius  a  rotates  about 
the  z  axis  with  constant  angular  velocity  (i9.  It  is 
in  a  uniform  induction  which  is  in  the  xz  plane 
and  at  an  angle  a  with  the  axis  of  rotation.  Find 
the  induced  electric  field  at  each  point  on  the 
sphere. 

17-9  Find  the  value  of  produced  by  a  homo- 
polar  generator  of  1  meter  diameter,  rotating  with 
an  angular  speed  of  3600  revolutions/minute  in 
an  induction  of  0.1  tesla. 

17-10  A  metal  rod  of  length  /  is  rotated  about 
an  axis  passing  through  one  end  with  constant 
angular  speed  w.  If  the  circle  swept  out  by  the 
rod  is  perpendicular  to  a  uniform  B,  find  the 


induced  emf  between  the  ends  of  the  rod  when 
the  final  steady  state  has  been  attained. 

17-11  A  conducting  fluid  is  flowing  with  speed  v 
in  a  horizontal  channel  of  depth  w  and  width  /  in 
a  region  where  the  vertical  component  of  the 
induction  due  to  the  earth  is  Two  metal 
electrodes  are  placed  opposite  each  other  on  the 
vertical  walls.  The  electrodes  are  rectangular,  of 
dimensions  a  and  b,  and  are  at  the  same  distance 
d  from  the  bottom  of  the  channel  with  the  long 
edges  horizontal.  Find  (a)  the  resistance  of  the 
fluid  column  contained  in  the  rectangular  paral¬ 
lelepiped  between  the  electrodes,  (b)  the  induced 
emf  between  the  electrodes,  (c)  the  resultant  cur¬ 
rent  if  the  electrodes  are  connected  by  a  wire  of 
negligible  resistance,  and  (d)  the  numerical  values 
of  (a),  (b),  and  (c)  for  the  case  of  sea  water 
(o  =  4/ohm-meter)  if  =  5.5  X  10“^  tesla,  w 
=  2  meter,  1=5  meter,  a  =  b  =  0.5  meter,  v  =  3 
meter/second,  d  =  0.25  meter. 

17-12  Suppose  that  the  circular  loop  of  Exercise 
17-4  is  now  rotated  so  that  its  center  traces  out  a 
circle  of  radius  b  with  center  at  the  origin  while 
the  plane  of  the  loop  remains  parallel  to  the  z 
axis.  In  other  words,  the  loop  has  an  angular 
velocity  w  “  <oz.  Find  E'  in  the  moving  loop. 
Find  •  ds  around  the  loop.  Explain  your 
results  from  the  point  of  view  of  someone  in  the 
fixed  laboratory  system. 

17-13  Two  small  nonmagnetic  dielectric  needle 
shaped  dust  particles  are  moving  with  velocity  v 
at  right  angles  to  a  uniform  B.  The  volume  of 
each  particle  is  V  and  the  distance  R  between 
them  is  much  larger  than  their  linear  dimensions. 
The  particles  are  oriented  with  their  axes  on  the 
same  line  that  is  perpendicular  to  both  v  and  B. 
Find  the  force  that  the  particles  will  exert  on  each 
other,  in  addition  to  gravitation.  Is  it  attractive  or 
repulsive? 

17-14  An  electromagnetic  “eddy  current’*  brake 
consists  of  a  disc  of  conductivity  a  and  thickness 
d  rotating  about  an  axis  passing  through  its  center 
and  normal  to  the  surface  of  the  disc.  A  uniform 
B  is  applied  perpendicular  to  the  plane  of  the  disc 
over  a  small  area  located  a  distance  p  from 
the  axis.  Show  that  the  torque  tending  to  slow 
down  the  disc  at  the  instant  its  angular  speed  is  w 
is  given  approximately  by 

17-15  A  very  thin  conducting  disc  of  radius  a 
and  conductivity  a  lies  in  the  xy  plane  with  the 
origin  at  its  center.  A  spatially  uniform  induction 
is  also  present  and  given  byB  =  Bq  cos(6>/  +  a)z. 


EXERCISES  283 


Find  the  induced  current  density  Jj  produced  in 
the  disc. 

17-16  The  previous  two  exercises  involved  cur¬ 
rents  that  are  produced  in  conductors  as  a  result 
of  Faraday’s  law  and  they  are  given  the  name 
“eddy  currents.”  If  they  arise  from  a  time  varying 
induction,  it  is  possible  to  obtain  a  dififerential 
equation  describing  their  properties.  Begin  by 
combining  (17-10)  and  (12-25),  and  then  by 
applying  (1-120)  show  that,  for  steady  currents, 
the  eddy  currents  satisfy  the  equation  V^J/  = 

17-17  The  henry  is  a  fairly  large  unit  of  induc¬ 
tance.  In  order  to  get  an  idea  of  its  size,  apply 
(17-61)  to  a  solenoid  1  meter  long  and  2  centime¬ 
ters  in  diameter  that  has  a  total  of  600  turns. 

17-18  Use  (17-46)  to  find  the  mutual  inductance 
of  the  circuits  shown  in  Figure  13-5.  Is  your 
answer  consistent  with  the  result  of  Exercise  17-3? 
{Hint:  assume  the  straight  portion  goes  from  -L 
to  L  where  L  is  very  large  and  go  to  the  limit 
L  ^  00  as  late  in  your  calculation  as  possible.) 

17-19  The  two  infinitely  long  antiparallel  cur¬ 
rents  and  the  rectangle  of  Figure  17-17  all  he  in 
the  same  plane.  The  sides  of  length  b  are  parallel 
to  the  directions  of  the  currents.  Find  the  mutual 
inductance  between  the  circuit  of  the  oppositely 
directed  currents  and  the  rectangle.  Verify  that  in 
the  appropriate  hmit  your  result  reduces  to  that 
of  the  previous  exercise. 


Figure  17-17.  The  currents  and  rectangle  of 
Exercise  17-19. 


17-20  A  toroidal  coil  of  N  turns  has  the  central 
radius  of  the  torus  equal  to  b  and  the  radius  of  its 
circular  cross  section  is  a.  Show  that  its  self¬ 
inductance  is  \LQN^[b  -  {b^  - 


17-21  A  toroidal  coil  of  N  turns  has  a  central 
radius  b  and  a  square  cross  section  of  side  a. 
Find  its  self-inductance. 

17-22  Show  that,  as  might  be  expected,  when 
the  dimensions  of  the  cross  section  of  a  toroidal 
coil  are  small  compared  to  the  central  radius,  the 
results  of  the  two  previous  exercises  give  the  same 
approximate  self-inductance  when  expressed  in 
terms  of  the  cross-sectional  area  S. 

17-23  Two  infinitely  long  hollow  cyhndrical 
conductors  are  parallel  to  each  other.  The  radius 
of  each  is  A  and  the  parallel  axes  are  separated 
by  a  distance  D  so  that  in  cross  section  they  are 
as  shown  in  Figure  11-10.  They  carry  equal  and 
opposite  currents  I.  Use  the  results  of  Exercise 

16- 17  and  following  (16-40)  to  show  that  the 
self-inductance  of  a  length  /  of  this  system  is 
simply  related  to  the  capacitance  of  the  same 
length  /  and  then  apply  this  relation  to  find  L. 

17- 24  Two  infinitely  long  coaxial  cyhndrical 
conducting  shells  carry  oppositely  directed  cur¬ 
rents  of  equal  magnitude.  If  the  radius  of  the 
inner  shell  is  a  and  that  of  the  outer  is  b,  find  the 
self-inductance  of  a  length  /  of  this  system. 

17-25  In  Figure  17-14,  assume  that  c  »  u  and 
c  b  and  show  that  (17-53)  becomes  approxi¬ 
mately  iT^Qa^b^/2c^. 

17-26  Consider  a  situation  where  one  can  as¬ 
sume  that  all  of  the  flux  that  passes  through  a  coil 
1  also  passes  through  a  second  coil  2,  and  con¬ 
versely.  For  example,  we  could  have  a  very  long 
solenoid  of  turns  per  unit  length  and  cross- 
sectional  area  Si  over  which  is  wrapped  another 
very  long  solenoid  of  «2  turns  per  unit  length  and 
area  ^2  such  that  S2  =  Si  as  would  be  the  case 
for  very  thin  wires.  Similarly,  we  could  have  one 
set  of  toroidal  windings  wrapped  tightly  over 
another  set  on  the  same  torus.  Show  that  under 
these  conditions,  the  mutual  inductance  M12  is 
related  to  the  individual  self-inductances  Li  and 
L2  by  I  A/12 1  =  relation  gives  an 

upper  limit  to  the  mutual  inductance  of  the  two 
coils.  In  a  real  case,  however,  not  all  of  the  flux 
produced  within  a  given  coil  will  pass  through  the 
other,  as  would  certainly  be  the  case  for  the 
circular  loops  of  Figure  17-14.  Then  the  mutual 
inductance  would  be  less  than  the  value  given 
above.  It  is  customary  in  this  case  to  write  the 
relation  as  \Mi2\  =  where  k  is  some 

number  less  than  unity  and  is  called  the  coeffi¬ 
cient  of  coupling. 
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MAGNETIC  ENERGY 


In  Chapter  7,  we  evaluated  the  electrostatic  energy  of  a  system  in  terms  of  the 
reversible  work  required  to  establish  a  given  configuration  of  charges.  It  also  takes  work 
to  produce  a  given  set  of  currents  in  circuits  and  our  aim  here  is  to  find  it  and  thus  be 
able  to  assign  a  magnetic  energy  to  the  system.  In  the  magnetic  case,  however,  we  do 
not  have  the  analogue  of  the  point  charge  of  electrostatics  so  we  have  to  proceed  in  a 
different  way.  After  we  have  obtained  a  result  in  terms  of  the  overall  parameters  of  the 
system,  we  will  find  that  we  will  be  able  to  express  the  energy  in  terms  of  the  magnetic 
induction  and  to  think  of  it  as  being  distributed  throughout  space. 


18-1  ENERGY  OF  A  SYSTEM  OF  FREE  CURRENTS 


We  begin  by  considering  a  system  of  currents  in  a  group  of  circuits,  So  that  what  we 
will  actually  be  evaluating  is  the  energy  of  free  currents,  specifically  conduction 
currents.  We  want  to  calculate  the  reversible  work  required  to  start  from  an  initial 
situation  in  which  all  of  the  currents  are  zero  and  to  attain  the  situation  in  which  the 
current  in  the  jth  circuit  has  its  final  value  f  where  j  =  1, 2, . . . ,  iV  with  N  being  the 
total  number  of  circuits.  As  we  know  from  Chapter  13,  there  will  be  forces  of  attraction 
and  repulsion  between  these  circuits  that  we  will  assume  to  be  all  perfectly  rigid  and  in 
fixed  positions  so  that  we  need  not  be  concerned  with  the  mechanical  energy  of  possible 
deformation  or  motion  of  the  circuits.  Furthermore,  we  know  from  (12-35)  that  the  very 
existence  of  the  currents  implies  a  conversion  of  electrical  energy  into  heat.  Although 
this  energy  must  be  supplied  by  the  external  sources,  such  as  batteries,  it  is  not  part  of 
the  reversible  work  required  to  establish  the  currents  and  hence  we  can  exclude  it  from 
consideration  here. 

Suppose  that  we  are  at  an  intermediate  stage  of  the  process  where  the  current  in  each 
Cj  is  given  by  its  ij  so  that  the  currents  have  not  attained  their  final  values  7 .  Any 
change  in  any  of  the  currents  in  a  time  interval  dt  will  produce  a  change  d^j  in  the  flux 
through  Cj  and,  from  (17-3),  an  induced  emf  in  it.  The  external  source  must  supply  an 
emf  equal  to  this  value  but  of  opposite  sense  in  order  to  maintain  the  system.  During 
this  time,  a  charge  dqj  =  ij  dt  will  have  passed  through  it,  so  that  the  work  done  by  the 
external  source  will  be  dW^^,  j  =  dqj  =  a 

general  expression. 


=  (18-1) 

as  the  reversible  work  done  by  the  external  agent  and  hence  the  change  in  magnetic 
energy.  Summing  up  over  all  of  the  currents,  we  find  the  total  work  to  be 

=  dU^=  Zijd%  (18-2) 

>=1 

which  we  now  write  as  the  increment  dU^  of  the  magnetic  energy. 

Since  the  rigid  circuits  are  constant  in  shape  and  relative  configuration,  we  see  from 
(17-46)  that  the  inductances  will  be  constant,  and  then,  according  to  (17-58),  the  only 
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way  the  fluxes  can  change  is  by  way  of  current  changes  so  that 

N 

d%=Y.M^,di,  (18-3) 

A:  =  l 


If  we  combine  (18-2)  and  (18-3),  we  obtain 

dU^=  i  (18-4) 

j=l  k^l 


which  must  now  be  summed  up  as  the  currents  are  increased  from  their  initial  values  of 
zero  to  their  final  values  /  .  There  are  a  variety  of  ways  in  which  one  can  imagine  this 
process  being  carried  out.  For  example,  we  could  bring  the  currents  to  their  final  values 
one  at  a  time,  we  could  increase  them  all  simultaneously,  we  could  increase  some  first 
and  the  rest  later,  and  so  on.  In  any  event,  the  final  result  for  the  energy  must  depend 
only  on  the  final  state  and  be  independent  of  the  process  by  which  it  was  attained  as  is 
familiar  to  us  from  thermodynamic  discussions  of  state  functions.  Accordingly,  we  will 
use  a  simple  scheme  for  increasing  all  the  currents  simultaneously,  and  leave  as  an 
exercise  the  task  of  showing  that  the  same  result  is  obtained  by  changing  only  one 
current  at  a  time. 

Let  us  assume  that  at  any  instant  t,  each  current  is  the  same  fraction  f  of  its  final 
value,  so  that  ifit)  =  f{t)Ij  where  f{t)  is  independent  of  j  and  ranges  from  its  initial 
value  of  zero  to  its  final  value  of  unity.  Then  dif^  =  df  and  (18-4)  becomes 

dU^-Z'LMj.I^IJdf  (18-5) 

j  * 


Summing  these  changes  from  the  initial  to  the  final  state,  and  choosing  our  zero  of 
energy  such  that  =  0  for  the  initial  state  of  no  currents,  we  find  the  magnetic  energy 
to  be  given  by 


C4. 


I  N  N 

T  I  I 

^  y=i  k  =  \ 


(18-6) 


We  see  that  (18-6)  is  independent  of  the  precise  manner  in  which  /  changed  in  time 
and,  in  that  sense,  is  independent  of  the  process;  this  is,  of  course,  always  subject  to  the 
conditions  that  these  changes  are  slow  enough  so  that  the  process  can  be  considered  to 
be  reversible. 

We  can  rewrite  (18-6)  in  terms  of  the  currents  and  fluxes  by  using  (17-58)  again  to 
give 


where  is  the  total  flux  through  Cj  from  all  sources  including  itself. 


Example 

Two  circuits.  With  A  =  2,  we  can  write  (18-6)  with  the  use  of  (17-60)  and  (17-49)  as 

u„  = 

=  +  \L^ll  (18-8) 

The  first  term  depends  only  on  circuit  1  and  represents  the  work  needed  to  establish  th^ 
current  against  its  own  self-inductance  and  can  properly  be  described  as  the 
“self-energy”  of  L^;  similar  remarks  apply  to  the  third  term.  Thus,  for  a  single  isolated 
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inductance  L  with  a  current  /,  we  can  write  its  energy  as 

=  \LP  (18-9) 

The  middle  term  of  (18-8)  involves  both  currents  and  arises  from  the  fact  that  a 
changing  flux  in  one  circuit  produces  an  induced  emf  in  the  other;  this  term  can  be 
taken  to  represent  the  “interaction  energy’'  of  the  two  circuits.  [It  is  interesting  to 
compare  (18-6)  through  (18-8)  with  the  results  (7-16)  through  (7-18)  which  we  found  for 
the  case  of  conductors  in  an  electrostatic  field.]  ■ 


Our  results  so  far  have  been  appropriate  for  filamentary  currents  and  now  we  would 
like  to  rewrite  them  so  as  to  cover  the  important  cases  where  we  have  distributed 
currents.  If  we  use  (16-23)  to  rewrite  the  flux  Oy  in  (18-7),  we  obtain 

=  (18-10) 

J 

where  A(ry)  is  the  total  vector  potential  at  the  location  Tj  of  the  current  element  Ij  dsj 
of  Cj.  Now  the  integral  over  Cj  gives  the  contribution  to  from  all  of  the  current 
elements  of  Cy,  and  then  the  sum  over  j  finally  produces  the  sum  of  the  contributions 
from  all  of  the  current  elements  of  the  whole  system  under  consideration.  Therefore,  if 
we  use  the  first  of  the  equivalents  in  (12-10),  remember  that  we  are  dealing  with  free 
currents,  and  integrate  over  all  regions  containing  currents,  we  can  rewrite  (18-10)  as 

=  \  /^J/(r)  •  A(r)  dr  (18-11) 


Actually,  we  can  extend  the  region  of  integration  to  cover  all  space,  since  in  regions  in 
which  there  are  no  currents,  Jy  =  0,  and  they  will  contribute  nothing  to  (18-11);  thus  we 
can  finally  write  the  magnetic  energy  in  the  form 

=  J/(r)  •  A(r)  dr  (18-12) 

*^all  space 

Upon  comparing  this  result  with  (7-10),  we  see  that  the  vector  potential  plays  much  the 
same  role  in  determining  the  energy  of  a  system  of  currents  as  the  scalar  potential  does 
for  charges.  The  result  (18-12),  as  does  (18-7),  has  a  form  appropriate  to  the  attitude 
that  the  energy  is  associated  with  the  currents  and  is  “  located”  at  their  positions. 

If  there  are  surface  currents,  we  can  use  the  other  equivalent  of  (12-10)  to  write  their 
contribution  to  the  energy  as 

=  U  K^(r)  •  A(r)  da  (18-13) 

^  •'all  space 


■  Example 

Infinitely  long  ideal  solenoid.  In  (15-22),  we  found  that  this  system  can  be  described  in 
terms  of  a  surface  current  K  =  nl  circulating  about  its  outer  surface  so  that,  in  accord 
with  Figure  16-5,  we  can  write  Ky  =  «/$.  Similarly,  we  found  in  (16-46)  and  after 
(16-50)  that  the  vector  potential  on  the  surface  (where  Ky  ¥=  0)  is  A  =  where 

we  write  the  radius  as  d.  If  we  insert  these  into  (18-13)  in  order  to  obtain  the  energy  of 
a  length  /  of  the  solenoid,  so  that  the  area  of  integration  is  Iwal,  we  find  that  the 
integrand  is  constant  and  therefore 

u„=  -  ji-iion^Pa\ da  =  -n^n^irra^)!!^ 


(18-14) 
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If  we  compare  this  with  (18-9),  and  note  that  the  cross-sectional  area  is  S  =  we  see 
that  the  inductance  is  L  =  exactly  as  we  found  in  (17-61)  by  calculating  the 

flux.  ■ 
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As  we  briefly  noted  after  (18-12),  its  form  is  appropriate  to  interpreting  the  energy  as 
associated  with  and  located  at  the  currents.  This  is  a  point  of  view  that  is  consistent 
with  the  action  at  a  distance  property  of  Ampere’s  law  with  its  emphasis  on  the  current 
elements  and  their  relative  orientations.  Our  primary  interest,  however,  is  in  the  field 
description  of  phenomena  and  we  now  want  to  express  the  energy  in  these  terms. 

We  can  use  (15-12)  to  write  =  (v  X  B)//Ao  since  we  are  only  considering  free 
currents  at  present;  then  (18-12)  becomes 

u„  =  —  f{vxB)\d7  (18-15) 

2/io-' 

We  can  rewrite  the  integrand  by  using  (1-116),  (16-7),  and  (1-17): 

A  •  ( V  X  B)  =  B  •  ( V  X  A)  -  V  •  (A  X  B)  =  -  V  •  (A  X  B)  (18-16) 

If  we  substitute  this  into  (18-15)  and  use  the  divergence  theorem  (1-59)  to  write  one  of 
the  resulting  volume  integrals  as  a  surface  integral,  we  find  that 

B^dr  -  ^^(A  xB)‘dz  (18-17) 

2iiqJv  2/Ao^ 

Now  our  starting  integral  (18-12)  was  to  be  taken  over  all  space  so  that  in  (18-17)  we 
should  regard  K  as  a  very  large  volume  and  S  its  extremely  large  bounding  surface. 
Then  as  we  let  V  become  infinite,  S  will  recede  out  to  infinity.  We  assume  that  the 
current  distribution  will  always  be  contained  in  a  finite  volume.  Thus,  as  S  gets  very  far 
away,  the  whole  current  distribution  will  appear  to  be  contained  within  a  very  small 
volume  a  distance  R  away.  If  we  look  back  at  (16-12)  and  (14-7),  we  see  that,  as 
R  ^  00,  the  worst  that  we  can  expect  to  occur  is  that 

A - B - r  AXB - r  (18-18) 

R  R^  R^  ^  ^ 

so  that  the  magnitude  of  the  integrand  is  decreasing  as  R^.  As  we  will  see  in  the  next 

chapter,  however,  this  estimate  is  overly  pessimistic  and,  in  fact,  at  large  distances  the 
current  distribution  will  appear  as  a  closed  loop  for  which  we  will  find  that 

11  1  .  ^ 

A - r  B - r  AXB- - r  (18-19) 

R^  R^  R^  ^  ^ 

The  surface  of  integration  is  increasing  as  R^,  so  that,  for  very  large  R 

^  ^  ^  0  (18-20) 
*'5  K  K  R~*oo 

Thus,  when  the  volume  V  in  (18-17)  is  increased  to  include  all  space,  the  surface 
integral  will  vanish  by  (18-20)  and  the  expression  for  the  energy  becomes  simply 

B^ 

t4,=  /  ^dr  (18-21) 

•'all  space 

[We  note  that  even  if  (18-18)  were  applicable,  the  surface  integral  would  still  vanish  as 
it  did  in  the  corresponding  electric  case  (7-27).] 
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The  result  (18-21)  has  the  same  general  form  as  the  electric  result  (7-28)  and  we  can 
give  it  the  same  sort  of  interpretation,  that  is,  the  magnetic  energy  is  distributed 
continuously  throughout  space  with  an  energy  density  given  by 


u 


m 


2/^0 


(18-22) 


SO  that  the  total  magnetic  energy  can  be  written  as 


14.=  /  u^dT  (18-23) 

•'all  space 

The  units  of  will  be  joule/(meter)^. 

As  discussed  after  (7-30),  we  are  not  forced  to  interpret  our  expression  (18-21)  in  this 
way,  but  it  is  the  natural  thing  to  do  and  turns  out  to  be  very  useful  as  well  as 
consistent  with  all  that  we  will  do  later. 

We  also  recall  that  (7-28)  could  be  usefully  applied  to  the  calculation  of  capacitance. 
Similarly,  we  can  use  (18-21)  for  the  calculation  of  inductance  by  combining  it  with 
(18-9).  Thus,  if  we  have  found  B  by  other  means,  we  can  use  it  to  calculate  the  energy; 
then  we  know  that  will  turn  out  to  be  proportional  to  so  that  L  can  be  found  as 
L  =  2U^/P.  As  usual,  the  method  is  best  illustrated  with  examples. 


Example 


Infinitely  long  ideal  solenoid.  We  have  already  used  this  to  illustrate  (18-13).  Using 
(15-26)  and  (15-25)  in  (18-22),  we  find  the  energy  density  to  be  =  ipQn^P  =  const, 
inside  the  solenoid  and  =  0  outside.  If  we  consider  a  length  /  of  the  solenoid  of 
cross-sectional  area  S,  the  volume  will  be  SI  and  (18-23)  becomes 


IL  = 


in  complete  agreement  with  (18-14);  thus  we  get  the  same  self-inductance  L  =  p^n^Sl 
as  we  have  found  twice  before.  ■ 


Example 

Coaxial  line.  In  Figure  18-1,  we  show  the  same  system  previously  shown  in  Figure  6-12, 
that  is,  two  coaxial  cylindrical  conductors;  the  inner  conductor  has  radius  a  while  the 
outer  conductor  has  an  inner  radius  b  and  an  outer  radius  c.  We  now  assume  that  the 
conductors  carry  equal  and  opposite  total  currents  of  magnitude  /  uniformly  distrib¬ 
uted  over  the  cross  sections,  while  there  is  a  vacuum  in  the  region  between  them.  We 
choose  the  z  axis  in  the  direction  of  the  current  in  the  inner  conductor.  The  required 
values  of  B  can  be  found  by  using  the  integral  form  of  Ampere’s  law  (15-1).  By  now  we 
recognize  from  the  symmetry  of  the  situation  that  B  has  the  form  B  =  5^(p)$  so  that 
it  is  appropriate  to  choose  as  a  path  of  integration  a  circle  of  radius  p.  Then  the 
evaluation  of  (15-1)  is  exactly  like  that  of  (15-17)  so  that,  for  any  value  of  p,  we  can  use 
(15-18)  and  say  that 

B,{P)  =  ^  (18-24) 

and  all  that  remains  is  the  evaluation  of  /^nc  for  ^  given  path.  It  will  be  convenient  to 
treat  the  four  regions  labeled  1,  2,  3,  4  on  the  diagram  separately;  they  correspond 
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Figure  18-1.  A  coaxial  line 
carrying  equal  currents  in 
opposite  directions. 


respectively  to  the  inner  conductor,  the  space  between  conductors,  the  outer  conductor, 
and  all  space  outside  of  the  system.  In  this  way,  we  will  get  a  clearer  idea  of  how  each 
region  contributes  to  the  total  self-inductance  of  the  system. 

1.  (0  <  p  <  Here,  /encA  =  /•no})  =  (P-/a}  and  (18-24)  yields 


B 


«pi 


(18-25) 


as  in  (15-20).  Since  in  this  case,  the  corresponding  energy  density  found  from 

(18-22)  is 


(18-26) 


The  volume  element  is  dT  =  p  dp  dcp  dz  by  (1-83),  and,  if  we  integrate  over  a  length  / 
of  the  system,  we  find  the  energy  associated  with  this  part  to  be 


U^i  = 


l  plTT  j  j  j 

-z—TTpdp  d(pdz 

OTT  a 


rl  rl'jT 

Jq  Jq  Jq 


(18-27) 


We  note  that  this  result  is  finite  because  the  value  of  goes  to  zero  as  p  0  rather 
than  becoming  infinite  there. 

2.  {a  <  p  <  b)  Here  =  7,  and  proceeding  exactly  as  above,  we  obtain 


B. 


cp2 


27rp 


(18-28) 


^m2  = 


8w  V 


(18-29) 


^4,2  = 


4w 


In  - 


(18-30) 
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3.(b<p<c)  Here,  =  I  -  /[7r(p^  -  b^)/’rT{c^  -  b^)]  =  I(c^  -  p^)/(c^  -  b^) 
and  therefore 


5.3 


Mo^  /  _ 

2it(c^  -  Z»^)  \  P  ^ 


(18-31) 


87r^(c2-&^)' 


(18-32) 


(18-33) 


4.  (c  <  p)  Here,  =  I  -  1  =  0.  Therefore,  w^4,  and  (7^4  are  all  zero. 

We  can  thus  obtain  the  total  energy  by  adding  (18-27),  (18-30),  and  (18-33),  and 
when  we  combine  this  with  (18-9),  we  find  the  total  self-inductance  of  the  length  /  of 
this  system  to  be 


L  —  PqI 


1 

1  t 

'b\ 

—  + 

—  ln| 

- 

\  877 

2ir 

+ 


277(c^  —  b^y 


(18-34) 


which  has  a  form  clearly  indicating  the  contribution  of  each  region  to  the  total.  In  most 
practical  situations,  the  middle  term  in  (18-34)  is  the  principal  source  of  the  inductance. 


18-3  MAGNETIC  FORCES  ON  CIRCUITS 

As  we  know,  two  current  carrying  circuits  will  in  general  exert  forces  on  each  other  and, 
in  principle,  these  forces  can  be  calculated  from  Ampere’s  law.  However,  as  we  saw  for 
electrostatic  forces  in  Section  7-4,  it  is  often  desirable  to  express  forces  in  terms  of 
energy  changes.  This  is  what  we  now  want  to  do  for  magnetic  forces. 

For  simplicity,  we  consider  only  two  circuits,  since  this  will  be  sufficient  to  illustrate 
all  of  the  general  features  involved.  The  general  situation  will  then  be  just  that  shown  in 
Figure  13-1,  which  was  our  starting  point  in  magnetism.  As  we  saw  in  (13-9),  in  order 
to  have  this  system  in  equilibrium,  the  magnetic  force  on  C  must  be  balanced  by  an 
equal  and  opposite  mechanical  force  ^^lech  external  agent,  which  could  include 

springs,  braces,  and  the  like. 

Now  let  us  imagine  that  the  position  vector  r  of  each  point  of  C  is  slowly  changed 
by  the  same  amount  dr;  thus  the  whole  circuit  is  being  translated  by  this  amount  but  is 
not  rotated.  The  other  circuit  C'  is  held  fixed,  as  are  the  batteries  responsible  for  the 
maintenance  of  the  currents.  (Consequently,  we  will  never  be  able  to  treat  these  circuits 
as  being  completely  isolated  systems.)  Under  these  conditions,  the  work  done  by  the 
mechanical  force  will  be  reversible  work  and  will  be  equal  to  the  change  dU^  in  the  total 
energy  of  the  complete  system,  that  is,  dUi  =  acceleration,  or 

nearly  so,  the  circuit  C  will  remain  in  equilibrium,  or  be  only  infinitesimally  different 
from  it,  so  that  we  will  continue  to  have  F^  =  —  F^g^^  Ihen  we  can  also  write 

dU,=  -F^-dr  (18-35) 

Comparing  this  with  (1-38),  we  see  that 

F„=-Vt/,  (18-36) 

which  is  a  result  analogous  to  the  one-dimensional  one  of  (7-36).  Although  these  are 
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fundamental  results,  we  would  like,  if  possible,  to  relate  the  magnetic  force  to  changes 
in  the  magnetic  energy  only.  We  begin  by  noting  that  the  total  energy  change  will  be 
the  sum  of  the  magnetic  energy  change,  dU^,  and  that  of  the  batteries,  dUg,  so  that 

dU,  =  dU„  +  dUg  (18-37) 

As  we  saw  for  the  analogous  electrostatic  case  in  Section  7-4,  it  is  instructive  and  useful 
to  visualize  two  possible  conditions  under  which  this  displacement  is  carried  out. 

1.  Constant  currents.  When  one  circuit  is  moved  relative  to  the  other,  the  fluxes 
through  them  will  generally  change;  these  will  produce  induced  emfs  and  in  order  to 
keep  the  currents  constant,  the  batteries  will  have  to  do  work  against  these  emfs  or  will 
have  work  done  on  them  depending  upon  the  signs  of  the  flux  changes.  We  can  use 
(18-7)  to  write  the  energy  of  the  currents  I  and  1'  as  -t- 1'^').  Then,  if  I 

and  /'  are  constant,  we  have  dU^  =  \{Id^  +  I' d<^').  We  previously  found  the  work 
required  from  the  external  sources  (the  batteries)  in  (18-2);  however,  we  must  remember 
that  in  this  case  the  currents  are  already  at  their  final  values  so  that  the  dU^  of  (18-2)  is 
not  the  same  as  the  dU„  we  are  discussing  here.  Since  any  work  done  by  the  batteries 
represents  a  decrease  in  their  energy,  we  get 

dUg  =  -dW„,  =  -{Id<i>  +  I'd<^')  =  -2dU„  (18-38) 

which  is  opposite  in  sign  to  that  of  the  circuits  and  twice  as  great  in  magnitude. 
Substituting  this  into  (18-37),  we  get  dU,  =  -dU„  in  this  case  so  that  (18-36)  becomes 

F^={\tU„)f  (constant  currents)  (18-39) 

where  the  subscript  I  on  the  gradient  reminds  us  that  all  currents  are  to  be  kept 
constant  while  evaluating  the  derivatives. 

Since  the  force  described  by  (18-39)  is  in  the  same  direction  as  the  gradient  of  U„,  its 
tendency  will  be  to  increase  the  magnetic  energy  of  the  system.  Thus,  the  equiUbrium 
state  with  constant  current  (F„,  =  0)  will  correspond  to  a  maximum  of  the  magnetic 
energy.  Then  we  see  from  (18-7)  that  the  constant  current  circuits  will  tend  to  adjust 
themselves  by  translation  so  as  to  enclose  as  much  flux  as  possible.  In  the  next  chapter, 
we  will  see  that  a  similar  conclusion  can  be  drawn  with  respect  to  possible  rotations. 

In  terms  of  the  present  notation,  the  energy  expression  (18-8)  can  be  written 
U  =  i£/2  -I-  jtf//'  +  where  M  is  the  mutual  inductance.  Since  we  are  consid¬ 

ering  only  displacements  that  are  rigid  translations,  the  shapes  of  the  circuits  will  not 
change  so  that  the  self-inductances  will  also  be  constant  according  to  (17-56);  therefore, 
M  is  the  only  quantity  affected  by  the  displacement  and  (18-39)  gives 


=  ir  VM 

(18-40) 

For  example,  the  x  component  would  be  given  by 

dM 

F  =  II' - 

dx 

(18-41) 

Before  we  discuss  this  in  more  detail,  let  us  consider  the  other  possibility. 

2.  Constant  flux.  As  we  mentioned  above,  when  the  circuits  are  displaced,  the  fluxes 
could  be  expected  to  change  if  nothing  were  done  to  prevent  this.  However,  if  the 
currents  are  appropriately  adjusted  during  this  process,  one  could  carry  it  out  while 
keeping  $  and  O'  constant.  Then,  the  corresponding  magnetic  energy  change  obtained 
from  (18-7)  will  be 

dU^=  \(^dl  +  <^'dr)  (18-42) 

We  also  see  from  (18-1)  that  this  will  require  no  energy  change  in  the  battery  so  that 
dUg  =  0;  the  batteries’  energy  will  nevertheless  decrease  because  of  the  constant 
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irreversible  conversion  of  energy  into  heat  as  described  by  (12-35),  but  we  are  not 
interested  in  that  here.  Thus,  for  this  case,  (18-37)  becomes  dU.  =  dU„  so  that  (18-36) 
takes  the  form 


(fluxes  constant)  (18-43) 

[We  recall  the  similar  results  (7-45)  and  (7-37)  that  we  previously  obtained.] 

Now  (18-43)  must  lead  to  the  same  expression  (18-41)  since  the  overall  physical 
situation  is  the  same,  only  the  calculational  schemes  differ.  Unfortunately,  (18-8)  is 
expressed  in  terms  of  the  currents,  while  in  order  to  use  (18-43)  effectively,  we  want  an 
expression  for  in  terms  of  the  fluxes.  Applying  (17-58)  and  (17-60)  to  this  case,  we 
get  ^  =  LI  +  Mr  and  =  MI  -T  L'l'.  Solving  these  for  the  currents,  we  find  that 


L'$  -  -M4>-TZ,0' 

LU  -  M^  ^  ~  LL'  -  M^ 


(18-44) 


Substitution  of  these  into  U„  =  ^(/4)  -f-  /'$'),  as  obtained  from  (18-7),  yields 

Now,  in  consonance  with  (18-43),  we  can  differentiate  this  expression  while  realizing 
that  everything  in  it  except  M  is  constant;  we  find  that 

/  dU^  \  1 

■  (LL- *  "“'‘ItT 

dM 

=  -II'— 


with  the  use  of  (18-44).  Therefore,  the  jc  component  of  (18-43)  will  be 


F  ^  - 

mx 


dU 

dx 


=  II 


dM 

dx 


exactly  as  we  found  in  (18-41)  as  an  application  of  (18-39);  since  there  will  be  similar 
expressions  for  the  y  and  z  components,  we  will  again  be  led  to  (18-40)  as  a  general 
result  for  the  force  on  the  circuit  C. 


Example 


Ampere's  law.  Although  (18-40)  has  a  different  appearance,  it  must  express  the  same 
thing  as  did  Ampere’s  law.  We  can  easily  see  that  this  is  the  case.  Substituting  the  form 
of  (17-48)  appropriate  to  the  present  case  into  (18-40),  we  obtain 


I^qII'  f  f  ds  '  ds' 


(18-46) 


Now  the  rigid  translation  of  C  that  we  have  envisaged  will  not  affect  the  line  elements 
ds  and  ds',  nor  the  limits  of  the  double  integrals;  in  fact,  the  only  variable  as  far  as  the 
V  operator  is  concerned  is  R,  Thus  we  can  interchange  the  differentiation  and 
integration  and  use  (1-141)  to  obtain 


4it 


{ds  •  Js')R 
~R^ 


which  is  exactly  the  version  of  Ampere’s  law  expressed  by  (13-6)  and,  as  we  know,  is 
equivalent  to  (13-1)  for  calculating  the  total  force  on  C.  ■ 
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Example 

Two  interpenetrating  long  solenoids.  Suppose  we  have  two  long  ideal  solenoids,  one  of 
which  extends  into  the  other  a  distance  x  as  illustrated  in  Figure  18-2.  We  will  assume 
the  windings  are  thin  enough  so  that  their  cross-sectional  areas  are  approximately  equal 
to  the  same  value  S.  In  this  case,  the  solenoids  are  not  infinitely  long  and  we  cannot 
assume  that  the  values  of  B  produced  by  them  in  the  overlapping  region  of  interest  here 
are  the  same  as  those  found  in  the  interior  far  from  the  ends.  In  fact,  as  we  will  see 
later,  the  lines  of  B  near  the  end  tend  to  diverge  quite  rapidly  from  the  axial  direction 
as  indicated  schematically  in  Figure  18-3,  and  thus  will  not  all  pass  through  the  distant 
turns  of  the  other  solenoid.  Nevertheless,  we  can  neglect  these  “end  efifects,”  provided 
that  X  is  already  large  enough,  and  find  the  mutual  inductance  by  considering  only  the 
flux  contained  within  the  overlapping  region;  we  can  therefore  use  a  previous  result 
based  on  Figure  17-15.  Let  the  inner  solenoid  have  n  turns  per  unit  length  and  carry  a 
current  /;  the  values  for  the  outer  are  n'  and  I'.  The  mutual  inductance  can  then  be 
obtained  from  (17-54)  and  is  M  =  tiQnn'Sx.  Using  this  in  (18-41),  we  find  the  force  to 
be 


SBB' 

F_  =  t^onri’Sir  =  —  (18-47) 

ro 

where  the  last  form,  expressing  it  in  terms  of  the  inductions  produced  by  each  solenoid, 
was  obtained  by  using  (15-24).  What  will  be  the  direction  of  this  force?  If  I  and  P 
both  circulate  about  their  respective  solenoids  in  the  same  sense,  the  flux  produced  in 
one  by  the  other  will  be  positive  and  M  will  be  positive  by  (17-45).  Then  dM/dx  will 
be  positive,  will  be  positive,  and  the  inner  one  will  be  attracted  into  the  outer  one. 
This  is  consistent  with  our  qualitative  statement  following  (13-14)  that  parallel  currents 
attract  each  other.  If  /  and  /'  circulate  in  opposite  senses,  then  the  flux  produced  by 
one  in  the  other  will  be  negative,  according  to  our  sign  conventions,  making  M 
negative,  and  then  dM/ dx  and  will  both  be  negative.  Therefore,  the  inner 
solenoid  will  be  repelled  by  the  outer,  again  consistent  with  our  qualitative  statement 
that  “  unlike”  currents  repel  each  other.  But  all  of  this  is  also  contained  in  (18-47)  if  the 
currents  are  assigned  relative  signs  according  to  their  relative  sense  of  circulation.  Thus, 
if  they  are  in  the  same  sense,  IP  will  be  positive,  as  will  while  if  they  are 
circulating  in  opposite  senses,  IP  <  0  and  F^^  <  0  in  agreement  with  all  of  the  above. 
We  can  also  express  this  same  result  quite  nicely  in  terms  of  the  inductions  by  writing 
(18-47)  as 

=  — B  •  B'  (18-48) 

Mo 

which  will  automatically  give  the  correct  sign  to  F^^.  ■ 


I 

I 

]  j  Figure  18-2.  Two  inter- 
_ _  penetrating  long  solenoids. 
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Figure  18-3.  General  appearance 
of  lines  of  B  near  the  end  of  a 
solenoid. 


Previously,  by  considering  the  force  on  a  plate  of  a  charged  parallel  plate  capacitor, 
we  found  in  (7-50)  that  there  was  a  force  per  unit  area  on  the  conductor  that  was 
directed  outward  from  the  surface  (a  tension)  and  was  numerically  equal  to  the  energy 
density  at  the  surface.  We  can  find  a  similar  result  here  by  looking  at  the  specific 
example  of  what  is,  perhaps,  the  nearest  analogue  we  have  to  the  oppositely  charged 
plates  of  a  parallel  plate  capacitor. 


Example 

Two  oppositely  directed  current  sheets.  In  Figure  18-4,  we  show  an  edge-on  view  of  two 
long  parallel  planes  carrying  surface  currents  of  constant  density  K  but  in  opposite 
senses,  one  directed  out  of  the  page  and  one  into  it.  The  width  of  the  sheets  is  w  and  jc 
is  the  distance  between  them  as  measured  in  the  sense  shown.  If  the  sheets  are  very  long 
and  if  w  »  x,  then  we  can  neglect  the  edge  effects  and  treat  them  as  if  they  were 
infinite  plane  sheets.  In  this  case,  we  know  from  (14-26)  that  the  B  produced  by  each 
sheet  has  magnitude  is  perpendicular  to  the  direction  of  K  and  hence  is  in  the 


B  »  0 


K(out) 


if(in) 


Figure  18-4.  Two  oppositely  directed  current  sheets. 
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plane  of  the  page,  and  has  opposite  directions  on  the  two  sides  of  the  sheet.  These 
inductions  are  shown  as  the  dashed  arrows  in  the  figure  and  are  labeled  by  their  source 
current  (“out”  or  “in”).  The  resultant  induction  B  =  is  shown  as  the  solid 

arrow  and  we  see  that  B  ^  0  only  in  the  region  between  the  sheets  where  it  has  the 
constant  magnitude  fi^K.  Putting  this  into  (18-22),  we  find  the  energy  density  to  be 
"m  =  =  const,  between  the  plates  and  zero  everywhere  else.  Therefore,  the 

magnetic  energy  of  a  length  i  of  this  system,  and  corresponding  volume  w/x,  as 
obtained  from  (18-23)  is 


=  \v.^K^wlx  (18-49) 

The  magnetic  force  on  the  upper  sheet,  which  corresponds  to  an  increase  in  x,  as 
obtained  from  (18-39)  is  then  found  to  be 

F„  =  -^x  =  -moA:^(w/)x  (18-50) 

We  see  that  this  force  is  in  the  positive  x  direction  and  thus  is  repulsive,  as  is  to  be 
expected  for  these  oppositely  directed  currents.  We  also  note  that  is  proportional  to 
w/,  the  area  of  the  sheet,  so  that  if  we  introduce  a  force  per  unit  area,  we  can  write 

|F«I  1  .  .  ^ 

L=-^=  2>^oK^  =  "" 

and  we  see  that  its  magnitude  is  exactly  equal  to  the  magnetic  energy  density.  In  this 
case,  k  is  the  normal  to  the  surface  directed  from  the  B  =5^  0  region  to  the  B  =  0  region 
which  enables  us  to  write  the  force  per  unit  area  in  vector  form  as 

=  (18-52) 

The  direction  of  the  force  is  such  as  to  tend  to  move  the  sheet  into  the  B  =  0  region 
and  hence  may  be  properly  described  as  a  pressure. 

Combining  all  of  the  relations  involved,  we  can  write  variously  as 

where  K  and  B  are  evaluated  at  the  position  where  we  want  /„.  These  results  are  all 
very  similar  to  what  we  found  in  the  electrostatic  case  as  described  by  (7-49),  (7-50), 
and  (7-52).  ■ 

We  have  assumed  throughout  that  the  circuits  are  completely  rigid.  If  the  internal 
forces  of  the  material  are  not  large  enough  to  counterbalance  these  magnetic  forces,  the 
conductors  comprising  the  circuits  will  deform.  This  deformation  will  generally  con¬ 
tinue  until  the  new  internal  elastic  forces  produced  will  be  large  enough  to  produce  a 
new  equilibrium  configuration  of  the  systems. 


EXERCISES 

18-1  The  magnetic  force  on  a  current  element 
ids  is  dF  =  ids  X  B  by  (14-5).  Suppose  that 
every  element  of  ds  is  given  the  same  displace¬ 
ment  dr  while  i  is  kept  constant.  Find  the  work 
done  by  the  external  agent  and  thus  show  directly 
that  it  is  id^  where  dO  is  the  change  in  flux. 


18-2  Consider  a  single  self-inductance  L  at  an 
intermediate  stage  where  its  current  is  i  with 
0  <  i  <  /.  Find  the  work  required  to  increase  the 
current  by  di.  Then  add  all  these  work  increments 
from  the  initial  state  of  zero  current  to  the  final 
state  of  current  I  and  thus  obtain  (18-9)  again. 
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18-3  Instead  of  the  method  we  used  to  sum  up 
(18-4),  evaluate  in  the  following  way.  Begin¬ 
ning  with  all  currents  equal  to  zero,  increase 
from  0  to  /j  while  keeping  all  the  others  zero. 
Then,  with  /j  at  its  final  value,  increase  ^2  from  0 
to  J2  and  so  on  for  each  in  turn.  In  this  way, 
show  that  (18-6)  is  again  obtained. 

18-4  Use  the  fact  that  the  energy  of  two  circuits 
as  given  by  (18-8)  must  be  positive  to  show  that 
1^^121  ^  V'i-1^2  as  was  discussed  in  another  way 
in  Exercise  17-26. 

18-5  A  self-inductance  L,  a  resistance  R,  and  a 
battery  of  emf  are  all  connected  in  series.  Use 
energy  considerations  to  show  that  the  current  i 
satisfies  the  differential  equation  L(di/dt)  -I-  Ri 
=  Now  assume  that  i  ¥=  0  and  the  battery  is 
switched  out  of  the  circuit.  Solve  the  resulting 
equation  and  find  the  relaxation  time  of  this 
system. 

18-6  Consider  a  vacuum  situation  where  E  and 
B  each  have  the  same  numerical  values  in  their 
appropriate  set  of  units.  In  other  words,  E  =  x 
volt/meter  and  B  =  x  tesla.  Find  the  ratio  u^/u^ 
of  their  respective  energy  densities  and  evaluate 
its  numerical  value. 

18-7  A  long  cylindrical  nonmagnetic  conductor 
of  radius  b  has  a  coaxial  cyhndrical  hole  of  radius 
a  drilled  along  it,  that  is,  it  is  like  Figure  18-1 
with  conductor  in  region  2  and  everything  else  a 
vacuum.  It  carries  a  current  I  distributed  uni¬ 
formly  over  the  cross  section.  Find  the  magnetic 
energy  associated  with  the  induction  in  a  length  / 
of  the  conductor. 

18-8  A  closely  wound  toroidal  coil  of  N  turns 
has  the  central  radius  of  the  torus  equal  to  b  and 
the  radius  of  its  circular  cross  section  is  a.  Find 
its  magnetic  energy  when  there  is  a  current  I  in 
the  windings  and  show  that  this  leads  to  the  same 
self-inductance  as  found  in  Exercise  17-20.  If 
a  by  show  that  L  becomes  approximately  the 
same  as  that  of  a  long  ideal  solenoid  of  length 
I'nh.  Is  this  reasonable? 

18-9  Under  what  conditions,  if  any,  will  the 
contribution  of  region  1  of  Figure  18-1  to  the 
self-inductance  of  the  coaxial  line  be  greater  than 
that  of  region  2? 

18-10  A  common  method  of  making  coaxial  lines 
is  to  use  a  very  thin  outer  conductor,  that  is,  the 
radii  c  and  b  of  Figure  18-1  are  nearly  equal. 
Show  that  under  these  conditions  the  contribu¬ 
tion  of  the  outer  conductor  to  the  self-inductance 
becomes  approximately  (/io//89rA)(c  -  b)  and 


thus  show  that  (18-34)  is  consistent  with  the  result 
found  for  Exercise  17-24. 

18-11  Generalize  (18-39)  and  (18-40)  to  the  case 
in  which  there  are  more  than  two  circuits  in  the 
system. 

18-12  Use  (18-41)  to  find  the  force  on  C  of 
Figure  13-5  and  verify  that  the  result  is  the  same 
as  obtained  for  Exercise  13-4. 

18-13  The  circular  loop  of  Exercise  17-4  now 
has  a  current  V  in  it  that  is  in  the  sense  required 
to  make  M  positive.  Find  the  force  on  the  loop. 

18-14  Find  the  force  on  the  circle  of  radius  b 
shown  in  Figure  17-14.  Leave  your  answer  in 
integral  form  but  verify  that  it  reduces  to  the 
result  of  Exercise  13-8  under  appropriate  condi¬ 
tions. 

18-15  Use  the  result  of  Exercise  17-25  to  find 
the  force  on  the  circle  of  radius  b  of  Figure  17-14 
when  the  two  circles  are  far  away  from  each 
other. 

18-16  A  long  flexible  spring  of  length  /  hangs 
vertically  with  its  upper  end  rigidly  fastened.  It 
has  n  turns  per  unit  length  and  the  radius  of  its 
circular  cross  section  is  a.  A  mass  m  is  fastened 
to  the  lower  end  of  the  spring.  A  current  I  passed 
through  the  spring  will  enable  it  to  support  the 
weight  without  its  being  stretched  or  contracted. 
If  the  mass  of  the  spring  is  neglected  show  that 
I  =  Do  this  in  two  ways  by 

using  both  (18-39)  and  (18-43). 

18-17  A  long  thin  coil  of  length  /,  cross-sec¬ 
tional  area  S,  and  n  turns  per  unit  length  carries 
a  current  I.  It  is  placed  along  the  axis  of  a  large 
circular  ring  of  radius  a  which  is  carrying  a 
current  /'.  If  8  is  the  displacement  of  the  center 
of  the  coil  from  the  center  of  the  ring  along  the 
coil  axis,  find  the  force  on  the  coil  as  a  function 
of  8. 

18-18  A  circular  loop  of  wire  of  self-inductance 
L  and  radius  r  carries  a  current  I.  Show  that  the 
force  tending  to  increase  its  radius  is  \I^{dL/dr). 
If  T  is  the  tension  in  the  wire  for  which  it  will 
break,  show  that  the  wire  will  break  unless  T  is 
greater  than  {I^/An){dL/dr). 

18-19  What  vacuum  value  of  the  induction  will 
result  in  a  magnetic  pressure  of  one  atmosphere? 

18-20  A  very  long  thin  cylindrical  shell  of  radius 
a  carries  a  current  /  in  the  direction  of  its  axis. 
Find  the  force  per  unit  area  on  the  shell.  Does 
this  force  tend  to  explode  the  shell  or  to  collapse 
it?  What  is  the  total  force  on  a  length  I  of  the 
shell? 
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In  Chapter  8,  we  saw  how  the  scalar  potential  at  a  point  outside  of  a  finite  charge 
distribution  could  be  described  by  the  various  multipole  moments  of  the  system.  Each 
multipole  moment  depends  on  a  particular  aspect  of  the  detailed  charge  distribution.  In 
this  chapter,  we  want  to  do  a  similar  thing  for  an  arbitrary  current  distribution. 


19-1  THE  MULTIPOLE  EXPANSION  OF  THE  VECTOR  POTENTIAL 


The  general  situation  is  illustrated  in  Figure  19-1;  compare  with  Figure  8-1.  We  have  a 
current  distribution  J(rO  contained  in  some  volume  V'.  We  choose  an  origin  0  in  some 
arbitrary  way,  but  near  or  within  V'.  We  want  to  find  the  vector  potential  A  at  the  field 
point  P  with  position  vector  r,  that  is,  in  the  direction  r  and  at  a  distance  r  from  0. 
This  potential  is  given  by  (16-12)  as 


J(r')  dr' 
R 


(19-1) 


where 


/?  =  |r  -  r'l  =  (r^  +  (19-2) 


follows  from  the  law  of  cosines  applied  to  the  figure. 

As  before,  we  assume  that  P  is  far  enough  outside  V'  so  that  r  >  r'  foT  any  portion 
of  V'.  Then  we  can  use  the  expansion  given  by  (8-12)  to  write  (19-1)  in  the  form 


Mn  1  /• 

A(r)  =  L  —  /  J(r')'"'P/(cos0')  dr' 
477  ,_o  -/r 


(19-3) 


which  is  the  general  multipole  expansion  of  the  vector  potential.  If  we  write  out  the  first 
few  terms  with  the  use  of  (8-10)  and  (8-14),  we  get 


A(r)  =  Ajv^(r)  -t-  \o{r)  -t-  Ag(r)  +  ... 


+  j(r')(f-r')rfT' 

47r/*  ‘'K' 


where  the  terms  in  the  sum  are,  respectively,  the  monopole  term,  the  dipole  term,  and 
the  quadrupole  term.  As  in  the  electrostatic  case,  their  dependence  on  the  field  point 
distance  r  goes  successively  as  1/r,  1/r^,  l/r^,  and  so  on,  so  that  as  we  get  farther 
away  from  the  current  distribution,  the  higher-order  terms  in  the  expansion  become  less 
and  less  important.  These  terms  still  involve  both  the  field  point  P  and  the  source 
points  because  of  the  term  r  •  r'  -  cos  and  we  want  to  write  them  as  a  product  of 
something  that  depends  only  on  the  location  of  the  field  point  and  something 
characteristic  only  of  the  current  distribution.  It  will  be  convenient  to  discuss  these 
terms  separately. 
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Figure  19-1.  Geometry  for  the  calculation  of  the  vector  potential 
at  P, 


1,  The  Monopole  Term 

In  the  electrostatic  case,  the  monopole  term  turned  out  to  be  proportional  to  the 
monopole  moment  of  the  charge  distribution,  that  is,  its  net  charge.  In  the  magnetic 
case,  however,  there  are  no  magnetic  charges,  as  we  discussed  following  (16-4),  and  this 
leads  us  to  suspect  that  the  monopole  term  may  actually  be  zero.  Let  us  consider  the  ;ic 
component  of  the  integral  in  A^.  If  we  let  A  in  (1-115)  be  replaced  by  J,  while  u  is 
replaced  by  x\  we  find  that 

V '  •  (x'J)  =  J  ■  X  +  xV '  •  J  =  J  •  X  = 

since  v '  •  J  =  0  for  stationary  currents.  Then,  if  we  also  use  the  divergence  theorem 
(1-59),  we  obtain 

f  dr'  =  (  V '  •  (^'J)  dr'  =  (£  x'J  •  dz' 

J  yf  J  yt  J^t 

Since  the  currents  are  localized,  J  =  0  on  each  point  of  S'  so  that  the  last  integral 
vanishes  and 


J  y> 

There  will  be  similar  results  for  the  y  and  z  components,  and  when  these  are  combined, 
we  get 


/  J(r')  di'  =  0  (19-5) 

Jy> 

for  localized  stationary  currents.  Since  this  integral  is  always  zero 

AmW  -  0 


(19-6) 
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thus  verifying  our  conjecture  and  showing  that  the  leading  term  in  the  expansion  of  the 
vector  potential  is  always  the  dipole  term.  [This  also  justifies  our  previous  use  of  (18-20) 
rather  than  (18-18).] 

While  the  proof  of  (19-5)  is  formally  correct,  it  is  also  helpful  to  obtain  this  same 
result  in  a  different  way.  In  a  steady  current  distribution,  the  currents  follow  closed 
paths,  and  we  can  think  of  the  charges  moving  in  filamentary  tubes  of  currents  much  as 
shown  in  Figure  12~6a.  Then  for  the  jth  such  loop  of  corresponding  current  T,  we  see 
from  the  equivalent  in  (12-10)  that  its  contribution  to  the  first  integral  of  (19-4)  will  be 
the  sum  of  all  its  current  elements  Ij  dsj,  that  is,  ^Ij  dsj.  Summing  up  over  all  of  these 
closed  filamentary  currents  into  which  we  have  divided  the  whole  current  distribution, 
we  again  get 

j  J(r')  dr'  =  dSj  =  0 

V'  j  Cj 

since  the  integral  over  dSj  is  just  the  sum  of  the  successive  displacements  of  a  point  and 
hence  is  the  net  displacement,  and  when  a  point  is  taken  around  a  closed  path,  its  net 
displacement  is  zero  so  that  fdsj  =  0;  this  was  also  proved  more  formally  in  Exercise 
1-25. 


2.  The  Dipole  Term 

For  convenience,  let  us  give  the  symbol  ^  to  the  integral  in  the  dipole  term: 

^  [  J(r')(f  •  r')  dr'  (19-7) 

J  y 

The  process  of  writing  this  as  a  product  in  which  the  field  point  is  somehow  separated 
out  is  somewhat  involved  and  it  is  easier  to  deal  with  a  scalar  quantity.  If  we  let  C  be 
an  arbitrary  constant  vector,  then  we  can  form  the  scalar  product  C  ■  After  doing 
this,  we  divide  the  integrand  into  two  equal  parts,  add  and  subtract  the  quantity 
^(J  *  f)(C  •  r')  under  the  integral,  and  we  find  that  we  can  write  the  resuh  as  the  sum  of 


two  integrals: 

C-^  =  j  (C  ■  J)(f  ■  r')  rfT' =  {C-  ^)+  +  {C- 

(19-8) 

where 

(C  •  =  1/  [(C  •  J)(f  ■  r')  +  (J  •  f)(C  •  r')]  dr' 

J  y> 

(19-9) 

(C  •  ^)-  =  i  fj(C  ■  J)(f  •  rO  -  (J  •  f)(C  •  r')]  dr' 

(19-10) 

and  we  consider  these  separately. 

Now  C  is  a  constant  by  definition,  and  r  is  a  constant  with  respect  to  source  point 
derivatives,  that  is,  with  respect  to  V'.  Therefore,  it  follows  from  (1-113)  that 

V'(C*r')  =  C  and  v'(r*r')  =  f  (19-11) 

Using  these  last  results,  along  with  (1-111),  we  find  that  the  bracketed  part  of  the 
integrand  of  (19-9)  can  be  written  as 

J  •  [C(f  ■  r')  +  r(C  •  r')]  =  J  ■  [(f  •  r')v'(C  •  r')  +  (C  •  r')v'(f  ■  r')] 

=  J- V'[(C-r')(f  r')] 


(19-12) 
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Now  the  last  term  has  the  form  J  •  v  where  is  the  scalar  (C  •  r')(f  •  r');  thus,  by 
using  (1-115)  and  (12-15)  for  steady  currents,  we  can  write  (19-12)  further  as 

J  •  V'^=  V'  -  (^J)  -  •  J)  =  V'  •  [(C  •  r')(f  •  r')J]  (19-13) 

which  is  our  final  form  for  the  integrand  of  (19-9).  If  we  now  substitute  (19-13)  into 
(19-9)  and  use  (1-59),  we  finally  get 


(C  •  ^)^  =  (C  •  T'){f  •  r'){J  •  d^')  (19-14) 

where  S'  is  the  surface  enclosing  V',  However,  V'  encloses  all  of  the  currents  so  that 
J  =  0  at  all  area  elements  dd!  of  S',  and  therefore 

(C-^)+=0  (19-15) 

The  terms  in  the  brackets  in  (19-10)  can  be  written  as 

C  ■  [J(r  ■  r')  -  r'(J  •  f)]  =  C  ■  [f  X  (J  X  r')]  (19-16) 

with  the  use  of  (1-30)  and  (1-16),  If  we  put  this  into  (19-10),  and  use  (19-15),  we  find 

that  (19-8)  becomes 

C-9  =  \  j^C  •  [f  X  (J  X  r')]  dT'  =  C-  [f  X  (J  X  r')]  (19-17) 

Since  C  is  a  completely  arbitrary  vector,  (19-17)  can  be  always  true  only  if  ^  equals  the 

quantity  in  braces.  Furthermore,  r  is  constant  as  far  as  the  integration  over  the  primed 
variables  is  concerned  and  can  be  taken  out  of  the  integral.  Doing  this,  we  find  that 

^  =  f  X  J  X  rVr'  =  r'  X  X  f  (19-18) 

Finally,  if  we  combine  (19-18),  (19-7)  and  (19-4),  we  find  that  the  dipole  term  can  be 
written  as 


Az)(r) 


'  X  J(r0  dr' 


X  f 


(19-19) 


which  has  the  desired  form  of  a  product  of  a  quantity  referring  only  to  the  location  of 
the  field  point  and  something  depending  only  on  the  properties  of  the  current 
distribution. 

The  quantity  in  brackets  is  given  the  symbol 


m  =  ^  /  r'  X  J(r')  dj' 

Jy 


(19-20) 


and  is  called  the  magnetic  dipole  moment  of  the  current  distribution.  [In  some  books,  m 
is  defined  as  /Aq  dn^cs  the  right-hand  side  of  (19-20);  this  is  comparatively  rare 
nowadays,  but  it  is  a  point  to  keep  in  mind.]  This  definition  enables  us  to  write  the 
dipole  term  as 


jUq  m  X  r  Pq  mX  r 
Air  Ait 


(19-21) 


As  shown  in  Figure  19-2,  is  perpendicular  to  the  plane  formed  by  m  and  r  and  its 
magnitude  will  be  =  /Xom  sin'^/47rr^.  The  appearance  of  sin^  may  be  a  little 
surprising  since,  by  analogy  with  the  electrostatic  case  as  given  by  (8-48),  one  might 
have  expected  to  find  cos^  in  a  potential  called  a  “dipole”  potential.  However,  when 
we  come  to  calculate  the  induction  in  the  next  section  we  will  see  that  the  analogy  is 
really  quite  exact  when  fields  are  compared. 
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Figure  19-2.  Relation  between  a  magnetic  dipole  and  the 
vector  potential  it  produces. 


Fortunately,  it  will  be  sufficient  for  our  purposes  to  consider  only  the  dipole  term,  so 
we  will  not  discuss  the  quadrupole  term  of  (19-4)  any  further. 


3,  Effect  of  the  Choice  of  Origin 

The  magnetic  moment  m  defined  in  (19-20)  depends  on  the  absolute  value  of  r'  and,  if 
we  choose  a  different  coordinate  system,  r'  will  certainly  change  and  perhaps  m  will 
too.  We  recall  that  in  the  electrostatic  case,  we  found  in  (8-43)  that  the  electric  dipole 
moment  was  independent  of  the  choice  of  origin  and  hence  was  a  unique  property  of 
the  charge  distribution  provided  that  the  electric  monopole  moment  vanished.  We  saw 
in  (19-6)  that  the  monopole  term  always  is  zero  in  the  magnetic  case  so  we  suspect  that 
m  may  be  independent  of  the  choice  of  origin  as  well.  Suppose  that  instead  of  choosing 
our  origin  at  0  of  Figure  19-1,  we  choose  a  new  origin  0„,  which  is  obtained  by 
translating  our  axes  without  rotating  them,  by  the  displacement  a  as  illustrated  in 
Figure  19-3.  Then  we  see  from  the  figure  that  the  old  and  new  position  vectors  of  J  are 
related  by  a  -I-  r;;  =  r'  or  r'  =  r'  -  a.  If  we  insert  this  into  (19-20)  to  find  the  value  of 
the  magnetic  dipole  moment  referred  to  the  new  axes,  we  get 


Figure  19-3.  The  new  origin  is  displaced 
by  a  from  the  old. 
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since  the  integral  multiplying  a  is  zero  by  (19-5).  Thus,  m„  =  m,  and  the  magnetic 
dipole  moment  is  always  a  unique  property  characteristic  of  the  current  distribution 
and  any  convenient  choice  of  coordinates  can  be  used  for  calculating  it. 


19-2  THE  MAGNETIC  DIPOLE  FIELD 


The  expression  given  by  (19-21)  will  be  the  predominant  term  in  the  vector 
potential  when  the  field  point  is  sufficiently  far  away  from  the  current  distribution.  In 
order  to  study  its  properties  it  is  convenient,  as  it  was  in  Section  8-2,  to  assume  that 
(19-21)  holds  everywhere  in  space.  Then  we  can  call  it  the  magnetic  dipole  field  and 
think  of  it  as  being  produced  by  a  fictional  point  dipole  m  located  at  the  origin.  Later 
we  will  consider  specific  current  distributions  that  can  be  thought  of  in  this  way,  but  for 
now  we  concentrate  on  finding  the  induction  B  produced.  We  use  spherical  coordinates 
to  locate  the  field  point  P  and  choose  the  z  axis  in  the  direction  of  m;  this  gives  the 
situation  shown  in  Figure  19-4.  Then  m  =  wiz  and  (19-21)  becomes 


Ao(r) 


47rr^^ 


XT  = 


pQfn  sin^ 

47r/-2  ^ 


(19-22) 


SO  that  the  only  nonzero  component  of  is  Aj^^.  The  curves  of  constant  values  of 
are  given  by 


r 


2 


PQfn  \ 


(19-23) 


where  the  constant  Cp  characterizing  a  given  curve  depends  on  the  value  of  Ap^.  These 
curves  are  shown  as  the  solid  lines  in  Figure  19-5;  however,  the  direction  of  A^  is  into 
the  page  on  the  right  half  of  the  figure  and  out  of  the  page  for  the  left  half. 

The  induction  is  found  from  B  =  V  X  A^.  Using  (19-22)  and  (1-104),  we  find  the 
components  of  B  to  be 


B  = 


1 


r  sin  B  dB 


S  .  ,  /  UnW  \  2cos  ^ 

^  Kr- 


sin^ 


(19-24) 


while  =  0.  Thus  B  lies  in  the  same  plane  as  m  and  the  field  point,  while  A^j  is 
perpendicular  to  this  plane. 

Comparing  (19-24)  with  the  corresponding  results  (8-50)  for  the  electric  dipole  field, 
we  see  that  they  are  proportional  to  the  magnitude  of  their  respective  dipole  moments 


Figure  19-4.  Calculation  of  the  field  produced  by  a  magnetic 
dipole. 
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Figure  19-5.  Field  of  a  magnetic  dipole.  Lines  of  B  are  dashed.  Solid 
lines  are  those  of  constant  magnitude  of  the  vector  potential  that  is 
directed  into  the  page  for  the  right  half  and  out  of  the  page  for  the  left 
half. 

and  they  have  the  same  dependence  on  angle  and  distance.  In  fact,  we  can  easily  see 
that  they  are  simply  related  by  B  =  iiQeQ(m/p)E.  Consequently,  the  lines  of  B,  which 
are  shown  as  the  dashed  lines  in  Figure  19-5,  will  be  given  by  an  equation  of  exactly  the 
same  form  as  (8-52)  and  will  be  just  like  the  dashed  lines  of  E  shown  in  Figure  8-7. 


19-3  FILAMENTARY  CURRENTS 


So  far  we  have  concentrated  on  distributed  currents.  We  can  easily  adapt  our  results  to 
filamentary  currents  by  using  (12-10)  in  order  to  replace  by  Ids'.  Thus,  we  see 
from  (19-20)  that  the  magnetic  dipole  moment  of  a  single  filamentary  circuit  C'  will  be 
given  by 

m  =  —(£  r'  X  ds'  (19-25) 

2  Ter 

and  any  convenient  choice  of  coordinates  can  be  used  to  evaluate  the  integral. 


■  Example 

Plane  filamentary  current.  If  the  circuit  lies  in  one  plane,  the  integral  can  be  given  a 
simple  and  useful  interpretation.  Choosing  the  origin  in  this  same  plane,  we  get  what  is 
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shown  in  Figure  19-6.  Now  r'  X  is  perpendicular  to  the  plane  of  the  loop,  and  the 
magnitude  |r'  X  ds'\  equals  the  area  of  the  parallelogram  with  r'  and  ds'  as  sides  as 
we  found  from  Figure  1-15.  Comparing  these  two  figures,  we  see  that  the  shaded 
triangular  area  in  Figure  19-6  formed  by  lines  from  the  origin  to  the  extremities  of  ds' 
is  just  half  the  area  of  the  parallelogram,  that  is,  if  dsk'  is  the  area  of  the  shaded  region, 
then  X  ds'  =  d2i'  and  the  integral  in  (19-25)  becomes 

r'  Xds'^  jda;  =  S  =  Sn  (19-26) 

where  S  is  the  total  vector  area  enclosed  by  the  current  and  A  is  the  normal  to  its 
surface  given  by  the  usual  convention  defined  in  Figure  1-24.  Therefore  (19-25) 
becomes  simply 

m  =  /S  =  ISn  (19-27) 

so  that  the  magnitude  of  the  dipole  moment  of  a  plane  filamentary  current  is  just  the 
product  of  the  encircling  current  and  the  area  enclosed  by  it.  We  note  that  the  result  is 
independent  of  the  shape  of  the  circuit.  ■ 

Example 

Plane  circular  ring.  If  the  ring  is  a  circle  of  radius  a,  then  m  =  Iira^.  Then  at  large 
distances,  its  axial  induction  can  be  found  from  (19-24)  with  =  0  and  r  =  z.  The 
result  is  that  exactly  as  we  found  in  (14-20).  ■ 


Plane  circuits  like  these  are  often  called  current  loops  or  current  whirls  and  will 
produce  the  dipole  vector  potential  and  induction  when  one  is  far  away  from  them. 
[Nearby,  of  course,  the  details  of  the  distribution  become  more  important  and  one  has 
to  go  back  to  the  exact  expression  (19-1).]  Thus,  as  a  prototype  for  a  point  magnetic 
dipole,  we  can  take  a  very  small  current  whirl  with  its  magnetic  moment  perpendicular 
to  its  area  as  shown  in  Figure  19-7. 


Figure  19-7.  The  magnetic  dipole  moment  of  a  current  loop  is 
perpendicular  to  the  area  of  the  loop. 
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If  the  system  consists  of  a  number  of  filamentary  circuits,  then  a  dipole  moment 
can  be  found  for  the  jih  one  by  means  of  (19-25)  and  the  dipole  moment  of  the  whole 
system  will  be  the  vector  sum  of  these  terms: 

m  =  =  E  T;  X  (19-28) 

J  J 

In  particular,  if  they  are  all  plane  circuits,  then  each  will  have  the  form  (19-27)  and 
the  total  will  be 

m  =  =  (19-29) 

J  J 


■  Example 

Ideal  solenoid.  In  the  example  of  Section  14-3,  we  saw  that  an  ideal  solenoid  of  N  turns, 
for  which  the  pitch  of  the  windings  could  be  neglected,  could  be  treated  as  a  set  of  N 
parallel  circular  current  loops  each  carrying  the  current  I  in  the  same  sense.  Thus,  if  S 
is  the  cross-sectional  area,  the  dipole  moment  of  each  will  be  ISz  by  (19-27)  where  z  is 
in  the  direction  of  the  axis.  Then  all  of  the  of  (19-29)  will  be  parallel  and  the  total 
dipole  moment  of  the  solenoid  will  be  N  times  that  of  a  single  loop,  that  is, 

m  =  NSIi  =  nlSIl  (19-30) 

Consequently,  when  we  are  far  away  from  the  solenoid,  the  induction  it  produces  will 
be  given  by  (19-24)  with  m  =  NSl.  (This  is  essentially  the  justification  for  Figure  18-3.) 


19-4  ENERGY  OF  A  CURRENT  DISTRIBUTION  IN  AN  EXTERNAL  INDUCTION 

In  Section  8-4,  we  gave  a  fairly  elaborate  discussion  of  the  energy  relations  involving 
two  distinct  groups  of  charges  (“system”  and  “external”)  and  concluded  that,  for  many 
purposes,  only  part  of  the  energy  was  of  practical  interest,  namely  the  interaction 
energy  of  (8-60).  We  now  want  to  consider  a  similar  situation  for  the  magnetic  case. 

We  assume  that  the  currents  involved  can  be  divided  into  two  easily  distinguishable 
groups.  One  of  these  current  distributions  forms  a  distinct  physical  entity  (the  “system” 
of  interest)  that  is  subject  to  the  influences  of  the  other  current  distribution  (the 
“external”  sources)  that  produce  an  induction  Bo(r)  at  each  point  of  the  system.  Again 
disregarding  the  internal  energies  of  the  two  groups,  we  are  interested  in  that  part  of 
the  energy  that  we  can  call  the  magnetic  interaction  energy  U^q.  Our  immediate 
problem  then  is  that  of  finding  the  appropriate  expression  for  U^q.  Now  in  the  case  of 
two  circuits,  we  saw  that  the  interaction  energy  was  given  by  the  middle  term  of  (18-8) 
and  was  where,  by  (17-45),  ^2^1  is  the  flux  through  1  produced  by 

2.  Therefore,  if  we  adapt  this  to  the  present  case  by  letting  I  be  the  system  current  and 
4>o  be  the  flux  produced  by  the  external  sources,  we  can  write  the  interaction  energy  as 

U^o  =  1^0  (19-31) 

We  can  also  express  this  in  terms  of  the  external  induction  Bq  with  the  use  of  (16-6): 

t^™o  =  ^/Bo(r)-da  (19-32) 

where  S  is  the  area  enclosed  by  the  system  current. 

Now  that  we  have  (19-31)  and  (19-32),  we  can  easily  generalize  them.  If  we  let  Ij  be 
the  current  in  the  jih  circuit  of  our  system  of  interest  and  ^>oy  is  the  flux  throu^  it 
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produced  by  the  external  sources,  the  interaction  energy  for  this  part  will  be  Ij^qj  so 
that  the  total  interaction  energy  will  be 

=  LljJ  Bo(r,)  •  daj  (19-33) 

J  J 

Although  we  shall  not  need  to  use  it  here,  it  is  worth  transforming  into  a  form 
suitable  for  distributed  currents.  In  order  to  do  this,  we  must  introduce  current 
elements  and  we  can  do  this  by  using  (16-23)  to  write  the  fluxes  in  terms  of  the 
externally  produced  vector  potential  Aq,  and  we  find  that 

t4.o  =  E^Ao(r,)  (19-34) 

J 

We  can  now  go  from  the  filamentary  current  description  to  the  one  in  terms  of 
distributed  currents  in  exactly  the  same  way  we  went  from  (18-10)  to  (18-11).  In  this 
way,  we  obtain  a  commonly  found  expression  for  the  magnetic  interaction  energy 

=  jKr)  ■  Ao(r)  dr  (19-35) 

where  the  integral  is  taken  over  the  whole  volume  containing  the  currents  J  of  the 
system  of  interest. 

As  in  Section  8-4,  we  will  now  restrict  ourselves  to  the  important  case  in  which  the 
external  sources  are  so  far  away  and  the  system  is  so  small  in  spatial  extent  that  Bq  does 
not  vary  much  over  the  current  distribution  of  the  system.  Then,  as  a  first  approxima¬ 
tion,  we  can  take  Bq  to  be  a  constant  and  take  it  out  from  under  the  integral.  Thus, 
if  we  set  every  r  in  (19-33)  equal  to  the  same  value  r  that  is  “the”  position  vector  of 
the  system,  (19-33)  becomes 

=  Bo(r)  •  L/,/  ^a,.]  =  Bo(r)  •  ( L/.S,)  =  m  •  Bo(r)  =  m  ■  Bo  (19-36) 

where  m  is  the  magnetic  dipole  moment  of  the  whole  system  by  (19-29).  Thus  this 
dipole  interaction  energy  has  the  form  of  a  product  of  the  dipole  moment  characteristic 
of  the  system  and  the  external  induction. 

Although  we  will  not  do  it  because  of  its  complexity,  it  is  evident  that  we  can  get 
further  approximations  to  U^q  by  expanding  the  components  of  Bq  in  a  power  series, 
much  as  we  did  for  the  scalar  potential  in  (8-61).  By  analogy  with  (8-70),  we  can  expect 
the  next  term  in  the  expansion  of  the  interaction  energy  to  involve  products  of  the 
spatial  derivatives  of  the  external  induction  with  appropriately  defined  components  of 
the  magnetic  quadrupole  moment. 

If  Bq  depends  on  position,  then  it  is  possible  for  a  dipole  m  to  change  its  energy  by 
moving  to  another  point;  in  other  words,  there  can  be  a  nonzero  translational  force 
on  the  dipole.  Since  the  system  is  being  treated  as  a  definite  physical  entity,  we  should 
assume  it  to  be  characterized  by  a  constant  current  distribution.  Then  the  appropriate 
expression  to  use  for  finding  the  force  is  the  constant  current  expression  of  (18-39),  and 
when  we  put  (19-36)  into  it,  we  obtain 

Fd  =  Vt4.o/)=  v(m-Bo)  (19-37) 

where  the  derivatives  are  taken  with  respect  to  the  components  of  r,  the  position  vector 
of  the  dipole.  The  fact  that  m  is  constant  enables  us  to  put  this  into  a  more  useful  form. 
If  we  use  (1-112),  we  can  write  (19-37)  as 

=  Bq  X  ( V  X  m)  +  m  X  ( V  X  Bq)  +  (Bq  •  V  )m  +  (m  ■  V  )Bo  (19-38) 
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The  first  and  third  terms  vanish  because  m  is  constant.  By  assumption,  all  of  the 
external  sources  are  located  elsewhere,  so  that  there  are  no  source  currents  Jq  at  the 
location  of  m.  Then  v  X  Bq  =  0  by  (15-12),  and  (19-38)  reduces  to 

=  (m  ■  V  )Bo  (19-39) 

showing  us,  as  we  suspected,  that  the  translational  force  depends  on  the  external 
induction  being  a  function  of  position.  We  note  that  (19-37)  and  (19-39)  are  completely 
analogous  to  the  corresponding  results  (8-77)  and  (8-79)  that  we  found  for  the  electric 
dipole;  in  addition,  (19-39)  is  consistent  with  the  result  of  Exercise  14-18  in  which  it 
was  shown  that  there  is  no  net  force  on  a  filamentary  circuit  in  a  uniform  external 
induction. 

There  is  one  place,  however,  in  which  the  analogy  between  the  electric  and  magnetic 
cases  apparently  breaks  down  and  that  is  in  the  difference  in  sign  of  the  interaction 
energies  that  are  given  by  (19-36)  and  (8-73)  as  m  ■  Bq  and  —  p  •  Eq  respectively.  In 
fact  it  is  commonplace  to  find  a  quantity  called  the  energy  of  a  magnetic  dipole  in  an 
external  field  which  is  given  by 

U^=  -m  ■  Bq  =  (19-40) 

where  ^  is  the  angle  between  m  and  Bq.  Why  is  this?  In  essence,  the  use  of  (19-40) 
represents  the  result  of  a  complete  change  in  point  in  view.  What  one  is  trying  to  do  in 
this  case  is  to  write  the  expression  for  the  force  in  complete  analogy  to  that  used  in 
mechanics,  namely,  as  the  negative  gradient  of  a  potential  energy.  In  other  words,  the 
aim  is  to  write  (19-37)  in  the  form 

(19-41) 

and  then  interpret  as  a  potential  energy  of  the  usual  kind.  We  can  easily  see 
that  the  choice  given  in  (19-40)  works  since  (19-41)  becomes  =  —  V(“in  •  Bq)  = 
V(ni  •  Bq),  which  leads  us  right  back  to  the  correct  expression  for  the  force.  Hence  it  is 
appropriate  to  think  of  the  energy  of  the  dipole  in  this  sense;  is  often  called 
the  orientational  energy  in  order  to  stress  its  role  as  a  potential  energy.  Similarly,  we  can 
change  the  signs  of  (19-31)  through  (19-35)  and  reinterpret  them  in  this  manner.  In  this 
way,  for  example,  the  tendency  of  a  circuit  to  readjust  itself  to  enclose  as  much  flux  as 
possible,  which  we  found  after  (18-39),  can  be  seen  from  the  negative  of  (19-31), 
as  corresponding  to  the  general  tendency  of  systems  to  try  to  attain  equilibrium  by 
minimizing  their  potential  energy.  In  Figure  19-8,  we  show  as  given  by  (19-40)  as  a 


Figure  19-8.  Orientational 
energy  of  a  dipole  in  an  external 
induction  as  a  function  of  the 
angle  between  their  directions. 
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function  of  The  range  of  energy  variation  is  finite  with  the  minimum  at  ^  =  0 
corresponding  to  the  stable  equilibrium  state  in  which  m  and  Bq  are  parallel  and  a 
maximum  at  'T  =  tt  that  describes  the  unstable  equilibrium  state  for  which  m  and  Bq 
are  oppositely  directed. 

A  potential  energy  like  which  depends  on  the  angle,  implies  the  existence  of  a 
torque  t  on  the  system.  Because  of  the  similarity  of  (19-40)  and  (8-73),  we  can  simply 
change  the  symbols  in  (8-75)  to  obtain  the  important  expression  for  the  torque  on  a 
magnetic  dipole  in  an  external  induction: 

T  =  m  X  Bo  (19-42) 

This  torque  will  be  present  even  in  a  uniform  Bq  in  contrast  to  F^,;  again  this  is 
consistent  with  the  result  of  Exercise  14-18.  We  note  as  before  that  in  order  to  have 
equilibrium  at  an  intermediate  angle  this  magnetic  torque  must  be  balanced  by  an 
equal  and  opposite  mechanical  torque  so  that 

-r  +  Wh  =  0  (19-43) 

Now  all  of  the  results  in  this  section  have  been  obtained  in  a  completely  general  way 
and  are  applicable  to  the  dipole  moment  of  any  type  of  current  distribution  of  interest. 
Nevertheless,  it  is  of  value  to  see  how  they  can  be  obtained  directly  by  considering  the 
forces  on  our  prototype  of  a  point  magnetic  dipole,  that  is,  a  small  current  loop. 


Example 


Small  current  loop  in  an  external  induction.  We  consider  a  filamentary  current  7  in  a 
circle  of  radius  a  lying  in  the  xy  plane  with  origin  at  the  center  as  shown  in  Figure 
19-9.  Its  dipole  moment  as  obtained  from  (19-27)  is 

m  =  Ittc^z  (19-44) 

The  force  on  the  loop  in  the  external  induction  Bq  is  given  by  (14-3)  as 


F 


(19-45) 


It  will  be  convenient  to  work  with  rectangular  coordinates,  because  of  the  constant  unit 
vectors,  but  we  will  express  the  components  in  terms  of  the  azimuthal  angle  <p  for  ease 
in  integration  over  C.  Then  we  have  r  =  xx  +  yy  =  a  cos  <p\  -\-  a  sin  cpy  so  that  = 
dr  =  ad(p(-sm<px  H-  cos<)py)  and 

Js  X  Bq  =  adq)^\BQ^cos<p  +  y^oz^incp  —  z(So^cos(p  +  _BQ^sin(p)]  (19-46) 


z 


m 


X 


Figure  19-9.  Circular  filamentary  current 
loop. 


19-4  ENERGY  OF  A  CURRENT  DISTRIBUTION  IN  AN  EXTERNAL  INDUCTION  309 


if  (1-28)  is  used.  Since  the  loop  is  very  small  and  Bq  is  slowly  varying  over  it,  it  is 
appropriate  to  expand  the  components  of  Bq  in  a  power  series  about  the  origin  and 
keep  only  the  terms  that  will  give  us  a  nonvanishing  first  approximation.  Thus  we  can 
write 


^o.W  =  -®oz(0)  +  ^ 


dB. 


Or 


dx 


+  3^ 


BB, 


Oz 


By 


-fioz(O)  +  ^ 


cos  (p 


BB, 


Oz 


Bx 


I  BB 


+  sin<p 


Or 


By 


(19-47) 

where  we  will  remember  that  the  derivatives  are  evaluated  at  the  origin — the  location  of 
the  dipole — and  hence  are  constant  as  is  5q^(0).  There  is  no  term  z{BBqJBz)  in 
(19-47)  because  2  =  0  since  the  loop  lies  in  the  xy  plane.  Substituting  (19-47)  into 
(19-46),  we  find  the  x  component  to  be 


((is  X  Bo)j.  =  fioz(0)cos(p  -I-  a 


BB 


Oz 


Bx 


cos  (p  -h 


BB 


Oz 


By 


cos  9  sin  9 


(19-48) 

The  integration  around  the  complete  circuit  C  required  by  (19-45)  is  attained  by 
integrating  over  9  from  0  to  Itt.  If  we  substitute  (19-48)  into  (19-45),  and  use  the 
appropriate  integrals  from  the  set 

fl'JT  flTT  .  flTT 

/  cos  (p  d(p  =  j  sin  9  ^9  =  I  cos  9  sm  9  ^79  =  0 
Jn  Jq  Jc\ 


cos^  cp  d(p  =  sin^<pd<p  =  v 
Jc\  Jc\ 


'0  •'0 
we  find  the  x  component  of  the  force  to  be 


F.  = 


I^{ds  X  Bq)^  =  lira' 


BB, 


Oz 


Bx 


m 


BB 


Oz 


Bx 


(19-49) 


(19-50) 


where  we  also  used  (19-44).  Proceeding  in  exactly  the  same  way,  we  find  the  remaining 
two  components  of  the  force  to  be 

F,.  =  mA^\  (19-51) 


h 


F=  —m 


BB, 


Ox 


Bx 


BB 


0>' 


By 


(19-52) 


These  do  not  yet  look  like  the  components  of  (19-39)  but  we  have  not  used  all  of  the 
information  available  to  us.  Since  the  external  source  currents  are  some  distance  from 
the  loop,  Jq  =  0  at  the  loop  and  v  x  Bq  =  0  by  (15-12),  and  we  find  from  (1-43)  that 
(BBq^/Bx)  =  (3Bq^/Bz)  and  (BB^yBy)  =  (BBq  /Bz).  In  addition,  V  *  Bq  =  0  by 
(16-3)  so  that,  according  to  (1-42),  (BBq^/Bx)  +  (BB^y/By)  =  —{BBqJBz).  Substitut¬ 
ing  these  relations  into  (19-50)-(19-52),  and  recalling  that  m  has  only  a  z  component 
by  (19-44),  we  find  that  the  force  components  can  be  written  as 


=  m 


Py  = 


m 


BB, 


Ox 


Bz 


BB, 


Ov 


Bz 

BB 


Oz 


Bz 


=  (m  •  v)Bo. 
=  (m- v)fio, 
=  (m  •  v)Boz 
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with  the  use  of  (1-41)  and  (1-20).  But  these  expressions  are  just  the  rectangular 
components  of  F  =  (m  •  V)Bo,  which  is  exactly  (19-39). 

A  direct  evaluation  of  the  torque  can  be  carried  out  in  a  similar  manner.  The  force 
on  a  current  element  is  given  by  (14-5)  as  d¥  =  1  ds  X  Bq  so  that  the  torque  on  it  will 
be  i/r  =  r  X  £/F  =  r  X  (Ids  X  Bq).  Summing  this  up  over  the  whole  circuit,  we  get 


T  = 


X 


{ds  X  Bq)] 


(19-53) 


From  (1-30),  we  find  that  the  term  in  brackets  can  be  written  as  ds(r  ■  Bq)  -  Bo(r  ■  ds). 
Since  ds  =  dr,  we  have  r  ■  ds  =  d(\r  ■  r)  =  d(^r^);  if  we  use  the  first-order  approxi¬ 
mation  that  Bq  is  constant,  the  contribution  of  the  second  term  to  (19-53)  will  be 
-I^BQd(\r^)  =  - IBQ^d{^r^)  =  0  since  the  integral  of  the  differential  of  a  scalar 
over  a  closed  path  vanishes  as  we  saw,  for  example,  after  (13-4).  If  we  substitute  the 
remainder  of  the  bracketed  term  into  (19-53),  and  use  (1-124),  we  obtain 


T  =  iS(t  ■  Bq)  ds  =  I  (  t/a  X  v(r  •  Bq)  (19-54) 

'c  *'5 

Since  we  are  taking  Bq  to  be  a  constant,  it  is  just  like  C  in  the  first  part  of  (19-11)  so 
that  V(r  -  Bq)  =  Bq.  Inserting  this  into  (19-54),  taking  Bq  out  of  the  integral,  and  using 
(19-27),  we  get 

T  =  I  iiaj  X  Bq  =  /S  X  Bq  =  m  X  Bq 

exactly  what  we  found  in  (19-42)  from  very  general  considerations.  ■ 


EXERCISES 

19-1  A  constant  current  /  follows  a  closed  path 
wrapped  around  a  cylinder  of  radius  a.  In  cylin¬ 
drical  coordinates,  the  position  vector  of  a  point 
on  this  circuit  is  given  by  r  =  ap  +  ^  sin  ncpz 
where  b  is  a.  constant  and  is  a  positive  integer 
>  2.  Find  the  magnetic  dipole  moment  m  of  this 
current  distribution. 

19-2  A  plane  circuit  carrying  a  current  I  is 
constructed  in  the  xy  plane  as  follows.  Cylin¬ 
drical  coordinates  are  used.  Starting  at  the  origin 
for  (p  =  0,  we  have  p  =  Po<p"  where  po  is  a  con¬ 
stant  and  «  >  1.  Thus  a  spiral  is  formed.  This  is 
continued  until  a  value  (po  of  the  angle  is  at¬ 
tained.  Then  the  current  follows  a  straight  line 
back  to  the  origin.  Find  the  magnetic  dipole 
moment  of  this  current  distribution. 

19-3  A  circular  cylinder  of  radius  a  and  length  / 
has  a  total  charge  Q  distributed  uniformly 
throughout  its  volume.  It  is  rotated  about  its  axis 
with  constant  angular  velocity  w.  Assume  that  the 
charge  distribution  is  not  affected  by  the  rotation 
and  find  the  magnetic  dipole  moment  of  this 
system. 

19-4  A  dielectric  sphere  of  radius  a  has  a  con¬ 
stant  surface  charge  density  a  on  all  parts  of  its 


surface.  It  is  rotated  about  a  diameter  with  con¬ 
stant  angular  velocity  w.  Assume  that  the  charge 
distribution  is  not  affected  by  the  rotation  and 
find  the  magnetic  dipole  moment  of  this  system. 

19-5  A  point  dipole  m  is  located  at  the  origin, 
but  it  has  no  special  orientation  with  respect  to 
the  coordinate  axes.  (For  example,  m  is  not  paral¬ 
lel  to  any  of  the  axes.)  Express  its  potential  A  at  a 
point  r  in  rectangular  coordinates,  and  find  the 
rectangular  components  of  B.  Show  that  B  can  be 
written  in  the  form 

B(r)  =  -^[3(m  •  r)f  -  m]  (19-55) 
47rr 

and  compare  with  (8-84). 

19-6  Suppose  the  coaxial  circles  of  Figure  17-14 
are  so  far  apart  that  they  can  be  treated  as 
dipoles.  Find  their  mutual  inductance  and  com¬ 
pare  the  result  with  that  of  Exercise  17-25. 

19-7  Two  circular  loops  of  radii  a  and  b  lie  in 
the  same  plane.  Assume  that  the  distance  c  be¬ 
tween  their  centers  is  so  large  that  the  dipole 
approximation  is  appropriate  and  find  their  mut¬ 
ual  inductance. 
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19-8  (a)  A  small  rectangular  loop  of  sides  a  and 
b,  carrying  a  current  I,  lies  in  the  xy  plane  with 
center  at  the  origin.  Find  A  at  a  point  r  where 
r  ^  a  and  r  b.  (b)  Using  the  result  of  (a),  find 
B  at  this  same  point,  (c)  A  point  dipole  M  =  M\ 
is  on  the  positive  y  axis  a  distance  c  from  the 
origin  where  c  ^  a  and  c  ^  b.  Find  the  force 
and  torque  on  M  due  to  the  loop.  Express  all  of 
your  answers  in  rectangular  coordinates. 

19-9  By  using  (19-35)  show  that  there  is  no 
monopole  contribution  to  the  interaction  energy 
analogous  to  that  found  in  (8-62). 

19-10  A  point  dipole  is  located  at  and 
another  point  dipole  m2  is  at  X2.  Either  by  direct 
calculation  or  by  transcription  of  the  correspond¬ 
ing  results  for  the  electrie  case,  show  that  the 
potential  energy  of  m2  in  the  induction  of  m^  is 
given  by  the  dipole-dipole  interaction  energy 

Uhn  =  [(“*1  •  ma)  “  3(mi  •  R)(m2  •  R)] 

(19-56) 

where  R  =  r2  -  .  Similarly,  find  the  force  F2  on 

m,. 

19-11  Two  dipoles  mi  and  m2  are  in  the  same 
plane.  The  direction  of  mi  is  held  fixed,  while  m2 
is  free  to  rotate  in  the  plane.  If  mj  and  m2  make 
respective  angles  ai  and  a2  with  R,  find  the 
relation  satisfied  by  the  angles  when  equilibrium 
is  attained. 

19-12  A  circular  ring  of  radius  a  lies  in  the  xy 
plane  with  the  origin  at  its  center.  It  carries  a 
current  /  circulating  clockwise  when  viewed  from 


a  point  on  the  positive  z  axis.  A  point  dipole 
m  =  wz  is  on  the  z  axis.  Find  the  z  component 
of  the  force  on  m. 

19- 13  Consider  the  plane  rectangular  loop  shown 
in  Figure  17-4.  Assume  that  the  external  B  shown 
is  uniform  and  that  there  is  a  constant  current  I 
about  the  loop  in  the  positive  sense  determined 
by  the  direction  of  n.  Find  the  torque  that  would 
have  to  be  exerted  by  an  external  agent  in  order 
to  prevent  the  loop  from  rotating. 

19-14  How  much  work  would  an  external  agent 
have  to  do  on  the  loop  of  the  previous  exercise  in 
order  to  reverse  the  direction  of  n,  that  is,  in¬ 
crease  (p  by  180°?  Evaluate  this  in  two  different 
ways. 

19-15  We  could  have  begun  the  multipole  ex¬ 
pansion  of  the  vector  potential  with  the  expres¬ 
sion  (16-11)  that  expresses  A  in  terms  of  filamen¬ 
tary  currents.  Show  that,  if  this  is  done,  one  again 
obtains  (19-21)  with  m  given  by  (19-28). 

19-16  By  analogy  with  Figure  8-56,  one  can 
devise  a  simple  model  for  the  prototype  of  a 
magnetic  quadrupole  that  consists  of  two  small 
parallel  loops  with  currents  circulating  in  oppo¬ 
site  senses  and  that  are  separated  by  a  small 
distance.  In  particular,  consider  two  magnetic  di¬ 
poles  of  equal  dipole  moments  ±mi  located 
at  z  =  ±a;  the  total  dipole  moment  of  this  sys¬ 
tem  is  zero.  Show  that,  at  large  distances,  the 
vector  potential  is  given  approximately  by  A  = 
^6fiQma  sinO  cos  O/A'rrr^.  Calculate  the  compo¬ 
nents  of  B  and  show  that  they  are  completely 
analogous  to  the  linear  electric  quadrupole  ex¬ 
pressions  given  by  (8-55). 


20 _ 

MAGNETISM  IN  THE 
PRESENCE  OF  MATTER 


Up  to  this  point,  we  have  assumed  that  when  we  have  considered  magnetic  forces 
involving  currents  the  regions  involved  either  were  vacuum  or  contained  “nonmagnetic” 
conductors.  Now  we  want  to  generalize  our  considerations  to  include  matter  of  any 
type.  As  it  was  in  Chapter  10,  it  will  be  helpful  to  consider  the  microscopic  picture  of 
matter  as  being  a  collection  of  atoms  and  molecules,  that  is,  charged  particles,  in  order 
to  get  an  idea  of  how  to  proceed. 


20-1  MAGNETIZATION 

Previously,  we  assumed  that  atoms  and  molecules  were  composed  of  positive  and 
negative  charges  and  were,  on  the  whole,  electrically  neutral.  We  now  extend  this 
picture  by  assuming  that  at  least  some  of  these  charges  are  not  at  rest  but  are  in 
continuous  motion.  Presumably  these  charges  are  moving  in  closed  paths,  the  nature  of 
which  will  be  determined  by  the  resultant  structure  of  the  atomic  and  molecular 
systems.  From  a  great  distance,  these  moving  charges  will  appear  as  current  whirls  or 
magnetic  dipoles.  Such  permanently  circulating  currents  are  often  called  Amperian 
currents  since  Ampere  first  postulated  their  existence  in  order  to  account  for  the 
magnetic  properties  of  matter.  We  can  now  envisage  several  possibilities. 

If  B  =  0,  it  is  possible  that  the  charges  are  circulating  in  such  a  manner  that  the  net 
current  whirl  vanishes,  that  is,  the  dipole  moments  of  the  individual  charges,  when 
added  vectorially  by  (19-28),  combine  to  give  zero.  Now  let  us  suppose  that  things  are 
arranged  so  that  B  0,  say  by  using  external  currents.  We  know  from  (19-42)  that  this 
will  result  in  torques  being  exerted  on  the  dipoles  tending  to  align  them  in  the  direction 
of  the  induction.  Under  the  influence  of  these  torques,  it  may  well  happen  that  the 
paths  of  the  moving  charges  will  be  changed  enough  so  that  in  the  resultant  new 
configuration  the  net  dipole  moment  will  now  be  different  from  zero.  Such  a  moment 
can  be  appropriately  described  as  having  been  induced  by  the  B  field  and  we  say  that 
the  matter  has  been  magnetized. 

In  the  absence  of  an  external  induction,  it  may  be  that  the  atom  or  molecule  already 
has  such  a  structure  that  the  dipole  moment  associated  with  it  is  different  from  zero  so 
that  it  has  a  permanent  magnetic  dipole  moment.  (Although  it  is  not  essential  for  our 
considerations  now,  it  is  of  interest  to  note  that  such  permanent  dipoles  cannot  be 
accounted  for  on  the  basis  of  classical  mechanics  and  electromagnetism  alone,  but  are 
associated  with  the  intrinsic  angular  momentum  or  “spin”  of  these  systems  that  is  itself 
essentially  a  consequence  of  quantum  mechanics.  However,  it  is  not  part  of  our  task 
here  to  account  for  such  permanent  dipoles,  but  merely  to  accept  their  existence  and  to 
describe  them  in  a  macroscopic  manner  so  that  they  can  be  included  in  our  basic 
equations.) 

Even  if  the  material  contains  permanent  dipoles,  if  B  =  0,  it  is  still  possible  that  they 
will  be  randomly  oriented  so  that  the  total  dipole  moment  of  the  piece  of  matter 
involved  is  zero,  that  is,  it  is  unmagnetized.  If,  now  B  ^  0,  there  will  be  a  torque  on 
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these  dipoles  that  will  tend  to  rotate  them  into  alignment  with  the  resultant  induction. 
Generally,  this  aligning  tendency  will  be  offset  by  the  randomizing  processes  associated 
with  thermal  agitation,  such  as  collisions,  but  we  can  still  expect  that  the  net  effect  will 
be  to  produce  a  net  dipole  moment  in  the  direction  of  the  field  and  the  material  will 
again  have  become  magnetized. 

Some  materials  have  the  property  that,  even  in  the  absence  of  a  B  field,  the 
permanent  dipoles  are  at  least  partially  aligned  and  the  material  is  said  to  be 
permanently  magnetized  or  to  be  a  permanent  magnet.  Such  cases  are  generally  of  more 
technological  importance  than  the  corresponding  electric  cases. 

As  we  saw  in  the  last  chapter,  we  can  reasonably  expect  the  molecules,  especially 
when  distorted  by  the  presence  of  B,  to  have  higher-order  multipole  moments  whose 
effects  would  be  described  by  (19-3).  However,  since  the  contributions  of  these 
higher-order  terms  to  A  and  B  drop  off  much  more  rapidly  with  distance  and  depend 
on  angles  in  a  more  complicated  way  than  those  of  dipoles,  we  assume  that,  for  the 
purposes  of  describing  the  average  properties  of  matter,  the  dominant  features  of 
interest  to  us  are  those  associated  with  the  dipole  moments.  Thus,  all  of  our  considera¬ 
tions  lead  us  to  the  following: 

■  Hypothesis 

As  far  as  its  magnetic  properties  are  concerned,  neutral  matter  is  equivalent  to  an 

assemblage  of  magnetic  dipoles.  ■ 

We  now  have  to  put  this  hypothesis  into  quantitative  terms.  For  this  purpose,  we 
define  the  magnetization  M  as  the  magnetic  dipole  moment  per  unit  volume,  so  that  the 
dipole  moment  c/m  in  a  small  volume  dr  stir  will  be 

dm  =  M(r)  dr  (20-1) 

Thus  the  total  dipole  moment  of  a  volume  V  of  material  will  be 

ratotai  =  /^M(r)c/T  (20-2) 

From  its  definition  and  (19-20),  we  see  that  the  unit  of  M  will  be  1  ampere/meter. 

As  usual,  the  definition  (20-1)  implies  that  dr  is  large  enough  to  include  enough 
material  so  that  M  can  be  regarded  as  a  smoothly  varying  function  of  position;  at  the 
same  time,  dr  must  be  small  on  a  macroscopic  scale.  Because  of  the  way  in  which  we 
were  led  to  introduce  M,  we  expect  that  there  will  be  some  functional  relation  between 
M  and  B.  We  will  consider  this  in  more  detail  later,  but  for  now,  we  take  M  as  part  of 
our  macroscopic  description  of  the  material  and  we  want  to  investigate  the  conse¬ 
quences  of  its  existence. 


20-2  MAGNETIZATION  CURRENT  DENSITIES 

Let  us  assume  that  we  have  a  magnetized  object  and  we  want  to  find  the  vector 
potential  produced  by  it  at  a  field  point  r  outside  of  the  body  as  shown  in  Figure  20-1. 
The  dipole  moment  of  the  volume  dr'  as  given  by  (20-1)  is  dml  =  M(r0  dr'  and  its 
contribution  to  the  vector  potential  at  r  as  obtained  from  (19-21)  is 

iUoi/m'xR  /Ip  M(r')  X  R 

“4^  ^  ’ 

where,  as  usual,  R  =  r  -  r'  and  corresponds  to  the  r  of  (19-21)  since  m  there  was 
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assumed  to  be  at  the  origin.  The  total  potential  is  obtained  by  integrating  (20-3)  over 
the  volume  V'  of  the  material  and  is 


A(r)  =  / 

J  \/> 


jUq  M(r')  X  R  dr' 


477 


R 


477 


/M(r0xv1-UT^ 


1 


with  the  use  of  (1-141).  We  can  now  use  (1-118)  to  rewrite  the  integrand  as 


i-\ 

V'  X  M 

(M\ 

\«/ 

R 

[rJ 

(20-4) 


(20-5) 


If  we  now  substitute  this  into  (20-4)  and  use  (1-123)  and  (1-52),  we  get 


Mo 

^  (v'  X  M)  dr' 

^  Mo 

477  ■ 

ly'  R 

477 

Mo 

(V'  X  M)  dr' 

Mo 

1  _ 

477  • 

ly'  R 

-r  - 

477 

M 

-VXI- 
M  X  da' 


dr' 


where  S'  is  the  surface  bounding  the  volume  V'  of  the  material  and  n'  is  the  outward 
normal  as  shown  in  Figure  20-1.  Upon  comparing  this  with  (16-12)  and  (16-13),  we  see 
that  this  is  exactly  the  vector  potential  that  would  be  produced  by  a  volume  current 
density  distributed  throughout  the  volume  and  a  surface  current  density  on  the 
bounding  surface  where 

J^  =  V'XM  (20-7) 

=  M  X  n'  (20-8) 

for  then  we  would  have 


Jjr')dr'  _  iXq  .  da' 


R 


77  -Te/ 


R 


(20-9) 


as  we  would  expect.  (Compare  with  Equations  10-7  through  10-9.) 

What  we  have  found,  therefore,  is  that,  as  far  as  its  effects  outside  itself  are 
concerned,  the  material  can  be  replaced  by  a  distribution  of  volume  and  surface 
current  densities  that  are  related  to  the  magnetization  M  by  means  of  (20-7)  and  (20-8). 
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The  various  steps  which  have  led  to  our  present  conceptual  scheme  are  summarized  and 
outlined  in  Figure  20-2.  (Compare  to  Figure  10-2.)  The  total  vector  potential  at  the 
field  point  will  then  be  given  by  (20-6)  plus  that  due  to  any  other  currents  which  might 
be  present. 

it  is  common  practice  to  omit  the  primes  on  (20-7)  and  (20-8)  and  to  simply  write 

4  =  V  X  M  and  K„,  =  M  X  n  (20-10) 

with  the  understanding  that  the  differentiation  is  with  respect  to  source  point  coordi¬ 
nates  and  n  is  the  outward  normal.  We  note  that  M.  X  n  is  tangent  to  the  surface  since 
it  is  perpendicular  to  n,  as  it  should  be  to  represent  a  surface  current;  this  also  shows 
that  it  is  the  tangential  component  of  M  that  leads  to  the  surface  current.  (It  is  essential 
not  to  forget  that  is  determined  by  the  value  of  M  X  n  £?/  the  surface.) 

The  subscript  m  on  these  quantities  reflects  the  fact  that  they  are  usually  referred  to 
as  magnetization  current  densities.  They  are  also  often  called  Amperian  current  densities 
or  hound  current  densities;  we  will  not  use  the  latter  term,  however,  since  in  (12-18)  we 
have  already  associated  it  with  the  displacement  of  bound  charges  as  reflected  in  the 
polarization  current  density. 

We  have  obtained  these  results  by  making  a  formal  comparison  of  the  expression 
(20-6)  with  its  general  form  (20-9).  It  is  also  possible  to  understand  and  calculate  these 
currents  in  a  direct  ‘‘physical”  manner;  we  will,  however,  do  this  only  qualitatively.  As 
an  extreme  example,  let  us  consider  a  piece  of  material  with  uniform  magnetization  as 
produced  by  dipoles  of  the  same  magnitude  all  aligned,  that  is,  circulating  in  the  same 
sense  as  shown  in  an  end-on  view  in  Figure  20-3.  If  we  consider  the  immediate 


Figure  20-2.  Conceptual  scheme  for  replacing  matter  by  equivalent 
current  densities. 


Figure  20-3.  Origin  of 
magnetization  surface 
currents  for  a  uniform 
magnetization. 
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neighborhood  of  an  interior  point,  as  indicated  by  the  dashed  line,  we  see  that  the 
current  due  to  one  whirl  in  one  direction  is  canceled  by  the  oppositely  directed  currents 
in  adjacent  whirls.  Thus,  in  the  interior  of  a  uniformly  magnetized  material,  the 
magnetization  current  is  zero  in  agreement  with  (20-7).  However,  at  the  surface  there 
are  no  adjacent  currents  to  produce  a  cancellation,  and,  since  the  currents  in  the  whirls 
are  all  circulating  in  the  same  sense,  the  result  in  effect  is  that  of  a  current 
circulating  on  the  surface  as  indicated  by  the  arrow.  Since  M  is  directed  out  of  the  page 
in  this  case,  the  direction  of  as  given  by  (20-8)  is  exactly  the  same  as  that  just 
deduced  by  consideration  of  the  current  whirls. 

Now  let  us  suppose  that  M  is  jiot  uniform  throughout  the  material;  for  example,  the 
current  of  each  whirl  could  be  different.  Then,  if  we  reconsider  the  region  enclosed  by 
the  dashed  line,  we  see  that  there  will  no  longer  generally  be  a  complete  cancellation  by 
the  oppositely  directed  adjacent  currents  and  there  will  be  a  resultant  current  in  the 
interior.  This  is  exactly  the  effect  described  by  (20-7)  and,  in  fact,  this  picture  can  be 
used  in  a  quantitative  manner  as  an  alternative  way  of  deriving  J„,  =  V '  X  M.  There  is 
still  a  surface  current  in  this  case  of  nonuniform  M  of  course. 

Suppose  that  we  have  two  magnetized  materials  meeting  at  a  common  boundary  as 
illustrated  in  Figure  20-4.  Since  each  of  them  has  a  tangential  component  at  the  surface, 
they  will  each  produce  a  surface  current  given  by  (20-8).  The  net  surface  current  density 
will  be  the  sum  of  these  two  terms  so  that 

^mnet  “  ^ni2  “  ^  ^2  ^  ^^2  (20-11) 

where  and  1^2  are  the  outward  normals  to  the  respective  media.  If  we  now  introduce 
the  normal  n  drawn  from  1  to  2  by  our  usual  convention,  we  see  from  the  figure  that 
=  h  and  ~n  so  that  (20-11)  becomes 

K^net  =  (Ml  -  M2)  X  n  =  nX  (M2  -  Ml)  (20-12) 


As  an  illustration  of  the  internal  consistency  of  our  results,  let  us  consider  a  piece  of 
magnetized  material  of  finite  volume  and  find  the  total  rate  at  which  bound  charge  is 
being  transferred  across  a  plane  passing  through  the  material  as  shown  in  Figure  20-5a. 
Let  S  be  the  area  of  the  plane  intercepted  by  the  material,  h  the  normal  to  it,  and  C  its 
bounding  curve  as  shown  in  (Z?)  of  the  figure.  The  total  rate  at  which  charge  is  being 
transferred  across  the  plane,  that  is,  from  the  shaded  part  of  the  volume  on  the  right  to 
the  unshaded  volume  on  the  left,  is  given  by  (12-6),  (12-8),  and  Figure  12-5  as 


dt 


(20-13) 


where  \  is  drawn  perpendicular  to  ds  as  required.  Substituting  (20-10)  into  this,  and 


Figure  20-4.  Boundary  between  two 
magnetized  materials. 
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Plane 


(.a) 


(b) 


Figure  20-5.  Calculation  of  total  bound  current  passing  across  the 
plane. 


using  (1-67)  and  (1-29),  we  find  that 


dt 


i" 


ds  +^(M  X  n')  •  =^M  •  +^M-  (n'  X  !)  cfe  (20-14) 


where  n'  is  the  normal  to  the  surface  of  the  material  at  the  point  where  is  to  be 
evaluated.  But  we  see  from  the  figure  that  (fi^  X  ^)  =  -ds  so  that  the  two  integrals  in 

(20-14)  cancel  and  dq/dt  =  0,  Thus  the  magnetization  currents  do  not  transfer  net 
charge.  This  is  just  what  would  be  expected,  for  otherwise  a  piece  of  magnetized 
material  would  “spontaneously”  have  its  charges  separated,  which  is  incompatible  with 
our  picture  of  magnetization  as  arising  from  a  reorientation  of  existing  current  whirls. 

The  induction  produced  outside  the  material  can  be  found  from  (20-6)  by  using 
B  =  V  X  A.  Alternatively,  we  can  use  the  current  densities  as  found  from  (20-7)  and 
(20-8)  in  (14-7)  and  (14-11)  to  give 


4(r')  X  R  Jt' 


/io  r  K„(r')  X  kda’ 


(20-15) 


So  far  all  of  our  results  have  been  obtained  by  considering  the  vector  potential,  and 
its  corresponding  induction,  at  a  field  point  in  the  vacuum  region  outside  the  matter. 
Here  there  is  no  difficulty  in  knowing  what  B  is  and  we  could  imagine  measuring  it  by 
finding  the  force  on  a  moving  point  charge  or  the  torque  on  a  small  current  loop.  What 
about  the  situation  inside  the  material?  We  cannot  easily  measure  the  torque  on  a 
current  loop  without  first  drilling  a  hole  into  the  material  in  order  to  insert  the  loop  and 
we  can  anticipate  that  this  may  alter  the  situation  since  in  the  process  we  will  certainly 
remove  some  volume  currents  and  introduce  some  new  surface  currents.  We  faced  a 
similar  problem  in  the  electric  case  and  discussed  it  at  length  in  Section  10-3.  We  could 
go  through  the  same  arguments  that  we  used  there,  with  appropriate  changes  of  terms 
and  symbols,  and  we  will  be  led  to  exactly  the  same  conclusion:  the  only  practical  and 
reasonable  thing  to  do  is  to  be  consistent  with  our  conceptual  replacement  of  the 
matter  by  the  set  of  equivalent  magnetization  current  densities  and  assume  by  definition 
that  (20-9)  and  (20-15)  can  be  used  to  calculate  A  and  B  anywhere. 

Nevertheless,  we  can  still  ask  if  it  is  possible  to  give  a  cavity  definition  of  B  in  the 
same  sense  that  we  did  for  E  in  (10-26)  and  D  after  (10-45).  In  other  words,  we  want  to 
be  able  to  cut  a  hole  of  appropriate  shape  within  the  material  so  that  we  can  insert,  say, 
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Figure  20-6. 


Cavity  used  to  measure  B  in  the  material. 


M 


(a) 


Figure  20-7.  Uniformly 
magnetized  cylinder,  (a) 
Side  view,  (b)  End  view. 


a  small  current  loop  into  the  cavity  and  find  the  value  of  B  in  the  material  from  a 
measurement  of  the  torque  on  the  loop  in  the  vacuum  inside  the  cavity.  As  before,  we 
can  use  our  knowledge  of  the  boundary  conditions  satisfied  by  B;  the  relevant  one  is 
that  the  normal  components  of  B  are  continuous  as  given  by  (16-4).  But  this  is  precisely 
the  same  boundary  condition  that  we  used  to  obtain  the  cavity  definition  for  D  after 
(10-45)  so  that  we  see  exactly  what  is  to  be  done.  The  appropriate  cavity  is  thus  a  short 
right  cylinder  cut  in  the  material  with  its  base  perpendicular  to  the  direction  of  B  there 
as  shown  in  Figure  20-6.  Since,  by  construction,  only  normal  components  are  involved, 
we  see  that  the  value  of  B  in  the  cavity  equals  that  in  the  material,  that  is,  B^  =  B. 

Finally,  let  us  consider  a  simple  example  illustrating  our  results  so  far.  We  discuss  a 
more  complicated  one  in  the  next  section. 


Example 

Infinitely  long  uniformly  magnetized  cylinder.  Suppose  we  have  an  infinitely  long 
cylinder  of  circular  cross  section  that  has  a  uniform  magnetization  M  parallel  to  the 
axis  of  the  cylinder  as  shown  in  Figure  lO-la.  We  can  find  the  magnetization  currents 
from  (20-10).  Since  M  =  const.,  we  find  that  =  V  X  M  =  0  and  there  are  no 
volume  currents.  Figure  20-7  shows  an  outward  normal  A,  which  is  perpendicular  to  M, 
and  we  see  that  the  surface  current  has  a  constant  magnitude  ^  M  and  circulates 
about  the  cylinder  in  the  sense  shown  in  (b)  of  the  figure.  But  a  surface  current  like  this 
is  exactly  the  equivalent  of  an  infinitely  long  ideal  solenoid  as  illustrated  in  Figure 
15-11  and  for  which  we  have  already  calculated  the  induction.  The  magnitude  of  B 
inside  is  given  by  (15-24)  and  therefore  in  this  case  we  have  B-  =  ^  const., 

while  B^j  =  0  outside.  Since  B,  is  in  the  axial  direction,  as  is  M,  we  can  finally  write 

B,  = 

as  the  complete  solution  to  the  problem. 


(20-16) 
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20-3  UNIFORMLY  MAGNETIZED  SPHERE 

Let  us  now  consider  a  sphere  of  radius  a  that  has  a  constant  magnetization  M.  We 
choose  the  z  axis  in  the  direction  of  M  and  the  origin  at  the  center  of  the  sphere  as 
shown  in  Figure  20-8;  thus  M  ^  Mz.  Since  M  is  constant,  =  0  by  (20-7).  We  see 
from  the  figure  that  the  outer  normal  n'  =  f'  and  therefore  the  surface  current  density 
as  found  from  (20-8)  is 

K^  =  MzXf'  =  M  sin  (9 V  (20-17) 

with  the  use  of  (1-94)  and  (1-92).  Thus,  in  this  case,  the  surface  currents  are  along  the 
lines  of  “latitude”  on  the  sphere  with  a  magnitude  that  is  zero  at  the  “poles”  and  a 
maximum  at  the  “equator”  as  shown  in  Figure  20-9.  If  we  insert  (20-17)  into  (20-15), 
and  use  (1-100)  to  write  da'  =  sin  d6'  dtp',  while  R  =  R/R,  we  find  B  to  be  given 
in  general  by 


PLqMq^  r2^  r'rT{^'  X  VC)  9'  dO'  dfp>' 

i — ? — 


(20-18) 


For  simplicity  in  this  example,  we  evaluate  (20-18)  only  for  a  field  point  on 
the  positive  z  axis;  later,  we  will  solve  this  problem  completely  by  a  quite  differ¬ 
ent  method.  We  see  from  Figure  20-10  that  r  =  zz,  r'  =  af',  R  =  zz  —  ar',  R  = 
(z^  -  IzacosO'Y^^  and  4"' ^  ^  sin  -P  (z  cos  —  a)0' =  a  sin  ^'z  + 

(z  —  £icos^^)(xcos(p'  -P  ysinip^)  with  the  use  of  (1-94),  (1-92),  and  (1-93).  If  we  insert 
these  into  (20-18),  we  see  that  the  x  and  y  components  will  vanish  on  integrating  over 
<p'  because  of  (19-49)  so  that  B  has  only  a  z  component,  as  is  evident  from  the 
symmetry  of  the  current  distribution  shown  in  Figure  20-9.  Therefore,  the  only 
nonvanishing  component  is 


9'  d9'  d^>' 


rf 

•ff\  •'n 


(20-19) 


47r  4  Jq  (z^  +  -  Izacosd'Y''^ 

The  integration  over  ip'  gives  a  value  of  Itt;  if  we  use  sin^ =  1  —  cos^  9',  and  change 


Figure  20-8.  Uniformly  magnetized 
sphere. 


Figure  20-9.  Equivalent 
surface  currents  of  uniformly 
magnetized  sphere. 


320  MAGNETISM  IN  THE  PRESENCE  OF  MATTER 


Calculation  of  the  induction  at  a  point 


the  variable  of  integration  by  means  of  (2-22),  we  find  that  this  becomes 


A(^)  = 


/■ 


(l  -  dll 


(z^  +  —  Iza/i) 


3/2 


(20-20) 


The  integral  can  be  found  with  the  use  of  tables  to  be 


2(z^  +  -  2zafi) 


1/2  r 


3z^a^(n^  -  1} 

z^  +  +  zflju  + 


2(z^  -h  —  2za/x) 


3z  a 


3^3 


{(z^  +  a^)[\z  +  a|  —  |z  -  £2|]  —  za[|z  a\  \z  —  t2|]}  (20-21) 


and,  as  usual,  there  are  two  cases  to  be  considered. 

1.  Outside  the  sphere.  Here  z  >  a,  so  that  \z  -  a\  =  z  -  a  and  (20-21)  becomes 
4/3z^  which,  when  put  into  (20-20),  gives  the  induction  outside  the  sphere  to  be 


2^QMa^ 

3z^ 


(20-22) 


This  result  becomes  more  understandable  if  we  express  it  in  terms  of  the  total  dipole 
moment  of  the  sphere  that  from  (20-2)  is 

m  =  (20-23) 

so  that  (20-22)  can  also  be  written  as 

Mn 

(20-24) 

47r  z 

Upon  comparing  this  result  with  (19-24),  and  remembering  that  ^  =  0  and  r  =  z  for  a 
field  point  on  the  z  axis,  we  see  that  (20-24)  is  exactly  that  of  a  point  dipole  of  total 
moment  m. 

2.  Inside  the  sphere.  Here  z  <  a,  so  that  \z  -  a\  ^  a  —  z  and  (20-21)  becomes 
A/3a^  which,  when  put  into  (20-20),  gives  the  induction  inside  the  sphere  to  be 

5,,(z)  =  ]ii,M  (20-25) 

which  is  constant  and  parallel  to  the  magnetization.  The  numerical  factor  of  f  is 
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Figure  20-11.  Magnetic  induction  on  axis  due  to  a 
uniformly  magnetized  sphere. 


different  from  unity  as  found  for  the  cylinder  in  (20-16)  even  though  both  of  these 
systems  have  uniform  magnetization;  the  difference  in  numerical  factors  is  evidently 
due  to  the  difference  in  geometry. 

It  will  be  left  as  an  exercise  to  show  that  these  same  results  also  hold  for  negative 
values  of  z,  that  is,  is  always  in  the  positive  direction  and  is  constant  and  given 
by  (20-25)  for  all  z.  In  Figure  20-11  we  illustrate  these  directions  for  B  that  we  have 
found.  We  recall  that  these  results  are  similar  to  those  we  found  for  E  for  the  uniformly 
polarized  sphere  in  Section  10-4.  This  leads  us  to  suspect  that  similar  things  can  be  said 
about  this  problem,  that  is,  that  the  induction  everywhere  outside  is  a  dipole  field 
corresponding  to  the  total  dipole  moment  given  by  (20-23),  while  everywhere  inside,  B, 
is  constant  and  given  by  f i^qM.  This  actually  turns  out  to  be  the  case  as  we  will  show 
in  a  quite  different  manner  later  in  this  chapter. 

At  the  surface  of  the  sphere  (z  =  a),  (20-22)  gives  ^ 

as  it  should  be  since  both  of  these  are  normal  components  and  should  be  equal  by 


(16-4). 


20-4  THE  H  FIELD 

We  recall  that  when  we  defined  the  magnetic  induction  in  Section  14-1,  we  pointed  out 
that  B,  by  its  definition,  is  determined  by  currents  of  all  kinds.  Thus,  in  V  X  B  = 
given  by  (15-12),  J  represents  the  total  current  density.  In  (20-10),  we  found  a  current 
density  =  V  X  M,  which  is  associated  with  the  presence  of  matter  and,  as  we  found 
it  useful  To  do  for  charges  in  Section  10-5,  it  is  convenient  to  divide  currents  arising 
from  moving  charges  into  the  two  broad  classes  of  magnetization  currents  and  free 
currents  described  by  the  respective  densities  and  The  magnetization  currents  are 
to  be  associated  with  the  constituents  of  matter  and  generally  speaking  we  do  not  have 
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any  real  control  over  them.  As  we  discussed  near  the  end  of  Section  12-2,  free  currents 
are  those  over  which  we  can  exert  some  control,  for  example  by  sending  currents 
through  wires  with  the  use  of  batteries  or  by  using  convection  currents  in  the  form  of 
streams  of  charged  particles.  Thus  we  can  write  the  total  current  density  as  the  sum  of 
these  two: 


'^total  ~  ^  ~  ^  (20-26) 

Inserting  this  into  (15-12)  and  using  (20-10),  we  find  that  v  X  B  =  =  Mo(J/ + 

V  X  M)  or 


V  X 


(  B  \ 

- ivi  h"  J/ 

\Mo  / 


(20-27) 


The  form  of  this  equation,  in  which  only  the  free  current  density  appears  on  the 
right-hand  side,  suggests  that  it  will  be  useful  to  define  a  new  vector  field  H(r)  by 


B 

H  = - M 

^0 


(20-28) 


for  then  (20-27)  becomes 

V  X  H  =  (20-29) 

The  vector  H  is  called  the  magnetic  field  or  sometimes  the  H  field.  The  principal 
characteristic  of  H  and  the  primary  reason  for  its  introduction  is  that  its  curl  depends 
only  on  the  free  current  density.  The  dimensions  of  H  are  the  same  as  those  of  M  and 
thus  H  will  be  measured  in  ampere/meter.  We  can  think  of  (20-29)  as  expressing 
Ampere’s  law  of  force  between  current  elements  plus  the  magnetic  effects  of  matter. 

Now  that  we  have  defined  H  we  can  easily  determine  some  of  its  properties.  The 
behavior  of  its  tangential  components  at  a  surface  of  discontinuity  in  properties  can  be 
found  by  inserting  the  source  equation  (20-29)  into  (9-13)  and  (9-18)  and  using  the 
analogue  of  (15-14)  for  free  currents;  the  result  is  that  we  can  express  the  boundary 
conditions  in  the  two  equivalent  ways 

nx  (H2  -  Hj)  =  (20-30) 

H2,  -  Hi,  =  K^X  n  (20-31) 

where  is  the  free  surface  current  density.  Thus,  there  will  be  a  discontinuity  in  the 
tangential  components  of  H  only  if  there  is  a  free  (e.g.,  conduction)  surface  current 
density.  This  is  in  contrast  to  B  whose  tangential  components  will  be  discontinuous  if 
there  is  a  surface  current  density  of  any  kind  as  we  saw  in  (15-15)  and  (15-16). 

The  integral  form  of  Ampere’s  law  for  H  can  be  found  by  using  (20-29),  (1-67),  and 
(12-6);  the  result  is  that 


•  ds  =  fj^  ■  da  =  (20-32) 

where  If  ^nc  current  passing  through  the  surface  S  enclosed  by  the 

arbitrary  path  of  integration  C. 

Equation  20-29  can  be  used  to  devise  a  cavity  definition  of  H  so  that  one  can 
contemplate  finding  the  value  of  H  in  the  material  from  measurements  done  in  the 
vacuum  inside  an  appropriately  shaped  cavity.  We  assume  that  there  are  no  free 
currents  within  the  material.  Then  v  x  H  =  0  and  its  tangential  components  are 
continuous  by  (20-31).  This  is  exactly  the  type  of  boundary  condition  that  was  the  basis 
of  the  cavity  definition  of  E  given  by  (10-26)  and  we  see  at  once  what  we  should  do.  As 
shown  in  Figure  20-12,  we  imagine  a  long  needlelike  cavity  cut  into  the  material  with  its 
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Figure  20-12. 


Cavity  used  to  measure  H  in  the  material. 


axis  parallel  to  the  direction  of  H  there.  Thus,  by  construction,  only  tangential 
components  are  involved,  and  since  they  are  continuous,  the  magnetic  field  in  the  cavity 
H,.  equals  that  in  the  material,  =  H.  Now  the  induction  in  the  cavity  can  be 
measured  by  determining  the  force  on  a  moving  charge  or  the  torque  on  a  small  current 
loop.  Since  there  is  no  matter  in  the  cavity,  =  0,  and  we  see  from  (20-28)  that 
and  therefore,  the  field  in  the  material  is  given  by 

H  =  H,  =  -  (20-33) 

P‘0 

As  the  Helmholtz  theorem  of  Section  1-20  tells  us,  we  need  one  more  differential 
source  equation  for  the  magnetic  field,  that  is,  its  divergence.  This  is  easily  found  by 
combining  (20-28)  with  (16-3)  and  we  see  that  V  •  B  =  0  =  V  •  [Mo(H  +  " 

jUq(v  ■  H  +  V  •  M)  and  therefore 

y  .  H  =  -  V  M  (20-34) 

showing  us  that  H  can  have  sources  associated  with  the  Amperian  currents  of  matter  as 
well  as  free  currents.  We  will  return  to  this  point  later. 

The  boundary  conditions  satisfied  by  the  normal  components  of  H  can  be  most 
easily  obtained  from  the  fact  that  the  normal  components  of  B  are  continuous,  and 
when  we  substitute  (20-28)  into  (16-4)  we  find  that 

n-  (H2  -  Hi)  =  -n- (M2  -  Ml)  (20-35) 

or 

H2„- -{^2,,- M,„)  (20-36) 

In  spite  of  the  apparent  simplicity  of  our  results,  particularly  (20-29),  they  are  not 
too  useful  at  this  point  since  we  have  to  be  able  to  relate  the  three  vectors  B,  M,  and  H. 
Nevertheless,  we  can  look  again  at  some  of  our  previous  examples. 

Example 

Infinitely  long  ideal  solenoid.  Here  we  have  free  currents  producing  the  fields.  Since 
there  is  a  vacuum  everywhere  else,  M  =  0  and  H  =  B/^Iq.  Thus  we  can  use  our 
previous  results  (15-25)  and  (15-26)  and  we  see  that  -  0  while  inside  the  solenoid 

H.=  —  =«/i  (20-37) 

'  Po 

where  n  is  the  number  of  turns  per  meter  and  z  is  along  the  solenoid  axis.  (This  result  is 
basically  the  reason  that  H  is  often  given  in  the  units  of  ampevQ-turns/raQicr.)  Here  we 
have  a  discontinuity  in  the  tangential  components  of  H;  if  we  take  h  to  point  from  the 
inside  (1)  to  the  outside  (2),  and  write  =  nl^  from  (15-22)  and  Figure  15-11,  (20-31) 
becomes  H2,  -  =  0  -  =  nl^  X  h  ^  -niz  and  therefore  =  niz  in  agree¬ 

ment  with  (20-37);  we  note  that  the  use  of  the  boundary  conditions  in  this  way  provides 
us  with  a  quick  way  of  finding  H,  in  this  case.  ■ 

Example 

Infinitely  long  uniformly  magnetized  cylinder .  Here  there  are  no  free  currents.  We  solved 
this  problem  for  B  above  with  the  result  that  B^  =  0  while  B,  -  Outside  the 
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cylinder,  =  0  and  therefore  =  0.  Inside  the  cylinder,  we  find  from  (20-28)  that 
ri/  =  (B,/Mo)  “  My  =  M  -  M  =  0.  Thus  H  =  0  everywhere  in  spite  of  the  resem¬ 
blance  of  this  case  to  the  ideal  solenoid  as  we  found  before.  The  real  difference  between 
these  two  examples  is  that  the  first  one  has  free  currents  while  the  second  one  does  not. 
Since  M  is  uniform,  V  •  M  =  0  and  V  •  H  =  0  by  (20-34);  M  does  not  have  any 
normal  components  either  so  that  our  results  are  also  consistent  with  (20-36).  [If  the 
cylinder  were  not  infinitely  long,  there  would  be  a  discontinuity  in  the  normal 
components  of  M  at  the  ends  where  the  surface  separates  the  matter  from  the  vacuum. 
Then,  from  (20-36),  we  can  expect  there  would  be  sources  of  H  and  that  H  ¥=  0  for  a 
cylinder  of  finite  length.]  i 


■  Example 

Uniformly  magnetized  sphere.  There  are  also  no  free  currents  in  this  example.  In  the 
previous  section,  we  found  the  values  of  B  along  the  axis  by  a  direct  calculation  from 
the  magnetization  currents.  We  can  use  these  results  to  find  H  by  means  of  (20-28). 
Outside  the  sphere,  =  0  and  (20-24)  and  (20-22)  give  us 


I  2m  IMa^ 

= - 0=- - 5-  = 

Mn  477  3z^ 


(20-38) 


Inside  the  sphere,  M,  =  Mi.  and  (20-25)  yields 


1 

- --M 

fio  3 


(20-39) 


Thus,  in  this  case,  H  #  0  both  inside  of  and  outside  of  the  sphere  and,  in  fact,  is 
oppositely  directed  to  both  B  and  M  inside  the  sphere  as  illustrated  in  Figure  20-13.  At 
the  surface  of  the  sphere  (z  =  a),  (20-38)  gives  so  that  there  is  a 


Figure  20-13.  Magnetic  field  on  axis  due  to  a  uniformly 
magnetized  sphere. 
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discontinuity  in  the  normal  components  of  H.  But  if  we  take  n  —  z  in  this  case,  (20-36) 
becomes  ^  3^)  =  ^  “ 


-(M2„  -  Mi„)  exactly  as  it  should. 


Both  of  these  last  two  examples  were  characterized  by  the  absence  of  free  currents 
and  the  presence  of  a  uniform  magnetization,  yet  in  one  case  H  =  0  while  H  ^  0  for 
the  other.  What  is  the  real  difference  between  them?  Although  V  -  M  =  0  in  the  interior 
for  both  of  these  examples,  they  do  differ  in  that  there  are  clearly  discontinuities  in  the 
normal  components  of  M  for  the  sphere,  while,  as  we  remarked  above,  this  is  not  the 
case  for  the  infinitely  long  cylinder,  and  the  fact  that  H  ^  0  for  the  sphere  must 
somehow  be  related  to  this  difference;  we  would  like  to  be  able  to  describe  this 
somewhat  more  systematically  and  conveniently  than  by  (20-36)  alone.  In  addition, 
there  is  the  nagging  resemblance  between  these  examples  and  those  we  discussed  for  the 
electrostatic  case  in  Chapter  10,  particularly  for  the  uniformly  magnetized  and  polarized 
spheres,  and  one  feels  that  these  problems  are  somehow  related.  This  is,  in  fact,  the 
case. 

In  the  absence  of  free  currents,  our  results  (20-29),  (20-31),  (20-34),  and  (20-35) 
become 


VXH  =  0  VH=-V*M 

H2,  -  =  0  n  (H2  -  Hi)  =  n  Ml 


(20-40) 


where  for  simplicity,  we  take  region  2  to  be  a  vacuum  so  that  M2  =  0.  Similarly,  in  the 
absence  of  free  charge,  our  electrostatic  results  (5-4),  (9-21),  (10-39),  (10-10),  (9-26),  and 
(10-12)  can  be  written  in  the  form 


V  X  (€(,E)  =  0 


n 


•  (coE)  =  -V  ■  P  =  Pft 
(tnE,  -  CqEi)  =  n  ■  Pi  =  a, 


(20-41) 


We  also  recall  that  P  and  M  each  represent  their  corresponding  dipole  moment  per  unit 
volume.  Upon  comparing  these  two  sets  of  equations,  we  see  that  by  analogy  we  can 
define  magnetic  analogues  of  charge  densities  by 


p„.  =  -V  •  M  a„,  =  n  ■  M 


(20-42) 


so  that  two  of  the  equations  of  the  set  (20-40)  become 

V-H  =  p^  n-(H2-H,)  =  a„  (20-43) 

and  now  look  just  like  the  corresponding  members  of  (20-41).  Thus  we  can  call  the 
volume  density  of  magnetic  charges  (“poles”)  and  the  surface  density  of  magnetic 
charges  (“poles”)  and  regard  them  as  the  source  of  the  magnetic  field  H  and  they  will 
play  the  same  role  as  did  the  corresponding  electric  charges  in  the  calculation  of  eoE. 
As  we  saw  in  Section  16-1,  there  are  actually  no  magnetic  charges  so  that  the  densities 
defined  by  (20-42)  represent  fictitious  charges',  however,  this  does  not  prevent  them 
from  being  useful  in  discussing  this  restricted  type  of  problem. 

This  analogy  can  be  pushed  even  further.  We  recall  that  the  fact  that  v  X  E  =  0 
followed  from  our  being  able  to  write  E  in  terms  of  the  electrostatic  scalar  potential  in 
(5-3),  that  is,  E  =  -  Similarly,  the  fact  that  v  x  H  =  0  here  enables  us  by  using 
(1-48)  to  introduce  a  magnetic  scalar  potential  so  that 

H=  -  (20-44) 

If  we  now  substitute  this  into  (20-43)  and  use  (1-45),  we  find  that  satisfies  Poisson’s 
equation 


^  Pm 


(20-45) 
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while,  in  regions  where  is  zero,  it  satisfies  Laplace’s  equation 


(20-46) 


in  analogy  with  (11-1)  and  (11-3),  if  the  former  is  written  as  ^  =  ~Ph 

since  we  are  only  considering  cases  in  which  pj-  =  0.  The  uniqueness  theorem  of  Section 
11-1  that  we  found  for  <f>  will  also  hold  for  since  the  only  requisite  was  that  the 
function  involved  satisfy  Laplace’s  equation. 

Thus  what  we  have  found  is  that  many  magnetostatic  problems  can  be  solved  exactly 
as  we  did  some  electrostatic  problems,  and  therefore  many  of  the  methods  we 
developed  in  Chapter  11  can  also  be  applied  here.  Furthermore,  if  we  have  already 
solved  the  analogous  electrostatic  problem,  we  can  simply  take  over  the  solution  by 
making  the  replacements  CqE  ^  H,  F  ^  M,  and  so  on.  For  example,  we 

can  write  down  the  integral  from  which  can  be  found  from  a  given  distribution  of 
magnetization  by  changing  (5-7)  and  (5-8)  in  this  way: 


dr' 

-  + 

Mdr' 

~R 


1 

+  — 
477 


/ 

•/  C' 


(r')  da' 

R 

(iV  ■  M)  da' 
R 


(20-47) 


Example 

Uniformly  magnetized  sphere.  Let  us  reconsider  this  example  from  this  new  point  of 
view.  Since  M  =  Mz  —  const.,  =  —  V  ■  M  ^  0  and  there  is  no  volume  pole  density. 
However,  since  n  in  (20-42)  is  the  n"  =  r'  of  Figure  20-8,  we  see  that  there  is  a  generally 
nonzero  surface  pole  density  given  by 

=  Mz  •  f'  =  Mcosd'  (20-48) 

and  we  see  that  this  is  exactly  of  the  form  found  in  (10-27)  for  the  bound  surface  charge 
density  of  the  uniformly  polarized  sphere,  and  which  is  illustrated  in  Figure  10-9.  Now 
we  can  see  that  the  sources  of  H  in  this  example  can  be  ascribed  to  the  discontinuities 
in  the  normal  components  of  M  at  the  surface  of  the  sphere  and,  on  comparing  Figures 
20-13  and  10-11,  we  can  see  why  H-  is  oppositely  directed  to  M  in  the  interior.  In  the 
last  example  of  Section  11-5,  we  found  the  complete  solution  (11-133)  for  the  uniformly 
polarized  sphere,  and  we  found  that  the  electric  field  everywhere  outside  was  a  dipole 
field  corresponding  to  the  total  dipole  moment  of  the  sphere,  while  it  was  uniform 
everywhere  inside  and  given  by  (11-134)  as  =  -(P/3to).  Now  we  see  that  exactly 
the  same  things  can  be  said  about  the  uniformly  magnetized  sphere:  outside,  the  field  is 
a  dipole  one  corresponding  to  the  moment  of  (20-23)  and  the  magnetic  field  vectors 
everywhere  inside  will  be  constant  and  equal  to 

B,  =  fi^oM  H,  =  -\M  (20-49) 

in  agreement  with  the  results  (20-25)  and  (20-39)  found  for  points  on  the  axis.  ■ 


As  we  saw  in  (11-135),  many  internal  or  local  electric  fields  turn  out  to  be 
proportional  to  and  opposite  to  the  polarization.  It  is  clear  that  similar  results  will  be 
found  in  magnetostatic  problems  of  similar  type,  and,  accordingly,  it  is  common 
practice  to  write 

Hioc=  (20-50) 

where  N^,  is  a  dimensionless  constant  called  the  demagnetizing  factor.  We  see  from 
(20-49)  that  ^  for  a  sphere.  It  will  be  left  as  exercises  to  show  that  =  1  for  an 
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infinite  slab  with  parallel  faces  and  =  ]_  for  a  cylinder,  exactly  as  in  the  electrostatic 
case. 

Historically,  the  approach  to  magnetostatic  problems  that  we  have  just  outlined  and 
illustrated  was  quite  extensively  applied  so  that  poles  were  used  in  many  calculations; 
this  is  essentially  the  way  in  which  H  got  its  early  emphasis  and  acquired  the  name 
magnetic  field,  which  one  might  reasonably  have  expected  to  have  been  given  to  B. 
However,  it  is  important  to  remember  that  the  use  of  poles  works  consistently  only  in 
the  absence  of  free  currents  and,  of  course,  there  is  no  experimental  evidence  for  the 
existence  of  magnetic  poles.  From  our  present-day  point  of  view,  all  magnetic  effects 
are  ultimately  due  to  currents,  and  the  use  of  poles  in  the  way  we  have  illustrated  is  a 
sometimes  useful  fiction,  and  applicable  only  in  limited  cases,  generally  in  connection 
with  calculations  involving  permanent  magnets.  In  principle  then,  any  problem  that  can 
be  worked  by  using  poles  can  be  done  by  using  magnetization  currents,  as  we  saw  in 
several  examples;  it  may  seem  harder,  but  it  can  be  done.  (In  spite  of  the  remark  above 
about  the  necessity  of  the  absence  of  free  currents,  it  is  possible  to  extend  the  use  of  the 
magnetic  scalar  potential  to  cases  involving  filamentary  free  currents.  It  turns  out, 
however,  that  then  depends  on  the  solid  angle  subtended  by  the  current  at  the  field 
point.  Since  solid  angles  can  be  multiple-valued  functions,  this  causes  problems  in  the 
use  of  <{>^,  and  it  quickly  loses  much  of  the  simplicity  implied  above.  Consequently,  we 
will  not  pursue  its  use  any  further.) 

Let  us  now  consider  one  more  simple  example  that  will  lead  us  naturally  into  our 
next  major  topic. 

■  Example 

Infinitely  long  straight  constant  current.  We  let  the  free  current  /  coincide  with  the  z  axis 
and  be  in  the  positive  z  direction.  We  assume  initially  that  there  is  no  matter  present. 
By  the  familiar  symmetry  arguments,  H  will  have  the  form  H  =  and  we  can 

use  Ampere’s  integral  form  (20-32)  by  integrating  over  a  circle  of  radius  p  in  the  xy 
plane.  Thus,  ■  ds  =  2'^pH^  =  =  /  so  that  =  I/l^np  and  therefore 

H=  - 9  and  B  =  — $  (20-51) 

llTp  IsTp 

since  M  =  0.  Now,  as  an  extreme  example,  let  us  suppose  that  all  space  is  filled  with  an 
obviously  magnetic  material  such  as  iron.  (We  need  to  assume  the  presence  of  a  thin 
insulating  material  around  the  wire  since  iron  is  a  conductor.)  What  will  happen?  If  we 
keep  the  free  current  I  unchanged,  and  if  the  material  is  homogeneous  enough  so  that 
the  axial  symmetry  is  still  present,  then  we  can  apply  (20-32)  in  exactly  the  same  way 
and  we  will  get  precisely  the  same  value  for  H  as  given  by  (20-51).  In  other  words,  in 
this  case,  H  is  unaffected  by  the  presence  of  the  matter.  We  can,  however,  expect  that 
M  will  now  be  different  from  zero  and  then  (20-28)  shows  us  that  the  value  of  B  will  be 
altered,  considerably  as  a  matter  of  fact.  It  is  also  clear  that  we  cannot  evaluate  B 
exactly  until  we  know  how  the  magnetization  depends  on  the  fields,  and  it  is  this  that 
we  now  need  to  consider.  ■ 
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If  we  recall  the  manner  in  which  we  were  led  to  introduce  the  magnetization  in  Section 
20-1,  we  should  assume  the  existence  of  a  functional  relation  between  M  and  B,  that  is, 
we  would  write  M  =  1\1(B)  and  expect  that  the  exact  form  of  this  relation  would 
depend  on  the  material  and  will  have  to  be  found  by  experiment.  As  logical  as  this 
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might  seem,  it  is  not  what  is  usually  done;  instead,  one  begins  by  writing  a  relation 
between  M  and  H,  that  is,  M  =  M(H).  There  are  essentially  two  reasons  for  this.  One  is 
primarily  historical,  in  that  at  first  greater  importance  was  attached  to  H  than  to  B  and 
this  seemed  to  be  the  reasonable  thing  to  do.  A  much  more  practical  reason  is 
illustrated  by  the  previous  example  where  we  saw  that  H  was  not  altered  in  the 
presence  of  matter  provided  that  we  kept  the  free  current  constant  and  that  we  had  an 
appropriate  geometry.  Since  this  is  a  desirable  situation  to  have  in  the  laboratory  where 
one  can  alter  the  free  current  at  will,  it  is  convenient  to  consider  M  to  be  a  measurable 
function  of  H. 

There  still  remains  the  problem  that  the  functional  form  of  M(H)  must  be  found  for 
each  material,  either  by  experiment  or  by  calculations  done  in  other  branches  of 
physics.  Fortunately,  as  was  the  case  for  dielectrics  as  discussed  in  Section  10-6,  it  is 
possible  to  classify  most  magnetic  materials  into  groups  in  a  way  that  can  be  used  to 
simplify  our  theory  and  to  make  it  more  useful. 

If  H  =  0,  and  M(0)  ^  0,  then  the  material  is  magnetized  even  in  the  absence  of  an 
external  field.  It  is  said  to  have  a  permanent  magnetization  and  is  called  a  permanent 
magnet.  Many  materials  for  which  M(0)  =  0  have  a  dependence  of  M  on  H  that  is  very 
nonlinear  and  sometimes  the  relation  is  not  even  single  valued.  Many  such  materials  are 
of  very  important  practical  interest,  and,  in  fact,  very  often  the  materials  that  can  fall 
into  the  first  class  also  fall  into  the  second.  We  do  not  consider  these  cases  further  in 
this  section,  but  will  come  back  to  them  in  Section  20-7. 

Rather  than  repeating  the  various  simplifying  classification  steps  outlined  in  Section 
10-6,  we  proceed  immediately  to  the  simplest  possible  case,  that  of  a  linear  isotropic 
homogeneous  magnetic  material  for  which  the  magnetization  is  proportional  to  and 
parallel  to  the  magnetic  field  so  that  we  can  write 

M-X.H  (20-52) 

Here  Xm  called  the  magnetic  susceptibility  and  is  a  constant  characteristic  of  the 
material.  For  virtually  all  materials  that  fall  into  this  category,  \x^\  I,  and,  in 
contrast  to  the  electric  case,  Xm  can  be  of  either  sign.  If  >  0,  the  material  is  called 
paramagnetic^  while  if  x^,  <  0,  it  is  said  to  be  diamagnetic.  As  is  discussed  in  detail  in 
Appendix  B,  all  materials  have  a  diamagnetic  contribution  to  their  susceptibility 
arising  from  the  altered  orbital  motion  of  their  constituent  electrons  that  is  produced 
by  an  applied  field.  In  paramagnetic  materials,  however,  this  is  overwhelmed  by  the 
much  larger  paramagnetic  susceptibility  due  to  permanent  magnetic  dipole  moments. 

Combining  (20-52)  with  (20-28),  we  obtain 

B  =  Mo(l  +  X.)H  =  (20-53) 

where 

^  ^  ^  Xm  ^  relative  permeability  (20-54) 

^  ^mf^o  =  (absolute)  permeability  (20-55) 

Thus,  in  this  common,  but  not  universal,  case,  B  and  H  are  parallel.  The  relation 
B  =  juH,  or  H  =  B/ju,  is  another  example  of  a  constitutive  equation  and  is  not  a 
fundamental  equation  of  electromagnetism,  in  contrast  to  (20-28)  which  is. 

In  this  case,  we  can  easily  relate  M  and  B  by  eliminating  H  between  (20-52)  and 
(20-53)  and  we  find  that 

M=  ^B=  - - 

SO  that  M  is  also  a  linear  function  of  B. 


(20-56) 
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Since  ju  is  a  constant,  we  see  that  V  •  B  ^  0  =  V  •  (jaH)  —  /xv  ■  H  so  that 

V  ■  H  =  0  (20-57) 

and,  therefore,  from  (20-52): 

V  •  M  =  0  (20-58) 

which  is,  of  course,  consistent  with  (20-34)  and,  according  to  (20-42),  shows  that  there 
can  be  no  volume  density  of  magnetic  charges  within  a  l.i.h.  magnetic  material. 

The  free  and  magnetization  current  densities  are  also  simply  related  in  a  material 
such  as  this.  If  we  take  the  curl  of  (20-52)  and  use  (20-10),  (20-29),  and  (20-54),  we  find 
that 

^  Xm^f  =  ('^^  “  1)*^/  (20-59) 

and  the  total  current  density  as  given  by  (20-26)  becomes 

J  =  (l (20-60) 

Since  Xm  either  sign,  we  see  that  the  magnetization  current  can  be  oppositely 

directed  to  the  free  current;  the  total  current,  however,  will  always  be  in  the  same 
direction  as  the  free  current  since  is  positive.  We  also  see  that  when  T  =  0,  both 
and  J  are  zero,  so  that  at  any  point  in  a  l.i.h.  magnetic  material  where  mere  is  no  free 
current,  there  is  no  magnetization  current  either.  If  =  0,  then  v  X  H  =  0  which, 
together  with  (20-57),  shows  us  that  there  are  no  sources  of  H  within  the  material  in  the 
absence  of  free  currents. 

When  (20-53)  is  apphcable,  the  boundary  conditions  at  a  surface  of  discontinuity  in 
magnetic  properties  can  be  written  in  terms  of  a  single  vector,  either  B  or  H  as  one 
chooses.  Using  (16-4)  and  (20-30),  we  can  write  them  as 

n-(B2-Bi)  =  0  nx(—  (20-61) 

\  ^2  Ml  / 

or,  equally  well,  as 

n- =  0  nx(H2-Hj  =  K^  (20-62) 

We  see  from  these  relations  that,  even  if  =  0,  the  lines  of  B  (and  H)  will  generally 
have  different  directions  on  the  two  sides  of  the  bounding  surface,  that  is,  they  will  be 
refracted  at  the  boundary. 


Example 

Infinitely  long  ideal  solenoid.  As  usual,  we  assume  the  solenoid  has  n  turns  per  unit 
length,  a  cross  section  of  area  S,  and  a  (free)  current  I  in  its  winding.  We  now  assume, 
in  addition,  that  the  interior  is  filled  with  a  l.i.h.  magnetic  material  of  relative 
permeability  k^.  In  this  case,  it  would  be  appropriate  to  use  the  integral  form  of 
Ampere’s  law  for  H  given  by  (20-32).  We  could  proceed  with  this  equation  exactly  as 
we  did  in  the  example  of  Section  15-2,  and  we  will  again  obtain  (20-37),  that  is,  the 
magnetic  field  is  uniform  across  the  cross  section  and  is  given  by 

H  -  niz  (20-63) 

while  it  is  zero  outside.  Thus,  H  is  unaffected  by  the  presence  of  the  matter.  The 
induction  B  is  now  given  by  (20-53)  and  is 

B  =  (20-64) 

and  has  been  increased  by  the  factor  as  we  see  by  comparison  with  (15-26). 
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Consequently,  the  flux  per  turn  given  by  BS  has  been  increased  by  this  same  factor  and 
will  equal  K,^,fx^^nSl.  If  we  now  consider  a  length  /,  with  its  nl  turns,  the  total  flux  will 
be  so  that  the  self-inductance  L  =  0/7,  as  given  by  (17-55),  will  be 

^  =  k^Lo  (20-65) 

where  we  have  used  (17-61)  to  identify  the  self-inductance  Lq  when  the  interior  has  a 
vacuum  in  it.  Thus,  we  see  that  the  presence  of  the  matter  has  increased  the  self-induc¬ 
tance  and  the  ratio  L/Lq  =  is  just  equal  to  the  relative  permeability  of  the  material. 


Example 

Self-inductance  in  general.  The  simplicity  of  the  final  result  L  =  which  we  have 

just  obtained,  and  its  independence  of  the  details  of  the  specific  system  we  considered, 
suggest  that  this  may  actually  be  a  general  relation  that  holds  for  any  self-inductance. 
We  can  see  that  this  is  actually  the  case.  Suppose  we  are  given  a  certain  distribution  of 
free  currents  described  by  J|,  and  we  assume  a  vacuum  everywhere.  Then  the  source 
equations  for  Hq  will  be  v  X  Hq  =  and  V  ■  Hq  =  0  from  (20-29)  and  (20-57)  and 
we  can  imagine  solving  them  for  Hq.  The  corresponding  induction  will  be  Bq  = 
and  the  flux  through  the  circuit  will  be  %  =  /Bq  -  t/a  =  Mo/Ho  *  da.  Now  let  us 
suppose  that  all  space  occupied  by  fields  is  filled  with  a  l.i.h.  magnetic  material  of 
relative  permeability  /c^;  this  requirement  is  necessary  in  order  that  there  be  no  surfaces 
of  discontinuity  on  which  the  normal  component  of  M  is  different  from  zero,  as  this 
would  introduce  sources  of  H  other  than  the  free  currents.  Now  if  we  keep 
unchanged,  the  equations  to  be  solved  will  be  exactly  the  same  as  before,  and  therefore 
H  will  be  unchanged,  that  is,  H  =  Hq.  But  we  see  from  (20-53)  that,  under  these 
conditions,  B  will  be  increased  by  the  factor  so  that  B  =  =  k^^qHq  = 

Then  when  we  integrate  over  the  same  surface  the  new  flux  will  be  0  = 
and  the  inductance  L  =  ^/I  =  thus 

L  (20-66) 

will  again  be  obtained,  but  now  as  a  general  result.  ■ 


Example 

Coaxial  line.  In.  Figure  20-14,  we  assume  the  infinitely  long  cylindrical  conductor  of 
radius  a  (region  1)  to  be  nonmagnetic  and  to  have  a  total  current  I  uniformly 
distributed  over  its  cross  section.  The  coaxial  outer  conductor  of  radius  b  is,  for 
simplicity,  assumed  to  have  an  infinitesimal  thickness  and  to  carry  a  current  ~1 
uniformly  distributed  over  its  surface.  Region  2  between  the  conductors  is  filled  with  a 
l.i.h.  nonconducting  magnetic  material  of  permeability  ju  =  Region  3  includes  all 
space  (vacuum)  outside  the  system.  We  want  to  find  all  of  the  field  vectors  everywhere. 

Because  of  the  cylindrical  symmetry,  H  will,  as  usual,  have  the  form  H  = 
and  we  can  use  the  integral  form  of  Ampere’s  law  (20-32)  to  calculate  it.  But  this 
system  is  just  like  that  of  Figure  18-1  with  c  =  b  and  the  present  region  3  correspond¬ 
ing  to  region  4  of  the  previous  figure.  We  previously  worked  this  out  in  the  vacuum  case 
and  we  can  simply  take  over  our  results  by  dividing  them  by  /it  q  in  order  to  get  H,  or 
one  can  simply  repeat  the  same  calculations.  Therefore,  we  find  from  (18-25),  (18-28), 
and  following  (18-33)  that 


Ip 


I 
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Figure  20-14.  Coaxial  line 
carrying  equal  oppositely 
directed  currents. 


These  are  shown  as  a  function  of  p  in  Figure  20-15.  As  a  cheeky  we  will  see  if  the 
necessary  boundary  conditions  are  satisfied.  Since  H  has  only  tangential  components  at 
any  of  the  surfaces,  the  relevant  one  here  is  (20-31).  We  see  from  the  figure  that  is 
continuous  at  p  =  as  it  should  be  since  there  is  no  free  surface  current  density  there. 
It  is  also  seen  that  is  discontinuous  at  p  =  />  and  this  must  be  due  to  the  fact  that 
is  different  from  zero  there.  We  find  from  Figures  20-14  and  12-5  that 


K=-^2  (20-68) 

^  2^0 

If  we  go  from  region  2  to  3,  then  h  =  p  and  (20-31)  becomes  H3^(^>)  -  H2f(^)  = 
=  -(//27rZ))$  =  KfXh  =  -{I/l’nbjz  X  p  and  the 

boundary  condition  at  p  =  /)  is  satisfied  and  the  origin  of  the  discontinuity  in  is 
clear. 

We  can  now  find  B  from  (20-53)  and  (20-67)  by  using  Pi  =  P3  =  Po  P2  ^ 
we  get 


V2 


p^ 

27rp 


A3  =  o 


(20-69) 
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These  are  shown  as  a  function  of  p  in  Figure  20-16.  We  see  that  also  has  a 
discontinuity  at  p  =  /),  but  it  is  different  from  the  value  which  it  would  be  if 

there  were  a  vacuum  in  region  2.  In  addition,  has  a  discontinuity  at  p  =  a,  while 
did  not.  These  differences  must  be  due  to  the  existence  of  magnetization  surface 
currents,  but  we  cannot  verify  this  quantitatively  until  we  have  found  M.  (Actually,  we 
know  that  B^  must  satisfy  the  boundary  conditions  since  does,  as  we  saw,  but  it  will 
nevertheless  be  instructive  to  work  out  the  details.) 

We  can  find  M  from  (20-67)  and  (20-52)  and  by  using  Xmi  =  Xm3  =  ^ 

X^2  =  X^,  and  we  get 

M^i  =  0  ^<P2=^  =  0  (20-70) 

These  results  are  shown  as  a  function  of  p  in  Figure  20-17.  We  see  that  M  has 
discontinuities  at  both  a  and  b,  and  therefore  this  must  result  in  net  magnetization 
surface  currents  according  to  (20-12).  Before  we  calculate  them,  however,  we  can 
also  check  our  results  in  other  ways.  From  (20-70)  and  (1-87)  we  find  that  v  ■  M2  = 
=  0  as  it  must  by  (20-58).  Since  there  is  no  free  current  in  the 
nonconducting  region  2,  we  know  from  (20-59)  that  J;„2  =  V  X  M2  given  by  (20-10) 
must  be  zero;  we  can  verify  this  from  (20-70)  and  (1-88)  and  we  find  that  J  2  = 
-^M^2/^z  =  0,  42^  =  0,  and  =  P~V{pM2^)/dp]  =  p-^ld(xJ/27T)/dp] 
=  0. 
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In  order  to  calculate  the  surface  currents,  we  must  remember  that  n  in  (20-10)  is  the 
outer  normal  to  the  region  containing  the  matter.  Therefore,  at  p  =  a,  h  =  -  p  and  we 
get 

K„2(«)  (-p)  =  (20-71) 

At  p  =  /?,  n  =  p  and  we  find  that 

X  p  =  -  (20-72) 

On  the  other  hand,  in  order  to  apply  the  boundary  condition  on  B,  which  is  given  by 
(15-16)  and  the  analogue  of  (20-26)  as 

82^  —  Bj^^  =  PqH.  X  n  =  p-qK^  X  n  +  /XqK^  X  n  (20-73) 

we  must  remember  that  in  this  equation  n  is  the  unit  normal  drawn  from  region  1  to  2, 
and  so  on.  Therefore,  if  we  always  go  from  the  lower-numbered  region  to  the 
higher-numbered  region,  we  see  from  Figure  20-14  that  we  can  always  use  n  =  p  in 
(20-73). 

At  p  =  a,  K^=0  and  we  find  that  (20-73),  (20-71),  (20-54),  and  (20-55) 
give  B2,  -  Bi,  =  X  n  =  X  P  =  "  l)//27ra]9  = 

[(ju  —  po)//27r«]4>  in  exact  agreement  with  (20-69)  and  Figure  20-16.  At  p  -  0, 
however,  K.  is  not  zero  but  is  given  by  (20-68),  so  that  (20-73)  applied  here  becomes 

B3,  -  B2,  =  (PoI/27Tb){-Z  -  xJ)  xp  =  -[Mo(1  +  =  -(p//277Z))$, 

which  also  agrees  exactly  with  the  values  given  in  (20-69)  and  shown  in  Figure  20-16. 

At  this  point,  we  have  managed  to  squeeze  almost  everything  out  of  this  long 
example  that  we  can,  and  we  have  seen  that  all  of  the  relevant  quantities  were 
calculable  and  satisfied,  in  this  specific  case,  all  of  the  applicable  general  results  that  we 
have  previously  obtained.  ■ 


20-6  ENERGY 

We  recall  our  result  (18-12)  for  the  magnetic  energy  of  a  system  of  free  currents 

^m  =  J/  •  A  t/T  (20-74) 

Z  •'all  space 

In  the  electric  case,  we  concluded  after  a  lengthy  discussion  following  (10-78)  that  the 
useful  definition  of  energy  was  that  associated  with  the  free  charges  since  it  represented 
the  reversible  work  that  could  be  put  into  and  retrieved  from  the  system  by  the 
manipulation  of  charges  over  which  we  have  control.  In  the  same  manner,  we  can 
conclude  that  the  energy  of  the  free  current  distribution  is  the  suitable  quantity  to  call 
the  magnetic  energy  of  the  system  since  it  represents  the  reversible  work  associated  with 
currents  that  we  can  control,  and  we  can  still  use  this  definition  in  the  presence  of 
matter. 

In  order  to  appreciate  the  limitations  of  our  final  results,  it  will  be  useful  to  begin 
again  and  (18-1),  which  gives  the  work  required  from  an  external  source  to  produce  a 
small  change  in  flux,  provides  a  convenient  starting  point  because  it  was  based  only  on 
a  general  application  of  Faraday’s  law.  If  we  let  the  changes  in  magnetic  energy  and 
flux  be  written  as  and  8^j  for  convenience,  we  find  from  (18-2)  and  (16-23)  that 

=  Zh  S'f,  =  Zij<f  SAj  ■  dSj  (20-75) 

J 
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where  d\j  is  the  corresponding  change  in  the  vector  potential  on  the  jih  part  of  the 
system.  When  matter  is  present,  the  magnetization  currents  contribute  to  the  flux 
because  of  the  induction  they  produce,  as  described  for  example  by  (20-15).  As  usual, 
we  are  assuming  rigid  mechanical  supports  or  constraints  on  the  circuits  so  that  no 
purely  mechanical  work  is  done. 

We  can  now  rewrite  the  sum  in  terms  of  the  current  density  in  exactly  the  same  way 
that  we  went  from  (18-10)  to  (18-11)  and  we  get 

SU„  =  jj^-SXdT=  j{v  XH)  SA  dr  (20-76) 

with  the  use  of  (20-29).  In  this  expression,  V  is  the  total  volume  occupied  by  free 
currents.  We  can,  however,  extend  this  to  include  all  space  since  regions  where  J/  =  0 
will  not  contribute  to  the  integral.  Thus,  we  get 

^^4=  f  (v  X  H)  ’SAdr  (20-77) 

‘'all  space 

But  V  X  A  =  B  by  (16-7),  so  that  V  X  (A  +  M)  =  B  +  5B  and  therefore,  by  (1-117), 
V  X  5A  =  6B.  We  can  now  rewrite  the  integrand  by  using  (1-116)  and  (16-7): 

(V  X  H)  •  5A  =  H-  (V  X  5A)  -  V  •  (6A  X  H)  =  H  •  6B  -  V  (5A  X  H)  (20-78) 

If  we  compare  this  with  (18-16)  and  recall  how  we  went  from  (18-15)  to  (18-21),  we  see 
that  we  could  proceed  in  exactly  the  same  way  and  we  will  obtain 

/  H  SBdr  (20-79) 

•'all  space 

Finally,  if  we  take  the  zero  of  energy  to  correspond  to  B  =  0,  we  can  obtain  the  total 
energy  by  integrating  this  from  the  initial  state  of  B  =  0  to  the  final  value; 

U^=  [  rU-SBdT  (20-80) 

•^all  space  *^0 


In  general,  (20-80)  cannot  be  further  evaluated  until  the  dependence  of  H  on  B  is 
known,  and  this  could  be  quite  comphcated;  we  will  briefly  look  at  such  a  situation  in 
the  next  section.  However,  for  the  important  case  of  linear  isotropic  magnetic  materials, 
we  can  use  (20-53)  to  write  H  •  6B  =  B  ■  8B/p  =  so  that 


1 

-H  B 
2 


and  thus  (20-80),  which  gives  the  total  reversible  work  on  the  free  currents,  becomes 


t/„,  =  f  Bdr  (20-81) 

•^all  space 

which  we  can  interpret  in  the  usual  way  by  introducing  the  magnetic  energy  density 

•  B  (20-82) 

so  that  we  can  write 

(  u^dr  (20-83) 

‘'all  space 


[Compare  with  (10-84)  and  (10-85).]  If  we  use  (20-53),  we  can  also  write  this  as 

B^  1 
^  ^  2 

which,  of  course,  reduces  to  (18-22)  for  a  vacuum  when  /x  =  (Xq. 


(20-84) 
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In  Section  18-2  we  saw  that  one  of  the  useful  applications  of  the  energy  expression 
was  the  calculation  of  self-inductance.  If  we  have  found  the  fields  by  other  means,  we 
can  evaluate  (20-83)  and  by  equating  it  to  (18-9),  L  can  be  found  from  L  =  lU^/P. 


Example 

Coaxial  line.  Let  us  consider  the  same  system  as  shown  in  Figure  20-14  for  which  we 
have  already  found  H  and  B.  For  simplicity,  we  shall  calculate  only  the  contribution  of 
the  region  containing  the  matter  (region  2)  to  L.  The  energy  density  in  this  region  as 
found  from  (20-82),  (20-67),  and  (20-69)  is 


= 

2 


liL 


Stt  V 


(20-85) 


Since  dr  =  pdp  d(p  dz  by  (1-83),  the  total  energy  contained  in  a  length  /  of  this  region 
will  be 


U. 


rl  flTT  rh 
•'Q-'O  •'a  Btt 


ixl 


ml 


p  dp  d(p  dz  = 


pl^l 

477 


In  - 


(20-86) 


so  that  its  contribution  to  the  self-inductance  will  be 


^2 


277 


(20-87) 


Upon  comparing  this  with  the  middle  term  of  (18-34),  we  see  that  the  ratio  of  this  to 
the  vacuum  value  is  L2/L20  =  p/Po  =  complete  agreement  with  (20-66)  for  this 
case  in  which  the  free  currents  have  been  kept  constant.  ■ 


The  presence  of  matter  will  generally  change  the  values  of  B  and  H  everywhere  and 
thus  the  magnetic  energy  given  by  (20-81)  can  also  be  expected  to  change.  As  we 
discussed  for  the  electric  case  after  (10-89),  this  change  will  generally  depend  on  the 
process  by  which  the  matter  is  introduced  into  the  field,  and  a  general  discussion  can  be 
quite  complex.  There  is,  however,  one  special  case  in  which  the  energy  change  can  be 
directly  identified  with  the  matter,  and  we  consider  it  as  an  illustration. 

We  assume  that  initially  we  have  vacuum  everywhere  and  some  distribution  of  free 
source  currents  that  produce  the  fields  Hq  and  Bq  =  Po^o  throughout  space.  Now  let 
us  assume  that  we  keep  the  free  source  currents  fixed  in  value  and  location  and 
introduce  a  material  of  volume  V  into  this  preexisting  field  Bq.  If  we  let  B  and  H  be  the 
new  values  of  the  fields  that  arise  because  of  the  presence  of  the  matter,  the  change  in 
the  energy  of  the  system  as  obtained  from  (20-81)  will  be  given  by 

(H  •  B  -  Ho  •  Bo)  dT  (20-88) 

•'all  space 

and  can  be  ascribed  entirely  to  the  presence  of  the  matter.  As  was  done  in  Exercise 
10-38  for  the  analogous  electric  formula  (10-91),  it  can  be  shown  that  (20-88)  can  be 
written  as  an  integral  over  the  volume  V  of  the  matter  only.  The  calculation  is  quite 
long,  so  we  shall  simply  quote  the  final  result,  which  turns  out  to  be 

U^„=yM-B,dT  (20-89) 

Since  this  involves  only  the  volume  of  the  matter,  it  is  reasonable  to  consider  the  energy 
to  be  localized  in  the  matter  and  to  represent  the  energy  of  the  matter.  Thus  we  can 
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introduce  an  energy  density  associated  with  the  matter  given  by 

=  IM  ■  Bo  =  ix.MoH  •  Ho  (20-90) 

We  note  the  similarity  of  these  results  to  the  electrostatic  results  (10-92)  and  (10-93), 
except  for  the  difference  in  sign.  These  expressions  are  appropriate  for  situations  in 
which  the  magnetization  is  produced  by  the  field,  as  is  implied  by  (20-52). 

On  the  other  hand,  we  have  to  remember  the  difference  between  these  energies  and 
the  (potential)  interaction  energy  of  a  permanent  dipole  in  an  external  induction  given 
by  (19-40).  If  we  consider  a  small  volume  dr,  its  dipole  moment  will  be  given  by  (20-1), 
and  the  interaction  energy  will  be 

=  -M-B,,,dT  (20-91) 

if  we  write  the  external  induction  as  rather  than  the  Bq  of  (19-40).  The  total 
interaction  energy  can  then  be  obtained  by  integrating  (20-91)  over  the  volume  V  of  the 
material  to  give 


(20-92) 

Jy 

For  example,  if  B^,^,  does  not  vary  much  over  the  material,  we  can  take  it  out  of  the 
integral  and  use  (20-2)  to  get  =  -m  •  B^^j  in  agreement  with  (19-40). 

When  a  material  is  magnetized,  there  will  generally  be  forces  on  the  magnetization 
currents  due  to  the  induction.  If  the  material  is  not  rigid,  it  can  deform  under  the 
influence  of  these  forces.  This  effect  is  called  magnetostriction;  it  is  generally  a  small 
effect  and  we  will  not  consider  it  further  and  assume  completely  rigid  materials. 

As  we  saw  in  Section  18-3,  energy  considerations  are  often  useful  in  discussing 
magnetic  forces.  Because  of  the  complexity  of  this  general  subject,  we  illustrate  these 
ideas  with  the  following  single  example. 

Example 

Permeable  rod  in  a  long  solenoid.  Suppose  we  have  a  long  solenoid  of  n  turns  per  unit 
length,  total  length  /,  circular  cross  section  of  area  S,  and  carrying  a  current  I 
circulating  as  shown  in  Figure  20-18.  We  also  suppose  that  a  cylindrical  rod  of  the 
same  cross  section  and  of  permeability  /x  is  inserted  into  the  solenoid  a  distance  z.  We 
assume  that  the  current  in  the  solenoid  is  kept  constant  throughout  and  we  would  like 
to  find  the  force  on  the  rod.  As  we  saw  in  connection  with  the  example  of  the 
interpenetrating  solenoids  of  Section  18-3,  we  can  get  a  reasonably  simple  solution  only 
by  neglecting  the  “end  effects”  that  will  be  associated  with  the  diverging  field  lines  near 
the  ends  of  the  solenoid  and  rod  as  was  indicated  in  Figure  18-3.  Since  1x^1  ^  Ihe 
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Figure  20*18.  Permeable  rod 
in  a  long  solenoid. 
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magnetic  field  will  be  practically  unaffected  by  the  presence  of  the  rod  and  to  a  first 
approximation  can  be  taken  from  (20-63)  as  H  =  niz.  The  energy  density  in  the 
unoccupied  vacuum  region  of  the  solenoid  of  length  /  -  z  and  volume  (I  —  z)S  as 
obtained  from  (20-84)  is  =  \fLQn^I^.  Similarly,  the  energy  density  in  the 
volume  zS  occupied  by  the  matter  will  be  Inserting  these  constant 

values  into  (20-83),  we  find  that  the  total  energy  of  this  configuration  is 

=  Wl^S[\i.z  +  Ho{l  -  z)]  (20-93) 

Since  the  currents  are  kept  constant,  we  use  (18-39)  to  calculate  the  force: 

F.=  (Vt4),= 

=  (20-94) 

There  are  many  interesting  aspects  to  this  result. 

Since  everything  else  in  (20-94)  is  positive,  the  sign  of  depends  on  the  sign  of  Xm- 
If  the  material  is  paramagnetic  so  that  Xm  ^  attracted  into  the 

solenoid,  while  if  it  were  diamagnetic  with  a  negative  susceptibility,  it  would  be 
repelled.  [This  is  in  contrast  to  the  analogous  electrostatic  result  (10-99),  which  showed 
that  a  dielectric  slab  would  always  be  attracted  in  between  the  capacitor  plates;  this 
simply  expresses  the  fact  that  all  electric  susceptibilities  are  positive  for  static  fields.] 
We  can  understand  this  effect  of  the  sign  difference  qualitatively.  If  the  material  is 
paramagnetic,  M  will  be  parallel  to  H  by  (20-52)  and  the  associated  surface  currents 

will  be  circulating  in  the  same  sense  as  /,  as  we  saw  in  Figure  20-7ft.  Thus  we  have 
two  sets  of  parallel  currents  and  these  will  attract  each  other,  as  noted  following 
(13-14),  in  agreement  with  the  sign  found  from  (20-94).  On  the  other  hand,  in  a 
diamagnetic  material,  M  will  be  opposite  in  direction  to  H,  its  corresponding  surface 
currents  will  circulate  oppositely  to  the  sense  of  /,  and  these  “unlike”  currents  will 
repel  each  other. 

While  the  force  is  independent  of  both  /  and  z,  it  is  proportional  to  the 
cross-sectional  area  S;  thus  we  can  introduce  a  force  per  unit  area  as 

=  y  =  ^  (20-95) 

This  can  be  put  into  a  more  interpretable  form  by  expressing  it  in  terms  of  the  energy 
densities  in  the  two  regions  and  we  get 

=  (“mM  -  (20-96) 

In  other  words,  the  magnitude  of  the  force  per  unit  area  is  just  equal  to  the  difference  in 
energy  densities  of  the  two  regions,  and  its  direction  is  such  as  to  tend  to  move  the 
material  so  as  to  increase  the  total  magnetic  energy  of  the  system.  This  is  consistent 
with  all  of  our  previous  results  relating  to  the  general  tendencies  of  systems  to  “  try”  to 
increase  their  magnetic  energy. 

Furthermore,  (20-96)  is  in  agreement  with  the  idea  expressed  after  (18-52)  (and 
found  from  a  somewhat  different  type  of  example)  that  magnetic  forces  per  unit  area 
are  properly  described  as  pressures.  In  effect,  we  found  in  (18-52)  that  we  can  associate 
a  force  per  unit  area  at  the  surface  of  a  given  region  as  the  product  of  the  energy 
density  within  that  region  and  the  outward  normal  to  the  region.  In  this  case,  we  would 
then  write  a  pressure  term  at  the  interface  for  the  vacuum  region  as  f,„o  = 
while  that  for  the  matter  would  be  =  w^^(  +  z).  Then  the  resultant  force  per 
unit  area  on  the  bounding  surface  between  the  two  would  be  ^ 

^hich  isjust  (20-96)  again.  ■ 
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20-7  FERROMAGNETIC  MATERIALS 

Up  to  now,  we  have  considered  in  detail  only  l.i.h.  media  for  which  we  can  write 
B  =  juH  where  ju  is  a  constant  characteristic  of  the  material.  Although  many  materials 
can  be  described  quite  well  by  this  relation,  it  turns  out  that  quite  a  few  of  the 
technologically  important  ones  have  a  markedly  different  behavior,  and  in  this  section 
we  consider  briefly  some  of  their  principal  characteristics. 

These  materials  are  usually  called  ferromagnetic  materials  since  they  are  typified  by 
the  neighboring  metals  iron,  cobalt,  and  nickel.  There  are,  however,  many  alloys  and 
nonmetals  that  also  fall  into  this  category.  Although  specific  properties  vary  from 
material  to  material,  and  must  be  found  by  experiment,  the  general  features  are  very 
similar  and  we  shall  concentrate  on  these.  Essentially,  there  is  no  simple  relation 
between  B  and  H  for  these  cases. 

It  is  also  commonly  found  that  the  magnetic  properties  depend  on  the  previous 
history  of  the  particular  sample.  Nevertheless,  one  can  get  a  sample  into  a  state  where  it 
possesses  a  certain  regularity  of  behavior.  This  is  usually  accomplished  by  the  frequent 
reversal  of  an  applied  field  of  decreasing  magnitude,  and  we  assume  that  this  has  been 
done.  (The  reason  for  this  particular  prescription  will  be  apparent  shortly.) 

What  one  generally  wants  to  do  is  to  apply  an  external  H  field,  produced  by  external 
free  currents,  and  then  to  measure  B  as  a  function  of  H.  In  order  to  accomplish  this,  it 
is  clear  that  the  sample  has  to  be  of  such  a  shape  that  B  and  H  can  be  measured 
and/or  calculated  conveniently  and  unambiguously.  In  particular,  it  is  desirable  that  H 
can  be  found  from  a  knowledge  of  the  applied  external  currents  only.  If,  for  example, 
one  were  to  use  a  long  solenoid  with  an  iron  core  as  the  sample,  there  would  be 
discontinuities  at  the  ends  and  one  would  have  to  concern  oneself  with  the  effect  of  the 
normal  components  of  M,  that  is,  of  the  surface  density  of  “poles.”  But,  as  we  saw  in 
(20-42),  these  depend  on  the  value  of  M,  which  is  connected  to  the  relation  between  B 
and  H  by  B  =  jUQ(H  -t-  M).  Since  this  would  complicate  the  problem  enormously,  we 
want  to  choose  a  sample  without  any  ends,  and  this  immediately  leads  us  to  think  in 
terms  of  a  ring  or  torus.  If  the  torus  is  tightly  wound  about  the  material,  then,  as  we 
saw  in  the  last  example  of  Section  15-2,  we  can  to  a  good  approximation  assume  H  to 
be  confined  completely  to  the  interior  and  it  can  be  found  from  the  free  current  1  in 
the  N  turns  of  the  toroidal  coil.  Such  a  device  is  called  a  Rowland  ring. 

We  can  use  the  integral  form  of  Ampere’s  law  given  in  (20-32)  to  find  H.  The 
calculation  is  substantially  identical  to  that  which  led  to  (15-28)  and  was  illustrated  in 
Figure  15-12.  For  a  circular  path  of  radius  p,  i/s  =  p  and  (20-32)  becomes 

=  / H^(p)p  d<p  =  l^pH^ip)  =  =  N1  (20-97) 

so  that 

(20-98) 

We  let  a  be  the  radius  of  the  circular  cross  section  of  the  ring  and  b  be  the  central 
radius  of  the  torus,  and  we  shall  assume  that  b  a.  In  this  case,  H^{p)  will  be 
approximately  constant  and  equal  to 

NI 

H=—  (20-99) 

Then  both  M  and  B  will  also  be  approximately  constant  across  the  cross  section  of 
area  S  =  Tra^,  and  the  flux  through  S  will  be 

^  =  SB 


Nl 


(20-100) 
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The  measurement  can  then  be  carried  out  in  a  typical  manner.  The  controllable 
external  quantity  1  is  changed  by  a  small  amount,  and  thus,  by  (20-99)  the  magnetic 
field  will  change  by  LH  =  NM/2^b  and  can  be  calculated  from  the  known  properties 
of  the  toroid.  There  will  be  corresponding  changes  in  the  induction,  A  5,  and  the  flux 
A^>  =  SAB,  The  latter  quantity  can  be  measured  by  wrapping  another  coil  about  the 
torus  and  finding  the  total  charge  Ag^  that  passes  through  it  as  a  result  of  the  induced 
current.  If  is  the  resistance  of  this  circuit,  we  find  from  (12-2)  and  (17-3)  that  the 
magnitude  of  AQ^  is 

^Qc  j  rJ  dt  ^  R, 

which  agrees  with  the  result  of  Exercise  17-6  and  gives  us  AB  =  R^AQJS  thus 
enabling  us  to  evaluate  AB.  In  this  way,  the  curve  describing  the  induction  as  a 
function  of  H  can  be  obtained  as  the  result  of  a  series  of  small  steps. 

When  a  procedure  like  this  is  carried  out  with  a  monotonically  increasing  H,  the 
result  typically  is  a  .5  versus  H  curve  with  the  general  appearance  shown  in  Figure 
20-19.  A  curve  such  as  this  is  called  a  magnetization  curve;  this  name  is  also  often  given 
to  an  M  versus  H  curve,  which  will  contain  substantially  the  same  information.  We  see 
at  once  that  the  relationship  shown  is  very  nonlinear.  Eventually,  as  H  ^  co,  M 
approaches  a  constant  value  called  the  saturation  magnetization  since  the  dipoles 
become  fully  aligned.  Then  the  relation  B  =  ^  ^ 

const,  and  the  B  -  H  curve  becomes  hnear  with  constant  slope  jxq.  For  many  materials, 
the  values  of  H  required  to  reach  this  point  are  impractically  large. 

Although  when  we  defined  ju,  =  5///  in  (20-53),  we  had  linear  systems  in  mind,  we 
can  stretch  our  definition  of  ja  to  this  case  by  continuing  to  use  this  same  equation. 
When  /i  is  found  from  a  curve  like  Figure  20-19,  the  result  is  like  that  shown  in  Figure 
20-20.  The  maximum  is  generally  of  the  magnitude  of  several  thousand,  although  it  can 
vary  widely  from  material  to  material;  the  ratio  /x/fio  also  approaches  the  limiting  value 
of  unity  as  H  becomes  very  large.  Thus,  /x  as  defined  in  this  way  is  far  from  being  a 
constant,  but  it  can  still  be  a  useful  and  convenient  way  of  describing  the  material.  (We 
can  also  note  here  that  many  ferromagnetic  materials  are  crystals,  and  it  is  found  that 
the  magnetization  curves  are  generally  different  for  the  various  directions  along  which 
H  is  applied.) 

Now  suppose  that,  instead  of  increasing  H  indefinitely  as  we  assumed  for  Figure 
20-19,  we  go  only  to  the  maximum  value  (and  corresponding  B^)  shown  in  Figure 


Figure  20-19.  Typical  B  versus  H 
curve  for  a  ferromagnetic  material. 


Figure  20*20.  Relative  permeability 
versus  H  for  a  ferromagnetic  material. 
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20-21,  and  then  start  to  decrease  H.  We  find,  as  indicated  by  the  directions  of  the 
arrowheads,  that  the  curve  does  not  retrace  its  path,  and  B  does  not  decrease  as  rapidly 
as  it  originally  increased.  A  general  behavior  like  this  is  known  as  hysteresis  (from  the 
Greek  “to  be  late”  or  “to  fall  short”).  Thus,  we  see  that  the  relation  between  B  and  H 
is  not  only  nonlinear,  but  it  is  not  single  valued  either.  If  we  continue  decreasing  H 
until  //  =  0,  we  find  that  B  0  SiS  shown.  This  value  B^  that  remains  is  called  the 
remanent  induction  or  remanence  or  retentivity.  In  fact,  in  order  to  reduce  B  to  zero,  the 
field  H  must  now  be  applied  in  the  reverse  direction  so  that  B  =  Q  when  H  = 

This  value  is  called  the  coercive  force  or  coercivity.  If  we  now  continue  this  process 
of  decreasing  //to  -  Hy,  and  then  reverse  direction  and  increase  it  back  to  +  Hy,  the  B 
versus  H  curve  becomes  the  closed  curve  known  as  a  hysteresis  loop. 

If  we  had  gone  out  to  //j  ^  before  starting  the  reversal,  we  would  find  as  shown 
in  Figure  20-22  that  we  would  get  a  different  hysteresis  loop  with  different  remanent 
induction  and  coercive  force;  similarly  for  the  value  of  the  maximum.  In  other 
words,  the  whole  B  -  H  space  can  be  filled  with  hysteresis  loops  and  a  given  numerical 
value  of  jLt  does  not  have  a  great  significance  unless  the  corresponding  conditions  are 
more  closely  specified.  We  see  that  the  tips  of  these  hysteresis  loops  trace  out  the 
monotonic  magnetization  curve  of  Figure  20-19;  we  also  see  why  we  prescribed 
the  application  of  alternating  fields  of  gradually  decreasing  magnitude  in  order  to  get 
the  sample  to  an  initial  state  where  5  =  0  when  //  =  0.  Finally,  we  can  also  note  that 
if  we  are  at  a  value  such  as  and  then  go  through  a  small  cycle  in  H  starting  there, 
we  will  trace  out  a  little  hysteresis  loop  like  that  illustrated. 

In  systems  in  which  hysteresis  occurs,  there  is  also  an  irreversible  conversion  of 
energy  into  heat  when  the  system  is  taken  around  a  complete  cycle.  In  the  present  case, 
it  must  correspond  to  a  conversion  of  magnetic  energy  into  heat;  this  is  in  addition  to 
the  heat  produced  because  of  the  existence  of  a  conductivity  and  that  is  described  by 
(12-35).  We  can  use  our  previous  general  result  (20-79)  to  demonstrate  this  effect. 

If  we  let  be  the  energy  required  from  the  external  source  per  unit  volume  of  the 
material,  we  can  write  the  integrand  of  (20-79)  as  Bw^dr  and  we  have 

6>v^  =  H  •  (20-101) 

This  is  equal  to  the  shaded  area  shown  in  Figure  20-23  since  we  are  dealing  only  with 
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isotropic  materials  where  B  and  H  are  parallel.  If  we  now  imagine  taking  the  system 
around  one  cycle  of  the  hysteresis  loop,  the  work  done  per  unit  volume  will  be  the  sum 
of  terms  like  (20-101): 


=  ^  H  •  5B  =  ^  HbB 

*^cycle  "^cycle 


(20-102) 


This  is  numerically  equal  to  the  area  enclosed  by  the  hysteresis  loop  so  that  is 
different  from  zero  and  positive.  Since  the  initial  and  final  states  of  the  system  are  the 
same,  the  magnetic  energy,  which  is  a  function  only  of  the  state,  will  not  have  changed, 
and  therefore  the  work  per  unit  volume  given  by  (20-102)  must  represent  an  irreversible 
conversion  of  work  into  heat.  This  result  can  also  be  written  in  a  form  involving  only 
the  material.  Since,  by  (20-28),  B  always  equals  jao(H  +  M),  we  have 

=  H  •  5B  =  •  SM  (20-103) 


When  this  is  inserted  into  (20-102),  the  first  term  will  give  zero,  as  we  saw,  for  example, 
after  (13-4),  so  that  finally 


= 


(20-104) 


The  last  term  of  (20-103),  juqH  *  represents  the  work  supplied  to  a  unit  volume  of 
the  material  and  provides  the  starting  point  for  the  description  of  magnetic  systems  in 
thermodynamics. 


20-8  MAGNETIC  CIRCUITS 

By  rewriting  some  of  our  results  from  the  last  section,  we  can  obtain  something  that  is 
both  suggestive  and  useful.  We  will  continue  to  write  B  =  jxH  with  whatever  value  of  ja 
is  appropriate;  then  from  (20-97),  (20-99),  and  (20-100),  we  obtain 

fiSNl  NI  NI  1 

^  - -  =  -  =  —  =  _ 

iTrb  (l/tiS)  ^  ^ 

where  /  =  27r^>  is  the  length  of  the  path  C  around  the  toroid  and 

We  now  recall  the  result  of  Exercise  12-14  in  which,  by  using  energy  considerations, 
one  could  show  that  in  a  complete  circuit  of  total  resistance  R  containing  an  emf  the 
steady-state  value  of  the  current  is 

S’  1 

(20-107) 

where  R  =  I/oA  by  (12-28)  where  A  is  the  cross-sectional  area  of  the  conductor  of 
conductivity  a.  Comparing  these  expressions,  we  see  that  there  is  a  resemblance,  and, 
by  analogy,  these  systems  are  called  magnetic  circuits.  Again,  by  analogy,  there  is  a 
corresponding  terminology;  one  can  define  a  magnetomotive  force  or  as 

^  ■  ds  =  NI  (20-108) 

and  ^  is  called  the  reluctance.  Then  (20-105)  can  be  written  as 


i 


H  ds 


(20-105) 


(20-109) 
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SO  that  it  looks  like  (20-107).  Also  from  (20-106)  we  see  that  the  permeability  ju-  plays 
the  same  role  in  determining  the  reluctance  as  the  conductivity  a  does  for  the 
resistance. 

The  correspondence  between  the  two  cases  is  not  exact.  In  the  electrical  circuit,  the 
moving  charges  comprising  the  current  do  not  leave  the  conductor,  while  in  a  general 
magnetic  circuit,  it  is  quite  possible  for  the  lines  of  B  to  be  out  in  the  space  surrounding 
the  material.  This  flux  “le^age”  can  result  in  large  quantitative  errors  in  the  applica¬ 
tion  of  (20-109).  Even  so,  this  method  of  discussing  magnetic  circuits  does  prove  useful, 
particularly  in  aiding  us  to  understand  the  overall  features  of  the  situation. 

The  main  use  of  these  ideas  is  in  the  design  and  construction  of  magnets.  These  are 
of  two  principal  general  classes:  electromagnets  in  which  the  magnetic  field  is  produced 
by  a  current  in  the  windings,  and  permanent  magnets  in  which  one  uses  a  ferromag¬ 
netic  material  that  will  have  an  induction  present  even  in  the  absence  of  free  currents. 
We  will  look  at  each  of  these,  but,  for  simplicity,  we  consider  only  those  of  a  toroidal 
shape. 

Since  these  magnets  are  generally  built  to  produce  a  magnetic  field  for  experimental 
purposes,  one  needs  a  place  to  put  the  sample  to  be  studied.  The  natural  thing  to  do  is 
to  cut  out  a  piece  of  the  magnet  material,  thus  making  a  “gap'*  of  length  /q  as  shown  in 
Figure  20-24.  We  assume  a  small  gap  length;  this  is  done  in  order  that  we  can  neglect 
the  “fringing”  properties  of  B  discussed  in  Exercise  15-11  and  illustrated  for  the  electric 
field  in  Figure  6-10.  In  this  way,  we  can  assume  that  all  of  the  lines  of  B  present  in  the 
material  are  in  the  gap  as  well  so  that,  by  (20-100),  we  can  take  $  to  be  constant  and 
need  not  be  concerned  with  a  possible  change  in  the  effective  cross-sectional  area  S. 


Example 

Electromagnet.  If  we  let  be  the  magnetic  field  in  the  material  of  length  /  —  /q  where 
/  =  lirb  as  before,  and  Hq  the  value  in  the  gap  of  length  /q,  we  find  that  the  mmf  of 
(20-108)  becomes 

j)'a.-ds  =  HXl-lo)+ H^lo  =  NI  (20-110) 

We  assume  that  the  surfaces  forming  the  gap  are  cut  so  that  they  are  perpendicular  to 
B.  Since  the  normal  components  of  B  are  continuous,  we  have  =  Bq  =  ^/S\ 
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furthermore,  =  ^,/ju,  while  =  Bq/^Lq.  Thus  we  find  that  (20-110)  can  be  written 
in  terms  of  ^  and  NI  as 


0 


(l-lo) 


=  NI 


(20-111) 


fiS  iiqS 

which  again  has  the  form  (20-105)  with  the  total  reluctance  of  the  circuit  now  given  by 

^  il-  lo) 


\iS 


-p 


\iQS 


(20-112) 


In  other  words,  these  reluctances  add,  just  as  do  resistances  in  series.  We  can  also  see 
that  we  can  generalize  the  idea  of  reluctance  to  a  circuit  of  varying  properties  so  that 
we  will  have 


ds 


If  the  gap  is  small  (Iq  <c  /),  then  (20-112)  can  be  approximated  as 

—  -P  — ^ 
liS  fi.S 


(20-113) 


(20-114) 


Furthermore,  if  the  material  is  something  like  iron  with  ju  »  SOOO/Iq,  it  is  often  possible 
to  neglect  the  first  term  and  approximate  ^  once  again  to  get 


^qS 


(20-115) 


so  that  the  corresponding  approximation  to  (20-111)  would  be 

5/Xo 


0  ==  NI- 


(20-116) 


This  last  approximation  is  not  always  vahd  since  it  depends  both  on  the  value  of  ju  and 
on  the  relative  values  of  the  lengths  /  and  Iq;  it  should  really  be  checked  before  being 
used.  In  any  event,  (20-115)  shows  us  that  most  of  the  reluctance  is  due  to  the  vacuum 
(or  air)  in  the  gap,  that  is,  the  iron  is  more  “permeable.”  Also  since  5,  ==  Bq, 
H,/Hq  =  jLto/iu  so  that  Hq  and  (20-110)  becomes  Jt  =  NI  ~  HqIq  showing  that 
essentially  all  of  the  magnetomotive  force  producing  the  flux  is  applied  “across”  the 
gap,  even  though  the  gap  is  physically  very  small.  ■ 


Example 

Permanent  magnet.  In  this  case,  /  =  0.  The  expression  (20-110)  is  still  valid,  however, 
and  we  find  that 


i/.  =  - 


-  -H.- 


(20-117) 


showing  that  the  magnetic  fields  in  the  two  regions  are  oppositely  directed.  In  the  gap, 
M  =  0  and  Hq  =  Bq/iiq  so  that  H  and  B  are  in  the  same  direction  in  the  gap,  but  since 
B^  =  Bq,  and  are  oppositely  directed  within  the  magnet.  Thus,  a  permanent 
magnet  can  be  represented  by  a  point  in  the  second  quadrant  of  a  5  -  //  curve  as  is 
the  point  labeled  PM  in  Figure  20-22. 
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In  addition,  =  Bq  =  Mo^o  = 


Af.-  = 


BJ 


Mo(^  ^o) 


(20-118) 


and  is  in  the  same  direction  as  B^,  as  is  to  be  expected.  The  change  in  sign  of  H,  which 
occurs  at  the  surface  separating  the  material  from  the  vacuum,  results  from  the 
discontinuity  of  M  at  this  surface,  that  is,  it  arises  from  the  surface  density  of  “poles” 
as  described  by  (20-42)  and  (20-43).  Since  M,.  and  H,  are  oppositely  directed  in  the 
material,  is  often  described  as  a  “demagnetizing”  field.  ■ 


EXERCISES 

20-1  As  we  will  see  in  Appendix  B,  molecular 
permanent  magnetic  dipole  moments  are  typically 
of  the  magnitude  of  the  Bohr  magneton  = 
eh/A'rrm^  =  921  X  10“^'*  ampere-(meter)^  where 
h  is  Planck’s  constant  and  is  the  electron 
mass.  Suppose  each  molecule  of  an  ideal  gas  had 
a  permanent  moment  of  Find  the  maximum 
possible  magnetization  for  this  gas  at  100°  C  and 
one  atmosphere. 

20-2  A  large  sheet  of  material  of  thickness  d 
has  parallel  faces  that  are  perpendicular  to  the  z 
axis.  It  is  magnetized  in  such  a  way  that  M  = 
M(1  +  az)z  where  M  and  a  are  positive  con¬ 
stants.  Sketch  the  lines  of  M.  Find  and 
Repeat  this  for  the  case  where  M  is  given  by 
M{1  -1-  ax)z. 

20-3  A  cube  of  edge  a  has  the  location  and 
orientation  shown  for  the  figure  in  Figure  1-41. 
The  material  within  the  cube  has  a  magnetization 
given  by  M  =  —{M/a)yx  +  (M/a)xy  where 
M  =  const.  Find  the  current  densities  and  K„, 
and  sketch  their  directions. 

20-4  A  cylinder  of  length  /  and  circular  cross 
section  of  radius  a  has  its  axis  along  the  z  axis.  It 
is  magnetized  such  that  M  =  Mx  where  M  = 
const.  Find  and  and  sketch  their  direc¬ 
tions. 

20-5  A  sphere  of  radius  a  has  its  center  at  the 
origin.  Its  magnetization  is  nonuniform  and  given 
by  M  =  (az^  -h  P)z  where  a  and  ^  are  con¬ 
stants.  What  are  the  units  of  a  and  j8?  Find  the 
magnetization  current  densities  J„,  and  as 
expressed  in  spherical  coordinates. 

20-6  Verify  that  the  magnitudes  and  directions 
given  for  B,  by  (20-22)  and  (20-25)  also  hold  for 
negative  values  of  z  and  thus  agree  with  Figure 
20-11. 

20-7  A  cylinder  of  length  /  and  circular  cross 
section  of  radius  a  has  its  axis  along  the  z  axis 


and  the  origin  at  the  center  of  the  cyhnder.  It  has 
a  uniform  magnetization  M  =  Mz.  Find  B  and  H 
for  all  points  on  the  z  axis.  Then  use  your  results 
to  discuss  the  limiting  case  of  a  very  thin  disc, 
that  is,  /  a.  Find  B  outside  at  a  point  z  »  /. 
Find  B  and  H  inside  the  disc. 

20-8  An  infinitely  long  cylinder  of  radius  a  has 
its  axis  along  the  z  axis.  Its  magnetization  is  given 
in  cylindrical  coordinates  by  M  =  Mo(p/fl)^4> 
where  A/q  =  const.  Find  and  Verify  that 
the  total  charge  transferred  is  zero.  Find  the 
values  of  B  and  H  everywhere,  both  inside  and 
outside  the  cylinder. 

20-9  A  sphere  of  radius  a  has  the  origin  at  its 
center.  It  is  magnetized  in  such  a  way  that,  in 
spherical  coordinates,  M  =  M{r)x  and  M(0)  is 
finite.  Find  4  and  K,„.  If  there  are  no  free 
currents  anywhere,  find  B  inside  the  sphere.  Find 
H  inside  the  sphere.  Find  H  at  the  surface  of  the 
sphere  and  just  outside  of  it. 

20-10  In  order  to  use  (20-33),  one  must  be  able 
to  measure  B.  If  one  wants  to  do  this  by  using  a 
moving  point  charge  and  (14-30),  one  measure¬ 
ment  of  the  force  is  not  enough  to  determine  B. 
Show  that,  if  two  measurements  are  made  using 
mutually  perpendicular  velocities  and  V2 ,  and 
the  forces  are  found  to  be  and  F2 ,  respectively, 
then  B  can  be  found  from 

B=  — 4T(t>iFiXv, +  i;?F2Xy2 
2qv{v2 

+  [vi  -  (Fj  X  V2)]Vi 

+  [V2-  (Fi  X  yOjva} 

20-11  Since  there  are  no  magnetic  poles,  one 
should  expect  that  the  total  pole  strength  (net 
magnetic  charge)  of  a  finite  piece  of  magnetized 
material  would  be  zero.  Show  that  this  is  the  case. 
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20-12  Show  that  the  total  magnetic  dipole  mo¬ 
ment  of  a  system  as  given  by  (20-2)  can  be 
written  in  terms  of  poles  as 

m  =  (  p^rdT  -H  Sa^rda 

Jy 

and  compare  with  (8-22),  for  example.  [Hint: 
recall  (19-8)  and  (19-11).] 

20-13  A  very  large  sheet  of  material  of  thickness 
d  has  parallel  faces  that  are  perpendicular  to  the 
z  axis.  It  is  uniformly  magnetized  with  M  =  Mz. 
Find  the  corresponding  pole  distribution,  and 
using  this  find  H  everywhere.  What  is  the  demag¬ 
netizing  factor  in  this  case?  Is  your  result  compat¬ 
ible  with  those  corresponding  to  the  last  sentence 
of  Exercise  20-7? 

20-14  Find  the  pole  distribution  for  the  cylinder 
of  Exercise  20-4.  Find  <#>„,  everywhere.  Show  that 
the  demagnetizing  factor  is  \  for  this  case.  (As¬ 
sume  that  /  is  infinite.) 

20-15  A  spherical  shell  of  radii  a  and  b  is 
uniformly  magnetized  so  that  M  =  Mz  ior  a  <  r 
<  h.  Choose  the  origin  at  the  center  of  the  sphere 
and  find  <j>„,  at  all  points  on  the  positive  z  axis. 
Find  for  positive  values  of  z  and  sketch  its 
behavior  as  a  function  of  z.  Verify  that  satisfies 
the  appropriate  boundary  conditions. 

20-16  Consider  a  cylinder  of  length  /  and  cir¬ 
cular  cross  section  of  radius  a  with  a  permanent 
magnetization  M.  A  uniform  external  induction  B 
is  also  present.  Assume  that  M  is  unaffected  by 
the  presence  of  B  and  find  the  total  torque  on  the 
cylinder.  Use  the  result  of  Exercise  20-12  to  ex¬ 
press  the  torque  in  terms  of  the  pole  distribution 
and  show  that  the  result  can  be  interpreted 
as  saying  that  there  is  a  force  on  a  “point  pole” 
given  by  q^  B.  If  there  is  vacuum  everywhere 
else,  show  that  B  due  to  another  point  pole  q'^ 
is  given  by  B  =  fi^q'^R/A-TTR^,  and  thus  de¬ 
duce  Coulomb’s  law  for  poles  in  the  form 

20-17  When  you  look  up  susceptibilities  in  ta¬ 
bles,  you  will  not  generally  find  numerical  values 
of  Xrti-  Instead,  one  usually  finds  either  the  mass 
st4sceptibility  Xm.mass  nr  the  molar  susceptibility 
X^.moiar-  Thcsc  arc  defined  so  that  x«..mass^  and 
X molar ^  thc  magnetic  moment  per  unit 
mass  and  per  mole,  respectively.  Find  how  X/«  is 
related  to  each  of  these;  you  will  need  to  use  the 
symbols  for  the  mass  density  d  and  molecular 
weight  A  as  well. 

20-18  Suppose  that  we  have  a  static  situation 
involving  a  l.i.h.  material  with  conductivity  a. 


Show  that  then  each  component  of  H  satisfies 
Laplace’s  equation,  for  example,  V  =  0. 

20-19  Lines  of  B  can  be  “refracted”  at  a  surface 
of  discontinuity.  Assume  that  there  are  no  free 
surface  currents  on  the  boundary  and  that  the 
angles  giving  the  directions  of  B  are  measured 
from  the  normal  as  in  the  analogous  electric  case 
shown  in  Figure  10-14.  (a)  Show  that  the  law  of 
refraction  is  cot  cot  aj.  (b)  If  |x„| 

^  1  for  both  media,  then  juj  =  jU.2  -  Po 
angle  of  deviation  5  =  «2  -  «2  very  small. 

Find  an  approximate  expression  for  8.  Evaluate 
this  result  for  =  45®,  region  1  a  vacuum  and 
region  2  a  paramagnet  for  which  Xm2  =  2.2  X 
10“^  (e.g.,  aluminum),  (c)  If  |x^|  is  not  very 
small,  the  result  of  (a)  must  be  used.  As  extreme 
examples,  evaluate  8  for  =45°,  region  1  a 
vacuum,  and:  (i)  Xmi  =  “0.95,  a  nearly  “ideal 

diamagnet”  (Note:  if  Xm - h  then  B  =  0);  (ii) 

Xm2  =  500,  a  moderate  ferromagnet. 

20-20  Find  the  expressions  analogous  to  (20-59) 
and  (20-60)  when  the  material  is  not  homoge¬ 
neous  and  thus  show  that  there  can  be  a  magneti¬ 
zation  current  density  even  in  the  absence  of  a 
free  current  density.  Similarly,  find  an  expression 
for  the  volume  density  of  magnetic  poles  for  this 
situation. 

20-21  A  sphere  of  radius  a  and  relative  permea¬ 
bility  is  placed  in  a  previously  uniform  mag¬ 
netic  field  Hq  =  HqZ.  Find  H  everywhere. 

20-22  A  spherical  shell  of  radii  a  and  b  has  a 
relative  permeability  (ot  a  <  r  ^  b.  There  is 
vacuum  everywhere  else.  It  is  placed  in  a  pre¬ 
viously  uniform  magnetic  field  Hq  =  HqZ. 
Show  that  the  “shielding  factor,”  that  is,  the  ratio 
H,/Hq  where  is  the  magnetic  field  in  the 
cavity,  is  given  by  9k^[(k^ -F  2)(2k^ -F  1) - 
2(k„,  - \f{a/bfY\ 

20-23  A  very  long  straight  current  I  is  parallel 
to  the  plane  surface  of  a  semiinfinite  l.i.h.  mag¬ 
netic  material  and  a  distance  d  from  it.  Show  that 
the  magnetic  field  in  the  vacuum  region  can  be 
obtained  as  the  resultant  of  this  current  and  an 
image  current  P  =  I{k^  -  1)/(k„,  +  1)  located 
a  distance  d  inside  the  material.  Find  the  current 
which  will  give  the  correct  value  of  H  within 
the  material  if  it  is  located  at  the  same  position  as 
/.  What  is  the  force  per  unit  length  between  I 
and  the  material?  Is  this  force  attractive  or  re¬ 
pulsive? 

20-24  In  our  discussion  of  the  coaxial  fine,  we 
assumed  that  the  inner  conductor  (region  1)  was 
nonmagnetic.  Suppose  that  it  is  actually  diamag- 
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netic  with  susceptibility  Xmd  ^  ^  everything 
else  is  unchanged.  Find  H,  B,  M,  and  J„,  for  all 
points  of  region  1  and  plot  your  results.  Verify 
that  the  appropriate  boundary  conditions  are 
satisfied  at  p  =  a. 

20-25  Consider  the  same  coaxial  line  as  dis¬ 
cussed  at  the  end  of  Section  20-5,  except  that 
region  2  between  the  conductors  is  filled  with  a 
nonhomogeneous  material  such  that  k^,  =  K(p/a) 
where  k  =  const.  Find  H  and  B  within  this  region 
and  the  contribution  L2  of  a  length  /  of  this 
region  to  the  self-inductance. 

20-26  Consider  the  same  coaxial  line  as  dis¬ 
cussed  at  the  end  of  Section  20-5,  except  that 
region  2  between  the  conductors  is  filled  with  two 
l.i.h.  materials  as  follows.  For  a  <  p  <  c,  the 
relative  permeability  is  while  it  is  k^2 
c  <  p  <  b.  Find  the  contribution  L2  of  a  length  / 
of  this  region  to  the  self-inductance. 

20-27  A  paramagnetic  liquid  of  mass  density  d 
is  contained  in  a  U-tube  of  circular  cross  section 
of  radius  a.  When  a  field  Hq  is  applied  to  one 
arm  of  the  U-tube,  the  liquid  level  is  found  to  rise 
a  distance  h  into  the  region  where  Hq  ^  0.  As¬ 
sume  that  ^  neglect  all  end  effects,  and 
find  an  expression  from  which  the  susceptibility 
can  be  found. 

20-28  A  very  long  straight  wire  carries  a  current 
/.  Another  long  wire  of  relative  permeability 
and  circular  cross  section  of  radius  a  is  parallel  to 
the  first  and  at  a  distance  b  away  from  it  where 
b  ^  a.  Show  that  there  will  be  an  attractive  force 
per  unit  length  between  them  given  approxi¬ 
mately  by  -  l)pQa^I^/2(K^  -E 
20-29  An  electromagnet  is  made  in  the  form  of 
a  torus  with  a  rectangular  cross  section.  The 


width  of  the  cross  section  is  2  centimeters,  while 
the  inner  and  outer  radii  are  7  and  8  centimeters. 
The  coil  has  1000  turns  and  has  a  gap  cut  into  the 
core  of  length  0.25  millimeters.  When  the  flux 
produced  in  the  ring  is  2.60  X  lO”"^  webers,  the 
permeability  of  the  core  is  4250p.o- 
duction,  the  reluctance,  the  current  in  the  wind¬ 
ings,  the  magnetic  field  in  the  gap  and  in  the  iron 
core,  and  the  fraction  of  the  total  magnetomotive 
force  that  is  “across”  the  gap. 

20-30  Show  that  the  energy  stored  in  a  toroidal 
magnetic  circuit  can  be  written  in  the  form  ^^0^. 

20-31  Find  the  expression  giving  the  force  at¬ 
tracting  one  of  the  faces  forming  the  gap  in  an 
electromagnet  toward  the  other  face.  Evaluate 
this  force  for  the  case  described  numerically  in 
Exercise  20-29,  and  then  express  the  force  per 
unit  area  in  atmospheres. 

20-32  We  noted  before  the  last  example  of  Sec¬ 
tion  20-6  that  forces  on  magnetic  materials  can  be 
ascribed  to  magnetic  forces  acting  on  the  bound 
magnetization  currents.  Therefore,  it  may  seem 
puzzling  that  we  found  a  force  on  the  permeable 
rod  of  Figure  20-18  that  is  in  the  z  direction  since 
both  the  magnetic  field  and  induced  magnetiza¬ 
tion  were  assumed  to  be  uniform  and  along  this 
direction;  this  would  make  the  magnetic  forces 
perpendicular  to  the  solenoid  axis.  The  origin  of 
the  net  force  can  be  found  in  the  very  thing  we 
neglected— the  “edge  effects”  or  curvature  of  the 
actual  lines  of  induction  as  illustrated  in  Figure 
18-3.  Show  qualitatively  that  the  net  force  on  the 
bound  surface  currents  as  produced  by  the  curved 
field  lines  will  really  be  in  the  z  direction  and  that 
the  sign  of  the  force  agrees  with  that  deduced 
from  (20-94)  found  from  energy  considerations. 
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Since  our  last  summary  at  the  beginning  of  Chapter  17,  we  have  added  Faraday’s  law 
and  defined  the  vector  H  as  a  result  of  including  the  magnetic  effects  of  matter.  Thus,  at 
this  point,  our  overall  results  can  be  summarized  by  the  equations 

V'D  =  py  V-B  =  0 

dB  (21-1) 

VXE=-—  VXH  =  J, 

as  given  by  (10-41),  (16-3),  (17-30),  and  (20-29).  These  field  vectors  are  related  to  each 
other  and  to  matter  through  (10-40)  and  (20-28):  D  =  CqE  +  P  and  H  =  (B/po)  “  M. 
In  addition,  we  have  the  equation  of  continuity  (12-19),  which  describes  the  conserva¬ 
tion  of  free  charge: 

dpf 

vJ^+^  =  0  (21-2) 

As  we  pointed  out  previously,  we  assume  that  these  equations  are  still  correct  when  the 
fields  can  vary  with  time  even  though,  with  the  exception  of  Faraday’s  law,  the 
equations  were  obtained  from  action  at  a  distance  laws  that  describe  time-independent 
situations. 

A  great  contribution  of  Maxwell  to  electromagnetic  theory  was  his  first  pointing  out 
that  two  of  the  equations  of  (21-1)  are  incompatible  with  charge  conservation  as 
described  by  (21-2),  and  then  showing  how  this  situation  could  be  resolved  by  the 
introduction  of  yet  another  “current.” 


21-1  THE  DISPLACEMENT  CURRENT 

As  stated  in  (1-49),  the  divergence  of  the  curl  of  any  vector  is  always  zero.  If  we 
calculate  the  divergence  of  the  curl  of  H  as  given  in  (21-1)  and  use  (21-2),  we  obtain 

V-(VXH)  =  VJ;=  (21-3) 

Since  we  can  generally  expect  to  ha.wt{dp^/dt)  =#  0,  we  see  that  we  have  a  fundamental 
contradiction  between  (21-3)  and  the  requirement  of  (1-49). 

In  order  to  remedy  this  situation.  Maxwell  assumed,  in  effect,  that  the  equation  for 
V  X  H  was  not  yet  complete,  but  must  have  another  “current  density”  in  it,  that  is,  we 
assume  that  it  should  really  be  of  the  form 

VXH  =  J^-hJ^  (21-4) 

where  is  the  additional  necessary  term.  Our  aim  now  is  to  find 

If  we  substitute  (21-4)  into  (1-49),  and  use  (21-2)  and  v  •  D  ==  we  obtain 

dpf  d 

V'(VXH)=0  =  V-J^+V'J^=  ‘  '^d=  -  y  V  •  D  +  V  • 
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SO  that 


V  ' 


(21-5) 


since  we  can  interchange  the  order  of  partial  differentiation.  Therefore,  whatever  is, 
it  must  satisfy  (21-5).  The  simplest  assumption,  of  course,  is  that  the  term  in  the 
parentheses  is  zero;  accordingly,  Maxwell  assumed  that 


~dt 


(21-6) 


so  that  (21-4)  can  also  be  written 

d\y 

V  X  H  =  +  — 


(21-7) 


and  is  now  completely  consistent  with  (21-2).  We  can  also  note  that  (21-5)  could  be 
satisfied  in  general  by  writing  J^  =  {dX^/dt)  +  V  X  G  where  G  is  some  arbitrary 
vector;  however,  it  has  never  yet  been  found  necessary  to  do  this  and  it  would  be 
needlessly  complicating  to  carry  this  extra  term  along. 

This  new  current  density  was  called  the  displacement  current  by  Maxwell.  It  has 
important  consequences  and  is  needed  to  make  our  later  results  agree  with  experiment, 
and,  as  we  will  see  in  Chapter  24,  it  is  essential  for  the  existence  of  electromagnetic 
waves. 

Now  that  our  form  for  V  X  H  has  been  changed,  we  must  investigate  how  this  will 
affect  some  general  results  that  depend  on  it.  First,  the  integral  form  of  Ampere’s  law 
for  H  is  obtained  by  combining  (21-7)  with  Stokes’  theorem  (1-67),  and  it  becomes 

^  -^/.enc  ^d,enc 


where  is  the  total  displacement  current  enclosed  by  the  path  of  integration.  When 
D  is  constant,  dD/dt  =  0  and  (21-8)  properly  reduces  to  our  previous  expression 
(20-32). 

Another  important  result  that  depends  on  V  X  H  is  the  boundary  condition  for  the 
tangential  components  of  H  at  a  surface  of  discontinuity  in  properties.  If  we  put  (21-7) 
into  our  general  result  (9-13),  we  obtain 


nX  (H2  -  Hj)  =  lim 

/i-»0 


J^  + 


(21-9) 


As  before,  we  can  use  the  analogue  of  (15-14)  for  free  currents  to  getlim;,_.o(/?J^)  = 
Furthermore,  just  as  we  did  preceding  (17-13),  we  can  expect  that  dD/dt  will  remain 
finite  as  the  transition  layer  is  shrunk  to  zero  thickness  so  that,  as 0,  h(dD/dt)  0 
and  (21-9)  will  become  n  X  (H2  -  H^)  =  K^,  which  is  exactly  (20-30)  again.  Therefore 
the  introduction  of  the  displacement  current  has  not  changed  this  boundary  condition 
so  that  the  tangential  components  of  H  will  change  only  as  a  result  of  the  existence  of 
free  surface  currents. 


Example 

Charging  capacitor.  In  Figure  21-1,  we  have  a  side  view  of  a  parallel  plate  capacitor 
with  circular  plates  of  radius  a.  For  simplicity,  we  assume  a  vacuum  between  the  plates, 
and,  as  usual,  we  also  assume  that  the  separation  between  the  plates  is  so  small 
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z 


Figure  21-1.  Side  view  of  a 
parallel  plate  capacitor  being 
charged. 


compared  with  the  radius  that  the  electric  field  E  can  be  taken  to  be  uniform  and 
confined  entirely  to  the  region  between  the  plates.  The  electric  field  is  given  by  (6-4)  as 
E  =  (ay/Co)z  =  (q/€Q^a^)z  in  terms  of  the  surface  density  the  total  charge  q,  and 
the  area  a.  plate.  Therefore,  in  the  region  between  the  plates, 

D  =  £„E  =  -^z  (21-10) 

‘ira 

These  results  are  those  corresponding  to  the  electrostatic  case  in  which  the  charge 
has  a  constant  value  and  is  uniformly  distributed  over  the  surfaces  of  the  plates.  Now 
let  us  assume  that  the  capacitor  is  being  charged  at  a  constant  rate  dq/dt.  We  can 
imagine  this  being  done  by  means  of  a  current  I  =  dq/dt  that  is  traveling  in  a  long 
thin  wire  coinciding  with  the  z  axis,  as  illustrated.  However,  we  want  to  continute  to 
treat  this  case  as  if  the  charge  is  still  uniformly  distributed  over  the  plates  so  that  we 
can  continue  to  use  (21-10),  In  other  words,  we  assume  that  the  charge  is  essentially 
instantaneously  distributed  over  the  plate  surface.  What  this  means,  in  effect,  is  that  the 
capacitor  is  being  charged  at  such  a  low  rate  that  any  appreciable  amount  of  charge 
transferred  to  the  plate  is  added  in  a  time  large  compared  to  the  relaxation  time  of  the 
conductor  that  we  discussed  in  Section  12-6.  We  saw  there  that  this  time  could  well  be 
as  short  as  10“^'*  second  for  a  good  conductor  so  that  we  will  have  no  difficulty  in 
assuming  that  1  is  small  enough  so  that  the  charge  distribution  is  nearly  always  the 
same  as  that  of  the  equilibrium  electrostatic  case,  that  is,  we  are  deahng  with  a 
quasistatic  process. 

Since  q  is  not  constant,  the  displacement  current  as  obtained  from  (21-6)  and 
(21-10)  is 

=  ^  =  — 2  (21-11) 

ot  ira 

Thus,  we  have  the  equivalent  of  a  uniform  current  density  between  the  plates  as  shown 
in  Figure  21-2;  we  use  the  word  “equivalent”  because  there  is  no  transfer  of  real  charge 
in  the  vacuum  region  between  the  plates,  but,  by  (21-7),  there  is  a  source  term  for  the 
magnetic  field.  There  is  a  numerical  equivalence,  however,  for  we  find  from  (21-11)  and 
(12-6)  that  the  total  “current”  between  the  plates  is 

h  =  i  -\^'da  =  I  (21-12) 

and  is  thus  equal  to  the  total  real  current  bringing  charge  up  to  the  capacitor. 

We  can  use  (21-8)  to  calculate  H.  With  circular  plates,  and  the  current  I  along  the  z 
axis,  we  will  have  axial  symmetry  about  the  z  axis  and  we  can  conclude  that  H  has  the 
general  form  H  =  i/^(p)q).  Therefore,  choosing  a  circular  path  of  integration  of  radius 
p  centered  on  the  z  axis  and  perpendicular  to  it,  we  will  find  that  the  line  integral  in 
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Figure  21-2.  The  displace¬ 
ment  current  between  the 
plates  of  a  parallel  plate 
capacitor  being  charged. 


(21-8)  becomes  as  usual  so  that 

H^{P)  = 


^/,enc  ^  ^d,enc 

Imp 


(21-13) 


It  will  be  helpful  to  divide  space  into  the  four  regions  shown  in  Figure  21-3.  Region  1  is 
the  volume  between  the  capacitor  plates,  and  2  is  the  remainder  of  that  enclosed  by  the 
two  parallel  planes  which  coincide  in  part  with  the  plates.  Regions  3  and  4  are  the  rest 
of  space;  1  is  different  from  zero  within  them. 

In  regions  3  and  4,  =  /  while  ^  8^^ 


/ 

Imp 


(21-14) 


For  a  path  in  region  2,  =  0  while  enc  =  ^  t)y  (21-12)  so  that 


(P  >  a) 


(21-15) 


Although  (21-14)  and  (21-15)  look  ahke,  they  were  found  by  using  different  sources — a 
real  current  and  a  displacement  current,  respectively.  Finally,  for  region  1  where  p  <  a. 


Figure  21-3.  Regions  used  for 
calculating  the  magnetic  field. 


352  MAXWELL'S  EQUATIONS 


we  have  /^,enc  =  0  h  =  4.enc/^  =  =  fy^/a^  so  that  (21-13)  gives 

us  another  familiar-looking  expression: 

If  we  first  consider  values  of  p  >  a,  we  see  from  the  above  results  that  as  we  go  from 
region  3  to  2  and  then  from  2  to  4,  the  tangential  components  of  H  are  continuous  as 
we  expect  from  (20-31)  since  there  are  no  free  currents  on  these  imaginary  boundaries. 
On  the  other  hand,  if  the  displacement  current  had  not  been  included  in  this  particular 
calculation  for  this  axially  symmetric  case,  we  would  have  concluded  that  H  =  0  in 
region  2  (and  1  as  well);  this  would  have  led  to  a  discontinuity  in  the  tangential 
components  of  H  across  the  boundary  between  3  and  2  where  there  is  no  real  current  in 
direct  contradiction  to  all  of  our  experience  and  expectations.  Maxwell  also  considered 
this  problem  and  it  was  arguments  such  as  these  that  helped  persuade  him  of  the 
necessity  of  the  existence  of  the  displacement  current. 

If  we  now  consider  values  of  p  <  a,  there  is  a  discontinuity  in  the  tangential 
components  of  H  as  we  go  from  region  3  to  1,  say,  and  we  find  from  (21-16)  and 
(21-14)  that  the  difference  is 


H1-H3 


I 

iTTp 


(21-17) 


and,  according  to  (20-31),  this  must  be  equal  to  K/Xfl  which  in  this  case  is 
X  n3_i  =  X  z.  In  order  to  verify  this,  we  need  to  know  K^,  which  we  can  find 
with  the  aid  of  Figure  21-4.  In  a  time  At,  a  charge  Aq  =  I  At  is  brought  to  the  plates. 
By  our  assumption,  this  is  distributed  “instantaneously”  and  uniformly  over  the  plates. 
By  symmetry,  Ky^  must  be  radial  and  therefore  has  the  form  =  Kf(p)p.  As  shown  in 
the  figure,  the  surface  current  through  the  circle  of  radius  p  must  be  distributing  the 
charge  that  is  to  go  to  the  remainder  of  the  plate  outside  of  the  shaded  circle  of  radius 
p.  Therefore,  in  a  time  At,  the  total  charge  transferred  across  this  circle  as  obtained 
from  Figure  12-5u  is 

JXfdsAt  —  KyAtlTTp  =  Aoj-{'7Ta^  —  7rp^) 

=  -^{-rra^  -  V)  =  ^Af|l  - 
Tta  \  a  I 


Figure  21-4.  Calculation  of  surface  current  density 
on  the  plate  of  a  capacitor  being  charged. 
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and  therefore  =  (//27rp)[l  -  so  that 

Thus,  with  the  use  of  (1-76),  we  find  that  X  z  =  Kjp  X  z  =  “ 

(I/2'jrp)[(p^/a'^)  -  1]$,  which  is  exactly  the  right-hand  side  of  (21-17).  Thus  the 
boundary  conditions  are  precisely  satisfied,  and  we  can  point  out  again  that  this  would 
not  have  been  the  case  if  we  had  failed  to  include  the  displacement  current  as  a  source 
of  H.  ■ 

If  =  0,  then  V  X  H  =  dD/dt  and  there  is  still  a  possible  source  of  H.  In  this 
form,  there  is  a  sort  of  analogy  between  it  and  Faraday’s  law  given  in  (21-1),  which  one 
can  state  somewhat  crudely  by  saying  that  Faraday’s  law  describes  an  electric  field  as 
being  produced  by  a  changing  magnetic  field  vector,  while  (21-7)  describes  a  magnetic 
field  as  being  produced  by  a  changing  electric  field  vector. 


21-2  MAXWELL'S  EQUATIONS  IN  GENERAL  FORM 

At  this  point,  finally,  our  present  knowledge  of  macroscopic  descriptive  electromag¬ 
netism  is  complete  and  can  be  summarized  by  the  equations  (21-1)  as  extended  in 
(21-7): 


V  •  D  = 

(21-19) 

dB 

(21-20) 

V  ■  B  =  0 

(21-21) 

dD 

(21-22) 

These  equations  are  known  as  Maxwell's  equations  and  are  assumed  to  be  always  true. 
[These  actually  correspond  to  a  total  of  eight  scalar  equations,  since  (21-20)  and  (21-22) 
each  have  three  components.] 

It  is  worthwhile  reminding  ourselves  of  the  physical  content  of  these  equations. 
Equation  21-19  summarizes  Coulomb’s  law  of  force  between  point  charges  plus  the 
electrical  effects  of  matter,  while  (21-20)  represents  Faraday’s  law  of  induction,  and  is 
also  compatible  with  Coulomb’s  law  for  static  fields.  The  third  member  of  the  group 
(21-21),  is  a  consequence  of  Ampere’s  law  of  force  between  currents  and  also  reflects 
the  fact  that  free  magnetic  charges  are  not  known  to  exist.  Finally,  the  last  one,  (21-22), 
includes  Ampere’s  law  of  force  between  currents  plus  the  magnetic  effects  of  matter 
plus  conservation  of  free  charge;  the  last  follows  from  the  fact  that  the  equation  of 
continuity  (21-2)  can  be  derived  from  (21-22),  (21-19),  and  (1-49),  and  thus  need  no 
longer  be  written  separately. 

These  differential  source  equations  must  of  course  be  supplemented  by  the  defining 
equations  (10-40)  and  (20-28),  which  relate  pairs  of  the  field  vectors  along  with  the 
description  of  matter  in  terms  of  the  corresponding  volume  densities  of  dipole  mo¬ 
ments: 

D  =  CqE  +  P 

B 

H  = - M 

Mo 


(21-23) 

(21-24) 
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Although  the  boundary  conditions  at  a  surface  of  discontinuity  can  always  be 
obtained  from  Maxwell’s  equations  and  our  general  results  from  Chapter  9,  it  is  usual 
and  convenient  to  list  them  separately.  They  are  given  by  (10-42),  (9-16)  and  (17-13), 
(16-4),  and  (20-30)  and  (20-31): 


n  •  (D,  -  Di)  =  Of 

(21-25) 

n  X  (E2  —  E^)  =0  or  E2,  =  E^, 

(21-26) 

n*  (B2  —  B^)  =  0 

(21-27) 

n  X  (H2  -  or  H2,  -  X  n 

(21-28) 

where  we  remember  that  n  in  these  equations  is  always  drawn  from  region  1  to  region  2. 
(Note  here  that  many  books,  particularly  more  advanced  ones,  drop  the  subscript  / 
used  to  denote  free  charges  and  currents  and  require  that  the  reader  remember  that  this 
is  what  is  meant;  thus  one  commonly  finds  all  of  these  equations  written  in  terms  of  the 
symbols  p,  J,  a,  and  K.  For  convenience,  however,  we  will  not  do  this  but  continue 
using  the  subscript.) 

These  equations  all  describe  the  behavior  of  the  field  vectors.  The  basic  connection 
between  the  fields  and  their  effect  on  charged  particles  is  described  by  the  Lorentz  force 
on  a  point  charge  q  as  given  by  (14-32): 

F  =  ^(E  +  V  X  B)  (21-29) 

where  v  is  the  velocity  of  the  charge. 

It  is  often  convenient  to  have  Maxwell’s  equations  expressed  in  terms  of  only  two 
vectors — one  electric  and  one  magnetic.  For  example,  if  we  use  (21-23)  and  (21-24)  to 
eliminate  D  and  H  from  (21-19)  through  (21-22),  we  obtain  Maxwell’s  equations 
expressed  only  in  terms  of  E  and  B: 


VE  =  -(p^- VP)  (21-30) 

^0 

^B 

V  X  E  =  -  —  (21-31) 

at 

V  •  B  =  0  (21-32) 

/  dP\ 

V  X  B  =  Mo|j/+  V  X  M  -h  Co—  -h  —  1  (21-33) 


Two  of  these  equations  are  unchanged  from  before  and  the  other  two  are  no  longer 
quite  as  compact  since  the  properties  of  the  matter  now  appear  explicitly.  Nevertheless, 
their  form  is  such  as  to  be  easily  understood.  The  term  in  the  parentheses  of  (21-30)  is 
clearly  the  total  charge  density  written  as  the  sum  of  the  free  and  bound  charge 
densities  as  we  found  in  (10-38).  Similarly,  the  term  in  parentheses  of  (21-33)  represents 
the  total  current  density  The  first  two  parts  are  clearly  the  free  current  density  and 
the  magnetization  current  density  of  (20-10).  The  last  two  terms  together  are  the 
displacement  current  density  that  now  is  seen  to  have  two  contributions:  the  first, 
€Q(dE/dt),  is  present  even  if  there  is  no  matter  and  is  often  called  the  vacuum 
displacement  current  density  and  the  last  term  dP/dt  we  met  before  in  (12-18)  as  the 
polarization  current  density  associated  with  the  motion  of  bound  charges.  Unless  P  and 
M  represent  permanent  polarization  and  magnetization,  there  is  an  additional  depen¬ 
dence  on  E  and  B  in  these  equations  in  that  we  still  have  the  possibility  that  P  =  P(E) 
and  M  =  M(B)  and  until  these  functional  relationships  are  known,  these  equations  will 
be  of  limited  utility. 
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The  boundary  conditions  can  also  be  expressed  completely  in  terms  of  E  and  B  and 
we  find  that  the  ones  that  do  change  in  form  become 

n  •  (Ej  -  El)  =  -[a^-  n  -  (Pj  -  Pi)]  (21-34) 

^0 

fix  (Bj  -  Bi)  =  |ito[K^  +  fix  (Mj  -  Ml)]  (21-35) 

in  agreement  with  our  previous  results  (10-12)  and  (20-12). 

In  a  similar  manner,  one  can  write  the  basic  equations  in  terms  of  the  pairs  (E,  H), 
(D,B),  and  (D,H)  if  it  is  desirable  and  the  terms  that  arise  can  be  interpreted  in  the 
same  way. 

The  so-called  integral  forms  of  Maxwell’s  equations  are  obtained  by  combining  the 
divergence  theorem  (1-59)  and  Stokes’  theorem  (1-67)  with  the  appropriate  members  of 
(21-19)  through  (21-22)  and  the  results  are 


(21-36) 

(21-37) 

(21-38) 

(21-39) 


A  little  reflection  will  convince  one  that  all  of  the  general  results  that  we  have  found 
in  the  previous  chapters  can  be  obtained  from  the  equations  that  have  been  sum¬ 
marized  in  this  section,  often  by  working  backward  from  the  way  in  which  we  originally 
got  them. 

Finally,  we  can  point  out  that  Maxwell’s  equations  are  linear  differential  equations. 
Consequently,  if  two  or  more  electromagnetic  fields  that  are  solutions  of  them  are 
known,  the  sum  of  these  fields  will  also  be  a  solution.  This  is  often  referred  to  as  the 
superposition  property  of  the  electromagnetic  field  or  as  the  superposition  principle. 
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An  important  special  and  simphfying  situation  occurs  when  we  are  dealing  with  linear 
isotropic  homogeneous  media.  For  simplicity,  we  restrict  ourselves  to  the  case  where  the 
materials  are  l.i.h.  in  all  of  their  properties.  Then  we  can  use  the  constitutive  equations 
(10-51)  and  (20-53)  to  write 

D  =  eE  B  =  (21-40) 

In  addition,  the  free  current  would  be  given  by  (12-25)  as  =  oE.  The  quantities  e,  p, 
and  a  are  scalar  constants,  characteristic  of  the  material.  Now  it  may  happen  that  there 
are  free  currents  present  other  than  those  due  to  the  conductivity  of  the  material;  for 
example,  the  material  could  have  beams  of  charged  particles  incident  on  it  from  an 
external  source.  Thus,  if  we  let  J/  be  the  free  current  density  arising  from  sources  other 
than  conductivity,  we  can  add  this  to  <tE  and  write  the  total  free  current  as 

Jj-=oE-hJ/  (21-41) 

Although  (21-41)  represents  a  general  possibility  that  should  be  kept  in  mind,  we 
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actually  have  little  need  of  it  in  our  applications,  but  we  will  continue  nevertheless  to 
include  J/  for  completeness. 

If  we  insert  these  expressions  into  (21-19)  through  (21-22),  we  can,  for  example, 
express  them  in  terms  of  E  and  B  only  as 


V  •  E  =  — 


V  X  E 


V  •  B  =  0 


dB 


dE 

V  X  B  =  jLtaE  +  jLtjy  I- 


(21-42) 

(21-43) 

(21-44) 

(21-45) 


and  the  corresponding  boundary  conditions  that  are  changed  in  form  become 

n  •  (€2E2  “  ^i^i)  =  oy  (21-46) 

K,xa  (21-47) 

A*2 

Similarly,  if  the  equations  are  expressed  completely  in  terms  of  E  and  H,  we  obtain 

V  •  E  =  ^  (21-48) 


VXE--,- 
V  •  H  =  0 

5E 

V  X  H  =  oE  -I-  J/  -I-  ( — 
^  dt 


(21-49) 

(21-50) 

(21-51) 


along  with 


n-  (/i2Hj  -  ]u,iHi)  =  0 


(21-52) 


In  contrast  to  the  equations  of  the  previous  section,  these  results  are  not  always  true, 
but  they  are  often  true. 

The  integral  forms  of  Maxwell’s  equations  can  be  obtained  for  this  restricted  case  in 
the  same  manner  by  which  one  gets  (21-36)  through  (21-39).  The  general  superposition 
principle  also  applies  to  these  materials,  of  course. 


21-4  POYNTING'S  THEOREM 

We  are  now  in  a  position  to  reconsider  energy  for  these  general  fields  described  by 
Maxwell’s  equations.  We  recall  our  previous  result  of  (12-35)  that  the  rate  at  which 
electromagnetic  energy  is  dissipated  into  heat  per  unit  volume  is  given  by  w  =  •  E. 

Therefore,  if  we  integrate  this  expression  over  an  arbitrary  volume  K,  the  total  rate  of 
loss  of  electromagnetic  energy  will  be 

(  wdT=^  f  JfEdr  (21-53) 

Jy  Jy 

and  we  would  now  like  to  express  this  in  terms  of  the  field  vectors.  If  we  use  as  given 
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by  (21-22),  we  find  that  we  can  also  write 

c  c  /  \ 

-0^=  I  E- {v  XH)  dr  -  j  E- —dj  (21-54) 

Jy  Jy  Ot 

Combining  (1-116)  with  (21-20),  we  can  write  the  first  integrand  as 

E-  (v  X  H)  =  H-  (V  X  E)  -  V  •  (E  X  H)  =  -H  -  -  V  •  (E  X  H) 

If  we  now  insert  this  into  (21-54),  use  the  divergence  theorem  (1-59)  and  transfer  the 
result  to  the  other  side  of  the  equation,  we  obtain 

-  (\E-  —  +H-  —  \dT  =  ir+(£{ExU)-dst  (21-55) 

Ot  ot  I 


which  is  known  as  Poynting's  theorem. 

So  far,  our  treatment  has  been  perfectly  general.  However,  it  is  easiest  to  interpret 
this  result  if  we  assume  completely  l.i.h.  media,  and  since  we  will  apply  it  only  to  these 
cases  anyhow,  we  assume  this  to  be  the  case.  Using  (21-40),  we  get  E*  {dT>/dt)  = 
{d'E/dt)  ^  d{\^^^)/dt\  similarly,  we  find  that  {dB/dt)  = 

Substituting  these  into  (21-55),  recalling  that  we  are  dealing  with  a  volume  V  with  fixed 
boundaries  so  that  we  can  interchange  the  order  of  differentiation  and  integration,  and 
reintroducing  the  integral  expression  for  1^  from  (21-53),  we  finally  get 

d  / 1  \ 

- n  +  —  Ut  =  {  if  EdT+  (£{E  XH)-dsi  (21-56) 

dt  ‘fyy  2  2jX  j  Jy 

Now  the  integrand  on  the  left-hand  side  is  just  the  sum  of  the  expressions  (10-85)  and 
(20-84)  that  we  previously  found  to  be  the  electric  and  magnetic  energy  densities, 
respectively.  If  we  now  make  the  reasonable  assumption  that  they  can  be  interpreted  in 
exactly  this  same  way  when  the  fields  vary  with  time,  then  the  integrand  will  be  the 
total  electromagnetic  energy  density 

«  =  (21-57) 


and  the  integral  will  be  exactly  the  total  electromagnetic  energy  contained  in  the 
volume  V.  Consequently,  the  left-hand  side  of  (21-56)  represents  the  rate  of  decrease  of 
this  total  energy.  Where  does  it  go?  The  first  term  on  the  the  right-hand  side  is  the  rate 
at  which  this  energy  is  being  converted  into  heat.  If  we  now  invoke  conservation  of 
energy,  then  whatever  energy  is  not  converted  into  heat  must  pass  out  from  the  volume 
V  across  its  bounding  surface  S.  Since  the  remaining  term  has  just  this  form  of  an 
integral  over  the  surface,  we  can  interpret 


dU\ 

dt  /  through  S 


(21-58) 


as  being  the  rate  of  flow  of  energy  across  the  bounding  surface.  The  next  thing  we  can 
do  is  to  give  a  similar  interpretation  to  the  integrand  of  (21-58);  thus 

S  =  E  X  H  (21-59) 

will  be  taken  to  be  the  rate  of  flow  of  electromagnetic  energy  per  unit  area.  In  other 
words,  it  is  an  energy  current  density  or  power  flux  and  will  be  measured  in  watts/ 
(meter)^.  The  quantity  S  is  called  the  Poynting  vector,  its  direction  is  the  same  as  that 
of  the  instantaneous  flow  of  energy,  that  is,  it  “points”  in  the  direction  of  energy  flow. 
Although  we  have  abstracted  this  interpretation  of  the  integrand  from  the  physical 
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meaning  of  the  whole  integral,  it  is  certainly  a  plausible  interpretation  and  it  is  one 
which  has  turned  out  to  be  consistent  and  useful,  particularly  in  its  application  to 
time-dependent  solutions  of  Maxwell’s  equations. 

Even  though  most  of  the  applications  of  this  result  are  made  to  fields  that  change  in 
time,  we  can  consider  an  example  to  see  that  this  interpretation  of  S  gives  reasonable 
and  consistent  results  when  applied  to  a  simple  case  involving  steady-state  fields,  that 
is,  time-independent  ones. 

Example 

Cylinder  with  constant  current.  Consider  a  portion  of  a  long  straight  cylindrical 
conductor  of  length  /  and  radius  a  as  shown  in  Figure  21-5.  We  assume  a  constant 
current  in  the  z  direction,  which  is  distributed  uniformly  across  the  cross  section  so  that 
=  const.  We  want  to  find  S  at  the  surface  just  outside  of  the  conductor. 

This  is  similar  to  the  situation  depicted  in  Figure  12-7  and,  in  the  paragraph 
following  (12-28),  we  found  the  electric  field  just  outside  the  cylinder  to  be  equal  to  the 
constant  value  inside  and  given  by  E  =  Jy/o  making  it  parallel  to  the  axis  as  shown.  In 
(15-19)  we  have  the  value  of  B  outside  the  cylinder  so  that,  in  this  case,  H  just  outside 
will  be  H  =  or 

I  1 

H  =  — $  =  -Jfa^  (21-60) 

since  Jy  =  Substituting  these  expressions  into  (21-59),  and  using  (1-76),  we  find 

that 

Jf  1  J?a 

^  "  a  ^  ^  “  27^ 

We  see,  as  is  also  clear  from  the  figure,  that  S  is  normal  to  the  surface  and  directed 
radially  inward  so  that  there  is  a  steady  flow  of  energy  into  the  conductor  as  S  is 
constant.  Now  the  element  of  area  i/a  is  directed  outward  from  the  surface;  also,  S  is 


Figure  21-5.  Fields  and  Poynting  vector  for  a  cylinder 
carrying  a  constant  current. 
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parallel  to  the  ends  of  the  cylinder.  Therefore,  the  total  rate  at  which  energy  is  flowing 
into  the  volume  is  given  by 

j2  j2 

-(£s  '  dz  =  S  ( da  =  S{27ral)  =  —  =  —(volume)  (21-62) 

with  the  use  of  (21-61)  and  where  is  the  volume  of  the  conductor.  If  we  compare 
this  with  (12-35),  we  see  that  (21-62)  says  that  the  total  rate  at  which  energy  is  flowing 
into  the  conductor  is  exactly  equal  to  the  rate  at  which  energy  is  being  dissipated  into 
heat  within  the  volume.  This  is  exactly  what  is  required  for  the  steady-state  situation  we 
have  assumed.  The  ultimate  source  of  this  energy  is  some  device,  like  a  battery,  which 
maintains  the  potential  difference  between  the  ends  of  the  conductor  by  continuously 
doing  work  on  the  charges  as  they  pass  through  the  complete  circuit.  Our  description 
here  involving  S  depicts  the  energy  as  being  transferred  from  the  source  by  means  of 
the  fields  that  it  establishes  throughout  space  as  a  result  of  the  charge  and  current 
distributions  within  it.  Finally,  the  energy  flow  passes  normally  through  the  surface  of 
the  conductor  in  just  the  right  amount  to  be  transformed  into  heat.  Thus  the 
interpretation  given  to  the  Poynting  vector  provides  a  complete  and  internally  con¬ 
sistent  description  of  the  processes  involved  in  this  case.  ■ 


21-5  ELECTROMAGNETIC  MOMENTUM 

We  have  just  seen  how  energy  density  and  energy  flow  can  be  ascribed  to  the 
electromagnetic  field.  It  is  also  possible  to  associate  momentum  with  it  and  it  is,  in  fact, 
gratifying  that  this  is  so.  We  recall  that  the  Coulomb  forces  between  two  point  charges 
are  equal  and  opposite,  that  is,  they  are  in  agreement  with  Newton’s  third  law.  On  the 
other  hand,  we  found  in  (13-19)  that  the  forces  between  current  elements  as  given  by 
(13-17)  are  not  generally  equal  and  opposite  so  that  these  forces  do  not  satisfy  the  third 
law.  As  we  know  from  mechanics,  it  is  the  fact  that  the  forces  between  the  point  masses 
of  a  composite  system  are  equal  and  opposite  that  is  the  basis  for  the  initial  derivation 
of  the  conservation  of  linear  momentum  of  an  isolated  system.  Since  this  momentum 
conservation  property  is  such  a  basic  and  far-reaching  general  principle,  it  would  be 
extremely  disturbing  if  our  fundamental  magnetic  force  law  (13-17)  somehow  forced  us 
to  conclude  that  conservation  of  momentum  was  no  longer  a  vahd  general  principle  in 
the  presence  of  electromagnetic  fields.  Our  aim  now  is  to  see  how  it  can  be  retained. 
For  simplicity,  however,  we  do  this  only  for  the  vacuum  case. 

We  consider  a  distribution  of  free  charges  and  currents  occupying  a  volume  V  and 
described  by  the  densities  and  Jy.  If  we  let  t/F  be  the  force  on  the  charges  and 
currents  in  a  volume  dr,  we  can  combine  (21-29)  with  (2-14)  and  (12-3)  to  get 

d¥  =  (pyE  -L  Jy  X  B)  dr  (21-63) 

Thus,  we  see  that  we  can  introduce  a  force  per  unit  volume  by  means  of 

dT 

=  —  =  P,E  +  J.  X  B  (21-64) 

dr  •'  ^ 

Furthermore,  the  total  electromagnetic  force  on  our  whole  system  can  be  obtained  by 
summing  (21-63)  over  the  whole  distribution  to  give 


F  =  ji,dT=  j  +  3fX'a)dT 


(21-65) 


and  now,  in  accordance  with  our  usual  custom,  we  want  to  express  this  completely  in 
terms  of  the  fields. 
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Setting  P  and  M  each  equal  to  zero  in  (21-30)  and  (21-33),  and  using  the  results,  we 
find  that  the  integrand  of  (21-65)  can  be  written  as 

1 

=  €qE{v  -  E)  — (v  X  B)  X  B  -  X  B  (21-66) 

Mo 

We  can  improve  the  symmetry  of  this  expression  between  E  and  B  by  adding  zero  to  it 
as  written  in  the  form 

^B  1 

-CqE  X  — - CqEX  (v  X  E)  -h  ^B(v  ■  B)  =  0 

at  ixq 

which  follows  from  (21-31)  and  (21-32).  Doing  this,  and  using  (1-23),  we  get 
d 

+  fo-^(E  X  B)  =  eo[E(v  •  E)  -  EX  (v  X  E)] 

+  —  [B(v  ■  B)  -  B  X  ( V  X  B)]  (21-67) 

Mo 

In  order  to  see  what  we  have,  let  us  calculate  the  x  component  of  the  first  bracketed 
term  on  the  right;  we  find  in  a  straightforward  manner  that  it  can  be  written  as 

d  (  1  \  5  d 

[E(V  ■  E)  -  E  X  (v  X  E)]  ■  X  =  — (£2  - 

and  there  will  be  a  similar  result  for  the  term  involving  B.  This  can  be  written  more 
compactly  if  we  introduce  a  set  of  quantities  T^j  defined  as 

7],  =  eo( £,£,  -  l£\.]  +  ^ (21-68) 


with  the  use  of  the  Kronecker  delta  symbol  defined  in  (8-27)  and  where  the  indices  i 
and  j  can  independently  take  on  the  values  x,  y,  and  2.  Using  this  definition,  we  see 
that  the  x  component  of  (21-67)  can  be  written  in  the  form 


K  X  B) 


dx 


dT 


-H 


xy 


By 


dz 


=  VX 


(21-69) 


where  the  vector  X  =  H-  T^^z.  (The  quantities  T^j  are  called  the  compo¬ 

nents  of  the  Maxwell  stress  tensor,  we  will,  however,  not  be  using  them  again  after  this 
section.)  If  we  now  integrate  (21-69)  over  the  volume  V  and  apply  the  divergence 
theorem  (1-59),  we  get 


dr 


-L 


Xdr 


da 


(21-70) 


Now  let  us  extend  the  region  of  integration  to  include  all  space  which  is  possible  since 
and  Jy  are  zero  outside  of  V.  Since  all  of  the  sources  and  are  within  a  finite 
region,  at  large  distances  R,  we  will,  at  worst,  have  E  ^  l/R^  and  B  -  1  /R^  as  we  saw 
in  (7-26)  and  (18-19),  while  the  surface  area  of  integration  goes  as  R^.  Now  the 
components  of  T^j  involve  products  of  the  field  components,  and  we  see  from  (21-69) 
that  X  will  decrease  much  more  rapidly  with  R  than  the  surface  area  of  integration  will 
increase,  so  that  its  surface  integral  will  vanish  and  (21-70)  becomes 


L 


space 


dT  =  S  X-da  =  Q 
•'all  space 


(21-71) 


We  will  get  the  same  values  for  the  y  and  2  components  of  this  integral  so  that  the 
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vector  integral  vanishes  and  thus 


/ 

•'all  space  . 


d 


+  €o-(EXB) 


dT 


F  + 


d 

~dt 


(  €o(E  X  B)  =  0  (21-72) 

•'all  space 


where  we  have  used  (21-65)  to  reintroduce  the  total  force  on  the  charges  and  currents. 
Now  F  acts  on  the  charge  and  current  carriers,  that  is,  on  the  matter  in  the  field;  the 
matter  has  mechanical  properties  and  we  know  from  mechanics  that  F  equals  the  rate 
of  change  of  the  momentum  of  the  matter,  that  is,  F  =  dt.  Substituting  this 

into  (21-72),  and  noting  that  there  is  no  longer  any  distinction  between  a  partial  and 
total  time  derivative  in  the  second  term  since  the  integration  is  over  all  space,  we  find 
that  (21-72)  can  be  written  as 


d 

Jt 


Pmatter 


=  0 


(21-73) 


so  that  the  quantity  in  the  brackets  is  a  constant.  But  this  is  exactly  the  way  in  which  we 
would  expect  a  statement  of  the  conservation  of  the  total  momentum  of  the  whole 
system  to  be  expressed.  Therefore,  we  can  interpret  the  integral  as  being  the  momentum 
of  the  electromagnetic  field  and  write 


Pern  field  =/  ^oExBrfr  (21-74) 

•'all  space 

Then  it  is  only  natural  to  interpret  the  integrand  as  being  a  momentum  density  g: 

g  =  CqE  X  B  =  (21-75) 

where  S  is  the  Poynting  vector  since  B  =  /AoH  in  this  case. 

If  we  recall  from  mechanics  that  the  angular  momentum  I  of  a  point  mass  with  linear 
momentum  p  is  defined  by  1  =  r  X  p  where  r  is  its  position  vector,  we  see  that  by 
analogy  we  can  define  an  angular  momentum  density  ^  associated  with  the  electromag¬ 
netic  field  by 

iP  =  r  X  g  =  CorX  (E  X  B)  (21-76) 


EXERCISES 

21-1  A  parallel  plate  capacitor  consists  of  two 
circular  plates  of  area  S  with  vacuum  between 
them.  It  is  connected  to  a  battery  of  constant  emf 
The  plates  are  then  slowly  oscillated  so  that 
they  remain  parallel  but  the  separation  d  be¬ 
tween  them  is  varied  2i%  d  =  sin  cor.  Find 

the  magnetic  field  H  between  the  plates  produced 
by  the  displacement  current.  Similarly,  find  H  if 
the  capacitor  is  first  disconnected  from  the  bat¬ 
tery  and  then  the  plates  are  oscillated  in  the  same 
manner. 

21-2  An  infinitely  long  cylindrical  capacitor  of 
radii  a  and  b  (b  >  a)  carries  a  free  charge  per 
unit  length.  The  region  between  the  plates  is  filled 
with  a  nonmagnetic  dielectric  of  conductivity  a. 
Show  that  at  every  point  in  the  dielectric,  the 
conduction  current  is  exactly  compensated  by  the 


displacement  current  so  that  no  magnetic  field  is 
produced  in  the  interior.  Find  the  rate  of  energy 
dissipation  per  unit  volume  at  a  point  a  distance 
p  from  the  axis.  Find  the  total  rate  of  energy 
dissipation  for  a  length  /  of  the  dielectric  and 
show  that  this  is  equal  to  the  rate  of  decrease  of 
the  electrostatic  energy  of  the  capacitor. 

21-3  Express  the  general  form  of  Maxwell’s 
equations  completely  in  terms  of  each  of  the 
following  pairs:  (E,  H),  (D,  B),  and  (D,H).  In 
other  words,  find  the  analogues  of  (21-30)  through 
(21-33)  for  each  of  these  pairs. 

21-4  Express  the  general  boundary  conditions 
completely  in  terms  of  each  of  the  following 
pairs:  (E,H),  (D,B),  and  (D,H).  In  other  words, 
find  the  analogues  of  (21-34),  (21-26),  (21-27),  and 
(21-35)  for  each  of  these  pairs. 
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21-5  Starting  with  the  Lorentz  force  (21-29)  and 
Maxwell’s  equations  for  vacuum,  derive  Cou¬ 
lomb’s  law  (2-3). 

21-6  Assume  that  a  certain  distribution  of  free 
charges  and  currents  (pi,  Ji)  results  in  an  electro¬ 
magnetic  field  El,  Bj,  Hi,  and  Di,  that  is,  they 
are  solutions  of  Maxwell’s  equations.  Similarly, 
another  distribution  (p2,«^)  produces  E2,  B2, 
H2,  and  D2.  Verify  the  superposition  property 
directly  by  showing  that  E  =  El  +  E2,  and  so  on, 
are  also  solutions  of  Maxwell’s  equations  for  the 
total  source  distributions  pj  +  p2  and  Ji  + 

21-7  Find  the  form  of  Maxwell’s  equations  in 
terms  of  E  and  B  for  a  linear  isotropic  but  non- 
homogeneous  medium. 

21-8  Here  are  some  genuine  electromagnetic 
fields,  that  is,  solutions  of  Maxwell’s  equations  in 
a  vacuum.  (Later,  we  will  see  how  they  can  be 
obtained.) 

j  —  jsin(A:z-w/) 

— j  sin|  —  j  sin(A:z  —  w/) 

/  TTX  \ 

//.  =  Hq  cos  I  —  I  cos  {kz  ~  iA)t) 

All  other  components  are  zero  and  0  <  x  <  cr. 
Hq,  a,  k,  and  o)  are  constants  and 
-f  {•n/aY.  (a)  Verify  by  direct  substitution  that 
these  satisfy  Maxwell’s  equations  for  a  vacuum 
containing  no  free  charges  or  currents,  (b)  Find 
the  displacement  current,  (c)  Find  the  Poynting 
vector,  (d)  At  x  =  0,  there  is  a  perfectly  conduct¬ 
ing  wall  coincident  with  the  yz  plane.  Assume 
that  all  fields  are  zero  for  negative  x  and  find  the 
free  surface  charge  density  and  free  surface  cur¬ 
rent  density  as  a  function  of  position  on  this  wall. 


21-9  Find  the  Poynting  vector  on  the  bounding 
surface  of  region  1  of  Figure  21-3.  Find  the  tot^ 
rate  at  which  energy  is  entering  region  1  and  then 
show  that  it  equals  the  rate  at  which  the  energy  of 
the  capacitor  is  changing. 

21-10  Suppose  that  the  very  long  coaxial  Une  of 
Figure  20-14  is  used  as  a  transmission  Une  be¬ 
tween  a  battery  and  resistor.  The  battery  of  emf  (f 
has  its  two  terminals  connected  to  the  two  con¬ 
ductors  at  one  end  of  the  line,  while,  at  the  other 
end,  the  two  conductors  are  connected  by  a  resis¬ 
tor  of  resistance  R.  Find  S  in  the  region  between 
the  conductors.  Show  that  the  total  power  passing 
across  a  cross  section  of  the  line  equals 
and  interpret.  Will  the  direction  of  energy  flow 
change  if  the  connections  to  the  battery  are  inter¬ 
changed? 

21-11  A  conducting  sphere  of  radius  a  is  uni¬ 
formly  magnetized  with  a  magnetization  of  mag¬ 
nitude  M.  It  also  has  a  net  charge  Q.  Find  the 
total  angular  momentum  of  the  electromagnetic 
field  of  this  system. 

21-12  Consider  a  l.i.h.  medium  where  p^  and 
are  both  zero  in  the  region  of  interest.  Show  that 
Maxwell’s  equations  are  invariant  to  the  transfor¬ 
mation 

E'  =  c[Ecos  a  +  (pc)  ^"^^Bsinal 

(21-77) 

B'  =  c[  —  (pc)^^^Esina  +  Bcos  a] 

where  C  is  a  dimensionless  constant  and  a  is  a 
constant  but  arbitrary  angle.  In  other  words,  if  E 
and  B  are  solutions  of  Maxwell’s  equations,  show 
that  then  E'  and  B'  are  too.  Consider  the  special 
case  a  =  7r/2,  and  thus  show  that,  in  this  sense, 
the  fields  E  and  B  can  be  interchanged.  Illustrate 
this  last  result  with  a  simple  sketch.  Is  the  relation 
we  found  after  (16-40)  compatible  with  these  re¬ 
sults?  This  property  is  often  called  the  duality 
property  of  the  electromagnetic  field. 
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SCALAR  AND  VECTOR 
POTENTIALS 


In  the  previous  chapter,  we  summarized  electromagnetism  in  terms  of  the  field  vectors 
themselves.  We  recall,  however,  that  much  of  our  previous  work  was  simplified  by  the 
introduction  of  the  scalar  and  vector  potentials,  and  it  is  natural  to  wonder  if  they  can 
also  be  usefully  applied  to  these  more  general  situations.  It  does  turn  out  to  be  possible 
to  formulate  the  subject  in  an  analogous  way.  These  more  general  potentials  are  found 
to  be  of  the  most  use  in  discussing  the  production  of  fields  from  given  sources  and 
actually  we  will  not  make  extensive  use  of  them  until  Chapter  28.  Nevertheless,  it  is 
convenient  to  discuss  them  in  general  terms  at  this  point. 


22-1  THE  POTENTIALS  IN  GENERAL 

We  begin  by  noting  that  the  equation  V  •  B  =  0,  which  we  originally  used  to  introduce 
the  vector  potential  A  in  (16-7),  is  still  unchanged  in  form  as  shown  in  (21-21). 
Therefore,  we  can  always  satisfy  (21-21)  by  writing 

B(r,  0  =  V  X  A(r,  0  (22-1) 

The  difference  between  (22-1)  and  (16-7)  is  that  now  both  B  and  A  are  assumed  to  be 
possible  functions  of  time  t  as  well  as  of  position  r. 

If  we  substitute  (22-1)  into  (21-20),  we  obtain  v  X  E  =  —  ^(v  X  \)/dt  ^  -  v  x 
{dk/dt)  so  that 

Vx|E  +  ^j=0  (22-2) 

Because  of  (1-48),  the  term  in  parentheses  can  always  be  written  as  the  gradient  of  a 
scalar,  that  is,  E  +  {dk/dt)  =  or 

E=-V.J>-—  (22-3) 

This  is,  of  course,  of  the  same  form  as  (17-12)  since  they  both  were  derived  in  exactly 
the  same  way.  Again,  we  must  assume  that  the  scalar  potential  <l>  is  generally  a  function 
of  both  position  and  time. 

Therefore,  two  of  the  set  of  Maxwell’s  equations  will  always  be  satisfied  if  E  and  B 
are  written  in  the  form  (22-1)  and  (22-3).  The  remaining  two  members  of  the  set  should 
tell  us  how  A  and  ^  are  to  be  found  from  the  sources.  If  we  substitute  these  expressions 
for  E  and  B  into  (21-30)  and  (21-33),  we  obtain 

d  1 

+  — V-A= - (p^-VP)  (22-4) 

ot  €o 

,  ^^A  /  ^(f)  \  /  ^P\ 

v'A-/ioCo-^- V  V-A  +  jUo€o—  =  J/+ VXM-H—  (22-5) 
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with  the  use  of  (1-45)  and  (1-120).  If  we  can  now  find  solutions  of  these  equations  that 
satisfy  appropriate  boundary  conditions,  then  we  know  from  the  way  in  which  they 
were  obtained  that  E  and  B  as  found  from  this  A  and  <p  will  automatically  be  a  solution 
of  a//  of  Maxwell's  equations. 

A  difficulty  with  these  two  equations  is  that  both  A  and  <!>  appear  in  each  equation, 
that  is,  the  equations  are  not  separated.  In  addition,  if  P  and  M  do  not  represent 
distributions  of  permanent  dipole  moments  that  would  be  unaffected  by  the  fields,  then 
we  have  to  assume  that  P  and  M  are  functions  of  E  and  B  and  thus  of  A  and  <p. 
Consequently,  unless  we  have  a  specific  dependence  given  to  us,  we  cannot  make  any 
further  progress  with  the  general  equations.  Nonetheless,  (22-1),  (22-3),  (22-4),  and 
(22-5)  are  a  set  of  equations  that  are  assumed  to  be  a/ways  true. 

We  can  still  draw  some  conclusions  about  boundary  conditions  at  a  surface  of 
discontinuity  in  properties.  The  arguments  that  we  used  in  connection  with  (16-21), 
which  followed  from  B  =  v  X  A,  are  still  valid  when  B  is  a  function  of  the  time,  since 
we  only  required  that  B  be  finite.  Since  (22-1)  still  holds,  we  can  conclude  that  the 
tangential  components  of  A  are  always  continuous: 

A., -A,,  (22-6) 

Now  we  do  not  yet  have  a  specific  expression  for  v  *  A;  thus  we  cannot  be  sure  of  the 
behavior  of  the  normal  components  of  A,  but  it  is  not  unreasonable  to  expect  that  they 
will  behave  as  in  (16-20)  and  also  be  continuous. 

In  Section  9-5,  we  concluded  that  the  electrostatic  scalar  potential  was  continuous. 
Now,  however,  (22-3)  is  applicable  rather  than  simply  E  =  -  V<#>,  but  if  we  review  our 
previous  arguments,  we  see  that  if  we  add  to  them  the  usual  requirement  that  ^ A/ 
remain  finite  as  the  transition  layer  is  shrunk  to  zero  thickness  we  will  again  find  that  ^ 
is  continuous: 

<p2  =  *l>i  (22-7) 

Finally,  as  a  sort  of  check  on  our  results,  if  we  revert  to  the  static  case  in  which  all 
time  derivatives  are  zero,  and  use  v  •  A  =  0  as  given  by  (16-17),  we  find  that  (22-4)  and 
(22-5)  become  V  “  pAo  V  ^A  =  -  which  are  exactly  our  previous  results 
given  by  (11-1),  (10-38),  and  (16-18).  Thus  our  generalized  scalar  and  vector  potentials 
properly  reduce  to  the  previous  ones  that  were  applicable  to  static  situations. 
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As  in  Section  21-3,  considerable  simplification  can  be  attained  if  we  are  dealing  with 
completely  l.i.h.  materials,  so  that  the  constitutive  equations  (21-40)  are  applicable  as  is 
(21-41)  for  the  free  current  density.  It  is  somewhat  more  convenient  to  begin  again  with 
the  forms  of  Maxwell's  equations  written  for  this  case  in  (21-42)  through  (21-45).  The 
middle  two  will  again  be  satisfied  if  we  use  (22-1)  and  (22-3),  and  when  these 
expressions  for  E  and  B  are  substituted  into  (21-42)  and  (21-45),  we  get 


V  +  V  • 


dA 

~dt 


(22-8) 


^A  d^A 
V^A-,a— 


V  V  •  A 


d<{> 

(xe—  +  I  =  -fiJ/ 


(22-9) 


We  can  now  give  (22-8)  a  form  more  like  (22-9)  by  adding  and  subtracting  appropriate 
terms  and  we  find  that  we  can  also  write  it  as 

3(f>  ^^(j>  d  j  d<i>  \  P| 


(22-10) 
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These  equations  are  the  ones  that  we  have  to  solve  for  A  and  tp.  However,  they  each 
contain  both  A  and  <#>  and  it  would  be  desirable  if  we  could  somehow  separate  them. 
We  recall  from  the  Helmholtz  theorem  of  Section  1-20  that  the  vector  A  will  not  be 
completely  determined  until  we  have  specified  both  v  X  A  and  v  *  A  everywhere.  So 
far,  we  have  only  specified  V  X  A  by  way  of  (22-1);  consequently,  we  are  free  to  choose 
V  ■  A  in  any  convenient  way.  Comparing  (22-9)  and  (22-10),  we  see  that  a  simple  thing 
to  do  is  to  require  that 

d<p 

V  ■  A  +  +  fiatp  =  0  (22-11) 

at 


for  then 


V^A 


^A 


=  -mV 


(22-12) 


V^<f>  —  fio 


3<j> 

dt 


d^<}> 


(22-13) 


The  requirement  (22-11)  is  known  as  the  Lorentz  condition.  The  advantage  of  this 
particular  choice  is  that  not  only  does  it  make  the  equations  for  A  and  <f>  independent 
of  each  other,  but  that  the  four  scalar  equations  that  result  (one  from  each  component 
of  A  and  one  for  <p)  are  all  differential  equations  of  the  same  general  form  so  that,  in 
this  sense,  we  are  left  with  only  one  general  problem  to  solve. 

The  formulation  we  have  developed  here  thus  anticipates  that  the  general  procedure 
to  be  used  in  solving  an  electromagnetic  field  problem  by  means  of  the  potentials  would 
be  as  follows.  We  assume  that  the  external  sources  plus  boundary  conditions  are  given, 
that  is,  we  assume  that  the  functions  pj{x,  t)  and  Jy(r,  t)  are  known.  Then  (22-12)  and 
(22-13)  are  to  be  solved  for  A  and  (f>,  making  sure  that  they  satisfy  the  Lorentz 
condition  (22-11).  When  this  has  been  done,  E  and  B  are  found  from  (22-1)  and  (22-3) 
and  the  appropriate  boundary  conditions  are  satisfied  as  well.  We  know  that  E  and  B 
as  found  in  this  way  will  satisfy  Maxwell’s  equations  and  thus  will  represent  the 
complete  solution.  If  we  desire,  we  can  then  find  D  =  cE  and  H  =  B//i;  we  can  also 
calculate  the  polarization  and  magnetization  everywhere  from  P  =  (k^  -  l)^o^ 

M  =  [(K^  - 

Actually  the  most  important  and  convenient  situations  for  which  these  potentials  are 
used  are  for  a  nonconducting  medium,  and,  since  this  will  also  be  true  for  us,  let  us  see 
to  what  our  results  reduce  in  this  case.  When  u  =  0,  Jf  =  by  (21-41),  and  (22-11) 
through  (22-13)  become 


3(p 

V-A  +  Mf— = 

0 

(22-14) 

d^A 

(22-15) 

— /iJ^ 

,  d^1> 

c 

(22-16) 

These  are  often  written  more  compactly  by  defining  the  D’Alembertian  operator  as 


(22-17) 


so  that  we  obtain 


□  □>  = 


which  are  reminiscent  of  the  Poisson  equations  (11-2)  and  (16-18). 


(22-18) 
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If  we  assume  that  d^/dt  stays  finite  within  the  transition  layer,  we  find  from  (22-14) 
and  (9-7)  that  the  normal  components  of  A  are  continuous  across  a  surface  of 
discontinuity,  that  is, 

^2n  ~  ^1«  ^  ^  (22-19) 

which,  when  combined  with  (22-6),  shows  us  that  A  itself  is  continuous, 

A2  =  Ai  (22-20) 

just  as  it  was  in  the  static  case  as  found  in  (16-22). 


22-3  GAUGE  TRANSFORMATIONS 

Near  the  end  of  Section  16-2,  we  saw  that  the  requirement  B  =  V  X  A  still  leaves  some 
ambiguity  in  the  vector  potential,  and  we  also  saw,  in  (16-24)  and  (16-25),  that  a  new 
potential  A^  defined  by 

At  =  A  -P  vx  (22-21) 

gives  the  induction  B  equally  well.  We  see  that  this  will  still  be  the  case  here  where  we 
would  now  expect  the  scalar  x  to  be  a  function  of  time  as  well  as  of  position,  so  that  we 
write  X  ^  X  (*■»  0-  However,  E  now  depends  on  the  vector  as  well  as  the  scalar 

potentials,  and  of  course  we  want  to  obtain  the  same  electric  field.  If  we  substitute 

(22-21)  into  (22-3),  we  get 

d  ,  I  dx\  dA^  ^  dA^  ^  ^ 

E  -  -  v+  -  -(A*  -  vx)  -  -  v(*  -  -  —  -  -  vf  -  ^  (22-22) 

where  we  have  set 

dx  ,  . 

=  (22-23) 

ot 

Thus,  the  form  of  (22-3)  is  preserved  if  we  also  change  the  scalar  potential  in  this  way. 
In  other  words,  we  get  the  same  fields  E  and  B  whether  we  use  the  set  of  potentials 
(A,  (f>)  or  (A^,  <f»^).  The  kind  of  transformation  defined  by  (22-21)  and  (22-23)  is  called  a 
gauge  transformation;  thus,  we  have  found  that  Maxwell’s  equations  are  invariant  to  a 
gauge  transformation  or  to  a  “change  in  gauge.”  There  are  certain  restrictions  we  want 
to  put  on  X)  however,  because  it  is  desirable  that  both  sets  of  potentials  satisfy  the 
Lorentz  condition.  If  we  substitute  (22-21)  and  (22-23)  into  (22-14),  we  find  that 

V  A+  +  -  V =  0  (22-24) 

ot  ot 

so  that  A"*"  and  will  also  satisfy  (22-14)  provided  that 

V^X-^^£^  =  ^^X=  0  (22-25) 

[In  the  case  of  static  fields,  (22-14)  and  (22-25)  reduce  to  our  previous  results  (16-26) 
and  (16-27).] 

It  is  also  easily  verified  that  under  this  assumption  A^  and  satisfy  the  same 
differential  equations  as  do  A  and  <f>: 

□  W  =  -/iJ,  dV  =  -  -  (22-26) 

■'  € 

When  one  deals  with  potentials  that  fulfill  all  of  these  requirements,  it  is  said  that  the 
Lorentz  gauge  is  being  used. 
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EXERCISES 

22-1  Show  that  (22-8)  and  (22-9)  can  also  be 
obtained  by  starting  from  (22-4)  and  (22-5)  rather 
than  by  going  back  to  Maxwell’s  equations  first. 

22-2  Show  that,  if  the  free  charge  and  current 
distributions  and  the  polarization  and  magnetiza¬ 
tion  are  all  given  functions  of  position  and  time, 
then  the  general  equations  satisfied  by  the  poten¬ 
tials  can  be  separated  by  using  the  form  of  the 
Lorentz  condition  appropriate  for  a  vacuum.  Find 
the  differential  equations  satisfied  by  A  and  <f> 
under  these  conditions. 

22-3  Find  the  equations  satisfied  by  the  poten¬ 
tials  for  a  hnear  isotropic  but  now  homogeneous 
medium. 

22-4  Find  the  boundary  conditions  satisfied  by 
the  normal  components  of  A  from  the  Lorentz 
condition  (22-11)  involving  conductivity. 

22-5  Consider  a  l.i.h.  nonconducting  medium.  If 
one  requires  that  V  •  A  =  0,  one  is  said  to  be 
using  the  Coulomb  gauge.  Find  the  differential 
equations  satisfied  by  A  and  </>  for  this  case. 


22-6  Show  that,  in  a  l.i.h.  nonconducting  region 
where  p/  =  0  and  =  0,  the  fields  E  and  B  can 
be  found  completely  from  a  vector  potential,  that 
is,  =  const,  (zero  is  usually  chosen).  What  two 
equations  determine  A? 

22-7  Consider  a  region  where  pf  =  0,  J^r  =  0, 
M  =  0,  while  P  is  a  given  function  of  posi¬ 
tion  and  time.  Show  that  (22-4)  and  (22-5) 
can  be  satisfied  and  the  electromagnetic  field  ob¬ 
tained  from  a  single  vector  such  that  A  = 
4>  =  -V  •  IT,  and  v\- 
=  -P/fQ.  This  vector  IT,  is  called 
the  Hertz  vector  or  polarization  potential.  Express 
E  and  B  completely  in  terms  of  ir,,  and  P  also  if 
it  leads  to  any  simplification. 

22-8  This  exercise  is  similar  in  spirit  to  the 
preceding  one.  Assume  that  =  0,  =  0,  P  =  0, 

while  M  is  a  given  function  of  position  and  time. 
Show  that  the  electromagnetic  field  can  now  be 
obtained  from  a  single  vector  •rr^,  which  satisfies 
the  equation  v\,  -  =  ”^0^. 

Find  expressions  for  A,  E,  and  B  in  terms  of 
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SYSTEMS  OF  UNITS  — A 
GUIDE  FOR  THE  PERPLEXED 


We  have  been  using  exclusively  SI  units  which,  for  our  purposes,  are  the  same  as  those 
of  the  rationalized  MKSA  system,  and  we  will  continue  to  do  so.  This  means  that  our 
unit  system  is  based  on  four  arbitrarily  chosen  and  defined  quantities — the  meter, 
kilogram,  second,  and  ampere.  Primarily  because  of  historical  reasons  based  on  the 
originally  separate  development  of  electricity  and  magnetism,  other  systems  of  units 
have  been  used  and  continue  to  be  used.  This  is  particularly  the  case  in  more  advanced 
treatments  of  physics,  especially  in  subjects  like  quantum  mechanics  and  its  application 
to  the  microscopic  properties  of  matter.  As  a  result,  a  student  whose  training  has  been 
conducted  entirely  in  terms  of  MKSA  units  very  often  faces  the  problem  of  answering 
two  questions:  In  what  system  of  units  is  this  equation  written?  What  numbers  do  I  put 
in  it  in  order  to  work  this  problem?  This  chapter  provides  some  guidance  in  how  to 
answer  these  questions.  Consequently,  we  do  not  give  an  exhaustive  discussion  of 
various  unit  systems  but  primarily  try  to  indicate  how  they  originated,  the  effects  on  the 
forms  of  our  basic  equations,  and  what  to  do  about  it.  Thus,  in  a  sense,  this  short 
chapter  is  a  digression,  but,  since  we  have  just  finished  the  task  of  writing  electromag¬ 
netism  in  its  most  general  and  fundamental  form,  this  is  a  useful  point  at  which  to 
consider  these  questions. 


23-1  ORIGIN  OF  OTHER  SYSTEMS  OF  UNITS 

In  order  to  see  how  different  systems  can  occur,  it  is  sufficient  for  our  purposes  to 
consider  two  basic  experimental  results— one  electrostatic  and  one  magnetostatic. 
From  Coulomb’s  law  (2-3),  we  know  that  the  magnitude  of  the  force  between  two  point 
charges  has  the  form 

qq' 

(23-1) 

where  is  a  constant  of  proportionality  whose  numerical  value  will  depend  on  the 
units  that  are  used.  We  previously  chose  to  write  =  l/47reo-  Similarly,  the  magni¬ 
tude  of  the  force  per  unit  length  between  two  parallel  currents  as  found  from  Ampere’s 
law  is  given  by  (13-13)  and  (13-14)  and  can  be  written  as 

dF  ir 

-r  =  2C—  (23-2) 

dz  p 

where  is  another  constant  of  proportionality  that  we  previously  wrote  as  = 
In  addition,  all  systems  of  units  use  the  definition  of  current  given  by  (12-2): 
I  =  dq/dt. 

If  one  always  uses  the  same  set  of  mechanical  units  in  them,  then  the  two  forces 
involved  will  have  the  same  dimensions  and  we  see  that  the  combinations  C^qq'/R^ 
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and  also  must  have  the  same  dimensions  so  that  the  ratio 


(23-3) 


must  have  the  dimensions  of  (distance/time)^,  that  is,  c  has  the  dimensions  of  a  speed. 
The  value  of  this  ratio  has  been  measured  many  times  and  the  experimental  result  is 
that 

c  =  3  X  10^  meters/second  (23-4) 


which  is  the  same  as  the  measured  speed  of  light  in  a  vacuum.  The  best  value  of  c  as 
presently  known  is  2.99792458  X  10^  meters/second,  but  the  value  given  in  (23-4)  is 
accurate  enough  for  us  here.  (As  we  will  see  in  the  next  chapter,  the  agreement  between 
this  ratio  and  the  speed  of  light  is  not  accidental.)  We  have  already  taken  this  numerical 
result  into  account  in  the  values  we  gave  for  Q  and  and  we  find  that  = 

(47rco)“  V(Mo/4’^)  =  (f*o^o)~^  =  (9  X  10^)/(10“^)  =  (3  X  10^  meters/second)^  with 
the  use  of  (2-5)  and  (13-2);  this  is  in  agreement  with  (23-3)  and  (23-4).  In  other  words, 
we  have  the  fundamental  result  that 

=  -^  (23-5) 

for  the  MKSA  system  that  we  are  using. 

The  various  systems  of  units  used  in  electromagnetism  essentially  differ  in  the  way  in 
which  these  constants  are  chosen.  It  is  clear  that  either  Q  or  can  be  chosen 
arbitrarily,  but  then  the  value  of  the  other  is  fixed  by  the  requirement  of  (23-3). 

All  other  systems  of  any  interest  are  based  on  the  use  of  the  CGS  system  in  which 
everything  is  expressed  in  terms  of  the  arbitrary  choice  of  three  fundamental  units  for 
length,  mass,  and  time;  these  are,  respectively,  the  centimeter,  gram,  and  second.  The 
mechanical  units  are  then  found  in  the  usual  way  from  their  definitions.  Thus,  the  force 
unit  is  1  gram  X  1  centimeter/(second)^  =  1  dyne.  The  unit  of  work  or  energy  will  be 
the  product  of  a  unit  force  and  a  unit  displacement:  1  dyne-centimeter  =  1  erg.  The 
unit  of  power  will  be  1  erg/second,  and  so  on. 

Another  distinction  that  is  made  between  unit  systems  concerns  whether  they  are 
“rationalized”  or  “unrationalized.”  What  this  means,  in  effect,  is  that  for  a  rationalized 
system  there  are  no  numerical  factors  of  47r  appearing  in  Maxwell’s  equations,  while,  as 
we  will  see,  they  do  appear  if  an  unrationalized  system  is  used.  Equations  21-19 
through  21-22  show  that  we  are  using  rationalized  MKSA  units.  (The  use  of  a 
rationalized  system  does  not  make  4^  disappear,  rather  it  simply  means  that  47r’s  are 
found  elsewhere  in  results  found  from  Maxwell’s  equations;  thus,  the  choice  of  which 
type  to  use  is  somewhat  a  matter  of  taste.) 
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Suppose  that  you  felt  that  Coulomb’s  law  was  a  fundamental  result  that  was  the  best 
place  to  start  in  defining  a  system  of  units  for  electromagnetism.  Your  natural 
inclination  would  be  to  give  this  equation  as  simple  an  appearance  as  possible;  this  can 
certainly  be  done  by  choosing  =  1.  Then,  from  (23-3),  must  be  taken  to  be  1/c^ 
and  (23-1)  and  (23-2)  would  become 


F  = 


dF  III' 
dz  c^p 


(esu) 


(23-6) 


This  procedure  leads  one  to  the  electrostatic  system  of  units  (esu).  We  see  from  the  first 
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expression  in  (23-6)  that  two  equal  unit  charges  a  distance  1  centimeter  apart  will  repel 
each  other  with  a  force  of  1  dyne;  the  unit  of  charge  defined  in  this  way  is  called  a 
statcoulomb  (from  electro^ta/ic).  The  unit  of  current  will  then  be  1  statcoulomb/second 
=  1  statampere,  and  that  of  potential  difference  1  erg/statcoulomb  =  1  statvolt.  One 
can  continue  this  process  and  define  a  statfarad,  statohm,  and  so  on,  and  in  this  way 
develop  a  consistent  and  complete  description.  At  some  point,  however,  one  has  to 
decide  how  to  define  B  and  relate  it  to  E;  this  is  done  in  this  system  by  writing 
Faraday’s  law  as  V  X  E  =  -dB/dtox,  equivalently,  the  Lorentz  force  as  ^(E  -I-  v  X  B). 
In  this  pure  form,  however,  this  system  is  seldom  used  anymore  and  we  will  not 
describe  it  further.  Nevertheless,  it  should  be  pointed  out  that  it  is  very  common  to  find 
quantities  measured  in  this  system  but  not  given  in  statamperes,  statfarads,  and  so  on, 
but  merely  stated  as  being  so  many  “electrostatic  units”  or  just  so  many  “esu.” 

Now  suppose  that  you  were  more  interested  in  and  had  more  experience  with 
magnetostatics  than  in  electrostatics;  then  you  might  feel  that  the  expression  (23-2)  is  a 
better  starting  point  and  you  would  like  to  simplify  it  as  much  as  possible.  This  can  be 
done  by  choosing  Q,  =  1  so  that  Q  =  and  (23-1)  and  (23-2)  become 


dF  iir 
dz  p 


(emu) 


(23-7) 


Such  a  procedure  leads  to  the  electromagnetic  system  of  units  (emu).  We  now  see  from 
the  second  expression  in  (23-7)  that  two  very  long  equal  parallel  unit  currents  1 
centimeter  apart  will  attract  each  other  with  a  force  of  2  dynes/centimeter;  the  unit  of 
current  defined  in  this  way  is  called  an  abampere  (from  absolnio).  The  unit  charge  will 
be  1  abcoulomb  =  1  abampere-second  and  one  can  continue  this  process  to  get  abvolts, 
abfarads,  and  the  like;  it  is  also  very  common  to  use  simply  the  terminology  of 
“electromagnetic  units”  or  “emu.”  Again  the  definitions  of  E  and  B  are  related  by 
writing  V  X  E  =  -dB/dt  or  F  =  ^(E  -H  v  X  B).  In  this  pure  form,  the  electromag¬ 
netic  system  is  practically  never  used.  What  is  still  very  much  used,  however,  and  the 
system  which  one  needs  to  be  able  to  deal  with,  is  that  which  we  consider  next. 


23-3  THE  GAUSSIAN  SYSTEM 

This  is  an  unrationalized  CGS  system  that  is  mixed  in  the  sense  that  electric  quantities 
are  measured  in  electrostatic  units  while  magnetic  quantities  are  measured  in  electro¬ 
magnetic  units.  For  our  purposes,  it  will  suffice  simply  to  quote  the  form  that  the  basic 
equations  assume  for  this  system.  Maxwell’s  equations  in  general  are 

V  ■  D  =  477p^  V  •  B  =  0 

-[  dB  47r  1  dD 

VXE= - —  VXH  =  — 

c  dt  c  ^  c  at 

where  the  various  field  vectors  are  related  by 

D  =  E  +  4vrP  H  =  B  -  47rM 


(23-8) 


(23-9) 


and  the  Lorentz  force  is 

F  =  ^  X  B 

[It  follows  from  (23-8)  that  the  equation  of  continuity  still  has  the  form  v  J/  + 
{dp/dt)  =  o.] 


(23-10) 
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Where  they  are  applicable,  the  various  constitutive  equations  are  written 
D  =  eE  H-B/jLt  J^=oE 
P  =  X.E  M  =  x.H 

so  that 

e  =  1  +  47rx^  /A=l  +  47rx^ 

Expressions  involving  the  potentials  are  easily  seen  to  become 

B  =  VXA  E=-v</)---^  (23-13) 

c  ot 

while  energy  formulas  of  interest  are 

1  c  .  . 

u  =  — (E-D  +  B-H)  s  =  — (EXH)  (23-14) 

8^7  477 

where  the  first  holds  for  linear  media. 

We  see  from  the  above  that  all  of  the  field  vectors  E,  D,  B,  H,  P,  and  M  have  the 
same  dimensions',  this,  of  course,  has  not  kept  people  from  giving  different  names  to  the 
units.  This  is  most  prevalent  with  respect  to  magnetic  quantities  and  the  common  usage 
is  as  follows:  B,  gauss;  H,  oersted;  M,  oersted  (but  see  the  next  section);  O,  1 
gauss-(centimeter)^  =  1  maxwell. 

It  also  follows  from  (23-9)  that  in  a  vacuum,  D  =  E  and  H  =  B.  The  quantities  e,  fi, 
Xe^  and  Xm  are  all  dimensionless;  we  discuss  their  numerical  values  in  the  next  section. 

Furthermore,  it  is  not  uncommon  to  find  a  “modified”  Gaussian  system  being  used. 
It  is  just  like  the  one  we  have  described  except  that,  while  charge  is  still  measured  in 
statcoulombs  (esu),  current  is  measured  in  abamperes  (emu).  What  this  does,  in  effect, 
is  to  replace  any  symbol  for  current  by  c  times  that  symbol  (e.g.,  ^  cJ|).  The  only 

one  of  Maxwell’s  equations  that  is  affected  by  this  is  Ampere’s  law,  and  then  the 
equation  of  continuity,  which  become 

1  1  dpf 

VXH  =  47rJ,-h-—  V-J,+  -V-  =  0  (23-15) 

^  c  dt  ^  c  at 

Finally,  the  Heaviside-Lorentz  system  is  simply  a  rationalized  Gaussian  system;  when 
this  is  used,  the  effect  is  to  replace  every  477  in  the  equations  (23-8)  through  (23-12)  by 
unity;  for  example,  one  gets  v  ■  D  =  and  D  =  E  -1-  P.  The  factors  of  c  still  remain, 
however. 

If  a  particular  author  does  not  state  the  unit  system  that  is  being  used,  one  can 
generally  deduce  what  it  is  by  looking  at  the  form  of  some  familiar  results,  preferably 
Maxwell’s  equations. 

23-4  HOW  TO  COPE  WITH  THE  GAUSSIAN  SYSTEM 

In  principle,  any  desired  result  in  the  Gaussian  system  can  be  derived  by  starting  with 
Maxwell’s  equations  (23-8)  and  using  the  expressions  (23-9)  through  (23-13)  as  re¬ 
quired.  This  is  not  always  convenient  and  it  is  desirable  to  have  a  method  that  will 
enable  one  to  transform  a  given  result  written  in  the  Gaussian  system  into  the 
corresponding  one  in  the  MKSA  system  and  vice  versa.  Table  23-1  provides  a  recipe 
for  doing  this.  In  order  to  use  this  table,  one  replaces  a  symbol  in  the  column  labeled 
by  the  system  in  which  the  formula  is  written  by  the  symbol  or  combination  listed  for 
the  other  system.  Symbols  representing  essentially  mechanical  quantities  are  un¬ 
changed. 


(23-11) 

(23-12) 
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Table  23-1 .  Conversion  of  symbols  in  equations 

Symbols  representing  essentially  mechanical  quantities  (length,  mass, 
time,  force,  work,  energy,  power,  etc.)  are  not  changed  (nor  are 
derivatives).  To  convert  an  equation  written  in  the  MKSA  system  to  the 
corresponding  one  in  the  Gaussian  system,  replace  the  symbol  listed 
under  the  column  labeled  MKSA  by  that  listed  under  Gaussian.  The 
entries  can  also  be  used  to  convert  a  Gaussian  equation  to  an  MKSA 
one  by  going  from  right  to  left  in  the  table. 


Quantity 

MKSA 

Gaussian 

Capacitance 

C 

47rCoC 

Charge 

(4ireo)‘"'^? 

Charge  density 

p,(a,  X) 

X) 

Conductivity 

a 

Current 

/ 

Current  density 

J,(K) 

(4,7£o)'/"J,(K) 

Dielectric  constant 

€ 

Dipole  moment  (electric) 

P 

Dipole  moment  (magnetic) 

m 

(47T/Mo)'/^m 

Displacement 

D 

(£o/4^)V^D 

Electric  field 

E 

(4«„)-i/^E 

Inductance 

L 

(4fffo) 

Magnetic  field 

H 

Magnetic  flux 

0 

(M„/4vr)i/20 

Magnetic  induction 

B 

(Mo/477)1/^B 

Magnetization 

M 

Permeability 

P 

(1)  k^ixq,  then 

(2)  ^ 

Permeability  (relative) 

Permittivity 

€ 

(1)  K^tp,  then 

(2)  K,  -  € 

Polarization 

P 

(4^eo)'^'P 

Resistance 

R 

Resistivity 

P 

(4’rto)  V 

Scalar  potential 

(4?rfo)-'/^(f> 

Speed  of  light 

(Mofo) 

c 

Susceptibility 

XeAXj 

^‘^XeAXj 

Vector  potential 

A 

(lia/AirY^^A 

Example 

Let  us  transform  v  •  D  =  as  given  by  (21-19).  Using  the  table,  we  get 
V  •  which  reduces  to  v  ■  D  =  47rpy  as  quoted  in  (23-8). 


Example 

Let  us  transform  the  expression  for  the  Poynting  vector  given  in  (23-14)  into  MKSA 
form.  Since  S  is  an  energy  flow,  it  is  not  changed  and,  by  going  from  the  Gaussian 
column  to  the  MKSA  one,  we  get 


which  is  exactly  (21-59). 


[(4it£o)'^^EX  =  E  X  H 
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The  use  of  Table  23-1  may  occasionally  lead  to  a  wrong  result  when  applied  to  a 
Gaussian  system  equation  that  has  been  worked  out  for  a  vacuum.  The  reason  is  that, 
since  D  =  E  and  B  =  H  in  this  case,  there  is  a  tendency  to  use  these  symbols 
interchangeably  which  may  lead  to  ambiguities  since  the  conversion  factors  listed  in 
Table  23-1  are  different  for  the  members  of  each  of  these  pairs.  For  example,  in  such  a 
situation  it  is  quite  common  to  find  the  equation  connecting  the  field  with  the  vector 
potential  written  as  H  =  V  X  A,  and  we  quickly  find  from  the  table  that  this  will  not 
transform  directly  back  to  the  corresponding  MKSA  equation  B  =  v  X  A,  although  it 
does  lead  to  =  V  X  A  which,  for  a  vacuum,  is  all  right. 

The  problem  of  converting  the  form  of  an  equation  is  different  from  that  of 
converting  the  numerical  values  of  a  given  physical  quantity  from  one  unit  system  to 
another.  For  example,  the  data  may  be  given  numerically  in  Gaussian  units  and  it  is 
necessary  to  insert  their  equivalent  values  into  an  MKSA  formula,  or  conversely.  For 
this  purpose,  one  requires  a  numerical  conversion  table  and  Table  23-2  is  adequate  for 
most  purposes.  The  entry  in  each  row  gives  the  same  amount  of  the  given  quantity 
expressed  in  different  units;  that  is,  the  terms  in  each  row  are  equal.  The  various  factors 
of  3  arise  from  writing  c  =  3  X  10^  meters/second;  this  does  not  apply  to  powers  of 
10.  Other  needed  conversions  can  be  obtained  in  the  usual  manner  by  multiplying  by 
unity  as  expressed  by  the  appropriate  ratio  and  cancehng  units;  for  example,  one  can 
write  1  =  10^  grams/1  kilogram. 

Although  H  and  M  are  both  measured  in  ampere/meter  in  the  MKSA  system,  we 
see  that  the  conversion  factors  to  oersted  are  different  for  each  of  them;  this  is  a 
consequence  of  the  in  (23-9),  and  similar  remarks  apply  to  D  and  P.  It  is  not 
unusual  to  find  magnetization  stated  in  gauss  rather  than  in  oersted;  in  the  overwhelm¬ 
ing  majority  of  such  cases,  the  author  really  means  “oersted”  and  one  can  proceed  by 


Table  23-2,  Conversion  table  for  numerical  values 

Quantity  MKSA  Gaussian 


Length 

Mass 

Time 

Force 

Work,  energy 
Power 

Capacitance  (C) 
Charge  (^) 

Charge  density  (p) 
Conductivity  (a) 
Current  (/) 

Current  density  (J) 
Displacement  (D) 
Electric  field  (E) 
Inductance  (L) 
Magnetic  field  (H) 
Magnetic  flux  (O) 
Magnetic  induction  (B) 
Magnetization  (M) 
Polarization  (P) 
Potential  (<#>) 
Resistance  (/?) 


1  meter  (m) 

1  kilogram 
1  second 
1  newton 
1  joule 
1  watt 
1  farad 
1  coulomb 
1  coulomb/m^ 

1  (ohm-m)“^ 

1  ampere 

1  ampere/m^ 

1  coulomb/m^ 

1  volt/m 
1  henry 
1  ampere/m 
1  weber 

1  weber/nf  =  1  tesla 
1  ampere/m 
1  coulomb /m^ 

1  volt 
1  ohm 


10^  centimeters  (cm) 

10^  grams 
1  second 
10^  dynes 
10^  ergs 

lO’ergs/second 
9  X  10^^  statfarads 
3  X  10^  statcoulombs 
3  X  10^  statcoulomb/cm? 
9  X  10^  (statohm-cm)“^ 

3  X  10^  statamperes 
=  10“^  abamperes 
3  X  10^  statampere/cm^ 
1297  X  10^  statvolt/cm 
5  X  10“'*  statvolt/cm 
^  X  10“^^  stathenrys 
497  X  10“^  oersted 
10^  maxwells 
lO'*  gauss 
10“^  oersted 
3  X  10^  statvolt/cm 
3^  statvolt 
i  X  10  statohms 
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changing  the  name  and  using  the  factor  given  in  the  table  for  M.  Occasionally,  the 
author  really  means  “gauss”;  this  will  normally  signify  that  he  or  she  has  in  mind  an 
MKSA  definition  of  magnetic  dipole  moment  equal  to  haq  times  the  expression  (19-20); 
this  would  make  the  relation  among  the  magnetic  vectors  take  the  form  B  =  /loH  +  M 
rather  than  (21-24).  In  that  case,  it  would  be  appropriate  to  measure  B  and  M  in  the 
same  units;  this  is  a  rare  situation,  however. 

When  one  looks  up  numerical  values  of  the  quantities  permeability,  dielectric 
constant,  and  susceptibilities,  one  often  finds  them  given  in  Gaussian  terms.  The 
numerical  relations  among  these  parameters  in  the  two  systems  are: 

^eMKSA“(  I  "^Gaussian  (23-16) 

V  ^0  /  MKSA 

-  (A 

'^mMKSA  ” 

\  ro 

Xmksa  “ 

where  the  last  relation  holds  for  both  Xe  ^ 


~  Mgs 


MKSA 


Gaussian 

nd  Xm-  (Also  see  Exercise  20-17.) 


(23-17) 

(23-18) 


EXERCISES 

23-1  Using  (23-6),  express  the  dimensions  of  a 
statcoulomb  in  terms  of  centimeters,  grams,  and 
seconds.  Similarly,  use  (23-7)  to  do  the  same  for 
an  abampere. 

23-2  Show  that  1  statcoulomb/(centimeter)^  = 
1  statvolt/centimeter.  Also  show  that  1  statfarad 
=  1  centimeter,  and  that  1  statohm  =  1  second/ 
centimeter. 

23-3  Show  that  all  of  the  equations  (23-8) 
through  (23-13)  can  be  obtained  by  applying  Ta¬ 
ble  23-1  to  the  corresponding  MKSA  equations. 
23-4  Beginning  with  the  equations  stated  in 
Gaussian  form,  derive  the  differential  equations 
satisfied  by  A  and  </>  and  the  Lorentz  condition 
for  a  l.i.h.  medium.  Verify  that  they  are  the  same 
as  those  obtained  with  the  use  of  Table  23-1. 

23-5  Use  (23-8)  and  (23-9)  to  obtain  the  capaci¬ 
tance  of  a  parallel  plate  capacitor  of  plate  area  A 
and  separation  d  with  vacuum  between  the  plates. 
Verify  that  your  result  is  consistent  with  Table 
23-1  and  Exercise  23-2. 

23-6  Use  (23-8)  to  show  that  the  induced  emf 
will  be  written  in  Gaussian  units  as  ^  = 
—  c~^(d^/dt).  If  self-inductance  is  also  defined 
in  the  usual  way  by  #=  -L(dl/dt%  show  that 
the  analogue  of  (17-55)  must  be  L  =  ^/cl.  Then 


show  that  1  Gaussian  unit  of  inductance  =  1 
stathenry  =  1  (second)  ^/centimeter.  Now  use 
(23-8)  and  (23-9)  to  find  the  self-inductance  of  a 
length  /  of  an  infinitely  long  ideal  solenoid  of 
cross-sectional  area  S,  n  turns  per  unit  length, 
and  vacuum  inside.  Verify  that  your  result  is 
consistent  with  Table  23-1  and  the  above  result 
for  its  dimensions. 

23-7  Use  (23-8)  and  (23-11)  to  derive  Poynting’s 
theorem  for  a  linear  isotropic  medium  and  thus 
show  the  suitability  of  the  results  quoted  in  (23- 
14). 

23-8  As  a  simple  numerical  exercise  in  the  use 
of  Table  23-2,  suppose  that  H  and  M  are  parallel 
and  that  they  have  the  values  a  ampere/meter 
and  P  ampere/meter,  respectively,  where  a  and 
p  are  numbers.  Find  B  in  webers/(meter)^,  B  in 
gauss,  H  in  oersted,  and  M  in  oersted.  Show  that 
when  the  values  just  found  for  H  and  M  are  put 
into  (23-9),  the  same  value  of  B  is  obtained  as 
found  by  direct  use  of  the  conversion  factor  for  B 
itself. 

23-9  Verify  that  (23-16)  through  (23-18)  are  cor¬ 
rect.  (Hint:  as  in  the  previous  exercise,  choose  a 
specific  numerical  value  for  the  appropriate  quan¬ 
tity  and  carry  out  all  of  the  conversions.) 
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In  principle,  we  regard  any  solution  of  Maxwell’s  equations  that  satisfies  given 
boundary  conditions  as  a  possible  electromagnetic  field  that  would  be  produced  by  the 
appropriate  distribution  of  charge  and  current.  In  practice,  however,  one  does  not  go 
about  trying  to  solve  Maxwell’s  equations  indiscriminately,  but  rather  looks  for 
solutions  of  a  desired  type,  or  for  those  thought  to  be  suitable  for  the  particular 
situation  of  interest  at  the  moment.  We  first  discuss  several  examples  of  this  latter 
procedure  for  time-dependent  fields,  putting  off  for  a  while  the  question  of  how  we 
would  produce  these  fields  if  we  so  desired. 

In  the  rest  of  this  book,  except  for  Section  25-7  and  portions  of  Appendix  B,  we 
assume  that  we  are  dealing  with  media  that  are  linear  isotropic  and  homogeneous  in  all 
properties. 


24-1  SEPARATE  EQUATIONS  FOR  E  AND  B 

Let  us  begin  by  assuming  that  there  are  no  external  free  charges  and  currents  in  the 
region  of  interest,  that  is,  we  take  P/  =  0  and  Jy  =  0.  Then  (21-42)  through  (21-45) 
become 

V  ■  E  =  0  (24-1) 

V  X  E  =  - 


dt 


V  B  =  0 


V  X  B  =  paE  +  pc 


^E 


(24-2) 

(24-3) 

(24-4) 


We  can  eliminate  one  of  the  fields  in  the  following  way.  If  we  take  the  curl  of  (24-2), 
use  (1-120),  (24-1),  and  (24-4),  we  find  that 

d 

VX(vXE)  =  v(v-E)-V^E=  -  V^E=  -  — VXB 


^E  ^^E 


or 

V^E  -  fiCT— -  =  0  (24-5) 

In  exactly  the  same  manner,  y  X  (v  X  B)  will  lead  us  to 

V^B  -  jua— - =  0  (24-6) 

ot  dt 

We  see  that  E  and  B  separately  satisfy  the  same  equation.  Thus,  if  i|'(r,  0  is  any  of  the 
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six  rectangular  components  of  E  and  B,  we  find  that 

(24.7) 

SO  that,  in  effect,  we  have  only  one  scalar  equation  to  solve. 

This  last  result,  however,  does  not  mean  that  we  can  take  any  arbitrary  six  solutions 
of  (24-7),  call  them  E^, . . . ,  in  any  manner  and  regard  the  result  as  a  possible 
electromagnetic  field.  The  reason  is  that  the  fields  must  still  satisfy  Maxwell’s  equations 
given  above  and  this  imposes  restrictions  on  E  and  B.  This  has  occurred  because  we 
differentiated  Maxwell’s  equations  to  obtain  (24-5)  through  (24-7)  and  the  process  of 
differentiation  always  results  in  some  loss  of  information.  Nevertheless,  we  can  con¬ 
tinue  in  this  manner,  but  we  will  eventually  have  to  satisfy  (24-1)  through  (24-4)  as  well. 

It  will  now  be  convenient  to  simplify  things  a  bit  more. 


24-2  PLANE  WAVES  IN  A  NONCONDUCTING  MEDIUM 

First,  let  us  assume  that  the  medium  is  nonconducting  so  that  a  =  0;  then  (24-7)  takes 
the  form 

=  0  (24-8) 

which  is  known  as  the  three-dimensional  wave  equation.  Although  we  will  come  back  to 
(24-8),  let  us  look  for  a  function  if/  of  the  special  type  ip  =  \l/(z,  t).  In  other  words,  for 
any  /,  ^  is  independent  of  x  and  y  so  that,  for  each  value  of  z,  \p  is  constant  on  the 
corresponding  infinite  plane  parallel  to  the  xy  plane;  one  such  plane  is  indicated  in 
Figure  24-1.  In  this  case,  (24-8)  becomes 

d^xp  d^\p 

^-4.^-0  (24-9) 

which  is  the  one-dimensional  wave  equation. 

In  essence,  the  term  wave  is  used  to  describe  a  pattern  (or  form)  that  propagates, 
that  is,  travels  along.  Then  a  function  /(z,  r)  =  /(z  -  vt)  with  z  and  /  appearing  only 
in  the  combination  z  —  vt  where  d  is  a  constant  can  be  taken  to  be  a  wave  traveling  in 
the  positive  z  direction  with  velocity  v.  (This  is  called  a  plane  wave  since  /  is  constant 
on  the  plane  z  =  const.)  We  can  verify  the  above  with  the  aid  of  Figure  24-2.  Consider 
the  value  of  /  at  ?  =  0  and  z  =  0:  /(O)  =  /q.  At  a  later  time  t^y  f  will  again  equal  the 


Figure  24-1.  A  plane  of  constant  4/  which  is  parallel  to 
the  xy  plane. 
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same  value  /q  at  a  position  Zq  such  that  the  argument  is  again  zero,  that  is, 
/(zo  -  vt^)  =  /o  =  /(O),  so  that 

Zo  =  (24-10) 

In  other  words,  the  particular  feature  f  =  /q,  which  appeared  at  z  =  0  and  t  =  0,  now 
has  moved  to  the  new  position  Zq  given  by  (24-10),  that  is,  to  a  point  reached  by 
traveling  with  constant  velocity  v.  Similar  remarks  apply  to  the  other  values  of  /  at 
r  =  0,  and  the  net  result  is  that  the  whole  picture  has  been  shifted  in  the  direction  of 
positive  z  by  the  amount  vtQ,  Similarly,  one  can  show  that  g(z  +  vt)  represents  a  wave 
of  arbitrary  shape  moving  in  the  direction  of  negative  z,  that  is,  to  the  left,  with  speed  v 
and  hence  velocity  -  v. 

We  now  want  to  show  that  a  completely  general  solution  of  (24-9)  can  be  written  in 
the  form 

4/(z,  t)  =f{z  -  vt)  +  g(z  +  vt)  (24-11) 

where  /  and  g  are  arbitrary  functions.  In  order  to  do  this,  let  w  =  z  -  vt;  then  we  can 
write  /  =  /(w)  and  we  find  that 

df  df  dw  df  d^f  _  d'^f  dw  _  d^f 

dz  dw  dz  dw  dz^  dw^  dz  dw^ 

while 

df  df  dw  df  d^f  d'^f  dw  d^f 

—  = - -  —V —  and  — T=  —V — = 

dt  dw  dt  dw  dt^  dw^  dt  dw^ 

Substituting  these  into  (24-9),  we  get 

d^f 

which  shows  that  /(z  —  vt)  is  a  solution  provided  that  v^t^e  —  1,  or 

(24-12) 

Similarly,  g(z  4-  vt)  can  be  shown  to  be  a  solution  of  (24-9)  with  v  given  by  the  same 
expression  (24-12).  Thus  we  see  already  that  our  electromagnetic  fields  can  have  the 
form  of  plane  waves  propagating  in  the  z  direction  and  the  speed  of  the  wave  is 
determined  solely  by  the  electromagnetic  properties  of  the  medium  as  given  by  the 
product  /A€. 


378  PLANE  WAVES 


It  is  usual  to  write  (24-12)  in  a  different  manner;  if  we  use  (10-53),  (20-55),  and 
(23-5),  we  find  that  we  can  write 

v  =  ^  (24-13) 

«  =  (24-14) 

where  n  is  called  the  index  of  refraction  of  the  medium  and  is  a  dimensionless  quantity. 
For  a  vacuum,  n  =  I  and  the  speed  of  the  wave  becomes  simply  c,  which,  as  we 
remarked  following  (23-4),  is  the  same  as  the  measured  speed  of  light  in  a  vacuum.  This 
result  was  first  obtained  by  Maxwell  and  was  taken  by  him,  and  others  since  then,  as 
strong  evidence  for  believing  that  light  waves  are  actually  electromagnetic  waves.  Since 
Maxwell’s  time,  much  more  evidence  has  been  accumulated  in  support  of  this  idea — so 
much,  in  fact,  that  nowadays  it  is  universally  accepted.  Furthermore,  the  concept  of 
electromagnetic  waves  has  been  extended  both  experimentally  and  theoretically  beyond 
merely  that  of  describing  visible  light. 

Substituting  (24-12)  into  (24-9),  we  find  that  we  can  now  write  the  wave  equation  in 
the  form 


1 

dz^  ~  dt^ 


(24-15) 


Although  we  know  that  (24-11)  represents  a  general  solution  of  this  equation,  it  is  too 
general  for  our  purposes,  and  we  want  to  consider  solutions  of  a  more  specific  form.  In 
order  to  get  an  idea  of  the  type  we  want  to  study,  let  us  begin  again  with  (24-15)  and 
try  the  method  of  separation  of  variables  that  we  found  so  helpful  in  Sections  11-4  and 
11-5;  in  other  words,  let  us  try  the  form  t)  =  Z{z)T{t).  Substituting  this  into 
(24-15),  dividing  by  ZT,  and  proceeding  in  the  usual  manner,  we  get 


1  d^Z 
Z~d^ 


1  d^T 


const.  =  -k^ 


so  that  we  have  the  two  differential  equations 

d^Z  ^  d^T 

— r^k^Z  =  0  and  — ^ =  0  (24-16) 

dz^  dt^ 

where 

oP' 

=  —  (24-17) 

V 

The  general  solutions  of  (24-16)  can  be  written  as  Zf^{z)  =  and 

TkiO  =  Ya:^**^*  +  where  a^,  and  5^  are  constants  and  i  =  f  —  1 .  If  we 

multiply  these  two  results  together  we  gel  a  solution  to  the  wave  equation  for  this 
particular  value  of  k  and  the  corresponding  w  given  by  (24-17).  Since  there  may  well  be 
many  possible  values  of  k,  and  since  (24-15)  is  a  linear  differential  equation,  the  sum  of 
solutions  each  of  this  form  will  also  be  a  solution.  Thus,  if  we  sum  the  products 
over  all  possible  values  of  k,  we  get  the  general  solution  to  the  wave  equation,  and  we 
find  that  it  has  the  form 

k 

+  E  (24-18) 

k 

The  arguments  of  the  exponential  terms  are  seen,  with  the  use  of  (24-17),  to  all  be  of 
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the  form  kz  ^  iot  =  k[z  +  (to/A:)?]  -  k{z  +  vt)  so  that  ip  actually  has  turned  out  to 
look  like  (24-11),  and,  in  fact,  the  first  sum  in  (24-18)  can  be  identified  with  /  while  the 
second  sum  represents  g.  Thus  we  see  that  we  have  found  that  the  solution  of  the 
one-dimensional  wave  equation  can  be  written  as  a  superposition  of  sinusoidal  plane 
waves. 

Actually,  we  can  reduce  the  complexity  of  (24-18)  even  more.  Consider  the  term  that 
involves  for  reasons  that  will  become  clear  shortly,  we  will  always  take  co  to 

be  a  positive  quantity.  Now  if  k  is  also  positive,  this  form  represents  a  plane  wave 
traveling  in  the  direction  of  positive  z  with  speed  v  =  co//c.  If  k  is  negative,  we  can 
write  k  =  -  |A:|,  and  this  takes  the  form  which  is  a  plane  wave  in  the 

direction  of  negative  z  with  speed  v  =  oi/\k\.  Therefore,  as  far  as  the  first  term  in  each 
sum  of  (24-18)  is  concerned,  we  need  only  concern  ourselves  with  the  single  form 
Qf  p  (positive  or  negative)  will  tell  the  sense  of  travel  of  the  wave. 
The  other  exponential  terms  in  (24-18)  are  simply  the  complex  conjugates  of  those  we 
have  just  discussed  and  still  have  the  appropriate  form.  Accordingly,  for  our  purposes  it 
will  be  sufficient  to  study  the  behavior  of  a  single  prototype  plane  wave  of  a  particular 
value  of  k  (and  corresponding  to)  that  we  can  take  to  be  of  the  form 

(24-19) 

where  ipQ  is  a  constant;  the  general  solution  can  be  constructed  as  a  sum  of  terms 
found  from  this  as  shown  in  (24-18).  [The  form  (24-19)  is  the  normal  way  of 
representing  a  plane  wave  in  physics;  however,  in  some  other  books,  the  exponential 
term  is  written  as  that  is,  as  the  complex  conjugate  of  (24-19).  In  addition,  the 

notation  j  rather  than  i  for  f  is  often  used.  Generally  speaking,  the  results  can 
usually  be  compared  by  making  the  replacement  of  i  by  —  /  or  ±  j  as  the  case  may  be.] 
Since  ip  is  to  be  a  component  of  E  or  B,  it  is  a  physical  quantity  and  hence  must  be 
real.  However,  it  is  more  convenient  to  deal  with  exponential  functions  than  with  sines 
and  cosines,  so  that  it  is  normal  practice  to  continue  to  write  \p  in  the  form  (24-19)  and 
to  supplement  this  with  a  convention:  If  \p  (or  E  or  B)  is  written  or  found  in  complex 
form,  then  the  real  part  is  taken  to  be  the  physically  significant  solution,  that  is, 

>^phy.ca,  =  Re  ^  (24-20) 

(This  convention  is  possible  because  the  wave  equation  is  linear  so  that  the  real  part  of 
^  and  its  imaginary  part  are  separately  solutions.)  Since  it  will  usually  turn  out  that  the 
amplitude  ipQ  is  itself  complex,  it  will  be  useful  to  have  exphcit  forms  for  the  real  part. 
If  we  write  \pQ  in  terms  of  its  real  part  and  its  imaginary  part  4'oi 

4^0  =  4^or  +  ^’^0/  (24-21) 

and  use 

=  cos  w  +  i  sin  u  e^‘“  =  cos  w  -  i  sin  u  (24-22) 

then  we  find  that  (24-19)  becomes  xp  =  (\pQ^  +  +  *  sin(kz  -  o:t)], 

so  that 

Re  =  ^p^y^  cos  (/cz  —  wt)  -  xpQf  sin  {kz  -  cot)  (24-23) 

Another  useful  way  of  writing  a  complex  number  is  in  terms  of  a  real  amplitude  \poa 
and  phase  angle 

■I'o  =  (24-24) 

We  see  that  these  various  quantities  are  related  by 

4^or  =  4'oa  cos  xpoj  -  ipo^  sin  ^ 

.  I  .9  \l/2  O  'f'o/ 

^'Oa  ^  (4^0R  "*■  '/'O/j  ^  “  G 

rOR 


(24-25) 
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When  (24-24)  is  substituted  into  (24-19)  it  becomes  ip  =  so  that 

Re  =  ipQ^  cos(kz  -  cot  'd')  (24-26) 

which  is  often  a  very  convenient  form  to  use.  A  complex  amplitude  if/Q  thus  means  that 
there  exists  a  phase  factor  d  in  the  sinusoidal  plane  wave. 

Equation  24-26,  for  example,  shows  us  that  a  sinusoidal  plane  wave  is  periodic 
both  in  space  and  in  time.  The  spatial  period  X  is  called  the  wavelength,  and  the 
temporal  period  T  is  related  to  the  frequency  by  T  =  \/v.  These  quantities  can  be 
related  to  k  and  w  as  follows.  Since  the  period  of  a  cosine  is  the  function  in  (24-26) 
will  repeat  itself  whenever  its  argument  changes  by  27r.  Thus,  for  a  fixed  t,  A\(kz  —  to/ 
-E  0)1  =2'7t  =  \k^z\  =  |^|A  so  that  |A:|  =  2^/\.  Similarly,  at  a  fixed  position, 
/X\(kz  -  to/  +  0)1  =  277  =  to  A/  =  ooT  and  co  =  277/7’  =  277j^.  Hence  the  relations  are 

277  277  ^  . 

cc  =  2ttv  =  —  (24-27) 


From  (24-17),  we  have  |/:|  =  ic/v  and  when  (24-27)  is  combined  with  this,  we  get  the 
familiar  result  for  a  sinusoidal  plane  wave 

0  =  vX  (24-28) 

The  quantity  k  is  called  the  propagation  constant  and  is  measured  in  (meter)  /  to  is 
the  (angular)  frequency  and  is  in  (radian)/second  while  v  is  in  hertz  as  we  previously 
discussed  before  (17-14).  As  a  result  of  all  of  these  relations,  there  is  a  large  number  of 
different  ways  in  which  expressions  involving  a  plane  wave  can  be  written;  we  will 
generally  continue  with  (24-19)  for  economy  in  notation. 

The  argument  of  the  exponential,  kz  —  to/,  is  called  the  phase  of  the  wave,  so  that 
the  velocity  v  is  the  rate  at  which  a  definite  value  of  this  phase  travels;  accordingly,  v  is 
known  as  the  phase  velocity. 

The  three  characteristics  of  the  wave  {kyOo,v)  are  related  by  our  previous  result 
(24-17).  Now  V  is  determined  by  the  properties  of  the  medium  as  given  by  (24-12);  thus, 
the  remaining  two  {k  and  to)  cannot  be  chosen  independently.  Since  co  (or  j^)  is  usually 
determined  by  the  source  which  is  producing  the  wave,  it  is  customary  to  regard  the 
frequency  as  the  independent  variable  characterizing  the  wave,  so  that  k  becomes  the 
dependent  variable  of  this  set. 

Since  we  have  decided  to  concentrate  on  ip  in  the  form  (24-19),  all  of  the 
components  of  E  and  B  will  be  of  this  form  as  well,  that  is,  for  a  sinusoidal  plane  wave 
we  will  have 

E  =  B  =  (24-29) 


where  Eq  and  Bq  are  appropriate  constant  vector  amplitudes  that  must  be  related  so  as 
to  satisfy  Maxwell’s  equations.  These  forms  enable  us  to  simplify  the  writing  of  these 
equations.  Since  ip  is  a  function  of  z  and  /  only,  we  find  from  (24-19)  that 


dip  dip  dip  dip 

—  =  —  =  0  —  =  ikip  =  -icoip 

dx  dy  dz  dt 


(24-30) 


and  therefore  V  •  E  =  dEJdz  =  ikE^  and  v  ■  B  =  ikB^.  Similarly,  we  find  that  v  X  E 
=  ik{  —  EyX  +  £^y)  with  a  corresponding  expression  for  v  X  B;  also  d'B/dt  =  -/wB. 
Substituting  these  expressions  into  (24-1)  through  (24-4),  setting  a  =  0,  and  using 
(24-12),  we  find  that  Maxwell’s  equations  for  a  plane  wave  propagating  in  the  z 
direction  in  a  nonconducting  medium  become 

kE^  =  0  kB^  =  ^ 


(24-31) 
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These  can  be  written  more  compactly  and  usefully  by  noting  that  =  z  -  E  and 
-£'^x  +  EJ  =  z  X  E  with  similar  expressions  for  B;  thus  we  can  write  (24-31)  as 

A:z  •  E  =  0  ki'B  =  0 

(24-32) 

A:zXE  =  wB  A:zXB=--^E  ^  ^ 

and  we  remember  that  the  direction  of  propagation  is  given  by  ±z,  corresponding  to 
the  sign  of  k. 

Suppose  that  it  =  0;  then  we  see  that  it  is  possible  to  have  #  0  and  #  0.  But 
we  see  from  (24-17)  that,  in  this  case,  co  =  0  as  well,  so  that  we  actually  have  a  static 
situation.  While  this  is  certainly  possible,  it  is  not  our  primary  interest  here. 

For  a  nonstatic  case,  to  0  and  therefore  k  0.  Then  we  see  from  the  first  two 
equations  of  (24-32)  that  we  must  have  =  0  and  =  0.  Thus,  both  E  and  B  have 
no  component  in  the  direction  of  propagation,  that  is,  both  E  and  B  are  perpendicular 
to  it;  in  other  words,  the  electromagnetic  plane  wave  is  a  transverse  wave.  We  see  from 
A:z  X  E  =  <oB  that  B  is  perpendicular  to  E,  which  also  follows  from  the  last  equation  of 
(24-32).  This  all  means  that  these  vectors  form  a  mutually  perpendicular  set;  this  is 
illustrated  for  positive  k  in  Figure  24-3.  As  also  shown  in  the  figure,  the  Poynting 
vector  S  =  ExH  =  (EX  B)/jLt  is  itself  in  the  direction  of  propagation.  If  we  solve  the 
third  equation  (24-32)  and  use  (24-17),  we  find  that 

B  =  -zxE  =  -zxE  (24-33) 

w  V 

showing  the  magnitudes  of  the  fields  to  be  related  by 

\k\  I  , _  n  ,  . 

|B|  =— |E|  =-|E|  =  ^|E|  =-|E!  (24-34) 

CO  a  c 

so  that,  for  a  vacuum,  |B|/|E|  =  1/c. 

We  see  from  (24-29)  that  the  above  relations  also  hold  for  the  vector  amplitudes  Eq 
and  Bq  since  the  exponential  factors  will  cancel  from  both  sides.  In  addition,  if  Eq  has 
the  complex  form,  Eg  =  Eg^e'^,  then  these  relations  hold  for  the  real  amplitudes  Eg^ 
and  Bg^  as  well.  Consequently,  if  we  were  to  take  the  real  parts  of  our  solutions,  as  we 
did  to  get  (24-26),  we  will  obtain 

Ereai  =  EQ„cos(fcz  -  (0/ -I- d)  {kz  -  Oit  +  &)  (24-35) 

Since  the  arguments  of  the  cosines  are  the  same  in  both  cases,  the  two  fields  are  said  to 
be  in  phase— they  become  zero  together,  reach  their  maximum  together,  and  so  on. 
This  is  illustrated  for  positive  k  and  a  definite  time  in  Figure  24-4,  that  is  the  figure 
shows  a  “photograph”  of  the  fields  as  a  function  of  distance  along  the  direction  of 


Figure  24-3.  Relations  among  the  field  vectors, 
direction  of  propagation,  and  energy  flow  for  a  plane 
transverse  wave. 
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Figure  24-4.  Fields  in  a  plane  transverse  wave  at  a  given  time. 


travel.  For  an  observer  at  a  fixed  point  (z  =  const.),  the  time  dependence  of  the  fields 
described  by  (24-35)  can  be  visualized  by  imagining  this  picture  moving  in  the  direction 
of  the  positive  z  axis  with  speed  v.  [For  simplicity,  we  have  assumed  that  E  (and  B) 
always  lies  in  the  same  plane,  that  is,  it  is  linearly  polarized;  we  return  to  this  in  Section 
24-7.] 

Although  we  haven’t  explicitly  used  the  last  relation  of  (24-32),  that  is,  A:z  X  B  ^ 
-(io/iJ^)E,  it  is  easily  verified  that  it  is  consistent  with  (24-33). 
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We  now  assume  that  o  ^  0,  but  we  will  continue  to  assume  that  =  0  and  Jy  =  0.  The 
appropriate  equation  for  any  component  of  E  and  B  is  now  (24-7),  which  becomes 


J? 


fiO 


dxp 


(24-36) 


when  xp  =  xp(z,  t).  We  again  try  to  solve  this  equation  with  a  plane  wave  of  the  form 
(24-19),  and  when  this  is  substituted  into  (24-36),  we  find  that  k  and  tj  must  now  be 
related  by  the  dispersion  relation 

+  iiopa  (24-37) 

rather  than  (24-17).  Since  we  are  only  interested  in  fields  that  vary  harmonically  in 
time,  that  is,  are  not  damped  in  time,  we  require  w  to  be  real  as  well  as  positive. 
Therefore,  (24-37)  can  be  satisfied  only  if  /r  is  a  complex  quantity;  accordingly  we 
assume  k  to  have  the  form 


k=  ±{a  +  ifi)  (24-38) 

where  a  and  are  real  and  positive.  Substituting  this  into  (24-37),  we  obtain 

+  liafi  =  co^pe  -I-  /copu  (24-39) 

Since  the  real  and  imaginary  parts  must  be  separately  equal,  we  get 

=  co^pc 
lap  =  copo 


(24-40) 

(24-41) 
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where  we  have  assumed  ju,  e,  and  a  to  be  real;  we  return  to  this  point  in  Section  24-8. 
These  can  be  solved  for  a  and  p  and  the  results  are 


(We  note  that  when  a  =  0,  these  reduce  to  a  =  co^ftc  =  <o/u  and  ^  =  0  as  they 
should.) 

I'hese  results  are  often  written  in  terms  of  a  dimensionless  parameter  Q,  which,  for 
reasons  we  will  consider  later,  is  defined  by 


(24-44) 


Furthermore,  it  will  often  be  useful  to  write  k  in  the  form 

k=  \k\e‘^  (24-47) 

so  that  if  we  use  (24-22)  and  (24-38),  we  get  ^  =  a  +  =  |^|(cos  B  +  i  sin  0),  and 

therefore, 


a  = 

1  k  1  cos  p  ■' 

=  1  /c  1  sin 

(24-48) 

= 

r  \ 

ifci  = 

(24-49) 

tan  S2  = 

T  _  1  =  ^  Q 

(24-50) 

a  y 

Q 

Now  that  we  have  all  of  these  fairly  complicated  results,  let  us  see  what  their 
significance  is,  and,  in  particular,  what  are  the  physical  consequences  of  a  complex 
propagation  constant  k. 

Substituting  k  =  a  into  (24-19),  we  find  that  it  becomes 

xP  =  (24-51) 


since  =  -1.  A  function  of  this  form  is  called  a  damped  traveling  wave  since  its 
amplitude  is  not  constant,  but  decreases  with  distance  in  the  direction  of  propagation 
because  of  the  factor  The  origin  of  this  term  arises  from  the  existence  of  the 
conductivity  since  0  only  when  cr  ¥=  0.  Evidently  it  must  be  related  to  the  loss  of 
energy  of  the  wave  because  of  the  resistive  dissipation  of  energy  into  heat,  and  we  will 
consider  this  in  more  detail  shortly.  Comparing  the  form  of  the  propagation  term  with 
/  of  (24-11),  we  find  that  the  velocity  in  this  case  is  given  by 


(24-52) 
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and  we  see  that  in  general  v  <  or  i;  <  ^^nonconductor  because  of  (24-12).  Thus 

another  effect  of  the  conductivity  of  the  medium  is  to  make  the  wave  travel  more 
slowly.  The  wavelength  can  be  found  in  the  same  manner  by  which  we  got  (24-27),  and 
we  find  that 

2w  2^v  2it  I  2 

a  u  1  [l  +  (1/e^)]'^^  +  1 


1/2 


(24-53) 


which  is,  of  course,  in  agreement  with  (24-28).  Since  v  has  decreased,  we  see  that 
^  ^  ^nonconductor  that  the  samc  frequency  wave  has  its  wavelength  shortened  as 
compared  to  what  it  would  be  in  a  nonconducting  medium  with  the  same  value  of  /ic. 

Since  Q  as  given  by  (24-44)  depends  on  the  frequency  co,  (24-52)  shows  that  the  wave 
velocity  v  is  no  longer  a  constant  but  is  also  a  function  of  frequency,  that  is,  we  have 
V  =  v(o3).  This  phenomenon  is  called  dispersion  and  hence  a  conducting  medium  is  an 
example  of  what  is  known  as  a  dispersive  medium.  In  order  to  see  the  principal 
consequence  of  this,  let  us  suppose  that  we  are  dealing  with  a  more  comphcated  field 
that  is  written  as  a  superposition  of  sinusoidal  traveling  waves  as  is,  say,  the  first  sum  of 
(24-18).  Since  k  is  no  longer  a  constant  but  a  function  of  lo,  each  component  wave  in 
the  sum  will  travel  at  a  different  speed,  so  that,  at  a  later  time,  the  numerical  value  of 
the  superposition  at  a  given  z  will  be  different,  that  is,  the  superposition  will  have  been 
changed  in  form.  This  is  often  described  by  saying  that  the  superposition  will  alter  its 
shape  as  it  travels  along. 

From  the  damping  factor  e~^^  in  (24-51),  we  find  that  the  distance  of  travel  in  which 
the  amplitude  decreases  by  a  factor  of  1/e  is  Az  =  l/p.  This  is  generally  written  as  5 
and  is  called  the  attenuation  distance  or  skin  depth  and  is  a  convenient  measure  of  the 
damping,  since  one  can  think  of  the  wave  as  having  essentially  disappeared  after 
traveling  a  few  values  of  5.  It  is  possible  to  write  this  in  a  variety  of  ways  with  the  use 
of  (24-41),  (24-52),  (24-53),  and  (24-28): 

1  2a  2  477  2 

a  =  -  =  -  =  -  =  - -  =  - -  (24-54) 

p  poic  pau  jLtatoA  povA 


where  X  is  the  wavelength  in  the  medium. 

For  completeness,  we  should  check  to  see  that  all  of  our  conclusions  are  also 
appropriate  for  a  wave  traveling  in  the  direction  of  negative  z.  Substituting  k  — 
-  (a  +  ifi)  into  (24-19),  we  find  that  it  becomes 

iP  =  (24-55) 


and,  on  comparing  this  with  (24-11),  we  see  that  it  does  represent  a  wave  traveling  in 
the  correct  sense  with  the  same  speed  v  =  co/a  as  found  in  (24-52).  Furthermore,  since 
the  values  of  z  are  now  decreasing,  the  exponential  factor  e^^  will  decrease  as  the  wave 
progresses,  so  that  it  still  represents  an  attenuation. 

There  is  another  interesting  and  often  very  useful  way  of  describing  and  thinking 
about  our  results.  If  we  make  a  purely  formal  comparison  between  (24-19),  (24-11),  and 
(24-13),  we  see  that  we  can  always  define  a  “wave  velocity”  V  and  an  “index  of 
refraction”  N  by 


CO  CO  CO 

k  a  +  i0  \k\ 


(24-56) 
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where  =  c/v  is  what  one  would  call  the  usual  index  of  refraction  since  it  reduces  to 
the  value  appropriate  for  a  nonconductor  as  given  by  (24-14).  Thus  we  can  say  that  an 
absorbing  medium  ()S  ^  0)  can  be  described  as  having  a  complex  index  of  refraction, 
with  the  appearance  of  the  imaginary  part  being  associated  with  attenuation. 

So  far,  everything  we  have  concluded  about  the  effects  of  conductivity  has  been 
based  on  the  behavior  of  a  single  component  ip.  Now  let  us  turn  to  the  relation  between 
the  fields  E  and  B.  If  we  review  our  work  from  (24-29)  on,  we  see  that  nothing 
depended  on  k  being  real;  therefore.  Maxwell’s  equations  in  the  form  (24-32)  are  still 
valid,  except  for  the  last  one  which  came  from  (24-4)  and  that  now  takes  the  form 

kzXB  =  -(jLteo)  +  ;jua)E  (24-58) 


Therefore,  the  fields  are  still  transverse  to  the  direction  of  propagation,  while 

k 

B  =  — z  X  E 
(0 


(24-59) 


again  by  (24-33).  Thus  all  that  is  required  is  to  see  if  (24-58)  is  satisfied.  If  we  substitute 
(24-59)  into  it,  use  (1-30)  and  z  ■  E  =  0,  we  find  that  it  becomes  {k^  -  jueco^  —  /juaco)E 
=  0,  which  is  satisfied  with  E  #  0  because  of  the  dispersion  relation  (24-37).  Now  k  is 
complex,  and  if  we  use  the  form  (24-47)  in  (24-59),  we  find  that  the  fields  are  now 
related  by 

\k\ 

B  =  —e'H  X  E  (24-60) 

CO 

In  order  to  see  the  significance  of  the  phase  factor  we  will  find  the  real  parts  of  E 
and  B.  If  we  again  write  E^  in  (24-29)  as  Eq^c'^,  where  Eq^  is  real,  and  use  (24-38)  as 
well,  we  get 


I /cl 

B  =  — z  X 

CO 


(24-61) 


so  that 


Ereal  =  COS  (az  -  <0?  +  #) 

\k\  (24-62) 

®real  “  - ^  ^  Eq  e“^^COs(aZ  “  COt  T  +  S2) 

CO 

and  we  can  write  the  amplitude  of  B^^^  as  Bq^  =  (|/c|/co)z  X  Eq^.  Comparing  these 
expressions  with  (24-35),  we  see  that  in  a  conducting  medium  E  and  B  are  no  longer  in 
phase  and  the  phase  difference  Q  is  positive  according  to  (24-50).  This  means  that  E 
and  B  no  longer  reach  their  maxima  and  minima  together,  nor  do  they  vanish  together. 
We  can  compare  them  quantitatively.  Suppose  the  phase,  that  is,  the  argument  of  the 
cosine,  has  the  definite  value  P  at  a  given  position  Zq  and  a  time  for  the  electric 
field,  that  is,  P  =  az^  —  co/^  +  Then,  the  induction  will  have  reached  the  same 
relative  value  at  this  point  at  a  time  tg  when  the  phase  has  the  same  value,  so  that 
P  ==  azQ  -  iotg  +  Q.  Equating  these  expressions,  we  find  that  the  times  are  related 
by 

‘b=  ‘e  +  -  >  ‘e  (24-63) 

CO 

which  shows  that  B  reaches  its  maximum  value,  for  example,  at  this  point  at  a  later 
time  than  does  E;  in  other  words,  B  lags  E  as  a  function  of  time.  On  the  other  hand,  at 
a  given  time  the  locations  at  which  B  and  E  have  the  same  phase  are  seen  to  be 
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Figure  24-5.  Fields  in  an 
attenuated  plane  wave  in 
a  conductor  at  a  given  time. 


related  by 

Zb  =  Zg - <  (24-64) 

a 

so  that  we  can  speak  of  B  leading  E  as  a  function  of  position.  This  effect,  along  with  the 
attenuation,  is  illustrated  schematically  in  Figure  24-5,  which  shows  the  situation  at  a 
given  time  and  for  positive  k.  (This  figure  should  be  compared  with  Figure  24-4.) 

Another  effect  that  follows  from  (24-62)  is  an  alteration  in  the  relative  magnitudes, 
and,  with  the  use  of  (24-49),  we  find  that 


1^1 


(0 


= 


1  4* 


1/4 


(24-65) 


The  value  of  this  ratio  is  greater  than  the  value  -/lu  applicable  to  a  nonconductor,  as  is 
seen  from  (24-34).  Thus  the  magnitude  of  B  compared  to  that  of  E  is  relatively  greater 
in  a  conductor  than  in  a  nonconductor. 

[Actually,  in  a  purely  formal  sense,  one  can  justifiably  assert  that  things  have  not 
changed  at  all.  If  we  use  (24-56)  in  (24-32),  we  can  write  B  =  {k/o3)z  X  E  =  (z  X  E)/F 
and  when  we  compare  this  with  (24-33),  we  see  that  in  both  cases  the  (complex)  B  is 
simply  equal  to  z  X  E  divided  by  the  appropriate  “wave  velocity.”] 

All  of  our  results  so  far  have  been  exact,  although  somewhat  complicated.  It  is 
convenient  and  useful  to  obtain  approximations  to  these  results  that  are  applicable  to 
two  extreme  limiting  cases.  This  process  is  most  easily  done  in  terms  of  the  dimension¬ 
less  parameter  Q  defined  in  (24-44).  First  of  all,  the  definition  is  not  frivolous  as  Q  can 
be  seen  to  have  a  simple  physical  interpretation.  For  an  electric  field  varying  harmoni¬ 
cally  in  time,  that  is,  proportional  to  the  magnitude  of  the  displacement  current 
will  be  \dD/dt\  =  \€dE/dt\  =  eaj|E|,  while  the  magnitude  of  the  conduction  current 
will  be  jj^l  =  alE|.  If  we  now  multiply  the  numerator  and  denominator  of  (24-44)  by 
|E|,  we  find  that  we  can  also  write 


\dD/d(\ 

IJ/I 


(24-66) 


so  that  Q  can  be  regarded  as  a  measure  of  the  relative  importance  of  the  displacement 
current  and  the  conduction  current.  (Also  see  Exercise  24-29.)  It  is  useful  to  use  the 
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value  of  Q  to  characterize  a  material  as  an  “insulator”  or  as  a  “good  conductor”  for 
the  given  value  of  the  frequency.  We  see  from  (24-44)  that  for  small  conductivity 
and/or  high  frequencies  Q  will  be  large,  and  we  can  say  that  we  are  dealing  with  an 
insulator.  On  the  other  hand,  for  large  conductivity  and/or  low  frequencies,  g  will  be 
very  small  and  we  are  dealing  with  a  good  conductor;  this  is  usually  the  situation 
applicable  to  metals.  Accordingly,  we  can  take  our  limiting  cases  as  corresponding  to 
g  »  1  and  g  ^  1,  and  we  shall  approximate  our  previous  results  to  get  formulas  that 
are  adequate  and  somewhat  easier  to  use.  We  begin  with  the  case  more  nearly  like  that 
of  the  previous  section. 


1.  “Insulator”  (g  »  1) 

In  this  case,  1/g^  1,  and  we  can  use  the  approximation  (1  -t-  x)'"  -  1  +  nx  for 

X  1.  In  this  way,  we  find  that,  if  we  keep  either  the  first-order  correction  term  to 
something  that  stays  finite  for  a  nonconductor,  or  the  first-order  term  for  something 
that  would  vanish,  our  previous  results  become  approximately 


a  = 

/ 

1  \ 

h 

82/ 

% 

3 

11 

h 

i) 

1  j 

1  - 

\ 

1  \ 

82/ 

1  a^jU^V2 

S  ”  2g  “  2\  e  / 


tan^2  = 


1 


o 

2cJ€ 


277  /  1  ' 

02^/lie  \  8g^  ^ 


(24-67) 

(24-68) 

(24-69) 


|E| 


1  + 


(24-70) 


and,  of  course,  there  are  only  small  differences  between  the  results  and  those  of  the  last 
section. 


2.  “Good  Conductor”  (g  ^  1) 

Proceeding  in  a  similar  manner,  we  find  the  approximate  expressions  to  be  (with 
correction  terms  to  order  g  only); 


1 

a  =  I  -/Aaco 


1/2 


1 


1 

—  jUnw 


1/2 


l-igl  (24-71) 


V  = 


|E| 


(jLtOW 

)V. 

/  2to 

\ 

)  ' 

/  /X<7' 

\  W 

) 

tan^2  =  1  -  g 

X  ^  277 


1 


1  — g 
2^ 


Ql 


juaco 


1/2 


(24-72) 

(24-73) 

(24-74) 


It  is  actually  common  practice  to  approximate  these  even  further  by  dropping  the 
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correction  terms  and  we  get 


\l/2 


= 

\  2  / 


tan  =  1 ,  SO  that  12  =  —  or  45 
4 


V  = 


8  = 


\ 


2Q 

{X€ 


1/2 


=  M 


nonconductor 


2  X 

j  ~  2^ 


jitaco 


(24-75) 

(24-76) 

(24-77) 

(24-78) 


Comparing  (24-74)  and  (24-70),  we  see  that  |B|  is  relatively  much  larger  than  |E|  in  a 
good  conductor  as  compared  to  an  insulator,  while  the  phase  difference  is  virtually 
always  77/4  according  to  (24-76).  Similarly,  (24-77)  shows  that  the  wave  speed  is  very 
much  smaller  in  the  case  of  a  good  conductor,  while  (24-78)  shows  that  the  penetration 
depth  (attenuation  distance)  is  of  the  order  of  a  wavelength  in  the  conductor,  which  in 
turn  is  very  much  smaller  than  in  an  insulator. 

A  numerical  example  is  helpful  here.  A  typical  metal  such  as  copper  has  a  ==  6  X  10^ 
(ohm-meter) “  ^  and  €  =  Cq.  Thus  we  find  from  (24-44)  that 

/27r€n'\ 

Q  =  =  - U  =  9  X 

so  that  in  order  to  have  g  1,  we  must  have  v  ^  10^^  hertz.  This  means  that  this 
approximation  is  good  all  the  way  up  in  frequency  until  we  get  to  the  ultraviolet  region, 
and  there  we  may  run  into  quantum-mechanical  effects  in  any  case.  In  other  words,  the 
case  g  1  really  fits  ordinary  metals  very  well. 

If  we  use  this  same  value  of  o  and  take  ju  =  /a^  in  (24-78),  we  find  that  the 
penetration  depth  8  becomes  (6.5  X  meter.  At  low  frequencies,  this  is  quite 

large  so  that  there  is  very  little  attenuation.  But  by  the  time  we  get  to  the  lower  limit  of 
the  microwave  region  (v  -  3  X  10^  hertz),  we  find  that  8  =  10"^  meter,  so  that  the 
fields  are  essentially  different  from  zero  only  within  this  small  distance;  this  is  the 
origin  of  the  term  ‘‘skin  depth.” 


24-4  PLANE  WAVES  IN  A  CHARGED  MEDIUM 

Now  that  we  have  some  experience,  we  can  consider  a  more  complicated  situation.  Let 
us  assume  that  there  is  a  free  charge  distribution  within  our  medium;  we  still  assume 
that  Jy  =  0  since  a  nonzero  value  corresponds  to  such  a  rarely  occurring  case.  Thus, 
instead  of  (24-1),  we  need  to  use  v  -  E  =  p^/c  by  (21-42),  so  that  generally  v  ■  E  9^=  0. 
The  remaining  equations  (24-2)  through  (24-4)  are  unchanged.  Now,  when  we  eliminate 
B  by  the  same  method  we  used  before,  we  find  that  instead  of  (24-5),  we  obtain 

^E  d^E 

v"E-^a—  =  V(V-E)  (24-79) 

On  the  other  hand,  the  equation  satisfied  by  B  alone  is  still  (24-6): 

^B 

=  0  (24-80) 


since  v  •  B  =  0  always. 
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We  again  consider  the  case  in  which  the  fields  are  functions  only  of  z  and  t  so  that 
the  only  nonzero  spatial  derivatives  are  those  with  respect  to  z.  Then  (24-79)  reduces  to 


~d?  ^ 


(24-81) 


The  X  component  of  this  equation  is 

BE 

—  jua 


B^E. 


Bz 


Bt 


lit 


Bt 


=  0 


and  there  will  be  a  similar  equation  for  Ey.  Thus  the  equations  for  Ey,  and  the  three 
components  of  B  as  obtained  from  (24-80)  are  still  of  the  form  (24-7).  The  only  one 
which  is  different  is  the  z  component  of  (24-81): 


ax 


which  reduces  to 


B 

Jt 


=  0 


(24-82) 


and  shows  that  the  term  in  parentheses  is  at  most  a  function  of  z.  If  we  let  this  func¬ 
tion  be  a{z\  then  the  general  solution  of  the  resulting  equation  is  E^  =  {t/a) 
[a{z)  +  Z?(z)e“ This  component  has  one  part  that  decays  exponentially  to  zero 
with  the  same  relaxation  time  t/u  of  (12-41)  and  is  certainly  not  a  wave.  The  other  part 
represents  a  static  field  that  can  be  a  function  of  position;  while  this  is  a  possibility,  it 
is  of  no  interest  for  a  study  of  wave  propagation  and,  rather  than  carry  it  along,  we 
simply  take  £,  =  0.  Thus,  we  conclude  that  a  traveling  wave  in  a  charged  l.i.h.  medium 
is  still  transverse  and  all  of  the  relevant  components  satisfy  the  equation  (24-7). 
Consequently,  all  of  our  conclusions  of  the  last  two  sections  apply  in  this  case  also; 
hence  we  need  consider  it  no  further  and  can  continue  to  use  (24-1)  through  (24-4)  for 
traveling  waves. 


24-5  PLANE  WAVE  IN  AN  ARBITRARY  DIRECTION 

For  simplicity,  we  have  considered  only  plane  waves  traveling  in  a  specific  direction 
that  we  chose  to  call  the  z  axis.  For  further  use,  it  is  helpful  to  generalize  our  results  m 
order  that  we  can  describe  a  plane  wave  traveling  in  an  arbitrary  direction  with  respect 
to  a  given  set  of  coordinate  axes. 

Previously  we  wrote  ip  =  \p(z,  t)  so  that  was  constant  on  all  points  of  an  infinite 
plane  perpendicular  to  the  z  axis  as  shown  in  Figure  24-1.  What  we  want  now  is  for  ip 
to  depend  only  on  the  time  t  and  the  distance  f  of  a  given  plane  from  the  origin,  so  that 
ip  =  xp(i,  t).  This  is  illustrated  by  the  edge-on  view  of  the  plane  shown  in  Figure  24-6 
where  the  orientation  of  the  plane  is  described  by  its  normal  n  and  where  r  is  the 
position  vector  of  an  arbitrary  point  on  the  plane.  We  see  from  the  figure  that  the 
constant  distance  f  is  given  by 

f  =  fi  •  r  (24-83) 

so  that  this  is  the  equation  of  the  plane.  Thus,  for  a  plane  wave  of  propagation  constant 
k,  we  have 

^  (24-84) 

Now  if  we  always  choose  the  normal  n  to  be  in  the  direction  of  propagation  of  the 
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A  plane  wave  traveling  in  the  arbitrary 


wave,  we  can  take  k  to  be  positive  and  define  a  propagation  vector  k  by 

k  =  /:n  =  /:k  (24-85) 

so  that  we  can  write 

4^  =  (24-86) 

as  our  representation  of  a  plane  wave  traveling  in  the  direction  k  (with  corresponding 
unit  vector  k  ^  n).  If,  for  example,  we  refer  this  to  a  specific  set  of  rectangular  axes,  we 
can  write 


k  =  X  +  k^y  +  A:,z 


and  therefore 


4/  =  ^i{(k^x-\-k^,y  +  k,z)~ut] 


(24-87) 
(24-88) 

Since  i//  can  be  a  component  of  E  or  B,  the  generalization  of  (24-29)  will  be 

E  =  B  =  (24-89) 

and  now  we  need  to  see  what  Maxwell’s  equations  become  for  this  more  general  way  of 
writing  our  fields. 

With  the  assumed  form  (24-88),  the  analogues  of  (24-30)  are  now 


&  ■ 


dip  d\p  dxp 


(24-90) 


which  means  that  the  del  operator  is  equivalent  to  the  substitution  v  =  /k  =  ikk  and 
Maxwell’s  equations  (24-1)  through  (24-4)  become 

kE  =  0  k*B  =  0 

kXE  =  coB  kXB  =  -(|i€to  -P  />a)E  (24-91) 

which  are  exactly  the  first  three  of  (24-32)  plus  (24-58)  with  kz  replaced  by  k  =  A:k  as 
we  would  expect.  Thus,  we  still  have  the  fields  related  by 


k. 

B  =  -k  X  E 

(0 


(24-92) 


where  k  and  <o  are  connected  by  the  dispersion  relation  (24-37)  so  that  all  of  the  results 
of  the  previous  sections  can  be  taken  over  to  this  general  case  simply  by  replacing  z  by 
k  and  kz  hyk  -  r. 

Later  it  will  be  helpful  to  have  an  explicit  relation  between  H  and  E,  which  can  be 
found  from  (24-92)  since  H  =  B/ju,  and  we  get 


H  = 


k  X  E  = 


1^1 


.1^ 


k  X  E 


(24-93) 


JUW  jllCJ 

with  the  use  of  (24-60).  In  the  important  special  case  of  a  nonconducting  medium,  we 
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can  write  \k\/u  =  l/v  =  y[\i^  (24-17)  and  (24-12)  so  that  we  also  have 


H  = 


k  X  E 


iiv 


k  X  E 

k  X  E  =  — — — 


(24-94) 


where 


Z  = 


1 

1 

1 

1  ) 

i  K. ) 

(24-95) 


is  called  the  wave  impedance.  The  quantity  Zq  -  —  377  ohms  is 

known  as  the  impedance  of  free  space. 


24-6  COMPLEX  SOLUTIONS  AND  TIME-AVERAGE  ENERGY  RELATIONS 

As  has  already  been  amply  illustrated,  it  is  often  convenient  to  obtain  solutions  in 
complex  form.  However,  we  must  always  remember  to  take  the  real  part  of  the  solution 
in  order  to  get  the  physical  quantity  of  interest  as  we  did  in  (24-62),  for  example.  Since 
it  is  sometimes  inconvenient  to  find  the  real  parts,  it  is  desirable  to  rewrite  some  of  our 
previous  results  so  that  the  complex  solutions  can  be  substituted  into  them  directly.  We 
will,  however,  do  this  only  for  fields  that  have  a  sinusoidal  time  dependence,  that  is,  are 
proportional  to  c  It  is  important  to  remember  that  while  this  is  applicable  to  plane 
waves,  it  is  not  restricted  to  them. 

Let  E^.,  and  D^.  represent  solutions  that  have  been  obtained  in  complex  form. 

Then  the  physically  real  electric  and  magnetic  fields  are 

E  =  Re  (E  J  =  Re  (Eoe“'“')  (24-96) 

H  =  Re(Hj  =  Re(Hoe^'“')  (24-97) 

and  that  we  previously  wrote  as  E^^^,  and  so  on.  The  quantities  Eq  and  Hq  are 
functions  only  of  r.  If  we  now  write  them  in  terms  of  their  real  and  imaginary  parts,  so 
that 

Eo  =  E^  +  /E,  Ho=H^  +  /H; 
where  E^,  E^,  H^,  and  are  all  real,  then  (24-96)  becomes 
E  =  Re[(E^  +  iE^)(cosLo/  -  /sinwt)] 

=  Ey^cosojf  -I-  E/SincoZ  (24-98) 

while  (24-97)  yields 

H  =  H^costo/  +  sin  tor  (24-99) 

Substituting  (24-98)  and  (24-99)  into  (21-59),  we  find  that  the  Poynting  vector  is  given 
by 

S  ==  E  X  H  =  (E/(  X  H^)cos^  tor  +  (E^  X  H,)sin^ tor 

+  [(Ef^  X  H;)  +  (E^  X  H;^)]  sin  cor  cos  tor  (24-100) 

which  is  generally  a  varying  function  of  time. 

In  many  situations,  we  are  not  primarily  interested  in  the  instantaneous  value  of  the 
energy  flow,  often  because  it  fluctuates  too  rapidly  to  be  followed  by  our  measuring 
instruments.  The  time  average  of  the  energy  flow,  (S),  is  generally  of  much  more 
significance.  We  see  from  (24-100)  that  this  will  be  given  by 

<s>  =  H(e«xhU  +  (e,xh,)] 


(24-101) 
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since 

(cos^wt)  =  (sin^tor)  =  I  (sintjfcos  wr>  =  0  (24-102) 

These  last  results  follow  from  (19-49)  by  dividing  the  appropriate  integrals  by  2?:  in 
order  to  average  over  a  period  of  the  trigonometric  functions.  Equation  24-101  is  a 
fundamental  result,  but  it  can  be  written  in  a  more  convenient  form. 

Let  H*  =  complex  conjugate  of  with  /  replaced  by  -i  =  = 

(H;;  —  Now  consider 

E,  X  H*  =  [(E«  +  /E,)e-'“'X  (H;,  - 

=  [(E„  X  H«)  +  (E/  X  H,)]  +  i  [(E,  X  H  J  -  (E«  X  H,)]  (24-103) 

Comparing  (24-101)  and  (24-103),  we  see  that 

(S>  =  iRe(E,  X  H*)  (24-104) 

Thus  we  see  that  we  have  succeeded  in  expressing  the  time  average  value  of  the 
Poynting  vector  entirely  in  terms  of  these  two  complex  solutions  of  Maxwell’s  equa¬ 
tions,  so  that  we  can  calculate  it  directly  without  the  necessity  of  first  finding  the  real 
parts. 

We  can  also  carry  through  the  same  type  of  calculations  for  the  average  energy 
densities.  The  results  are 

(«,)  =  (i«E^>  =  i£E,  •  E*  (24-105) 

(u„)  =  I  =  l/iH,  •  H*  =  .  B*  (24-106) 

Now  that  we  have  obtained  these  important  results,  we  no  longer  need  to  distinguish 
between  real  and  complex  fields  for  these  purposes.  Accordingly,  in  what  follows, 
although  we  will  continually  be  deahng  with  complex  solutions  of  Maxwell’s  equations, 
we  will  not  write  them  as  and  H^,  but  simply  as  E  and  H  and  so  on.  If  we  actually 
need  the  real  parts  for  specific  purposes,  we  will  point  this  out  exphcitly. 

■  Example 

Energy  relations  for  a  plane  wave.  We  first  consider  the  case  a  =  0.  Substituting  (24-94) 
into  (24-104),  using  (24-95),  (1-30),  and  k  •  E  =  0  from  (24-91),  we  obtain 

1  /  e  1  /  e 

(S>=-(-)  Re[EX  (kXE*)]  =  -|-J  (E-E*)k  (24-107) 

since  E  ■  E*  is  real.  If  we  now  use  (24-89)  and  (24-94),  we  find  that  (24-107)  can  also  be 
written  as 

1  /  g  \  1/2  1  /  JU  \  1/2 

2(7) 

since  E  •  E*  =  Eq  *  EJ  =  |Eo|^,  and  so  on  for  We  see  from  this  result  that  not  only 
is  the  energy  flow  in  the  direction  of  propagation  k,  as  we  already  knew,  but  also  that  it 
is  proportional  to  the  square  of  the  amplitude  of  either  E  or  H. 

In  the  same  way,  we  find  that  the  energy  densities  are 

=  itE  .  E*  =  ic|Eo|^  =  \p\HX  =  (u.,)  (24-109) 

so  that  the  average  densities  are  equal.  The  total  average  energy  density  then  becomes 

(u)  =  («,)  +  (uj  =  i£|Eo|"  =  (24-110) 
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which  enables  us  to  write  (24-108)  as 


(S>  = 


<«) 


k  =  (M)yk  =  (u)\ 


(24-111) 


with  the  help  of  (24-12).  Thus,  the  average  energy  current  is  the  product  of  the  average 
energy  density  and  the  velocity  of  the  wave.  This  is  in  accord  with  the  analogous  result 
for  current  density  J  =  pv  given  by  (12-3)  and  that  of  fluid  kinematics  where  the  mass 
flow  per  unit  area  is  the  product  of  the  mass  density  and  the  fluid  velocity. 

In  a  conducting  medium  where  a  0,  we  must  use  (24-93),  and,  when  this  is 
substituted  into  (24-104),  we  obtain 


(S)  =  -^RefEx  (k  X  E*)e-'^] 

IfJLOi 


I  k  I  COS 

- e 

2jli<o 


ae 

2jU.co 


|EoPk  = 


e-2« 

2jutf 


lEoPk 


(24-112) 


with  the  use  of  (24-22),  (24-48),  (24-52),  (24-89),  (24-85),  (24-83),  and  (24-38),  and 
where  f  now  measures  the  distance  in  the  direction  of  propagation.  Similarly,  the 
average  total  energy  density  becomes 


(m> 


(24-113) 


with  the  additional  use  of  (24-49)  and  (24-40).  We  see  that  in  this  case  <S>  =  <M>f;k 
just  as  given  by  (24-111)  for  the  nonconducting  medium. 

Both  (S)  and  <w)  are  seen  to  be  proportional  to  so  that  they  decrease  with 

twice  the  attenuation  factor  of  the  fields;  this  is  a  result  of  the  fact  that  they  both  are 
proportional  to  the  square  of  the  amplitudes.  This  energy  is  lost  because  of  the  resistive 
heating  of  the  material  arising  from  its  conductivity.  ■ 


24-7  POLARIZATION 

So  far  we  have  obtained  many  of  our  results  from  the  assumed  form  (24-89)  without 
being  very  specific  about  and  other  than  that  they  are  constants,  that  they  will  be 
related  by  Bq  =  (A:/w)k  X  Eq  as  found  from  (24-92),  and  that  both  lie  in  the  plane 
perpendicular  to  the  direction  of  propagation.  The  character  of  the  wave  depends  on 
the  nature  of  the  amplitudes  in  this  plane;  we  can  concentrate  on  Eq  since  Bq  can 
always  be  found  from  it. 

In  order  to  simplify  our  discussion  somewhat,  let  us  assume  that  our  axes  have  been 
chosen  so  that  the  positive  z  axis  is  the  direction  of  propaption;  the  transverse  plane  is 
then  the  xy  plane,  but  we  will  not  assume  any  specific  orientation  of  the  x  and  y  axes 
with  respect  to  the  amplitude;  for  example,  neither  is  chosen  to  be  along  the  dheclion 
of  Eq.  Since  Eq  lies  in  this  plane,  we  can  resolve  it  into  its  components  and  write 

Eq  =  +  £o.,y  (24-114) 

Since  and  £oy  are  both  generally  complex  numbers,  we  can  write  them  in  the  form 
of  (24-24*)  as 

£oy  =  (24-115) 

so  that  E  as  given  by  (24-29)  becomes 

E  =  (£,e'^>x  -I- 


(24-116) 
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For  simplicity,  we  assume  k  to  be  real;  we  will  see  that  this  will  not  affect  our  basic 
conclusions.  Then,  taking  the  real  parts  of  (24-116),  we  find  the  components  of  the 
electric  field  to  be 


cos{kz  -  io?  +  ^j) 
E^  =  E^cosikz  -  CO?  +  1^2) 


(24-117) 


The  description  of  the  electric  field  now  depends  on  the  relative  values  of  the 
amplitudes  {E^,  £3)  phases  §2). 

Since  —  £1  <  E^.  <  E^  and  —  £3  ^  —  ^2^  according  to  (24-117),  the  tip  of  the 

electric  field  vector  must  always  lie  within  the  dashed  rectangle  shown  in  Figure  24-7; 
we  note  that  now  we  are  using  E  to  represent  the  physical  electric  field,  and  not  the 
complex  expression  of  (24-116).  The  direction  of  propagation  as  given  by  the  z  axis  is 
out  of  the  page. 

Suppose  we  imagine  ourselves  to  be  at  a  definite  location.  Then  as  time  goes  on,  we 
see  from  (24-117)  that  the  components  of  E  will  vary  so  that  E  itself  changes  and  the  tip 
of  the  E  vector  will  trace  out  a  path  of  some  sort  within  the  dashed  rectangle.  We  can 
find  this  path  or  “orbit”  by  eliminating  (kz  —  co?)  from  (24-117).  We  find  that 
£, 

—  =  cos  (/cz  -  CO?)  cos  —  sin  (kz  -  co?)  sin 


^  =  cos  (kz  —  CO? )  cos  ^3  -  sin  (kz  ~  cot)  sin  -^2 

and  therefore 


sin  1^2  -  ^  sin  1^1  =  —  cos  (kz  —  co?)  sin  ('^■^  —  '^2 


cos  #2  —  —  cos  =  —  sin  (kz  —  CO?)  sin(#i  “  ■^2) 

£1  £3 

Squaring  each  of  these  expressions,  and  then  adding  corresponding  sides,  we  obtain 

=sinMd. -d,)  (24-118) 


Ex 


Ex 


Figure  24*7.  The  components  of  the  electric 
field  in  the  plane  transverse  to  the  direction 
of  propagation. 


Figure  24-8.  An  elliptically  polarized 
electric  field. 
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This  second-degree  equation  is  generally  that  of  an  ellipse  (since  both  and  stay 
finite)  and  the  electric  field  is  said  to  be  elliptically  polarized .  Thus  the  path  traced  out 
by  its  tip  could  be  like  that  shown  in  Figure  24-8.  The  magnetic  induction  B  will  also  be 
elliptically  polarized  since  B  is  always  perpendicular  to  E,  and  its  ellipse  will  be  rotated 
by  90°  with  respect  to  that  for  E. 

The  values  of  the  principal  axes  of  the  ellipse  and  its  orientation  with  respect  to  the 
axes  clearly  depend  on  the  amplitudes  E^  and  Ej  and  the  relative  phase  of  the  two 
components,  since  (24-118)  depends  only  on  the  absolute  value  of  the  phase  difference 
-  #2 1  -  helpful  to  consider  some  special  cases. 


1.  -  ^2  =  0 

In  this  case,  (24-118)  reduces  to  [{EJE^)  -  (EffE^)]^  =  0  or 


This  is  the  equation  of  the  straight  line  lying  along  the  diagonal  shown  in  Figure  24-9. 
The  tip  of  E  always  lies  on  this  line  and  the  field  is  said  to  be  linearly  polarized.  This 
can  also  be  seen  from  (24-117)  since,  when  =  tfj,  the  two  components  are  in  phase, 
that  is,  they  reach  their  maxima  and  minima  together,  and  become  zero  together;  a 
relation  like  this  leads  to  the  straight  line  shown  in  the  figure. 

2.  Id,  -  d,!  =  n 

Now  (24-118)  reduces  to  [{EJE^)  +  {EffE{)Y  =  0  or 

(24-120) 

£■,  £2 

In  this  case,  the  field  is  again  linearly  polarized  but,  since  E^  and  E^  always  have 
opposite  signs,  the  line  traced  out  by  E  lies  along  the  other  diagonal  as  shown  in  Figure 
24-10. 


3.  Id,  -  dji  =  ir/2 

Here  (24-118)  becomes 


h 

E, 


2 


Figure  24-9.  A  linearly  polarized 
electric  field  with  zero  phase 
difference  between  the  x  and  y 
components. 


(24-121) 


Figure  24-10.  A  linearly 
polarized  electric  field  with  a 
phase  difference  of  *1:  between 
the  X  and  y  components. 
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which  is  an  ellipse  with  the  major  and  minor  axes  along  the  coordinate  axes  as  shown  in 
Figure  24-11.  A  special  case  of  this  arises  when  =  £2  =  ^0  (24-121)  becomes 

the  equation  of  the  circle  +  Ej  =  E^;  the  field  is  then  said  to  be  circularly 
polarized. 


As  we  just  saw,  the  shape  of  the  ellipse  is  independent  of  the  sign  of  the  phase 
difference  —  ^2*  However,  the  sense  in  which  the  path  is  traced  out  does  depend  on 
the  sign,  and  this  is  what  we  now  want  to  consider.  It  is  convenient  to  introduce  the 
phase  difference  A  explicitly  by  writing 

'^1  —  '^2  “  ^ 

and  introducing  the  abbreviation  for  the  phase  associated  with 

P  =  kz  —  oit 

so  that  (24-117)  becomes 

E^  =  E^  cos  P  =  £2  cos  ( £  -  A )  (24-124) 

It  will  be  helpful  in  analyzing  these  expressions  to  refer  to  Figure  24-12  in  which  we 
have  plotted  a  portion  of  the  cosine  terms  as  a  function  of  P.  The  solid  line  is  cos  P  so 
that  A  =  0  for  it.  The  dashed  line  shows  cos(£  —  A)  for  A  >  0  and  we  see  that,  as  a 
function  of  £,  it  lags  the  solid  fine.  The  dotted  line  shows  cos(£  -  A)  for  negative  A, 


(24-122) 

(24-123) 


Figure  24-12.  cos(P  -  A) 
for  various  values  of  A. 
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and  it  is  seen  to  lead  the  A  =  0  curve  as  a  function  of  P.  If  we  now  consider  (24-124)  as 
a  function  of  increasing  then,  if  A  >  0,  lags  that  is,  it  reaches  its  maximum 
after  becomes  zero  after  and  so  on.  This  behavior  is  shown  in  Figure  24-13  and 
since  the  z  axis  is  perpendicular  to  this  plane  and  out  of  the  page,  we  see  that  the  elHpse 
is  traced  out  in  a  counterclockwise  sense  when  viewed  opposite  to  the  direction  of 
propagation  (and  hence  clockwise  when  viewed  in  the  direction  of  propagation,  that  is, 
loo^ng  out  from  the  page).  If  A  is  negative,  then  E^,  leads  E^  and  the  sense  of  rotation 
is  opposite  to  the  above,  as  shown  in  Figure  24-14. 

Now,  as  seen  from  (24-123),  P  varies  with  both  z  and  t,  but  in  different  ways.  As  a 
result,  it  is  convenient  to  consider  them  separately. 

Suppose  t  is  a  definite  value,  that  is,  we  consider  what  one  would  observe  as  a 
function  of  position  z,  much  like  viewing  a  photograph  of  the  wave.  Then  as  z 
increases,  P  increases  and  the  figures  are  directly  applicable.  Thus,  if  A  >  0,  then 
looking  in  the  direction  of  propagation  ( out  of  the  page),  the  electric  field  will  be  seen 
to  rotate  clockwise,  while  it  will  be  counterclockwise  if  A  is  negative.  These  are  shown 
for  a  circularly  polarized  wave  in  Figure  24-15.  By  using  the  standard  right-hand  rule  to 
define  senses  of  rotations,  we  see  that  (a)  corresponds  to  a  positive  sense  of  rotation, 
and  (b)  to  a  negative  sense  of  rotation;  a  wave  like  (a)  corresponding  to  A  >  0  would  be 


P  increasing 


Figure  24-13.  The  ellipse  is  traced  in 
a  counterclockwise  sense  when 
viewed  opposite  to  the  direction  of 
propagation. 


Figure  24-14.  The  sense  of  rotation 
is  clockwise  when  viewed  opposite 
to  the  direction  of  propagation. 


(a)  (b) 

Figure  24-15.  A  circularly  polarized  wave  of  (a)  positive  helicity  and 
(b)  negative  helicity. 
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described  as  a  wave  of  positive  helicity,  while  one  for  a  negative  phase  difference  would 
have  negative  helicity. 

On  the  other  hand,  consider  an  observer  at  a  definite  position  (z  =  const.).  As  t 
increases,  P  decreases  according  to  (24-123).  If  we  now  review  the  way  in  which  Figures 
24-13  and  24-14  were  constructed  with  the  aid  of  Figure  24-12,  we  see  that  if  we  replace 
“P  increasing'’  by  “P  decreasing”  in  these  figures,  we  will  also  have  to  reverse  the  sense 
of  rotation  about  the  ellipses.  Then  the  observer,  looking  into  the  page,  and  thus 
opposite  to  the  direction  of  propagation,  will  see  E  trace  out  its  ellipse  in  a  clockwise 
sense  for  positive  A  and  counterclockwise  for  A  <  0.  (In  other  words,  the  observer  is 
looking  toward  the  source,  which  is  the  most  reasonable  thing  to  do.)  The  polarizations 
in  these  cases  are  called  right-handed  (positive)  and  left-handed  (negative),  respectively. 

Thus,  from  either  point  of  view,  the  correlation  has  turned  out  to  be  the  same;  a 
positive  phase  difference  A  corresponds  to  a  positive  sense  of  rotation,  and  a  negative 
phase  difference  to  a  negative  sense  of  rotation. 


24-8  ARE  THE  ELECTROMAGNETIC  PARAMETERS  OF  MATTER  CONSTANTS? 

We  have  found  that  the  propagation  properties  of  plane  waves  can  be  related  to  the 
parameters  describing  the  medium,  that  is,  ju,  e,  and  o.  As  a  specific  example,  we  found 
in  (24-24)  that  the  index  of  refraction  of  a  nonconducting  medium  is  given  very  simply 
by  «  =  .  This  relation  works  very  well  for  many  materials,  but  as  a  contrary 

example,  let  us  consider  the  case  of  water.  If  we  look  up  these  quantities  for  water  in 
tables,  we  find  that  —  1  and  ~  80,  so  that  n  -  9.  But  it  is  well  known  that  the 
index  of  refraction  of  water  for  fight  is  given  very  closely  by  |=  1.33.  The  solution  to 
this  apparent  difficulty  lies  in  the  fact  that  our  macroscopic  formulation  of  electromag¬ 
netic  theory  gives  no  indication  of  the  values  to  be  expected  for  and  but  must 
rely  on  experiment  to  obtain  them.  In  other  words,  what  is  actually  done  in  practice  is 
to  take  the  results  predicted  by  Maxwell’s  equations  as  always  being  correct,  and  then, 
by  making  them  agree  with  experiment,  deducing  the  values  to  be  assigned  to  ju,  e,  and 
o.  In  this  way,  it  is  found  that  these  parameters  are  not  really  constant  for  a  given 
material  but  usually  have  a  strong  dependence  on  frequency.  (We  are  not  concerned 
here  with  a  possible  dependence  on  things  like  temperature  and  pressure.)  In  the  above 
example,  we  used  the  value  of  the  dielectric  constant  for  water  for  the  static  case, 
whereas  the  appropriate  one  to  use  is  that  corresponding  to  the  very  high  frequency  of 
fight  waves. 

The  atomic  nature  of  matter  is  the  ultimate  reason  for  this  variation  with  frequency; 
the  atomic  charges  that  are  polarized  by  the  fields  possess  inertia  that  makes  their 
response  to  the  electromagnetic  forces  depend  on  frequency.  Furthermore,  a  combina¬ 
tion  of  the  effects  of  inertia  and  damping  forces  can  introduce  a  phase  difference 
between  the  applied  force  and  the  response  of  the  system  and,  as  a  result,  it  turns  out 
that  it  is  appropriate  to  write  the  parameters  as  complex  numbers.  These  effects  are 
considered  from  a  detailed  atomistic  point  of  view  in  Appendix  B.  For  purposes  of 
illustration  now,  however,  we  can  restrict  ourselves  to  a  simple  case  which  we  have 
already  considered  from  a  microscopic  point  of  view,  namely  the  conductivity  of  a 
material. 

In  Section  12-5,  we  discussed  the  microscopic  origin  of  a  finite  conductivity  in  terms 
of  the  equation  of  motion  (12-36)  describing  the  net  force  on  an  electron  of  charge  -e 
as  the  sum  of  the  electrical  force  and  a  mechanical  “frictional”  force  described  by  an 
overall  parameter 

Fnet  =  ma  =  -cE  -  fv  (24-125) 

We  found  the  static  value  of  the  conductivity,  which  we  now  call  CTq,  to  be  given  by 
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(12-39)  as 


ne- 


(24-126) 


where  n  is  the  number  of  electrons  per  unit  volume.  We  now  want  to  apply  this  same 
picture  to  the  case  in  which  the  material  is  subject  to  the  time  varying  electric  field  of  a 
plane  wave. 

Substituting  (24-89)  into  (24-125),  we  obtain 

d  V 

wa  =  m—  =  (24-127) 

dt 

The  equivalent  of  a  steady-state  solution  here  is  one  in  which  the  response  at  a  given 
location  has  the  same  time  variation  as  the  forcing  function;  accordingly  we  try  to  solve 
this  equation  by  assuming  a  solution  of  the  form  v  =  VQe"'"’'  where  Vq  is  independent  of 
time.  When  this  is  substituted  into  (24-127),  we  obtain  m{d\/dt)  =  =  -eE  - 

so  that 

V  =  (24-128) 

^  -  imoi 


The  free  current  density  can  be  found  in  the  same  way  as  was  used  in  (12-38): 

3f=  Pfy  =  n{-e)y  =  - 


(24-129) 


imoi 


Since,  by  definition  of  the  conductivity,  this  would  be  written  as  Jjr=  aE,  we  see  that 
the  conductivity  is 


G  =  of(w)  = 


ne‘ 


i  —  zmw 


1  -  i(mw/^) 


_ ^0 _ 

1  -  i{aQmoi /ne^) 


(24-130) 


with  the  use  of  (24-126).  First  of  all,  we  see  that  the  conductivity  has  turned  out  to  be  a 
function  of  the  frequency  and  the  frequency  dependent  term  involves  both  the  inertia 
of  the  charge  carriers  (m)  and  the  resistive  forces  (|);  we  also  note  that  a  reduces 
properly  to  Oq  for  the  static  case  to  =  0.  Second,  we  see  that  o  is  complex,  and  by  now 
we  recognize  that  this  means  that  the  current  density  and  the  electric  field  are  no  longer 
in  phase.  [In  fact,  by  analogy  with  mechanics,  we  recognize  that  (24-125)  is  simply  the 
equation  of  motion  of  a  damped  “harmonic  oscillator”  with  no  restoring  force,  as  is 
appropriate  for  unbound  electrons,  and  we  recall  that  then  the  displacement  and 
velocity  are  no  longer  generally  in  phase  with  the  applied  oscillating  force.] 

We  can  find  the  real  and  imaginary  parts  of  the  conductivity  by  multiplying  the 
numerator  and  denominator  of  (24-130)  by  the  complex  conjugate  of  the  denominator 
and  we  get 


G  =  iCr  — 


1  +  (GQmo)/ne^Y 


1  +  / 


G^mo) 


ne‘ 


(24-131) 


In  order  to  investigate  the  physical  significance  of  the  complex  conductivity  a  little 
more,  let  us  assume  that  we  are  at  a  fixed  location  r  so  that  E  in  (24-89)  and  hence 
can  be  written  in  the  form 


E  =  +  /(T;)E^e-'^  (24-132) 


For  simplicity,  let  us  assume  that  E^  is  real;  then  the  physical  quantities  of  interest  are 
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given  by  the  real  parts  of  (24-132)  and,  with  the  aid  of  (24-22),  they  are  found  to  be 


Ereal  =  EqCOS  W/ 

J’/real  ^  {0^008  o)t  +  a^sincor)Eo 


(24-133) 


Thus  the  real  part  of  a  complex  conductivity  gives  rise  to  a  component  of  the  current 
that  is  in  phase  with  the  applied  electric  field  and  it  is  the  imaginary  component  that 
describes  a  component  of  the  current  that  is  completely  out  of  phase  with  the  field.  [It  is 
easily  seen  from  (24-131)  that  both  and  are  positive  quantities.] 

Now  we  can  investigate  the  effect  of  a  complex  conductivity  on  the  propagation 
characteristics  of  the  medium.  The  dispersion  relation  (24-37)  did  not  depend  on  the 
quantities  being  real,  nor  did  the  use  of  (24-38).  However,  when  (24-39)  is  combined 
with  (24-131),  we  find  that  now  we  have  +  liap  =  +  ioj),  so 

that,  instead  of  (24-40)  and  (24-41),  a  and  p  are  related  by 

-  P^  =  laP  =  (24-134) 

We  could  go  ahead  and  solve  these  for  a  and  p  as  before,  but  there  is  an  easier  way. 
We  can  write  the  first  expression  as  -  P^  =  ic^p[€  -  (cyco)]  and  upon  comparing 
with  (24-40)  and  (24-41),  we  see  that  (24-42)  and  (24-43)  can  still  be  used  by  simply 
making  the  replacements  o  ^  and  c  e  -  (a,/<o). 

This  connection  between  the  permittivity  and  the  conductivity  is  sometimes  em¬ 
phasized  by  writing  the  dispersion  relation  (24-37)  in  the  form 

+  (24-135) 

so  that,  as  far  as  wave  propagation  is  concerned,  the  existence  of  a  conductivity  can  be 
handled  simply  by  adding  the  (generally  complex)  term  /o/co  to  e. 

Rather  than  continuing  with  these  general  results,  let  us  consider  two  extreme 
limiting  cases  that  can  be  characterized  by  the  relative  size  of  the  parameter  which  is 
a  measure  of  the  “friction”  in  the  system,  that  is,  of  the  overall  effect  of  collisions. 


1.  “Large  Friction”  (mw/^  1  or  «  ne^ / OQm) 

We  see  from  (24-130)  that  this  means  that  a  ^  Oq  ^  const,  so  that  the  conductivity  is 
essentially  always  real  and  equal  to  the  static  value.  This  is  found  to  hold  very  well  for 
metals.  Using  the  numbers  quoted  for  copper  in  Exercise  12-17,  we  find  that  n  ^  ^.5  X 
10^^  (meter)“^.  Using  Oq  =  6  X  10^  (ohm-meter)“^  and  1.60  X  10“^^  coulomb  and 
9.11  X  10~^^  kilogram  for  the  electron’s  charge  and  mass,  we  find  that  this  requirement 
on  the  frequency  is  ^  6  X  10^^  hertz.  This  condition  is  satisfied  until  we  are  well 
into  the  microwave  region,  so  that  metals  can  justifiably  be  treated  as  having  a  constant 
and  real  conductivity  as  we  implied  in  Section  24-3. 


2.  “Small  Friction”  (mw/S  ^  1  or  to  »  ne^ /a^m) 

Here  we  can  neglect  the  1  in  the  denominator  of  (24-130),  which  yields 


a  -  i 


ne 


mo) 


(24-136) 


and  the  conductivity  is  a  pure  ima'ginary,  =  0,  and  the  current  density  and  the 
electric  field  are  exactly  90°  out  of  phase  as  shown  by  (24-133).  Such  a  situation  as  this 
arises  in  an  ionized  gas  with  low  particle  density  or  plasma  as  it  is  known.  Because  of  the 
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tenuous  nature  of  the  medium,  the  effect  of  colhsions  is  very  small  so  that  ^  is  very 
small.  Putting  (24-136)  directly  into  the  dispersion  relation  (24-37),  we  find  that 


k'^  —  w^jLtel  1 


ne 


1  - 


CO. 


0) 


where  we  have  written 


2 

cot  = 


ne 


m€ 


(24-137) 


(24-138) 


and  where  Vp  =  o^p/lir  is  called  the  plasma  frequency.  Actually,  for  such  a  medium, 
jLi  =  fiQ  and  €  =  Cq  we  can  approximate  these  expressions  very  well  by 


cot 

1  -  4 

CO 


2 

cot  — 


ne 


mCi 


(24-139) 


Because  of  the  minus  sign  in  the  expression  for  there  are  two  separate  cases  to  be 
considered. 

If  CO  >  cOp,  then  >  0  so  that  k  is  real.  Thus  we  have  an  undamped  traveUng  wave 
of  the  form  (24-84)  with  a  phase  velocity  found  from  (24-139)  to  be 


CO 


^  [l  -  {u>p/oif 


1/2 


(24-140) 


which  is  greater  than  the  value  c,  which  would  apply  to  a  nondispersive  medium  with 
otherwise  vacuum  properties. 

If  CO  <  (0;,,  then  k^  <  Q  so  that  k  is  a.  pure  imaginary.  In  this  case,  we  can  write  k  as 
found  from  (24-139)  in  the  form 

k  =  i^p  =  /(co/c)[(cop/co)^  “  ^  (24-141) 

and  then  a  solution  of  the  form  (24-84)  becomes 

^  (24-142) 


This  is  not  a  traveling  wave,  but  a  sinusoidally  oscillating  field  component  whose 
amplitude  is  exponentially  decreasing  with  distance.  If  the  plasma  is  large  enough,  then 
xp  ->  0,  and  the  field  will  not  penetrate  the  medium.  Hence  one  can  speak  of  a  plasma 
as  being  an  example  of  a  “high-pass”  filter  in  the  sense  that  the  frequency  must  be 
greater  than  the  plasma  frequency  in  order  to  get  propagation  rather  than  simply 
attenuation. 

Although  one  would  not  describe  the  conduction  electrons  in  the  body  of  a  neutral 
metal  as  a  plasma  of  low  particle  density,  they  otherwise  fit  the  requirements  of  this 
case  for  a  high  enough  frequency  to  outweigh  the  effect  of  collisions,  and  it  is  of  interest 
to  evaluate  the  order  of  magnitude  of  rp  for  a  metal.  Using  the  same  numbers  that  we 
have  already  used  for  copper,  we  find  from  (24-139)  that  Vp  =  2.6  X  10^^  hertz.  What 
this  extremely  high  value  of  Pp  tells  us  is  that  we  cannot  expect  a  typical  metal  to 
become  “transparent”  to  electromagnetic  waves  until  we  are  well  into  the  ultraviolet 
region  of  the  spectrum,  a  result  that  is  completely  consistent  with  our  other  conclusions 
about  the  behavior  of  metals.  Other  examples  of  plasmas  will  be  considered  in  the 
exercises. 


EXERCISES 

24-1  The  form  (24-11)  was  verified  to  be  the  separation  of  variables  in  z  and  t  was  used  to  get 
solution  of  (24-9)  by  direct  substitution.  Similarly,  the  explicit  form  (24-18).  Another  approach  to 
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(24-9)  is  the  following.  Define  a  new  set  of  vari¬ 
ables  by  i  =  z  -{■  vt  and  =  z  —  vt  and  express 
(24-9)  in  terms  of  J  and  tj.  If  u  is  again  given  by 
(24-12),  show  that  the  resulting  equation  has  a 
solution  of  the  form  =  /(tj)  -P  ^(?). 

24-2  Phenomena  that  arise  as  a  result  of  the 
superposition  principle,  that  is,  a  sum  of  solutions 
is  also  a  solution,  are  often  characterized  by  the 
term  interference.  As  an  example,  consider  two 
plane  waves  and  \p2  that  are  each  of  the  form 
(24-19)  with  the  same  values  of  k  and  w,  that  is, 
they  are  traveling  in  the  same  direction  with  the 
same  velocity.  Suppose,  however,  that  they  have 
different  amplitudes  and  phases,  so  that  = 
and  \po2  ^  l^eir  sum  p  =  ipj 

-I-  \l/2-  Find  the  real  parts  of  4'-  In 

the  special  case  in  which  they  have  equal  ampli¬ 
tudes  =  \j/2a  =  4^a)’  show  that  Re  »//  = 

2i//^,  cos  ^(#1  -  #2)  cos  [^2  —  o)t  +  +  *^2)1 

and  interpret  the  result.  If  |i^i  -  1^2 1  ^  what  is 
Re  »//?  Explain  how  this  happened  by  considering 
the  relation  between  the  individual  waves  in  the 
superposition. 

24-3  As  another  example  of  interference,  sup¬ 
pose  that  \p2  of  fhc  previous  exercise  is  now 
propagating  in  the  negative  z  direction.  Show 
that  if  the  waves  have  equal  real  positive  ampli¬ 
tudes  that  Re  cos  kz  cos  cor.  This  is  an 

example  of  a  standing  wave.  Plot  Re as  a  func¬ 
tion  of  z  for  a  convenient  value  of  r,  and  as  a 
function  of  t  for  a  convenient  value  of  z. 

24-4  As  was  noted  after  (24-53),  a  superposition 
of  plane  waves  travehng  in  a  dispersive  medium 
generally  changes  its  form  as  it  progresses.  As  an 
extreme  example,  consider  two  waves  of  equal 
real  amplitudes  and  with  almost  the  same  propa¬ 
gation  constants  and  frequencies  that  are  travel¬ 
ing  in  the  positive  z  direction,  so  that  their  sum 
has  the  form 

-I- ( w  -  f/w )  /  ] 

Show  that 

Re  ip  =  lipQ  co&[{dk)z  -  (c/cj)/]  cos{kz  -  cor) 

=  cos(^z  -  03t)  (24-143) 

where  ipm  called  the  “modulation.”  Thus 
(24-143)  has  the  form  of  a  wave  with  average 
propagation  constant  k  and  average  frequency  co. 
Its  amplitude  is  not  constant,  but  itself  is  a  wave 
and  travels  with  the  group  velocity  % 


du 


What  is  the  spatial  period  (wavelength)  \  of  the 
main  wave?  What  is  the  wavelength  of 
Find  the  ratio  X^JX.  Sketch  (24-143)  at  r  =  0, 
and  at  a  slightly  later  time,  and  thus  verify  that 
the  form  of  Re  xf/  has  changed.  Identify  which 
physical  feature  of  your  sketch  travels  with  the 
phase  velocity  c  =  co/A:  and  which  with  the  group 
velocity  v^;.  Why  do  you  think  the  name  “group” 
velocity  was  given  to  (24-144)7  (This  specific  re¬ 
sult  is  an  example  of  the  more  general  phenome¬ 
non  known  as  beats.) 

24-5  A  plane  electromagnetic  wave  traveling  in 
a  vacuum  is  given  by  E  =  where  Eq 

is  real.  A  circular  loop  of  radius  a,  N  turns,  and 
resistance  R  is  located  with  its  center  at  the 
origin.  The  loop  is  oriented  so  that  a  diameter  lies 
along  the  z  axis  and  the  plane  of  the  loop  makes 
an  angle  B  with  the  y  axis.  Find  the  emf  induced 
in  the  loop  as  a  function  of  time.  Assume  that 
a  <^X.  (Why?) 

24-6  A  particle  of  charge  q  and  mass  m  is 
traveling  with  velocity  u  in  the  field  of  a  plane 
electromagnetic  wave  in  free  space  that  itself  is 
traveling  in  the  z  direction.  Find  the  force  on  the 
particle.  What  does  this  become  for  the  special 
case  in  which  the  particle  is  traveling  in  the  same 
direction  as  the  wave?  What  is  the  direction  of  the 
force?  Under  what  conditions  (if  any)  will  the 
force  vanish  in  this  case? 

24-7  A  representative  value  for  the  conductivity 
of  sea  water  is  a  =  4  (ohm-meter) '  ^  Take  f  -  Cq 
and  IX  -  Po  and  find  Q,  v,  6,  the  magnitude  of 
the  ratio  E/cB,  and  Q  for  each  of  these  frequen¬ 
cies  p  in  hertz:  10^,  10^,  10^°,  and  10^^.  (They 
correspond  roughly  to  “power,”  “radio,”  “micro- 
wave,”  and  “light.”)  The  result  obtained  in  this 
way  for  S  for  light  is  obviously  ridiculous.  Why? 
What  is  the  probable  reason  for  this  erroneous 
value  having  been  obtained? 

24-8  Find  the  index  of  refraction  n  of  a  conduc¬ 
tor  as  a  function  of  Q.  Show  that,  in  the  Umit  of  a 
good  conductor,  your  result  reduces  to  n^  = 

24-9  The  solar  constant,  which  is  the  average 
rate  of  incidence  of  radiation  at  the  earth’s  atmo¬ 
sphere  from  the  sun,  is  1340  watts/(meter)^.  As¬ 
suming  that  the  radiation  is  a  hnearly  polarized 
plane  wave,  find  the  amplitudes  of  E  and  B. 

24-10  Verify  (24-105)  and  (24-106). 

24-11  Find  the  ratio  {u^)/{uf)  for  a  plane 
wave  in  a  conducting  medium.  Then  find  the 
approximate  expressions  for  this  ratio  for  the 
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limiting  cases  of  an  insulator  and  a  good  conduc¬ 
tor. 

24-12  A  plane  wave  travels  in  the  positive  z 
direction  in  a  conductor  with  real  conductivity, 
(a)  Find  the  instantaneous  and  time  average  power 
loss  per  unit  volume  due  to  resistive  heating  for 
any  z.  (b)  Find  the  total  power  loss  per  unit  area 
between  z  =  0  and  z  oo.  (c)  Find  the  time 
average  Poynting  vector  at  any  z.  (d)  Compare 
the  value  of  your  result  for  (b)  with  the  magni¬ 
tude  of  your  result  in  (c)  evaluated  at  z  =  0.  Is 
your  answer  reasonable?  Explain. 

24-13  Consider  a  plane  wave  that  is  a  super¬ 
position  of  two  independent  orthogonal  plane 
waves  and  has  the  form  E  ==  + 

where  k  is  real.  Find  (S)  and 
show  that  it  equals  the  sum  of  the  average  Poyn¬ 
ting  vectors  for  the  components. 

24-14  Consider  a  plane  wave  that  is  a  super¬ 
position  of  two  independent  plane  waves  with 
parallel  electric  fields  and  has  the  form  E  = 
x£y where  k  is 
real.  Find  (S)  and  show  that  it  is  not  equal  to  the 
sum  of  the  average  Poynting  vectors  for  each 
component.  (This  is  a  result  of  “interference.”) 

24-15  Consider  a  superposition  of  plane  waves 
all  traveling  in  the  same  direction  in  a  non¬ 
conducting  medium.  Thus,  the  real  field  will 
be  a  sum  of  terms  like  (24-35),  that  is,  E  = 
2^Eq^cos(A;z  -  «^/  +  ^^).  Show  that  the  time- 
average  electric  energy  density  is  the  sum  of  the 
average  energy  densities  associated  with  each 
component. 

24-16  In  Exercise  22-6,  we  found  that  in  a  l.i.h. 
nonconducting  region  where  there  are  no  free 
charges  or  free  currents,  E  and  B  can  be  found 
from  a  vector  potential  A  alone  so  that  we  can 
take  =  0.  (a)  What  are  the  two  equations  that  A 
must  satisfy?  (Actually,  there  are  four  scalar 
equations.)  (b)  Find  the  solution  of  these  equa¬ 
tions  for  which  A  is  a  plane  wave  traveling  in  the 
k  direction,  (c)  Find  E  and  B  from  this  A,  and 
verify  that  they  are  the  same  as  those  found  in  the 
text,  that  is,  they  satisfy  the  set  of  equations 
(24-91)  with  a  =  0. 

24-17  A  certain  plane  wave  has  a  propagation 
vector  k  =  314x  +  314y  +  444z  (meter)“\  As¬ 
sume  it  is  traveling  in  a  vacuum  and  find  the 
wavelength,  frequency,  and  angles  made  with  the 
xyz  axes. 

24-18  Given  the  plane  wave  E  =  y[(3  +  2/)x  + 
(3  +  4/)y]c'^‘““'^  where  y  is  a  positive  constant 


and  k  is  positive  and  real.  Find:  Ej,  £2* 
and  the  angle  <p  between  the  major  axis  of  the 
ellipse  and  the  jc  axis.  Does  the  wave  have  posi¬ 
tive  or  negative  helicity?  Is  its  sense  of  polariza¬ 
tion  right-handed  or  left-handed? 

24-19  Show  that  the  electric  field  of  a  right- 
handed  circularly  polarized  wave  can  be  written 
in  the  form  E+=  Eo(x  -  +  What  is 

the  corresponding  expression  if  it  is  left-handed? 

24-20  Show  that  a  linearly  polarized  wave  can 
be  written  as  a  superposition  of  right-  and  left- 
handed  circularly  polarized  waves  of  equal  ampli¬ 
tudes.  Show  that  (S)  for  the  linearly  polarized 
wave  equals  the  sum  of  the  average  Poynting 
vectors  of  each  of  its  circularly  polarized  compo¬ 
nents. 

24-21  Show  that  for  a  plasma  for  which  e  -  Cq 
the  plasma  frequency  in  hertz  can  be  found  from 
Vp  =  8.97m^/^.  As  examples  of  other  important 
plasmas,  find  Pp  for  (a)  a  typical  gas  discharge  for 
which  n  =  10*^  (meter)“^;  and  (b)  the  iono¬ 
sphere  where  n  =  10^*^  (meter) 

24-22  In  an  ionized  gas,  there  are  movable  ions 
present  as  well  as  electrons.  Why  were  we  able  to 
neglect  their  contribution  to  the  conductivity  and 
hence  to  the  plasma  frequency? 

24-23  If  a  material  has  a  conductivity  that  is  a 
pure  imaginary,  such  as  is  the  case  in  (24-136), 
show  that  the  average  rate  of  energy  dissipation 
per  unit  volume,  (w),  is  zero.  Is  this  result  com¬ 
patible  with  the  assumption  that  collisions  have 
been  effectively  neglected? 

24-24  For  a  system  with  a  conductivity  given  by 
(24-136),  find  the  total  current  density  J,  =  aE  -E 
( /dt)  and  show  that  it  is  less  than  it  would  be 
in  the  absence  of  conduction  electrons.  Explain 
how  this  occurs. 

24-25  The  plasma  frequency  was  defined  in  a 
purely  formal  manner  in  (24-138),  but  it  can  be 
understood  as  a  natural  frequency  of  the  system. 
This  same  expression  can  also  be  derived  in  these 
two  ways,  (a)  Show  that  when  an  oscillatory  solu¬ 
tion  for  proportional  to  is  combined 

with  V  •  J/  +  (dpf/dt)  =  0,  Jy  =  ctE,  and  V  ■  E 
=  py/€,  the  result  is  again  (24-138).  (b)  Suppose 
that  the  equal  number  of  positive  ions  and  elec¬ 
trons  are  displaced  relative  to  each  other  by  a 
small  distance  x.  Find  the  force  on  one  of  the 
resulting  surface  charge  densities  that  is  produced 
by  the  other,  and  show  that  the  corresponding 
equation  of  motion  is  that  of  a  simple  harmonic 
oscillator  of  frequency  o)p  given  by  (24-138). 
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24-26  (a)  Find  the  group  velocity  %  defined  in 
(24-144)  for  a  system  with  the  dispersion  relation 
of  (24-137).  Plot  Vq  as  a  function  of  w  for  co  >  oip. 
Show  that  the  product  of  the  phase  and  group 
velocities  is  =  (^c)'^  (b)  Show  that  if  the 
dispersion  relation  has  the  form  =  /(oj^),  then 
the  product  will  be  constant  provided  that  / 
has  the  form  f  =  Ao)^  -V  B  where  A  and  B  are 
constants. 

24-27  Assume  that  a  system  is  described  by 
(24-137)  and  that  w  >  wp.  Find  (w^),  (w^), 
(“)’  (S),  and  show  that  (S>  = 
(M)U(^k  where  can  be  interpreted  as  the  speed 
of  energy  flow.  Show  that  Vq  <  V(j  <  (/a€)“^'^^ 

<  V. 

24-28  Consider  the  most  general  possibility  in 
which  a  medium  has  all  complex  parameters,  that 
is,  jii  =  /Lip  +  /ft/,  €  —  f.p  +  /€/,and  a  =  ap  -I-  ioj. 
Show  that  k  can  still  be  written  in  the  form 
(24-38)  with  a  and  real.  Find  a  and  p.  Now 
consider  a  strictly  nonconducting  material,  and 
show  that  there  can  still  be  attenuation  (^  0) 

and  that  there  will  still  be  a  phase  difference 
between  E  and  B  (/S/a  9^  0). 

24-29  The  symbol  Q  was  originally  introduced 
as  an  abbreviation  for  “quality  factor.”  Although 
we  found  a  useful  interpretation  of  Q  in  (24-66), 
there  are  two  other  ways  of  writing  it  that  are 
helpful,  (a)  Show  that  Q  measures  the  ratio  of  the 


relaxation  time  of  a  conducting  medium  as  found 
in  (12-41)  and  the  temporal  period  T  of  the 
oscillation,  (b)  Express  S/X  as  a  function  of  Q 
only  and  show  that  when  0  »  1,  this  reduces  to 
Q  =  7r5/X.  (c)  Use  this  latter  result  to  justify  the 
following  convenient  way  of  remembering  the 
physical  meaning  of  Q\  “The  value  of  Q  equals 
the  number  of  cycles  that  a  (nearly)  free  oscilla¬ 
tion  will  persist.” 

24-30  A  study  of  Figure  24-12  might  lead  one  to 
wonder  if  our  conclusions  about  leading  or  lag¬ 
ging  might  be  changed  if  A  turns  out  to  have  a 
value  outside  the  range  shown.  Show  that,  for  the 
discussion  of  elliptical  polarization,  one  can  re¬ 
strict  A  to  the  range  to  tt  so  that,  if  A  as 
found  from  (24-122)  falls  outside,  one  can  add  or 
subtract  appropriate  multiples  of  27r  to  bring  it 
within  this  range.  Illustrate  this  with  a  simple 
sketch  of  a  convenient  example. 

24-31  Consider  two  separate  electromagnetic 
fields  described  by  the  pairs  (Ej,Hi)  and 
(£2,112).  Assume  that  the  medium  is  l.i.h.  in  all 
properties,  that  jy  =  0,  and  that  these  two  fields 
are  sinusoidal  functions  of  time  with  the  same 
frequency,  that  is,  are  proportional  to  Show 
that  it  follows  from  Maxwell’s  equations  that 
V  ■  (Ej  X  H2  -  Ej  X  Hj)  =  0.  This  result  is 
known  as  Lorentz'  lemma  and  shows  that  these 
otherwise  independent  electromagnetic  fields  are 
related  in  this  sense. 
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REFLECTION  AND  REFRACTION 
OF  PLANE  WAVES 


In  the  last  chapter,  we  considered  plane  waves  of  infinite  extent,  so  that  they  could  be 
thought  of  as  traveling  in  an  infinite  medium.  Eventually  in  any  real  situation,  the  wave 
will  encounter  another  medium  with  different  electromagnetic  properties;  for  example, 
a  light  wave  in  air  may  impinge  on  a  piece  of  glass.  The  incident  wave  will  generally  be 
able  to  enter  the  second  medium  to  some  extent  and  we  want  to  find  out  what  the 
overall  situation  will  be  when  the  resultant  steady  state  has  been  attained.  We  will  find 
that  we  can  solve  this  problem  by  using  the  boundary  conditions  that  the  field  vectors 
have  to  satisfy  at  a  surface  of  discontinuity  in  properties,  and  we  recall  that  these 
boundary  conditions  were  obtained  directly  from  Maxwell’s  equations. 


25-1  THE  LAWS  OF  REFLECTION  AND  REFRACTION 

We  assume  that  the  boundary  between  the  two  media  is  an  infinite  plane  surface.  We 
further  assume  that  there  are  no  free  charges  or  free  surface  currents  on  the  boundary 
surface.  The  boundary  conditions  given  by  (21-25)  through  (21-28)  then  reduce  simply 
to  (1)  the  normal  components  of  D  and  B  are  continuous,  and  (2)  the  tangential 
components  of  E  and  H  are  continuous.  It  will  be  seen  soon  that  we  need  only  the 
second  set  for  our  purposes;  it  will  be  left  as  an  exercise  to  show  that  no  additional 
information  would  be  obtained  by  using  the  first  set  involving  the  normal  components. 

The  most  general  situation  we  can  visualize  would  therefore  correspond  to  an 
incident  wave  traveling  in  a  medium  1  of  electromagnetic  parameters  (/Xi,  Oi) 
incident  on  a  medium  2  described  by  (/X2,  C2»  ^2)-  Although  the  general  solution  can  be 
easily  enough  obtained  when  both  media  are  conducting,  the  complexity  of  the  results 
tends  to  obscure  the  understanding  and  interpretation  of  what  is  happening.  Conse¬ 
quently,  we  assume  for  now  that  both  media  are  nonconductors  so  that  all  propagation 
vectors  are  real;  we  briefly  consider  the  effect  of  conductivity  in  Section  25-6.  We  can 
take  advantage  of  the  experience  of  others  and  begin  at  once  with  the  knowledge  that 
the  boundary  conditions  can  be  satisfied  only  by  assuming  the  existence  of  three  waves: 
the  incident  wave  in  medium  1,  a  reflected  wave  also  in  1,  and  a  transmitted  wave  in 
medium  2;  we  use  the  subscripts  i,  r,  and  t,  respectively,  to  label  quantities  referring  to 
these  waves. 

Using  (24-89),  we  can  w 

E,= 

where 


rite  the  electric  fields  of  these  waves  as 
E,  = 


p  -j(k;T-a),T) 


tLQ^e 


(25-1) 


k; 


2.1^1  = 
^2 


(25-2) 
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and  where  we  have  introduced  the  phase  velocity  and  index  of  refraction  of  the 
corresponding  medium  with  the  use  of  (24-17)  and  (24-13);  we  note  that  we  have  made 
no  special  assumptions  about  the  frequencies.  Similar  equations  can  be  written  down 
for  the  magnetic  fields. 

In  (25-1),  the  origin  of  time  (f  =  0)  is  arbitrary;  r  represents  the  position  vector  of  a 
given  point  with  respect  to  an  arbitrary  origin.  For  simplicity,  however,  we  choose  the 
origin  to  lie  in  the  surface  of  separation  so  that  the  position  vector  of  a  point  in  the 
bounding  surface  also  lies  in  the  surface.  These  quantities  are  all  illustrated  in  Figure 
25-1  where  we  also  show  the  normal  n  to  the  boundary  drawn  from  medium  1  to 
medium  2  according  to  our  standard  convention. 

The  total  electric  field  at  a  given  point  in  medium  1  will  be  -I-  E^,  while  that 

in  2  is  E2  =  E,.  Now  at  any  point  on  the  boundary  where  r  =  r^,  we  must  have 

1  tang  ~  ^2  tang 


E 


o/‘ 


,)  +  =  [e 


Or* 


a),r) 


tang 


(25-3) 


and  this  is  to  be  true  for  all  values  of  t  and  all  possible  Vg  where  t  and  can  be 
independently  varied.  Regardless  of  the  relative  values  of  the  amphtudes  Eq,  it  is  clear 
that  we  cannot  satisfy  (25-3)  unless  the  values  of  the  exponents  are  all  equal.  Thus,  we 
see  first  of  all  that  to,-  =  =  to,  =  co  so  that  all  three  waves  must  have  the  same 

frequency  to;  then  (25-2)  simphfies  to 


(25-4) 


Similarly,  we  must  have  k,  •  =  k,.  •  =  k,  •  r^;  it  is  helpful  to  subtract  these  in 

pairs  to  get  the  two  independent  equations 

(k,  -  k,)  •  r^  =  0  (k,  -  k,)  ■  r^  =  0  (25-5) 


which  shows  that  these  differences  in  the  propagation  vectors  must  be  perpendicular  to 
r^,  and  hence  to  the  bounding  surface;  this  is  also  true  for  the  pair  and  k,  since  we 
also  have  (k,.  —  k,)  •  =  0.  The  first  equation  of  (25-5)  relates  the  incident  and 

reflected  propagation  vectors  so  we  can  call  it  the  law  of  reflection',  similarly,  the  second 
is  the  law  of  refraction  since  it  relates  the  incident  and  transmitted  (refracted)  waves. 


Figure  25-1 .  Relations  at  a  plane 
boundary  between  two  media. 
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The  plane  defined  by  A  and  the  incident  vector  k,  is  called  the  plane  of  incidence  and 
is  shown  in  Figure  25-2.  The  angle  made  by  k,  with  the  normal  is  the  angle  of 
incidence.  We  can  resolve  k,  into  its  components  normal  and  parallel  to  the  surface  of 
discontinuity  by  defining  a  unit  tangential  vector  t,  which  is  parallel  to  the  surface  and 
in  the  plane  of  incidence;  thus  we  can  write 

k^  =  (25-6) 

Other  vectors  that  do  not  necessarily  lie  in  the  plane  of  incidence  can  be  written  in 
component  form  by  introducing  a  third  unit  vector  n  X  t,  which  is  also  in  the  surface 
between  1  and  2  and  is  perpendicular  to  both  n  and  t  as  shown  in  Figure  25-3.  Thus, 
we  can  write  the  other  two  propagation  vectors  in  the  form 

k,  =  XT  k,  =  +  k,J:  +  k„n  X  t  (25-7) 

while 

=  '•btT  +  '•fiA  X  T 

since  it  lies  entirely  in  the  surface  and  thus  has  no  normal  component. 

Substituting  (25-6)  through  (25-8)  into  (25-5),  and  remembering  that  the  unit  vectors 
are  mutually  perpendicular  so  that  n  ■  t  =  0,  and  so  on,  we  obtain 

{k,,  -  kjrg,  -  k.je,  =  0  -  k„)rB,  -  k,jBc  =  0  (25-9) 

Since  is  arbitrary,  (25-9)  must  also  be  true  for  the  special  case  for  which  =  0 
while  =^^=0,  and  then  (25-9)  yields  so  that  k,  and  k,  have  no 

components  perpendicular  to  the  plane  of  Figure  25-2.  In  other  words,  all  three 
propagation  vectors  lie  in  the  same  plane,  that  is,  they  are  all  in  the  plane  of  incidence. 
Now,  since  can  be  different  from  zero,  we  see  from  (25-9)  that 

=  fc,,  k.^  =  k„  (25-10) 

so  that  all  of  the  k’s  have  the  same  tangential  components.  We  can  regard  (25-10)  as  a 
second  version  of  the  laws  of  reflection  and  refraction.  Now  we  can  learn  something 
about  the  normal  components. 


Figure  25-3.  The  three  mutually  perpendicular  unit  vectors. 
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Remembering  that  =  0,  we  find  from  (25-7),  (25-4),  (25-10),  and  (25-6)  that 
kj„  =  kl  -  ki  =  kj  -  kl  =  kj  -  kl  =  kl  and  therefore  k^„  =  ±k,„.  If  the  plus 
sign  were  chosen,  then  we  see  from  Figure  25-2  that  the  reflected  wave  would  be  going 
toward  the  surface  in  the  same  way  as  the  incident  wave,  whereas  it  should  be  tending 
away  from  it  as  in  Figure  25-1.  Thus  we  must  have  =  -k^^.  Similarly  we  find  that 
=  ^2  “  Therefore,  the  third  versions  of  the  laws  of  reflection  and 

refraction  are 


-k,„  kl  =  kl-kl  (25-11) 

Now  k,  is  a  vector  of  magnitude  k-^  by  (25-4)  and  we  see  from  Figure  25-2  that 

k,„  =  kj  cos  =  k^  sin  6,  (25-12) 

and  therefore  k,„  =  -kyCosQ,,  =  k^  sin  by  (25-11)  and  (25-10).  Since  k,  also 
has  the  magnitude  k^,  we  can  define  an  angle  of  reflection  0,  by 

kr„=  -kl  cos  0^  k„  =  kl  sin  0^  (25-13) 

as  shown  in  Figure  25-4fl.  By  comparing  these  different  expressions  for  the  components 
of  k^,  we  see  that 


(25-14) 

so  that  the  angle  of  reflection  equals  the  angle  of  incidence.  Thus,  this  ancient  and 
well-known  law  of  optics  is  seen  to  be  a  direct  consequence  of  Maxwell’s  equations. 
For  the  transmitted  wave,  we  find  from  (25-10),  (25-11),  (25-12),  and  (25-4)  that 

=  k^  sin^,  (25-15) 


1  -  —  sin^  6: 


(25-16) 


These  results  are  correct  for  any  values  of  the  ratio  angle  of  incidence. 

Under  many  circumstances,  it  is  useful  to  continue  by  defining  an  angle  of  refraction 
8^  for  k,  of  magnitude  ^2  by  means  of 


k,^  =  k2sme^  k^^  =  k2COse,  (25-17) 

as  is  also  illustrated  in  Figure  25-4b.  Combining  (25-17)  with  the  law  of  refraction  as 
given  in  (25-15)  and  (25-16),  along  with  (25-4),  we  find  that  they  lead  to 

sin^,  =  n 2  sin  8,  (25-18) 

cos^O,  =  1  -  (25-19) 


Figure  25-4.  (a)  6^  is  the  angle  of  reflection,  (b)  is  the  angle  of 
refraction. 
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which  are  internally  consistent  since  it  is  seen  that  cos^^,  =  1  -  sin^0,.  The  first 
equation  (25-18)  is  known  as  SnelVs  law  of  refraction  and  was  discovered  experimen¬ 
tally  by  him;  it  is  seen  to  relate  the  angles  of  incidence  and  refraction  to  the  indices  of 
refraction  of  the  two  media,  and  is  also  seen  to  be  a  consequence  of  Maxwell’s 
equations  via  the  boundary  conditions  obtained  from  them. 

Although  (25-17)  defines  two  quantities  sin0,  and  cos^p  they  do  not  always 
correspond  to  a  real  physical  angle  6^.  Let  us  see  how  this  comes  about  and  what  we 
should  do  about  it.  We  find  from  (25-18)  that  sin^,  =  («i/«2)sin0,.  If  <  n2,  then 
sin  6^  <  sin  6^  ^  1  and  cos^  =  I  -  sin^  6,  >  0;  thus  0^  is  a  real  angle  and  6,  <  6^.  This 
case  is  illustrated  in  Figure  25-5;  note  that  /C2A1  =  ^2/^1  ^  ^  ”2^ 

still  have  sin^,  =  >  sin^,.  so  that  8,  >  8^  in  general  while  /csAi  <  1- 

However,  we  should  also  have  sin  <  1  so  that  8,  will  be  a  real  angle  only  as  long  as 
sin0,  <  rt2/«i  <  1.  It  is  useful  to  define  the  critical  angle  8^  by 

sin0  (25-20) 


and  we  can  write 


sin  8^  = 


sin  8^ 
sin  8^ 


(«!  >  n^) 


(25-21) 


Therefore,  for  8^  <  8^,  sin^^  <  1  and  8^  >  8^.  This  case  is  illustrated  in  Figure  25-6  (We 
note  that  the  larger  of  the  two  angles  8^  and  8^  is  always  in  the  medium  of  smaller  index 
of  refraction.)  If  8^  =  then  sin  8^  =  1  and  8,  =  90°,  and  the  refracted  wave  is  parallel 
to  the  interface  as  shown  in  Figure  25-7;  we  still  have  k2  <  k^. 

Since  8^  can  be  freely  chosen  by  us,  it  is  certainly  possible  to  make  8^  >  8^,  Then 
(25-21)  shows  that  sin  8^>  I  while  cos^  8^  =  1  -  sin^  8^  <  0,  which  is  not  possible  for  a 
real  angle  and  no  figure  like  any  of  the  last  three  can  be  drawn.  (The  quantity  8^  can 
still  be  interpreted  as  an  angle  as  long  as  it  is  complex  and  of  the  form  8^^  \'n  ix  To 
see  how  this  comes  about,  we  use  Equation  24-22  to  evaluate  the  sine  as  sin  8f  =  {e  ‘  — 
e~‘^‘)/2i  =  +  e^)  =  cosh  x  >  1  as  required.) 


Figure  25-5.  The  three  propagation  vectors  as  related  by  the  laws  of 
reflection  and  refraction  when  n,  <  n2. 
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»i  >  ”2  ; 


Figure  25-6.  The  three  propagation 
vectors  as  related  by  the  laws  of 
reflection  and  refraction  when  > 
and  the  angle  of  incidence  is  less 
than  the  critical  angle. 


Figure  25-7.  The  three  propagation 
vectors  when  the  angle  of  incidence 
equals  the  critical  angle. 


Thus  in  this  case  it  is  not  fruitful  to  continue  with  6^;  we  can,  however,  go  back  and 
evaluate  the  components  of  in  terms  of  6^  by  means  of  (25-15)  and  (25-16)  since 
these  are  always  valid.  Consequently,  there  is  no  difficulty  in  handling  this  case  in 
principle.  It  turns  out  to  be  convenient  to  discuss  these  two  broad  classes  separately, 
and  we  put  off  the  detailed  consideration  of  the  case  (n^  >  Hj,  >  0^)  until  Section 
25-4. 

All  of  our  results  so  far  have  been  obtained  solely  from  the  exponential  propagation 
terms  in  the  single  boundary  condition  (25-3),  and  we  stiU  have  to  find  the  necessary 
relations  among  the  fields  themselves.  Now  E,  must  lie  in  a  plane  perpendicular  to  k^, 
but  it  need  have  no  special  orientation  with  respect  to  the  plane  of  incidence  of  Figure 
25-2.  The  general  situation  for  an  arbitrary  orientation  of  E,  for  an  arbitrary  angle  of 
incidence  is  shown  in  Figure  25-8.  The  shaded  plane  is  perpendicular  to  k,  and 
therefore  contains  E,;  this  plane  is  also  perpendicular  to  the  plane  of  incidence  defined 
by  k,.  and  n.  We  see  that  E,  can  be  written  as  the  vector  sum 

E,=  E,^+E,||  (25-22) 

where  E,  ^  is  the  component  perpendicular  to  the  plane  of  incidence  and  E,||  is  the 
component  parallel  to  (in)  the  plane  of  incidence.  It  turns  out  that  these  two  compo¬ 
nents  behave  differently  at  the  plane  of  separation  between  the  two  media,  so  that  it  is 
desirable  to  consider  the  two  cases  separately.  After  we  have  found  how  each  of  these  is 
affected,  we  can  recombine  the  results  to  find  the  total  reflected  and  transmitted  fields, 
that  is,  we  will  be  able  to  write 

Er  =  E^J-+Er||  E(=E,j^+E,|| 


(25-23) 


25-2  E  PERPENDICULAR  TO  THE  PLANE  OF  INCIDENCE  411 


Figure  25-8.  Definition  of  the  components  of  E,-  parallel  to  and 
perpendicular  to  the  plane  of  incidence. 
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Since  we  have  no  a  priori  knowledge  about  the  relations  among  the  various  electric 
fields,  let  us  assume  for  definiteness  that  they  are  all  directed  out  of  the  page  at  this 
particular  instant  and  location  on  the  bounding  surface;  if  our  assumption  about  the 
relative  directions  is  incorrect,  the  final  result  will  show  us  by  means  of  its  sign.  The 
corresponding  directions  of  H  can  be  found  from  the  condition  that  E  X  H  is  in  the 
direction  of  propagation  k.  In  this  way,  we  get  the  situation  shown  in  Figure  25-9;  for 
clarity,  the  E’s  and  H’s  are  drawn  at  some  distance  from  the  interface  between  the  two 
media,  but  we  remember  that  they  actually  are  to  represent  the  situation  at  the  surface 
where  we  apply  the  boundary  conditions. 

Since  the  electric  fields  are  all  parallel  to  the  surface  and  to  each  other,  they  are  all 
tangential  components  so  that  E^a^g  =  E2tang  becomes  simply 

£,  +  (25-24) 

All  of  the  magnetic  fields  are  in  the  plane  of  incidence  for  which  t  is  the  unit  tangential 
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1  2 


Figure  25-9.  E,  is  perpendicular 
to  the  plane  of  incidence. 


vector  and  the  other  boundary  condition  becomes 

(H,  +  H  J  ■  T  =  H,  •  T  (25-25) 

This  last  result  can  be  expressed  in  terms  of  the  electric  fields  by  using 

k  X  E  E.  X  n  ^  ^ 

H  =  -  and  t  ^  — z —  (25-26) 

Z  E, 

as  obtained  from  (24-94)  and  an  inspection  of  Figure  25-9,  while  recalling  that  E,  is  out 
of  the  page.  Therefore,  the  tangential  component  of  any  of  the  magnetic  fields  has  the 
form 

H  •  T  =  ^(k  X  E)  •  (E,  X  n)  =  -  ^(k  ■  n)  (25-27) 

with  the  use  of  (1-106),  k  •  E,  =  0  (they  are  perpendicular),  and  E  •  E,  =  EE^  (they  are 
parallel).  The  appropriate  value  of  the  impedance  is  =  (At^/ci)^^^  for  the  incident 
and  reflected  waves  in  medium  1,  while  it  is  Zj  =  (^2/^2)^^^  H,.  Taking  this  into 

account,  and  substituting  (25-27)  into  (25-25),  we  get 

^  [£,(k,  •  fl)  +  £,(k.  •  A)]  =  •  fi)  (25-28) 

Z-i  ^2 


Since  E^  is  arbitrary,  the  significant  quantities  are  the  two  ratios  E^/E^  and  E^/Ej, 
and  they  can  now  be  found  from  the  two  equations  (25-24)  and  (25-28).  The  results  are 


'^\  ^  Z,(k,  ■  n)  -  Zi(k,  ■  n) 
Z2(k,.  •  n) -I- Zi(k,  •  n) 


/£,)  _  2Z2(k,  •  n) 

UJ,”  Z2(k,  •  n)  +  Z,(k,  •  n) 


(25-30) 


where  use  has  been  made  of  k^  •  n  =  -k^  ■  n  as  found  from  (25-4)  and  the  law  of 
reflection  given  in  (25-11).  These  ratios  are  the  general  solution  for  this  case  and  are 
valid  for  any  values  of  n-^/n^  and  6^.  In  order  to  emphasize  this,  we  can  express  them 
completely  in  terms  of  by  using  k,  •  n  =  =  cos  6,  from  (25-12)  and  k,  •  n  = 
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^in/^2  found  from  (25-16)  and  we  obtain 
E 


I  /  j. 


E, 


•  /  1 


Z2  cos  Bj  -  Z^  1 

-  {n 

1/^2) 

sin^  Bj 

1/2 

Z2  cos  ^.  +  Zj^  1 

-(« 

1/^2) 

sin^e,] 

1 1/2 

i 

2Z2  cos 

Bj 

Z2COS^,-  +  Z]^[l 

-  (n 

i/nif 

sin^  Bj 

,1/2 

1  incidence  (Bj  == 

0),  these  reduce  to 

_  ^2  -  ^1 

/X,\ 

2Z2 

Z2  +  Z| 

\  a) 

2  +  A 

(25-31) 

(25-32) 

(25-33) 


It  is  also  very  common  to  find  these  results  written  in  terms  of  both  the  angle  of 
incidence  6^  and  the  angle  of  refraction  d^.  Since  6^  is  real  only  for  <  «2  ^  ^^2 

and  dj  <  6^.,  the  following  expressions  are  restricted  to  these  cases.  Then  (25-29)  and 
(25-30)  become 


E\ 


E. 


i  /  1 


Z2  COS  0^  -  Zi  cos 
Zj  cos  Bj  -P  Z]^  cos  B^ 


2Z2  cos  B^ 


1 1  ± 


Z2  cos  4-  Z^  cos  Bf 


These  are  often  put  in  other  forms  with  the  use  of 


1/2 


Ml 


sin  B: 


jUj^i  jU2sin^, 


(25-34) 


(25-35) 


which  follows  from  (24-95),  (24-12),  (24-13),  and  (25-18).  Dividing  the  numerator  and 
denominator  of  each  expression  in  (25-34)  by  Z2  and  using  (25-35),  we  find  that  the 
ratios  can  also  be  written  as 


'  /  ± 


^2  tan  B^  —  [ii  tan  Bj 
jU2tan^,  -H  tan^, 


2/^2  tan 


1 1  ± 


jLt2tan^,  -F  juj  tan^^ 


The  results  for  normal  incidence  as  found  from  (25-33)  are 


'  /  X 


M2«1  -  Mi^2 
M2«1  +  Mi«2 


2ft2«i 


'I  / 1 


A2«i  +  Mi'^2 


(25-36) 


(25-37) 


These  are  seen  to  be  compatible  with  (25-36),  since,  as  B^  and  B^  both  approach  zero, 
Snell’s  law  (25-18)  becomes  approximately 

B^  tan  Bi 


sm 


sin  B: 


tan  B: 


(25-38) 


In  the  very  important  special  case  jLt^  =  jU2,  which  includes  nonmagnetic  media,  these 
can  also  be  written  in  general  as 


sin(<9,.  -  0,) 
sin  {Bi  Bj) 


± 


while,  for  normal  incidence,  they  reduce  to 


/  X 


«2  + 


I  1  X 


(/I1//72)  sin2^^ 
sin{Bj  Bj) 

Iriy 

«2  ^1 


(25-39) 


(25-40) 


The  equations  in  (25-39)  are  usually  called  FresneVs  equations;  he  derived  them  from 
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an  elastic  solid  theory  of  light  long  before  the  development  of  Maxwell’s  equations  and 
the  electromagnetic  theory  of  light.  (It  is  perhaps  not  too  surprising  that  he  was  able  to 
do  this,  since,  if  an  elastic  wave  in  one  medium  is  incident  upon  another  medium  of 
different  properties,  there  will  be  boundary  conditions  that  must  also  be  satisfied.  For 
example,  if  a  wave  is  travehng  on  a  stretched  string,  one  would  have  to  require  that  the 
displacement  be  continuous  at  the  junction  for  otherwise  the  strings  would  separate.) 

The  general  form  of  the  results  obtained  from  Fresnel’s  equations  as  a  function  of  6^ 
are  shown  in  Figures  25-10  and  25-11  for  the  case  We  note  that  the  ratio 

( EJEi)  ^  is  negative  for  all  values  of  B‘,  this  can  also  be  seen  from  (25-39),  since  when 
«i  <  /i2,  so  that  sin(^,  -  B^)  >  0.  This  means  that  is  actually  opposite  to  the 

direction  we  assumed;  in  other  words,  the  reflected  wave  has  its  phase  changed  by  180° 
upon  reflection  on  a  medium  of  greater  index  of  refraction.  On  the  other  hand, 
(Ef/Ej)j^  is  always  positive,  so  that  the  transmitted  wave  undergoes  no  change  in 
phase.  (Thus,  to  represent  the  actual  situation,  Figure  25-9  should  really  have  the 
direction  of  reversed,  while  is  directed  into  the  page;  the  rest  of  the  figure  will  be 
unchanged.) 

If  but  B^  <  B^,  then  B^  <  B^,  as  in  Figure  25-6;  thus  sin(^,  -  B^)  will  be 

negative  so  that  (E^/E.)  ^  in  (25-39)  will  always  be  positive,  as  will  (£/£^)j^  as 
before.  Thus  there  is  no  phase  change  upon  reflection  against  a  medium  of  lower  index, 
as  long  as  the  angle  of  incidence  is  less  than  the  critical  angle. 


Figure  25-10.  Ratio  of 
reflected  to  incident 
electric  field  as  given 
by  Fresnel's  equations 
for  n,  <  nj. 
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It  follows  from  (25-39),  and  is  shown  in  Figure  25-11,  that  the  transmitted  wave  is 
always  zero  for  grazing  incidence  =  90°). 
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We  proceed  in  a  manner  similar  to  that  of  the  last  section.  Let  us  assume  that  all  of  the 
magnetic  fields  are  into  the  page;  this  leads  to  a  situation  as  depicted  in  Figure  25-12. 

From  H  =  k  X  E/Z  and  k  •  E  =  0,  as  well  as  an  inspection  of  the  figure,  we  find  the 

analogue  to  (25-26)  to  be 

fixH,  ^  ^ 

E  =  ZH  X  k  and  t  =  - ^  (25-41) 

so  that 

E-t=  -Zi/fkfl)=  -£(k-n)  (25-42) 

since  k  •  H,-  =  0  (they  are  perpendicular),  and  the  values  of  E  and  H  are  related  by  the 
factor  Z. 

Consequently,  the  continuity  of  the  tangential  components  of  E  (E^  ■  t  =  E2  *  t) 
leads  to 

EXK  *  n)  +  EXK  •  n)  =  {E^  -  E,){k,  •  n)  ^  E,{k,  •  n)  (25-43) 

with  the  use  of  (25-11)  and  (25-4).  Since  the  H’s  are  always  tangential  components  and 
parallel,  =  ^2tang  yields 

Ei+E^  E, 

H.  +  ^  (25-44) 

Zi  Z2 

Equations  25-43  and  25-44  can  now  be  solved  for  the  two  ratios  E^/E-  and  EJE^. 
Doing  this,  and  using  a  fair  amount  of  algebra  and  trigonometry,  we  can  obtain  all  of 
the  following  results  in  the  same  way  as  used  in  the  last  section. 


Figure  25-12.  E,-  is  parallel  to  the 

plane  of  incidence. 
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The  general  solutions  applicable  to  all  values  of  «i/«2 


Zi(k,  •  n)  -  Z2(k(  ■  n)  Zj  cos  -  Z2 

1  -  {ni/n2)^  sm^9^ 

1/2 

Zi(k,  •  n)  -K  ZjLk,  •  n)  g,  +  2j 

1  -  («i/«2)^ 

1/2 

(25-45) 

/  \  2Z2(ky  ■  n)  2Z2COS  Oj 

\  )  II  -^1(^1  *  ”)  ■  ”)  COS  +  Z2  1  -  («i/«2)^  sin^  6^  ^ 


When  6^  is  a  real  angle  {n^  <  «2  or  >  n2  and  6^  <  9^),  these  become 
/  EA  Z^cos^,  -  Z2COS  0^  fi^  sin2^,  -  fi2  sin2^, 

j  II  Z^  cos  +  Z2 cos  ju^  sin2^^  +  JU2  sin20, 


(25-46) 

(25-47) 


EA  IZ2  cos  9:  4a 2  cos  9.  sin  9, 

—  =  - ? - ^ - — - ^ (25-48) 

E-  j  II  Zi  COS  9j  +  Z2  cos  9f  fXi  sin  29^  -I-  11*2  sin 29^ 


and,  in  addition,  when  ju-i  =  jLi2,  we  get  the  other  two  Fresnel  equations 


tan(g,  -  g,) 
tan(^,  +  ^,) 


2  cos  9^  sin  9, 


sin{9^  +  0,)cos(^^  -  9^) 


The  various  expressions  for  normal  incidence  are 


El 


Z|  Z2 
Z^  +  Z2 

2Z. 


Z^  +  Z2 


/Xl/?2  - 

2ja2«i 

fl2«2  +  M2"i 


and 


and 


^2  ~ 

/I2  + 

«2  + 


(fii  =  /^i) 
{^^1  =  P'2) 


(25-49) 


(25-50) 

(25-51) 


With  these  last  results,  we  have  an  apparent  contradiction  in  sign.  If  we  look  again  at 
Figures  25-2  and  25-8,  we  see  that  for  normal  incidence  when  k,  and  h  are  in  the  same 
direction,  there  is  no  definite  plane  of  incidence  so  that  there  is  no  distinction  between 
E  being  perpendicular  to  or  parallel  to  the  plane  of  incidence  and  the  results  of  both 
cases  should  reduce  to  the  same  thing.  Now  (25-51)  does  agree  with  the  corresponding 
expressions  in  (25-33),  (25-37),  and  (25-40),  but  the  various  forms  for  (EJE^)  all  differ 
by  a  minus  sign.  This  is  a  result  of  our  original  sign  conventions  for  the  two  cases.  In 
Figure  25-9,  we  assumed  and  E,  to  be  parallel  and  thus  treated  EJE^  as  a  positive 
number;  for  n-^  <  n2,  it  actually  turned  out  to  be  negative  as  we  saw.  On  the  other 
hand,  the  opposite  directions  of  and  E  •  were  taken  into  account  right  from  the  start 
in  Figure  25-12,  so  that  the  ratio  E^E^  was  also  treated  as  positive.  In  other  words,  the 
sign  difference  reflects  the  difference  in  our  treatment  of  the  two,  but  each  case  is 
internally  consistent  and  thus  consistent  with  each  other. 

Plots  of  the  ratios  as  given  by  the  Fresnel  equations  (25-49)  for  <  «2  shown  in 
Figures  25-13  and  25-14.  Looking  at  Figure  25-14  first,  we  see  that  it  is  similar  to 
Figure  25-11  in  that  there  is  no  phase  change  of  the  transmitted  wave,  and  it  again 
vanishes  at  grazing  incidence.  Since  this  is  also  what  happened  in  the  previous  case,  we 
conclude  that  electromagnetic  radiation  is  always  completely  reflected  from  a  surface  of 
a  dielectric  at  grazing  incidence.  (You  can  verify  this  for  yourself  right  now  by  looking 
at  a  light  source  by  reflection  from  a  rough  sheet  of  paper  and  then  gradually  increasing 
the  angle  of  incidence  to  90®.) 
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Figure  25-13.  Ratio  of 
reflected  to  incident 
electric  field  as  given 
by  Fresnel's  equations 
for  <  ^2- 


90° 


Figure  25-1 4.  Ratio  of  trans¬ 
mitted  to  incident  electric 
field  as  given  by  Fresnel's 
equations  for  /i,  <  02- 


We  see,  moreover,  from  Figure  25-13,  that  we  have  a  case  that  did  not  occur  before, 
that  there  is  an  angle  6^  for  which  the  reflected  wave  is  zero.  The  condition  for  this  is 
seen  from  (25-49)  to  correspond  to  the  denominator  of  (£y£,)||  becoming  infinite,  or 
Op  +  Ojp  =  90°,  where  O^p  is  the  corresponding  angle  of  refraction.  The  law  of  refraction 
(25-18)  then  becomes  sin  0p  =  rij  sin  Q^p^  sin  (90°  —  Op)  ^  cos  Op,  so  that 

tan^  -  —  (25-52) 

a  result  known  as  Brey^ster  ’5  law.  The  angle  Op  is  known  as  the  polarizing  angle  for  the 
following  reason.  Consider  an  incident  wave  that  is  unpolarized  in  the  sense  that  its 
electric  field  has  E  ^  and  Ey  components  that  are  both  different  from  zero.  If  this  wave 
is  incident  at  the  polarizing  angle  Bp,  then  only  the  component  E^  will  be  reflected,  so 
that  the  reflected  wave  will  have  only  such  a  component  and  hence  will  be  polarized. 
The  polarization  of  light  by  reflection  was  first  discovered  experimentally  in  just  this 
way  by  Malus  who  was  observing  sunlight  reflected  from  the  windows  of  the  Luxem¬ 
bourg  Palace  in  Paris,  and  for  us  it  is  further  evidence  for  the  electromagnetic  wave 
nature  of  light. 
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We  also  see  from  Figure  25-13,  that,  when  Oj  >  dp,  the  ratio  (£yF'^),i  is  negative. 
This  means  that  the  phase  of  the  reflected  wave  is  suddenly  reversed,  that  is,  changed 
by  180°,  as  the  angle  of  incidence  passes  through  the  polarizing  angle. 


25-4  TOTAL  REFLECTION  (rii  >  0,  >  0^) 

We  will  see  the  reason  for  this  name  shortly.  In  this  case,  6^  is  not  a  real  angle,  but  we 
already  have  results  expressed  completely  in  terms  of  and  they  can  be  used  directly. 
It  will  be  helpful  in  interpreting  our  results  if  we  be  a  little  more  specific  about  our 
coordinate  system.  Let  us  choose  the  xy  plane  to  be  the  surface  of  separation  and  the 
xz  plane  to  be  the  plane  of  incidence.  This  is  shown  in  Figure  25-15  where  the  y  axis  is 
out  of  the  page.  We  see  that  with  this  choice,  and  so  that  the  incident 

electric  field  will  have  the  form 


1J1  _  |7  /(k,  -r— to/)  _  17  sin^ +z  cx»s  tf,)  — to/] 


with  the  use  of  (25-12).  The  transmitted  wave  will  be  given  by 


(25-53) 

(25-54) 


and  we  have  k^^  =  kj^  =  k^  sin^,  from  (25-15).  The  quantity  in  brackets  in  (25-16)  is 
now  negative  so  it  is  preferable  to  rewrite  k}^  in  the  form 


k^  =  k^ 

^tn 


kl 


(  — ]  sin^^, -1 

=  -kl 

1  sin  Bj ' 

2 

- 1 

\  sin 

.l«2/ 

-K^  (25-55) 


with  the  use  of  (25-20).  Therefore,  k^^  =  ±iK,  making  The  plus  sign  in 

the  exponent  would  lead  to  a  wave  that  increases  indefinitely  as  the  wave  travels  in  the 
positive  z  direction,  so  we  reject  it  and  write  =  iK  where 


K=  kj 

(— )  sin^^,. -1 

\«2/ 

sin  B^ 
sin^^ 


(25-56) 


with  the  further  use  of  (25-4).  Substituting  these  various  results  into  (25-54),  we  get  the 
expression  for  the  transmitted  electric  field  in  the  medium  of  lower  index  of  refraction: 

(25-57) 

This  is  a  wave  travehng  in  the  x  direction,  that  is,  parallel  to  the  surface  of  separation, 
but  with  its  amplitude  decreasing  in  the  z  diirtcXion— perpendicular  to  the  direction  of 


>s 

T  = 


A 

X 


Figure  25-15.  Coordinate  system  used  in  discussing 
total  reflection. 
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propagation.  The  speed  of  the  wave  is 

_  ^ 

fcisind,  njsine,  («i/n2)sine, 

where  Oj  is  the  normal  speed  of  a  wave  in  this  medium.  Since  0,  >  9„  V2^  <  Vi  and  this 
wave  travels  more  slowly  than  a  usual  plane  wave;  (25-57)  is  not  a  plane  wave  in  the 
sense  that  its  value  is  not  constant  on  a  plane  perpendicular  to  the  direction  of 
propagation.  Furthermore,  the  wave  speed  02^  is  not  a  constant  that  depends  only  on 
the  properties  of  the  medium,  but  it  depends  on  the  angle  of  incidence  as  well. 

The  amplitude  decreases  exponentially  with  increasing  depth  of  penetration,  and 
decreases  by  a  factor  of  1/e  in  a  penetration  depth  5,  given  by 


sin  0^ 
sin  6. 


(25-58) 


J_ _ (^2/2^) 

^  [(ni/n2)^sinA,  - 


(25-59) 


where  X2  =  2'n/k2  =  2irc/n2«  is  the  wavelength  of  a  normal  plane  wave  in  this 
medium.  This  wave  that  we  have  described  is  often  called  the  evanescent  wave  and  its 
properties  are  indicated  very  schematically  in  Figure  25-16.  Although  not  indicated  in 
the  figure,  this  wave  can  also  be  characterized  by  saying  that  the  planes  of  constant 
amplitude  are  perpendicular  to  the  planes  of  constant  phase.  Now  let  us  turn  to  the 


reflected  electric  field. 

Using  (25-56),  we  find  that  (25-31)  and  (25-45)  can  be  written  as 
/  £  \  Z2 cos  6,  -  iZi( XT/fcj )  /  F,  \  _  cos  g,  - 

( ^ ^  "  Z2COS  0,  -t-  iZiCXf/fcj)  \  £,)  II  ”  Zi  cos  9,  +  iZ2{K/k2) 


(25-60) 


We  note  that  both  of  these  have  the  same  general  form; 

A  -  iB  {A^  +  52)’/^e-'7> 
T,'A  +  iB~  {A^  +  B^f'"^e''<‘ 


(25-61) 


where  Untp  =  B/A.  Therefore,  in  both  cases,  | £,/£,)  =  1  so  that  the  reflected  wave 
has  the  same  amplitude  as  the  incident  wave.  As  we  will  see  in  the  next  section,  the 
reflected  energy  also  equals  the  incident  energy;  hence  the  name  total  reflection  for  this 
case. 

The  appearance  of  the  factor  in  the  ratio  means,  however,  that  there  is  a 

relative  shift  in  phase  of  2(p  of  the  reflected  wave  with  respect  to  the  incident  wave.  The 
angles  <p  as  found  from  (25-60),  (25-56),  and  (25-35)  are  given  by 


tancp^  = 


tan(p||  = 


ZflK/k2)  j 

'  l^l"2 

[(«i/n2)^sinA,  - 

Z2  cos  0^  ' 

\  ^2^1  ) 

cos  6^ 

Z2{K/k2)  I 

Ifiinfl 

1  [(«i/«2)^sinA,  -  lY''^ 

Zj  cos  9^ 

\  9-1^2} 

'  cos  9^ 

(25-62) 

(25-63) 


1  wave. 
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We  see  that  these  angles  are  different  and,  in  fact, 

I 

— j  tan9||  (25-64) 

Thus,  for  the  case  =  ^2)  tan(p^<  tan^u  since  /ij  <  and  therefore  <  (p,,. 
Because  of  the  similarity  of  the  plane  containing  in  Figure  25-8  to  the  plane  shown 
in  Figure  24-7,  we  conclude  that,  if  a  linearly  polarized  wave  is  incident  at  an  angle 
greater  than  the  critical  angle,  its  perpendicular  and  parallel  components  will  be 
reflected  with  dififerent  phase  shifts  and  the  resultant  reflected  wave  will  be  elliptically 
polarized  and  can  be  analyzed  by  the  methods  we  used  in  Section  24-7. 


25-5  ENERGY  RELATIONS 

Now  we  are  in  a  position  to  see  how  the  incoming  energy  flow  is  divided  between  the 
reflected  and  transmitted  waves.  The  average  incident  power  flow  will  be  given  by  (S,) 
and  it  will  have  a  component  normal  to  the  bounding  surface  and  one  parallel  to  the 
surface.  What  will  be  evidently  of  physical  interest  is  what  happens  to  the  normal 
component  since  it  gives  what  is  reflected  back  into  the  original  medium.  Therefore,  we 
define  a  reflection  coefficient  for  power  R  as  the  magnitude  of  the  ratio  of  the  normal 
components: 


II 

s>  s> 

(25-65) 

Now  we  find  from  (24-107)  that 

<S)  •  n  =  i(c/fi)^^^|E|^(k  •  n) 

(25-66) 

Since  the  incident  and  reflected  waves  are  in  the  same  medium,  (c/ju)^/^  has  the  same 
value  for  each  of  them;  in  addition,  |k^  •  n|  =  |k,-  ■  n|  =  cos  6^  =  cos  9.  by 

the  law  of  reflection  (25-11)  and  (25-14).  Taking  all  of  this  into  account,  we  find  from 
(25-65)  and  (25-66)  that 

Er  " 

R  =  ~ 

E. 

(25-67) 

and  since  we  have  these  ratios  already,  we  can  easily  evaluate  R. 

In  this  way,  we  find  from  (25-34)  and  (25-47),  for  example,  that 

1  Zj  cos  6-  -  Zj  cos  ^ 

^  \  Z2  cos  6^  +  cos  Oj  I 

(25-68) 

^  /  Zj  cos  0^  -  Z2  cos  9^  \  ^ 

"  \  Zj  cos  9i  +  Z2  cos  9^  j 

(25-69) 

and  similar  expressions  can  be  found  for  all  of  the  various  ways  in  which  we  wrote  the 
ratios  of  the  fields.  At  normal  incidence  and  fx^  =  for  example,  both  (25-40)  and 
(25-50)  give 


I  ^2~ 

^normal  “  ~  (/^l  ~  M2)  (25-70) 

\  ^2  +  n-^  j 

If  we  consider  a  specific  case  for  which  «2/^i  “  which  is  typical  for  glass  and  air, 
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we  find  that  (25-70)  gives  normal  =  0.04  so  that  about  4  percent  of  the  incident  energy 
flow  is  reflected  at  normal  incidence. 

Similarly,  we  can  define  a  transmission  coefficient  for  power  T  by 


(S,>  •  n 

Z^  cos  Of 

E, 

<S,.>  ■  n 

Z2  cos  0, 

E. 

(25-71) 


where  we  have  used  (25-66),  (25-12),  (25-17),  and  (24-95).  For  example,  the  cases 
corresponding  to  (25-68)  and  (25-69)  can  be  found  from  (25-34)  and  (25-48)  to  be 

4Z1Z2  cos  6^  cos  61 


r..= 


(Z2C0S  6,  +  Zj  cos  o^y 
cos  cos^^ 

(Z^COS^,  +  Z2COS0^)' 


(25-72) 

(25-73) 


while,  for  normal  incidence  (0,  =  =  0),  (25-51)  and  (25-71)  give 


T 

■*  normal 


(«2  + 


(^^1  =  ^2) 


(25-74) 


since  Z1/Z2  =  «2/«i  in  this  case  by  (25-35). 

It  is  easily  verified  that  all  three  of  these  pairs  satisfy  the  relation 

T=\  (25-75) 

which  can  also  be  seen  to  hold  for  the  most  general  cases  described  by  (25-29),  (25-30), 
(25-45),  and  (25-46).  This  result  expresses  the  fact  of  energy  conservation  since  it 
essentially  says  that  all  of  the  incident  energy  appears  either  in  the  reflected  wave  or  in 
the  transmitted  wave  so  that  none  is  lost  during  the  process. 

In  the  particular  case  of  total  reflection,  the  relation  (25-61)  shows  us  at  once  that 
R  =  \EJE^\^  =  1  so  that  all  of  the  incident  energy  is  reflected  as  we  previously 
remarked.  Therefore,  we  know  that  T  must  be  zero  for  this  case,  and  it  will  be  left  as  an 
exercise  to  verify  this  in  detail.  In  some  respects,  this  seems  to  be  a  paradoxical 
situation.  The  transmitted  fields  are  certainly  dififerent  from  zero,  so  that  the  average 
energy  densities  (m^)  and  <w^>  are  different  from  zero,  and  it  seems  strange  that  there 
can  be  energy  in  the  second  medium,  when  none  can  be  transmitted  into  it.  Our 
discussion  of  this  case  has  actually  been  restricted  to  the  steady-state  in  which  all  of  the 
waves  do  not  change  their  character  with  time  so  that  quantities  like  R  and  T  are 
constants.  If  we  imagine  how  this  system  was  started,  say,  by  turning  on  a  beam,  then 
the  initial  transient  behavior  must  have  been  different  from  the  final  steady  state  to 
which  the  system  eventually  settles  down.  It  is  these  beginning  processes  that  we  must 
regard  as  the  source  of  the  original  energy  transmitted  into  the  second  medium,  and  we 
are  not  in  a  position  to  try  to  consider  this  in  detail. 
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An  important  situation  arises  when  a  wave  in  a  dielectric  is  incident  upon  a  conducting 
medium  such  as  a  metal.  We  know  from  Section  24-3  that  the  transmitted  wave  will  be 
attenuated  because  of  resistive  heat  losses,  but  we  do  not  yet  know  how  much  of  the 
incident  energy  will  enter  the  conductor. 

It  will  be  sufficient  for  our  purposes  to  consider  only  normal  incidence;  in  this  case, 
we  do  not  need  to  distinguish  between  incident  fields  parallel  to  or  perpendicular  to  the 
plane  of  incidence.  Again,  let  us  choose  a  specific  coordinate  system  like  that  of  Figure 
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25-15  for  which  the  xy  plane  coincides  with  the  surface  of  separation.  We  assume  that 
all  electric  fields  are  along  the  x  axis  and  thus  are  led  to  Figure  25-17.  The  unit 
propagation  vectors  are  seen  to  be 

k,=  -k,=  k,  =  2  (25-76) 

and  the  electric  fields  will  thus  have  the  form 


where 


E,.  =  xEo, E,  = 
E,  = 


(25-77) 


=  -  k2=‘a2  +  iPj  =  -  (25-78) 

c  c 

by  (25-4),  (24-38),  and  (24-57);  aj  Pi  found  for  the  second  medium  from 

(24-42)  and  (24-43)  or  (24-45)  and  (24-46).  The  magnetic  fields  can  be  found  from  the 
general  relation  H  =  {k/iio))k  X  E  given  by  (24-93),  and,  with  the  use  of  (25-76),  we 
find  that 


(25-79) 


The  boundary  conditions  giving  the  equality  of  the  tangential  components  of  E  and 
H  hold  for  z  =  0  and  all  t.  When  the  common  factor  is  canceled  from  both  sides 
of  the  result  obtained  by  using  (25-77)  and  (25-79),  we  are  led  to  the  two  equations 

k  k 

£o,  +  £or  =  ^0,  —  ( £o,  -  -^0.)  =  — (25-80) 

JU<|C0  1X2^ 

which,  when  solved  for  the  two  ratios,  lead  to 

^Or  1  -  (Mi/M2)(^2/^i)  1  -  (/^l/M2)(c/«lt^)(a2  + 

Ew  1  +  (Mi//i2)(^2/^i)  1  +  (Mi//‘2)(c/ni‘j)(«2  +  ‘M 

Eol  _  2  ^  2 

Eoi  1  +  (f‘l/M2)(*2Al)  1  +  (/'lA2)(c/«lW)(«2  +  iPl) 

Since  both  of  these  ratios  are  complex,  the  reflected  and  transmitted  electric  fields  each 
have  their  phase  shifted  with  respect  to  the  incident  field. 


/ 

_ ^ _ 

> 

t 

_ _ 

> 

/^2-  ^2-  ^2 

_ •w 

0 

Figure  25-17.  Coordinate  system  used  in  discussing  reflection  at  the 
surface  of  a  conductor. 
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These  can  be  written  in  an  interesting  manner  by  introducing  the  complex  index  of 
refraction  N2  by  means  of  (25-78)  and  we  find  that 


'Or 


'0i 


+  (^i/M2)^2 


'0/ 


'0/ 


«1  + 


(25-83) 


which  are  exactly  of  the  form  previously  found  in  (25-37)  and  thus  shows  us  how  the 
complex  index  of  refraction  can  really  be  used  in  a  physically  significant  way.  These 
ratios  are  often  found  written  in  terms  of  the  real  indices  of  refraction  by  writing 
^2  =  «2  +  as  in  (24-57),  so  that  we  get 


£0,  _  [^1  -  (f^l/ia2)«2]  - 
Eoi  [«1  +  (Mi/M2)'^2]  + 


(25-84) 


^  ^  _ 

^0/  [«1  +  (Mi/M2)«2]  + 


(25-85) 


In  many  cases  of  interest,  these  can  be  further  approximated  by  taking  Mi  =  ^^2* 

The  reflection  coefficient  for  power  can  now  be  found  from  (25-67)  and  (25-84)  and 
is 


[^1  -  (Mi/M2)»2]^  +  (Ml/M2)^(*^fe/^)^ 
[«1  +  (Mi/M2)«2]^  +  (Mi/M2)\c/^2/‘*J)^ 


(25-86) 


As  a  special  case,  we  see  that  as  ^^2  ^  This  limiting  behavior  tells  us  that 

waves  that  are  very  strongly  absorbed  are  very  strongly  reflected.  An  excellent  example 
of  this  behavior  is  provided  by  the  optical  properties  of  gold.  This  metal  appears 
yellowish  by  reflection  so  that  if  a  sufficiently  thin  sheet  is  illuminated  by  white  light, 
the  yellow  to  red  portions  will  be  practically  all  absorbed.  As  a  result,  the  transmitted 
light  will  contain  only  the  green  to  blue  portions  of  the  spectrum,  so  that  the  same  sheet 
will  appear  greenish  when  viewed  by  transmission.  A  similar  effect  can  be  observed  for 
copper. 

All  of  our  results  so  far  in  this  section  are  exact,  but  it  is  useful  to  approximate  R  for 
an  important  limiting  case. 


Example 

**Good  conductors/'  (Le.y  metals).  We  found  in  (24-75)  that  «2  “  ^2  "  (i^2^2^)  ^  » 

and  therefore  «2  =  —  ^(^2^2/^^)^^^  “  ^  ~ 

^  ^  g  ^  1  for  a  good  conductor.  Therefore,  we  can  write 


^  [«1  -  (Mi/M2)^2]^  +  (Mi/M2)^^2  ^  1  +  [1  -  (M2^l/f^l»2)]  ^25-87) 

[«1  +  (Mi/M2)'^21^  +  (f^l/i^2)^”2  1  +  [l  +  (M2'^i/Mi'^2)] 

Since  »  1  for  a  typical  dielectric,  and  if  /i 2/1^1  is  also  of  order  unity,  we  can  take 

/A2/I1/M1W2  =  X  1  and  expand  (25-87)  in  a  power  series  in  x;  keeping  only  the  first 

nonvanishing  term  in  x,  we  get  A  =  [1  +  (1  —  x)^]/[l  +  (1  +  x)^]  ===  (2  -  2x)/(2  + 
2x)  =  (1  -  x)/(l  -6  x)  =  (1  -  x)(l  -  x)  ==  1  -  2x,  so  that  for  a  good  conductor 


R^l- 


2m2«: 


=  1-2 


/C„iK 


1/2 


1/2 


(25-88) 


Mi«2  \  «ml  /  \  ^2  / 


where  we  also  used  (24-14)  to  simplify  the  result.  This  mildly  complicated  expression 
has  the  general  form  that  R  =  I  -  (small  quantity)  so  that  R  will  be  close  to  unity  for 
good  conductors.  Thus,  essentially  all  of  the  energy  will  be  reflected  as  is  commonly 
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observed  to  be  the  case  for  metals.  What  little  energy  does  flow  into  the  good  conductor 
is  quickly  dissipated  by  the  heat  loss  associated  with  the  induced  currents.  ■ 


One  can  find  results  for  an  arbitrary  angle  of  incidence  on  a  conducting  medium  in  a 
manner  similar  to  that  we  used  for  normal  incidence.  They  turn  out  to  be  considerably 
more  complicated,  but  for  a  good  conductor  one  finds  that  the  transmitted  wave  travels 
nearly  normal  to  the  bounding  surface.  In  the  limit  o  ^  oo,  its  direction  of  travel  is 
normal  to  the  surface  so  that  the  effect  is  the  same  as  if  it  arose  from  normal  incidence. 


25-7  CONTINUOUSLY  VARYING  INDEX  OF  REFRACTION 


The  two  media  that  we  have  discussed  were  both  assumed  to  be  uniform  so  that  their 
properties  are  independent  of  position.  There  are  other  possibilities  that  can  occur.  For 
example,  the  incident  wave  may  be  incident  on  a  system  composed  of  a  series  of 
parallel  slabs,  each  slab  with  its  own  properties.  Then  one  would  have  to  satisfy  the 
boundary  conditions  at  each  interface;  a  typical  example  of  this  will  be  illustrated  by 
an  exercise.  Another  possibility  is  that  the  second  medium  may  have  an  index  of 
refraction  that  varies  continuously  with  position,  and  we  want  to  look  into  a  few  of  the 
consequences  very  briefly. 

As  a  specific  example,  consider  the  case  of  a  plasma  for  which  the  index  of  refraction 
can  be  found  from  (24-140),  (24-139),  and  (24-13)  to  be 


np 


n^e 


W€nC0 


(25-89) 


where  we  have  now  written  the  number  density  of  electrons  as  n^.  We  see  that  when  we 
have  true  propagation  (w  >  (Cp),  then  np  <  1.  Now  suppose  that  is  not  a  constant 
but  varies  with  position;  then  Hp  will  also  be  a  function  of  position. 

The  ionosphere  provides  an  example  of  this  situation.  The  ionosphere  is  a  portion  of 
the  earth’s  atmosphere  where  the  air  molecules  have  been  ionized  by  radiation  from  the 
sun.  Generally  speaking,  the  density  of  electrons  increases  with  height  so  that  np 
decreases  with  height.  The  ionosphere  is  not  a  stable  feature  of  the  earth’s  atmosphere 
in  the  sense  that  its  thickness,  amount  of  ionization,  and  location  of  its  lower  boundary 
can  vary  considerably  with  time,  often  within  a  matter  of  hours.  Consequently,  we 
consider  only  a  simplified  situation,  which,  however,  is  sufficient  to  illustrate  the 
principal  effects. 

Let  us  assume  that  there  is  a  definite  boundary  between  the  plasma  and  an 
unionized  medium;  again  we  choose  the  bounding  surface  as  the  xy  plane  with  the  z 
axis  upward  as  shown  in  Figure  25-18.  (The  reflected  wave  is  not  shown.)  We  assume 
that  increases  with  increasing  z  >  0,  thus  making  np  decrease  with  z  while 
remaining  less  than  unity.  A  wave  of  direction  k,  is  traveling  in  the  air  of  index  and 
is  incident  on  the  boundary  with  an  angle  of  incidence  0^.  Now  Snell’s  law  (25-18)  says, 
in  essence,  that  if  we  follow  the  transmitted  wave,  then  the  quantity  nsinO  =  const., 
that  is,  it  is  “conserved.”  Therefore,  if  Op(z)  is  the  angle  made  with  the  z  axis  by  the 
transmitted  wave  at  a  distance  z  into  the  plasma,  we  will  have 


sin^^  =  np{z)  sin6p{z)  =  const. 


(25-90) 


Since  >  1  >  np{z),  and  np  is  decreasing,  we  see  from  this  equation  that  Op(z) 
increases  with  distance  of  penetration.  In  other  words,  the  direction  of  is  turning 
continuously  toward  the  horizontal,  and  the  transmitted  wave  follows  the  curved  path 
shown.  Eventually,  it  will  attain  a  maximum  height  z^  where  is  horizontal,  and  then 


25-8  RADIATION  PRESSURE  425 


Figure  25-18.  Propagation  of  a  wave  in  the  ionosphere. 


it  will  turn  back  and  follow  the  symmetrical  path  shown,  finally  returning  to  the  air  at 
the  same  angle  6^  and  thence  back  to  earth.  (In  radio  transmission,  the  distance 
between  the  point  of  origin  and  return  is  called  the  “skip  distance, and  it  can  be  many 
hundreds  of  kilometers.)  In  effect,  the  incident  wave  has  been  “reflected”  from  the 
plasma. 

At  the  distance  =  90°  so  that  (25-90)  becomes  sin  =  np(z^). 

Combining  this  with  (25-89),  we  find  that 

which  can  be  used  to  evaluate  at  this  particular  value  of  z^. 
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In  Section  21-5,  we  saw  that  one  can  associate  momentum  with  an  electromagnetic  field 
in  a  vacuum,  and  the  momentum  density  as  given  by  (21-75)  is  g  =  {x^^qS.  l(  we  now 
want  to  apply  this  to  plane  waves,  we  will  as  usual  be  interested  primarily  in  the  time 
average  of  this  quantity,  which  will  be 


(g>  =  ^ofo(S>  =  -J- 


<S> 

2 


(25-92) 


We  know  from  the  example  of  Section  24-6  that  for  a  plane  wave  <S)  is  different  from 
zero  and  is  in  the  direction  of  propagation;  therefore  <g)  will  also  be  different  from 
zero  and  in  the  direction  of  propagation. 

For  situations  involving  reflection,  the  incident  wave  will  be  bringing  momentum  up 
to  the  bounding  surface  at  a  certain  rate,  while  the  reflected  wave  will  be  carrying  it 
away  at  another  rate.  As  a  result,  the  momentum  of  the  electromagnetic  field  in 
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medium  1  will  be  changed,  and  we  know  from  mechanics  that  this  means  that  medium 
2  has  “exerted”  a  force  on  it.  But  by  Newton’s  third  law,  the  force  on  medium  2  will  be 
equal  and  opposite  to  this;  hence  we  conclude  that  an  incident  electromagnetic  field 
exerts  a  force  on  the  medium  from  which  it  is  being  reflected.  This  effect  generally  goes 
under  the  name  of  radiation  pressure  and  we  can  easily  calculate  it  from  results  we  have 
already  obtained.  (This  origin  of  radiation  pressure  is  strongly  reminiscent  of  that  of 
the  pressure  exerted  by  a  gas  on  the  confining  walls  of  its  container  in  the  kinetic  theory 
of  gases,  and  our  calculation  here  will  be  recognized  as  very  much  like  that  used  in 
kinetic  theory.) 

As  shown  in  Figure  25-19*3,  let  us  consider  the  incident  fields  contained  in  an 
oblique  cylinder  of  cross-sectional  area  and  sides  c^t  where  A?  is  a  small  time 
interval.  The  volume  of  the  cylinder  is  At  =  c  Ar  A^  cos  6^.  In  this  time  interval,  all  of 
the  momentum  carried  by  the  fields  that  is  within  this  volume  will  be  incident  on  the 
bounding  surface.  Since  the  normal  component  of  momentum  is  of  interest  for  finding 
the  normal  force,  we  see  that,  in  the  time  interval,  the  initial  normal  momentum  as 
found  by  using  (25-92)  is 


G,„=<g,>-nAT  = 


(S,>  •  n  Ar  A^cos^, 

c 


(25-93) 


In  Figure  25-19^),  we  have  a  similar  picture  for  the  reflected  radiation,  and  since  the 
distance  of  travel  cAt  is  the  same,  the  momentum  of  the  fields  in  this  volume  is  that 
associated  with  the  same  incident  fields.  Thus,  the  final  normal  momentum  of  the  fields 
in  medium  1  is 


(S.)  •  n  A/  A/4  cos  6: 

^ ^  (25-94) 

which  is  a  negative  quantity,  since  the  angle  between  (S,.)  and  n  is  greater  than  90°. 
The  change  in  the  normal  momentum  of  the  fields  in  medium  1  then  is  AGi„  =  Gy„  - 
Gy„  =  (Af  A^  cos  ^yc)[(S^)  •  n  —  (S,)  •  n]  which,  if  we  explicitly  take  the  signs  into 
account,  becomes 

At  Avl  cos  6. 

AGi„  = - ^ - [|<S,)  -111  +  |<S,)  •  n|]  (25-95) 

If  we  let  be  the  average  force  on  the  fields  in  medium  1,  and  be  the  force  on 
medium  2,  then  F2  =  Furthermore,  from  mechanics,  the  change  in  normal 

momentum  during  the  time  interval  Ar  is  AGi„  =  F^^  •  n  A/  =  -F2  •  n  Af  =  -F2„  Af, 


W  (b) 

Figure  25-19.  Calculation  of  radiation  pressure,  (a)  Incident  wave. 
(b)  Reflected  wave. 
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and  therefore 

A^COS^: 

F,„  =  - ^[|(S,>  •  n|  +  |<S,)  •  n|]  (25-96) 

c 

This  is  a  positive  quantity  and  therefore  is  a  force  on  medium  2,  that  is,  in  the  direction 
of  h.  Since  this  is  proportional  to  the  area  A^,  we  can  define  a  pressure  PiO^)  as 
F2„/^A  and  we  get 

cos  Bi 

P{6.)=  - ^[l(S.)-fl|  +  |<S,)-fl|] 

C 


(1  +  R)co&  6^ 
c 


|(Sj)  ■  n|  =  (1  +  R)cos^Bj 


l<S.>| 


(25-97) 


with  the  use  of  (25-65)  and  (1-15).  This  is  sometimes  more  conveniently  written  in 
terms  of  the  average  energy  density  since  |(S,)|  =  (w,)c  by  (24-111)  for  an  incident 
wave  in  a  vacuum;  thus  (25-97)  becomes 


P{6i)  =  (1  +  R)cos^e^(ui) 


(25-98) 


The  maximum  value  of  P  corresponds  to  6^  =  0  and  R  =  I,  that  is,  normal 
incidence  on  a  perfect  conductor  (a  ->  co),  and  we  see  that 


I(S,>| 


2(«,) 


(25-99) 


On  the  other  hand,  consider  a  complete  absorber  of  radiation  for  which  R  ^  Q;  this  is 
not  a  conductor,  but  rather  an  idealized  perfectly  “black”  object.  Then,  at  normal 
incidence,  Pelade  =  l<S/)IA  =  <»/)  =  i^n,ax- 

The  numerical  values  of  the  radiation  pressure  are  really  quite  small  for  the  usual 
situations  encountered.  For  example,  the  value  of  the  incident  solar  radiation  at  the 
earth,  as  quoted  in  Exercise  24-9,  is  1340  watts/(meter)^.  Inserting  this  into  (25-99),  we 
find  that  the  corresponding  maximum  radiation  pressure  is  8.9  x  10“^  newtons/(me- 
ter)^  =  8.8  X  10“^^  atmospheres.  In  spite  of  its  very  small  value,  the  radiation  pressure 
was  measured  for  light  and  (25-99)  thus  verified  as  early  as  1903;  the  fact  that  comets’ 
tails  always  point  away  from  the  sun  was  once  ascribed  completely  to  the  pressure  of 
the  solar  radiation,  but  it  is  now  thought  to  make  only  a  partial  contribution  to  this 
effect. 


EXERCISES 

25-1  Show  that  using  the  facts  that  the  normal 
components  of  D  and  B  are  continuous  gives  no 
new  information  for  the  case  in  which  E  is  per¬ 
pendicular  to  the  plane  of  incidence.  Repeat  when 
E  is  parallel  to  the  plane  of  incidence. 

25-2  Find  the  expressions  analogous  to  (25-29), 
(25-30),  (25-45),  and  (25-46)  for  the  ratios  H^/Hj 
and  HJH,. 

25-3  Show  for  the  case  >  «2  fhal  the  polariz¬ 
ing  angle  is  less  than  the  critical  angle. 


25-4  The  expression  tan  6*^  =  ^2/'^! 
polarizing  angle  found  in  (25-52)  involved  the 
assumption  that  (ii  =  ^i2-  Consider  the  general 
case  in  which  media  1  and  2  are  nonconductors 
but  otherwise  have  arbitrary  properties,  (a)  Show 
that  =  0  when  6^  is  such  that  tan^  0,  = 

nl{fx]nl  -  M2"?)[M2«i(«2  “  «i)]“^-(b)  Find  the 
corresponding  expression  for  tan^  in  order  that 
(E^/E^)^  =  0.  (c)  Now  assume  that  medium  1  is 
a  vacuum  and  show  that  a  polarizing  angle  is 
possible  for  the  parallel  case  only  when  k^2  ^ 
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(d)  Find  the  corresponding  requirement  for  the 
perpendicular  case  when  medium  1  is  a  vacuum. 

25-5  Find  the  ratios  {E,/E^)  ^  and  (£,/£',)||  for 
the  case  of  total  reflection  and  express  them  in 
terms  of  the  angle  of  incidence.  Show  that  each 
can  be  written  in  the  general  form  and 

find  the  ratio  (tan  (p,  ^^/tan  (p,||).  If  ±e  incident 
wave  is  linearly  polarized,  what  kind  of  polariza¬ 
tion  will  the  transmitted  electric  field  have  in 
general? 

25-6  Evaluate  (S,)  for  the  case  of  total  reflec¬ 
tion  and  then  show  that  (S,)  •  n  =  0  as  required 
for  T  to  be  zero. 

25-7  (a)  For  the  case  of  total  reflection,  show 
that 


surface  separating  two  media.  (This  is  not  a  plane 
wave  but,  if  the  wavelength  is  very  small  com¬ 
pared  to  both  a  and  b,  it  can  be  a  good  ap¬ 
proximation  to  ascribe  plane  wave  properties  to 
it.)  (a)  What  are  the  dimensions  of  the  trans¬ 
mitted  beam?  (b)  What  is  the  total  incident  power 
in  terms  of  (S^)?  the  transmitted  power  P,  in 
terms  of  (S,)?  (c)  If  we  define  a  transmission 
coefficient  T'  =  Pt/P,,  how  does  this  one  com¬ 
pare  with  the  definition  of  T  used  in  the  text? 

25-10  Show  that  for  a  good  conductor,  Eor/Eoi 
=  -1[1  -  2w(/1j/;Ii)(S2/Xi)(1  -  01  where  Sj  is 
the  skin  depth  in  the  conductor  and  is  the 
wavelength  in  the  incident  medium.  For  the 
remainder  of  this  exercise,  assume  a  perfect  con- 


tan((jP||  -  (pj^) 


(fljni/fliMjf  -  1 

cos 

sin^S,  -  1 

1/2 

(f'l/nif  ■ 

- 1 

sin^  01 

(b)  An  incident  wave  is  traveling  in  a  nonmag¬ 
netic  medium  of  index  of  refraction  4.5.  The 
second  medium  is  a  nonmagnetic  glass  of  index 
1.5.  The  incident  wave  is  linearly  polarized  such 
that  the  components  of  perpendicular  and 
parallel  to  the  plane  of  incidence  are  equal.  Find 
0^  such  that  the  totally  reflected  wave  is  circularly 
polarized,  (c)  Find  the  minimum  value  of  the 
index  of  refraction  of  the  incident  medium  for 
which  it  is  possible  to  obtain  a  circularly  polarized 
wave  by  one  total  reflection  against  this  glass  and 
find  the  corresponding  angle  of  incidence. 

25-8  Verify  that  the  pairs  (25-29),  (25-30)  and 
(25-45),  (25-46)  lead  to  expressions  for  R  and  T 
that  satisfy  (25-75). 

25-9  In  Figure  25-20,  we  show  a  beam  of  rectan¬ 
gular  cross  section  a  X  b  incident  on  a  plane 


2 

Figure  25-20,  The  incident  beam  of  Exercise 
25-9. 


ductor  (02  oo).  Assume  £o,  to  be  real  for 
simplicity,  and  find  j-eai  ’  physi¬ 

cal  electric  field  in  the  incident  medium  and  show 
that  it  is  a  standing  wave  with  a  node  at  the 
conducting  surface.  Similarly,  show  that  Hj  is 
a  standing  wave  with  an  antinode  at  the  surface. 
Does  real  O**  real  ^OW 

much?  Find  (u^)  and  and  show  that  the 

total  energy  density  (m)  is  independent  of  posi¬ 
tion.  Find  Si  and  show  that  it  too  is  a  standing 
wave  with  a  node  at  the  surface.  Find  (Sj)  and 
interpret  the  result.  Show  that  there  must  be  a 
surface  current  density  and  evaluate  it. 

25-11  Find  the  lowest-order  approximation  to 
the  ratio  Eq,/Eq^  for  a  good  conductor.  If  there  is 
a  phase  difference  between  E,  and  E,-,  evaluate  it, 
and  tell  whether  E,  leads  or  lags  E^  in  time. 

25-12  Show  that  for  a  good  conductor  the  reflec¬ 
tion  coefficient  can  also  be  written  in  the  ap¬ 
proximate  form  R  =  I  -  477(/ii2/Mi)(^2/^i) 
where  82  is  the  skin  depth  in  the  conductor  and 
Xj  is  the  wavelength  in  the  incident  medium. 
25-13  Evaluate  T  for  normal  incidence  on  a 
good  conductor  by  using  the  basic  definition  given 
in  (25-71)  and  show  that  the  result  is  in  agreement 
with  (25-75)  and  the  result  of  the  previous  ex¬ 
ercise. 

25-14  See  Figure  25-21.  A  plane  wave  traveling 
in  a  medium  of  impedance  Zi  is  normally  inci¬ 
dent  at  2  =  0  on  a  second  medium  of  impedance 
Z2.  The  second  medium  has  thickness  L  and 
behind  it  is  another  medium  of  impedance  Z3, 
which  occupies  the  rest  of  space,  (a)  Show  that 
the  ratio  of  Ihe  reflected  and  incident  electric  field 
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Figure  25-21.  The  waves  and  media  of  Exercise  25-14. 

amplitudes  in  the  incident  medium  is  given  by  earth  is  5.98  X  10^^  kilograms,  its  radius  is  6.37 
—  Zi)  cos  k2L  -  i(Z2  -  Z^Z^)  sin  ^2-^ 

^o,  Zji^Z^  +  Zj )  cos  k2L  —  i{Zl  +  Zj Z3 )  sin  kj L 


(You  will  need  the  five  resultant  waves  indicated, 
that  is,  the  situation  is  in  its  final  steady  slate. 
Remember:  the  boundary  conditions  must  be 
satisfied  at  both  boundaries  simultaneously.)  (b) 
Show  that  if  Z^  Z3,  the  reflected  wave  will  be 
zero  when  L  equals  an  odd  multiple  of  a  quarter 
wavelength  in  medium  2  and  Z2  =  (Z2Z3)^/^.  (c) 
Find  the  corresponding  conditions  for  zero  re¬ 
flected  wave  when  Z^  =  Z3  ^  Z2.  (d)  Light  of 
wavelength  5  X  meters  is  normally  incident 
in  a  vacuum  upon  a  large  slab  of  nonmagnetic 
glass  of  index  of  refraction  1.5.  If  the  glass  is  to 
be  coated  with  a  layer  of  nonmagnetic  material  in 
order  that  the  hght  not  be  reflected,  find  the 
required  index  of  refraction  and  minimum  thick¬ 
ness  of  the  coating. 

25-15  A  curve  that  is  tangent  to  the  direction  of 
it  at  each  point  is  called  a  ray;  thus  Figure  25-18 
shows  such  a  curve,  (a)  If  the  distance  measured 
along  the  ray  is  s,  show  that  it  follows  from 
(25-90)  that  dOp/ds  =  -(tm9p/np){dnp/ds)  = 
-  {sin  Op/ n p)(dn p/dz).  (b)  Show  that  this  result 
is  also  consistent  with  the  general  appearance  of 
the  ray  as  shown  in  Figure  25-18.  (c)  Why,  when 
Op  becomes  90°,  doesn’t  the  ray  continue  hori¬ 
zontally,  rather  than  bending  back  down  as 
shown?  (d)  Find  the  dependence  of  « p  on  z  that 
will  result  in  the  path  in  the  plasma  being  an  arc 
of  a  circle  of  radius  a. 

25-16  Assume  that  the  earth  absorbs  all  of  the 
solar  radiation  incident  upon  it,  and  find  the  ratio 
of  the  total  force  due  to  radiation  pressure  to  the 
gravitational  force  of  the  sun.  (The  mass  of  the 


X  10®  meters,  and  the  average  distance  between 
the  earth  and  the  sun  is  1.49  X  10^^  meters.) 

25-17  The  radiation  pressure  on  a  boundary  that 
is  perfectly  reflecting  for  any  angle  of  incidence  6^ 
is  found  from  (25-98)  to  be  P{0^)  =  2cos^ 

Now  suppose  that  one  side  of  the  surface  is 
isotropically  irradiated  by  incident  waves  of  the 
same  frequency  and  equal  values  of  («/).  “Iso¬ 
tropically”  means  that  all  angles  of  incidence  0^ 
occur  and  with  equal  likelihood,  that  is,  the  prob¬ 
ability  that  ky  will  be  in  an  element  of  solid  angle 
t/S?,  is  proportional  to  d^l^  Find  the  total  radia¬ 
tion  pressure  on  the  surface  and  express  it  in 
terms  of  the  total  energy  density  {M)tot 
surface,  that  is,  (w)tot  includes  both  the  incident 
and  reflected  waves. 

25-18  In  our  derivation  of  the  concept  of  radia¬ 
tion  pressure,  we  used  only  very  general  concepts 
of  momentum  and  the  meaning  of  a  change  in 
momentum.  It  is  also  possible  to  approach  this 
from  a  microscopic  point  of  view  by  investigating 
the  forces  exerted  by  the  transmitted  electromag¬ 
netic  field  on  the  charged  particles  within  the 
second  medium.  It  is  difficult  to  carry  this  out 
except  for  special  cases,  but  when  it  is  done  it  is 
concluded  that  radiation  pressure  arises  from  the 
magnetic  force  on  the  charges  moving  under  the 
influence  of  the  electric  field.  A  general  statement 
like  this  should  be  independent  of  the  particular 
model  that  was  used.  Review  our  discussion  of 
electromagnetic  momentum  in  Section  21-5  and 
convince  yourself  that  the  conclusion  quoted 
above  is  essentially  correct. 


26 _ 

FIELDS  IN  BOUNDED 
REGIONS 


In  the  two  preceding  chapters,  we  have  considered  time-dependent  solutions  of 
Maxwell’s  equations  in  the  form  of  plane  waves  of  infinite  extent  so  that  they 
necessarily  exist  in  unbounded  regions.  In  more  realistic  cases,  we  can  expect  there  to 
be  boundaries  (walls)  of  some  sort  about  the  region  in  which  we  wish  to  know  the 
fields.  In  such  situations,  it  is  fairly  clear  that  the  solutions  cannot  generally  be  plane 
waves  with  definite  values  of  the  fields  over  an  infinite  plane  since  the  fields  will  have  to 
satisfy  boundary  conditions  at  the  limits  of  the  region  as  well  as  being  solutions  of 
Maxwell’s  equations. 

As  soon  as  we  start  thinking  about  bounded  regions,  it  is  evident  that  there  can  be 
many  possibilities,  both  in  the  shape  of  the  region  and  in  the  materials  comprising  the 
boundaries.  Accordingly,  it  will  be  desirable  to  restrict  ourselves  to  only  a  few  cases. 
We  assume  that  all  bounding  surfaces  are  surfaces  of  perfect  conductors,  as  this  will 
simplify  the  boundary  conditions  considerably.  (This  assumption  is  analogous  to  that 
used  in  mechanics  in  the  study  of  vibrating  strings  and  membranes,  where  one  assumes 
the  bounding  regions  to  be  perfectly  rigid.)  The  first  problems  we  will  consider  will 
concern  the  possible  transfer  of  electromagnetic  energy  along  a  wave  guide,  that  is,  a 
tube  with  open  ends.  (From  everyday  experience,  we  already  know  that  this  is  possible 
from  the  simple  fact  that  we  can  see  through  long  straight  pipes.)  We  will  also  consider 
a  resonant  cavity,  that  is,  a  box  of  some  shape  enclosed  by  perfectly  conducting  walls. 


26-1  BOUNDARY  CONDITIONS  AT  THE  SURFACE  OF  A  PERFECT  CONDUCTOR 

By  the  term  perfect  conductor,  we  mean  one  for  which  a  ^  oo,  or,  more  precisely,  one 
for  which  the  ratio  Q  =  eui/a  ^  0,  We  have  already  seen  in  the  paragraph  following 
(24-78)  that  g  1  for  common  metals  even  at  very  high  frequencies  so  that  2  =  0 
should  be  a  good  first  approximation  for  metallic  boundaries.  Since  we  will  be 
considering  only  fields  that  vary  harmonically  in  time,  that  is,  are  proportional  to  e 
we  see  from  the  form  of  our  general  superposition  given  by  (24-18)  that  we  can  study 
the  fields  in  the  conductor  by  considering  the  behavior  of  their  plane  wave  components. 
In  Section  25-6,  we  covered  the  case  in  which  the  field  was  normally  incident  on  a 
conducting  surface.  At  the  end  of  that  section,  it  was  pointed  out  that,  in  the  hmit  of 
infinite  conductivity,  the  wave  in  the  conductor  travels  normal  to  the  surface  regardless 
of  the  angle  of  incidence.  Combining  these  results  with  (24-61),  (24-54),  and  (24-84),  we 
see  that  a  component  of  the  superposition  for  the  electric  field  in  the  conductor  will 
have  the  general  form 

E,  =  (26-1) 

where  f  is  the  distance  of  penetration  into  the  conductor  and  8  is  the  skin  depth.  The 
subscript  t  indicates  that  E^  is  parallel  to  the  surface  of  the  conductor  since  it  is 
transverse  to  the  direction  of  propagation  n  of  Figure  25-3.  Thus,  at  the  surface,  E^will 
be  a  tangential  component.  We  found  in  (24-78)  that  8  =  (2/juaio)^^^  for  a  good 
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conductor  so  that  5  0  as  u  oo.  Therefore,  we  see  from  (26-1)  that  ^  0  as 

a  00  for  any  value  of  f  0,  that  is,  the  electric  field  is  zero  at  any  point  in  a  perfect 
conductor.  Since  the  tangential  components  of  E  are  always  continuous,  according  to 
(21-26),  we  see  that  =  0  just  outside  of  the  surface.  In  other  words,  E  has  no 
tangential  component  at  tne  surface  of  a  perfect  conductor  so  that  E  must  be  normal  to 
the  surface. 

The  value  of  B  inside  the  conductor  is  given  by  (24-^92)  to  be  B  =  {k/oi)k  X  E,.  so 
that  B  will  also  be  transverse  and  ~  since  k  =  n  here.  Consequently,  the 

transverse  component  of  B  inside  will  also  vanish  as  ct  ^  oo.  Since  B  has  no  normal 
component,  the  continuity  of  the  normal  components  as  given  by  (21-27)  shows  that 
Bf,orm  =  0  just  outside  the  conductor.  Thus,  at  the  surface  of  a  perfect  conductor  and 
outside  of  it,  B  has  no  normal  component,  that  is,  it  must  be  tangential  to  the  surface. 
Similarly,  all  of  the  components  of  D  and  H  inside  the  conductor  will  be  and 

will  vanish  as  ct  oo . 

Since  these  conclusions  hold  for  each  component  of  the  superposition  of  (24-18),  we 
see  that  all  of  the  field  vectors  will  be  zero  inside  a  perfect  conductor.  This  enables  us 
to  simplify  the  general  boundary  conditions  given  by  (21-25)  through  (21-28).  If  we 
choose  medium  1  to  be  the  conductor  and  medium  2  to  be  the  region  adjacent  to  it,  we 
can  set  D^,  E^,  Bj,  and  all  equal  to  zero,  and,  if  we  drop  the  subscript  2,  the 
boundary  conditions  become 

n-D  =  oy  nxE-0  ii-B  =  0  nxH  =  K^  (26-2) 

where  n  is  the  unit  normal  vector  pointing  outward  from  the  surface  of  the  conductor 
(since  our  convention  requires  that  n  always  be  drawn  from  region  1  to  region  2).  To 
repeat:  at  the  surface  of  a  perfect  conductor,  E  is  normal  to  the  surface  and  B  is 
tangential  to  the  surface.  To  put  it  another  way,  E  has  no  tangential  component  while  B 
has  no  normal  component.  It  is  possible  to  have  a  finite  surface  current  density  K ^  even 
though  E(^g  =  0  since  the  conductivity  is  infinite.  In  fact  it  is  precisely  these  surface 
currents  that  keep  H  from  being  zero  at  the  surface,  even  though  it  is  zero  inside. 
Similarly,  the  surface  charge  density  oy  arises  because  D„orm  can  be  different  from  zero 
at  the  surface  while  it  is  zero  inside  the  conductor. 
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Figure  26-1  shows  a  wave  guide  that  extends  indefinitely  in  the  z  direction  and  of 
arbitrary  and  constant  cross  section  in  the  xy  plane.  We  assume  that  the  bounding 
walls  are  perfect  conductors  and  that  the  interior  is  filled  with  a  l.i.h.  nonconducting 
medium  described  by  ju  and  c.  If  is  any  component  of  E  or  B,  we  know  from  (24-7) 
and  (24-12)  that  it  satisfies  the  equation 


1  d^xp 


(26-3) 


where  =  l/jac  and  v  would  be  the  speed  of  a  plane  wave  in  the  medium.  We  will  try 
to  find  a  solution  of  (26-3)  in  the  form  of  a  wave  traveling  in  the  z  direction,  that  is, 
along  the  axis  of  the  guide,  by  assuming  that  \p  has  the  form 

tp(x,  y,  z,  t)  =  (26-4) 

We  note  that  this  is  not  a  plane  wave  since  the  amplitude  is  not  a  constant  but  can 
vary  across  the  cross  section.  The  quantity  is  the  guide  propagation  constant  and  can 
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Figure  26*1.  A  wave  guide  with  arbitrary  and  constant  cross  section. 


be  written  as 


Itt 


(26-5) 


where  Xg  is  the  guide  wavelength,  that  is,  the  spatial  period  along  the  guide. 

If  we  substitute  (26-4)  into  (26-3)  and  cancel  the  common  exponent,  we  find  that  the 
equation  satisfied  by  the  amplitude  is 


dx^  ^  dy^ 


(26-6) 


where 


(26-7) 

(26-8) 


We  see  from  (24-17)  and  (24-27)  that,  if  were  a  plane  wave  of  circular  frequency  co, 
then  A:o  and  Xq  would  be  the  propagation  constant  and  wavelength  respectively;  for 
this  reason,  Xq  is  often  called  the  free  space  wavelength  when  there  is  a  vacuum  inside 
the  guide.  It  is  often  useful  to  write  in  the  form 
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SO  that  (26-7)  can  also  be  written  as 


1  1  1 


(26-9) 


(26-10) 


It  is  not  enough  that  we  be  able  to  solve  (26-6)  because  the  corresponding 
component  or  components  must  also  satisfy  (26-2).  It  is  not  generally  possible  for  these 
boundary  conditions  to  be  satisfied  simultaneously  for  any  arbitrary  value  of  but 
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only  for  specific  values  of  and  corresponding  definite  values  of  Hence,  even 
before  we  consider  a  specific  problem,  we  can  expect  to  find  that  only  certain  values  of 
k^.  are  allowed  or  are  the  eigenvalues  of  the  system.  What  is  the  physical  significance  of 
these  allowed  values  that  we  are  sure  to  encounter? 

Suppose  we  consider  a  definite  mode  of  the  guide,  that  is,  a  particular  value  of  If 
we  also  assume  a  given  frequency  w,  then  k^  will  be  given  by  (26-7)  as  kg  =  kl  —  k]. 
There  are  two  possibilities  of  interest.  If  k^  >  k^.,  so  that  \q  <  by  (26-10),  then 
>  0  and  k^  will  be  real  and  we  will  have  wave  propagation  along  the  guide.  On  the 
other  hand,  if  kQ  <  k^,  and  hence  Xq  >  X^,  then  <  0  and  kg  will  be  a  pure 
imaginary  which  we  can  write  as  kg  =  i\k  \.  Substituting  this  into  (26-4),  we  find  that 
will  have  the  form  which  is  not  a  wave  but  rather  a  harmonically 

oscillating  “disturbance”  whose  amplitude  is  steadily  decreasing  as  we  go  along  the 
guide  in  the  sense  of  increasing  z.  Therefore,  we  have  found  for  a  wave  guide  that  we 
will  get  wave  propagation  only  if  Aq  >  or  Xq  <  X^.  For  this  reason,  X^.  is  called  the 
cutoff  wavelength  for  this  particular  mode. 

We  can  also  state  this  result  in  terms  of  a  cutoff  frequency  to^  defined  by 

k=—  (26-11) 

V 

so  that  (26-7)  can  also  be  written  as 

=  4  (26-12) 

Then  wave  propagation  is  possible  only  if  to  >  to^,  that  is,  if  the  applied  frequency  is 
greater  than  the  cutoff  frequency.  Thus,  a  wave  guide  will  also  act  as  a  high-pass  filter 
in  the  same  sense  that  we  found  for  a  plasma  following  (24-139).  In  fact,  we  see  on 
comparing  (26-12)  with  (24-137)  that  the  dispersion  relation  for  a  wave  guide  is 
identical  in  form  with  that  of  a  plasma  and  with  the  cutoff  frequency  for  a  definite 
mode  corresponding  to  the  plasma  frequency  oip. 


26-3  FIELDS  IN  A  WAVE  GUIDE 

In  order  to  continue,  we  must  use  Maxwell’s  equations.  We  assume  that  there  are  no 
free  charges  or  currents  within  the  guide  so  that  (21-48)  through  (21-51)  become 

V‘E  =  0  V-H  =  0 

du  OE  (26-13) 

VXE=-ja—  VXH  =  c  — 
ot  at 

Since  each  component  of  E  and  H  is  assumed  to  have  the  general  form  of  (26-4),  we 
will  have 

E  =  S'ix,  (26-14) 

H  =  (26-15) 

so  that,  if  is  any  component  of  E,  we  will  have  dEffdz  =  ikgE^  and  dEffdt  = 
—  icoE^,  with  similar  expressions  for  the  components  of  H.  It  is  important  to  remember 

that,  although  the  amplitudes  S’  and  depend  only  on  x  and  y,  we  are  not  assuming 

the  fields  to  be  transverse,  that  is,  to  have  no  z  component.  In  other  words,  S  has  the 
general  form 

S{x,  y)  =  S^{x,  y)x  +  Sy{x,  y)y  +  S^{x,  y)z  (26-16) 

where  the  separate  components  and  can  depend  on  x  and  y  in  different 

ways. 
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Substituting  (26-14)  and  (26-15)  into  (26-13),  and  canceling  the  common  exponential 
factor,  we  obtain  the  eight  scalar  equations: 


dx  dy 
+ 


+  —  0 


dx 


a<r 

—  -  ik/^  = 

dS, 


dx 

diy  di^ 
dx  dy 


-/C0€. 

dje^ 

-/.e, 

5^,  d3^^ 


dx 


dy 


=  —  iCOC^, 


(26-17) 

(26-18) 

(26-19) 

(26-20) 

(26-21) 

(26-22) 

(26-23) 

(26-24) 


Solving  for  by  eliminating  J^y  between  (26-20)  and  (26-22),  and  using  (26-7)  and 
(26-8),  we  find  that 


i=-^\k 


di,  dj^. 


Similarly,  we  find  from  (26-19)  and  (26-23)  that 


k'^  , 

'^c  \ 


dS,  dJ^, 

‘•7^  "  "'‘17 


and  that 


kl  \ 


j^2 


di^  d3^, 

di,  83^^ 


(26-25) 

(26-26) 

(26-27) 

(26-28) 


also  follow  from  the  pairs  (26-19)-(26-23)  and  (26-20)-(26-22),  respectively.  These 
results  show  that  all  four  of  the  transverse  components  of  ^  and  are  independent  of 
each  other  and  can  be  found  from  the  derivatives  of  the  two  longitudinal  components; 
this  should  simplify  our  work. 

However,  in  obtaining  (26-25)  through  (26-28),  we  used  only  four  of  the  eight 
Maxwell  equations.  If  we  substitute  (26-25)  and  (26-26)  into  (26-17),  we  find  that  it  will 
be  satisfied  provided  that 

77  "77"*-^'"  (2«9) 

which  must  be  the  case  as  we  already  know  from  (26-6).  This  same  result  is  easily  seen 
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to  follow  from  (26-24).  Similarly,  (26-18)  and  (26-21)  will  be  satisfied  if 


dx^ 


+  =  0 


(26-30) 


which  again  agrees  with  (26-6). 

Since  each  of  the  expressions  (26-25)  through  (26-28)  has  the  form  of  a  sum,  it  is 
possible  to  regard  the  general  transverse  components  as  a  superposition  of  two 
independent  waves,  one  corresponding  to  #  0  and  =  0,  and  the  other  to  =  0 

and  ^  #  0.  Accordingly,  it  is  convenient  to  separate  the  solutions  into  these  two 
groups  and  consider  them  separately.  If  =  0,  then  S  lies  entirely  in  the  xy  plane  and 
is  perpendicular  to  the  direction  of  propagation.  Such  a  wave  is  called  a  transverse 
electric  or  TE  mode.  Similarly,  the  case  ^  =  0  corresponds  to  a  transverse  magnetic  or 
TM  mode,  (If  both  and  3^^  are  zero,  the  corresponding  mode  is  called  transverse 
electromagnetic  or  TEM;  this  case  requires  a  separate  treatment  that  we  defer  to  a  later 
section.) 

We  can  usefully  summarize  our  results  in  the  form  of  a  step-by-step  procedure  for 
solving  wave-guide  problems. 

For  a  TE  mode:  (1)  set  =  0  and  find  as  the  general  solution  of  (26-30)  or  its 
equivalent  when  written  in  another  appropriate  coordinate  system  such  as  cylindrical 
coordinates;  (2)  substitute  this  expression  for  3^^  into  (26-25)  through  (26-28)  to  find 
the  transverse  components  of  the  amplitudes;  (3)  substitute  these  results  into  (26-14) 
and  (26-15)  to  find  the  fields  E  and  H;  (4)  make  sure  the  expressions  for  E  and  H  (or 
equivalently  S'  and  Jf")  satisfy  the  two  boundary  conditions  of  (26-2)  that  E^^ng  =  ^ 
and  ^  tangential  component  is  already  zero  for  this  case); 

(5)  take  the  real  parts  of  the  resulting  expressions  for  E  and  H  if  it  is  desired  to  have  the 
physical  fields;  and  (6),  the  surface  charge  density  and  surface  current  density  can  now 
be  found,  if  wanted,  from  the  remaining  boundary  conditions  n  •  D  =  and  n  X  H  = 
Ky^  where  they  are  of  course  evaluated  on  the  bounding  surface.  [As  we  will  see,  it  is 
sometimes  more  convenient  to  do  step  (4)  before  (2).] 

For  a  TM  mode,  the  same  basic  procedure  is  followed  with  ^  =  0  and  found 
from  (26-29).  In  this  case,  is  generally  different  from  zero  within  the  guide,  but  since 
it  is  a  tangential  component  at  the  surface,  it  must  be  made  to  vanish  there. 

When  these  procedures  are  carried  out,  the  fields  obtained  will  automatically  satisfy 
Maxwell’s  equations  since  they  are  used  to  obtain  the  basic  results.  Furthermore,  the 
eigenvalues  which  characterize  the  various  modes,  will  also  be  obtained  during  the 
process  for  the  following  reasons.  When  the  general  solution  of  (26-29)  or  (26-30)  is 
obtained,  it  will  involve  constants  of  integration.  It  will  then  be  found  that  the 
boundary  conditions  can  be  satisfied  only  for  certain  values  of  some  of  these  constants, 
and  they  in  turn  will  determine  the  allowed  values  of  (As  we  will  see  in  detail 
shortly,  the  ways  in  which  the  k^  are  found  are  strongly  reminiscent  of  what  occurred 
when  we  solved  Laplace’s  equation  in  Section  11-4.) 

It  will  be  left  as  exercises  to  show  that  the  results  of  this  section  can  be  written  in  an 
even  more  compact  and  elegant  form  before  it  is  necessary  to  specify  the  shape  of  the 
cross  section  of  the  guide.  For  our  purposes,  however,  it  is  desirable  to  proceed  at  once 
to  the  consideration  of  a  specific  and  important  example. 


26-4  RECTANGULAR  GUIDE 

This  guide  has  a  rectangular  cross  section  of  sides  a  and  b,  which  we  take  to  be  located 
in  the  xy  plane  as  shown  in  Figure  26-2.  We  see  from  (26-29)  and  (26-30)  that  for  either 
type  of  mode  we  have  to  solve  an  equation  of  the  form  of  (26-6).  We  use  separation  of 
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variables  and  write  y)  =  ihen  the  same  arguments  as  used  in  Section 

11-4  lead  us  to  the  separated  equations 

1  d^X  1  d^Y 

so  that  (d^X/dx^)  +  klX  =  0  and  (d^Y/dy'^)  +  klY  =  0  where 

kl  +  kl  =  kl  (26-32) 

and  k\  \s  also  a  constant.  Solving  these  in  terms  of  trigonometric  functions,  we  find 
that 

y)  =  (Q  sin  k^x  +  Cjcos  k^x^C^  sin  ^2^  +  C4COS  k2y)  (26-33) 

where  the  C ’s  are  constants  of  integration.  This  expression  for  \pQ  contains  a  total  of 
six  constants,  and,  depending  on  the  mode  of  interest,  we  identify  (26-33)  with  either 
Jif,  or  . 

■  Example 

TE  modes.  Here  we  set  <^2  =  0  and  write 

=  (Q  sin  k-^x  +  C2Cos/:ix)(C3  sin  k^y  +  Qcos  kjy)  (26-34) 

Since  is  a  tangential  component,  it  need  not  vanish  at  the  boundary  so  we  will  not 
learn  much  from  (26-34)  by  itself.  On  the  other  hand,  and  will  be  tangential 
components  at  appropriate  parts  of  the  boundary  and  must  vanish  there,  so  it  will  be 
useful  to  find  them  next.  (Of  course,  and  ^  would  be  normal  components  at 
parts  of  the  boundary  and  must  vanish  there,  so  that  we  could  deal  with  them  instead. 
As  we  will  see,  however,  we  will  end  up  with  the  same  results.) 

With  =  0,  we  find  that  when  (26-34)  is  substituted  into  (26-25)  and  (26-26)  we 
obtain 

icoja^2 

^  ,2  C2COS  k^x){C^cos  k2y  -  C4sin  k2y)  (26-35) 

io)^ki 

<^y= - 7^(Ci  COS  -  C2  sin  A:4x)(C3  sin  A:2y  +  C4COS /:2T)  (26-36) 

We  see  from  Figure  26-2  that  will  be  a  tangential  component  and  must  therefore 

vanish  at  y  =  0  and  y  ^  b.  Similarly,  must  be  zero  at  x  =  0  and  x  ^  a.  Evaluating 
for  the  zero  values  of  x  and  y  first,  we  get 

iiojxk  2^2 

=  0  =  — — (Q  sin  k^x  +  Cjcos  k^x)  (26-37) 

^c 

/co/a/ciCi 

3^)  0  = - 72 — (C3  sin /c2>' +  Qcos /c2y)  (26-38) 

K 
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SO  that  we  must  have  C3  =  0  and  Q  =  0.  Therefore,  at  this  stage,  (26-34),  (26-35),  and 
(26-36)  have  simplified  to 

^  =  C2C4  cos  k^x  cos  k2y  (26-39) 


?WjU/C2 

- —  C2C4  cos  k^x  sin  ^3^ 


k 


C2C4  sin  k^x  cos  ^3^ 


(26-40) 

(26-41) 


We  still  have  boundary  conditions  to  satisfy  at  the  two  remaining  faces.  We  see  from 
(26-40)  that  the  requirement  ^^{x^  b)  =  0  leads  to  sin  ^2^  =  0  so  that  /c2^  ^  where 
n  is  an  integer.  Similarly,  y)  =  0  gives  the  condition  that  k^a  =  m^r  with  m  an 
integer.  Thus  we  have  found  that 


rriTT  fiTT 


(26-42) 


so  that  (26-32)  shows  that  the  allowed  values  of  k^  are 


(26-43) 


The  cutoff  wavelengths  and  frequencies  can  now  be  found  by  using  (26-43)  in  (26-9) 
and  (26-11).  The  corresponding  guide  propagation  constants  and  wavelengths  can  be 
found  from  (26-7)  and  (26-5): 


The  only  quantity  left  undetermined  is  the  arbitrary  amplitude  C2C4  of  3^^.  If  we  set 
C2C4  =  //q,  then  we  can  use  (26-42)  to  write  (26-39)  through  (26-41)  more  explicitly. 
Furthermore,  we  can  use  (26-39)  in  (26-27)  and  (26-28)  to  find  the  remaining  ampli¬ 
tudes.  When  all  this  is  done,  we  find  that  the  amplitudes  of  a  general  TE  mode  in  a 
rectangular  guide  become 


nir 

~b 


//flCOS 


mmx 


a 


sin 


(26-45) 


(26-46) 

(26-47) 

(26-48) 

(26-49) 

(26-50) 


where  k^  and  k^  are  found  from  (26-43)  and  (26-44). 

As  a  check  on  our  results,  we  see  from  Figure  26-2  that  will  be  a  normal 
component  at  x  =  0  and  x  =  a  and  should  vanish  there;  we  see  from  (26-48)  that  this 
is  indeed  the  case.  Similarly,  (26-49)  shows  that  ^  =  0  at  y  =  0  and  y  =  ^  as  it 
should.  [This  is  actually  not  such  a  surprise  because  the  result  of  one  of  the  exercises  is 
that  the  transverse  components  in  a  TE  mode  are  related  by  3^ xrans  ^  ^  ^trans 


438  FIELDS  IN  BOUNDED  REGIONS 


and  therefore  are  perpendicular.  Thus,  if  is  made  normal  to  the  surface,  ^trans 
will  automatically  be  tangential  as  found  above.  A  similar  result  holds  for  the  TM 
modes.] 

We  recall  that  we  still  have  to  multiply  each  of  these  amplitude  factors  by  the 
propagation  term  and  take  the  real  part  to  get  the  physical  fields.  For  example,  when 
(26-45)  and  (26-14)  are  combined,  we  get 


/WjU  /  /ITT 

kl\b 


HqCOS 


mTTX 


sin 


(?) 


,i{kgZ-o}l) 


(26-51) 


Since  -i  =  the  exponential  factor  can  be  written  Qxpi[k^z  -  (to/  +  ^tt)] 

which,  when  compared  with  (26-50)  shows  that  leads  in  time  by  90°.  Similarly, 
(26-48)  and  (26-49)  show  us  that  and  will  lead  by  90  °  while  will  lag 
by  this  same  amount  according  to  (26-46). 

So  far  we  have  not  specified  m  and  n  other  than  to  say  that  they  are  integers.  First 
of  all,  we  see  from  (26-45)  through  (26-50)  that  if  m  and/or  n  is  negative,  all  of  the 
field  amplitudes  are  unchanged.  Thus  we  can  restrict  m  and  n  to  be  positive  or  zero.  If 
m  and  n  are  both  zero,  (26-50)  gives  ^  =  //q  =  const.,  while  the  other  components  are 
apparently  zero,  while  (26-44)  gives  kg  =  k^^^  co/v.  Thus  our  field  would  seem  to  be  of 
the  form  which  would  be  a  longitudinal  field  of  only  one  component 

traveling  along  the  axis  of  the  guide  with  the  speed  v  characteristic  of  a  plane  wave. 
However,  =  0  by  (26-43)  and,  since  we  divided  by  k^  to  get  (26-25)  through  (26-28), 
we  cannot  actually  use  them  in  this  case  but  must  go  back  to  Maxwell’s  equations 
(26-13).  Then  we  would  get  v  *  H  =  0  =  dHJdz  =  ik^H^  so  that  /cq  =  ^  hence 
to  =  0;  this  makes  =  const.,  which  is  also  seen  to  be  consistent  with  the  rest  of 
(26-13)  with  E  =  0.  Thus,  for  m  =  «  =  0,  the  solution  is  simply  a  constant  magnetic 
field  along  the  axis  of  the  guide;  while  this  is  certainly  possible,  it  is  of  no  interest  here. 

In  summary,  m  and  n  can  be  restricted  to  m  >  0  and  «  >  0  but  not  w  =  n  =  0. 
Thus  a  given  TE  mode  of  propagation  can  be  characterized  by  the  pair  of  indepen¬ 
dently  assigned  integers  m  and  n.  It  is  customary  to  describe  it  as  a  TE^„  mode. 

Since  the  general  TE  case  is  quite  complicated,  let  us  consider  only  a  particularly 
simple  case  in  more  detail.  ■ 


■  Example 


TE^q  mode.  Let  us  assume  that  a  >  b  and  look  for  the  mode  with  the  smallest  k^  and 
hence  the  largest  cutoff  wavelength  X^.  We  see  from  (26-43)  that  this  will  correspond  to 
m  =  1  and  «  =  0,  that  is,  to  the  TE^g  mode.  Then  k^.^^  =  •n/a  so  that  2a  and 
=  TTv/a  by  (26-9)  and  (26-11).  TTie  cutoff  wavelength  thus  is  twice  the  longest 
dimension  of  the  cross  section;  in  other  words,  it  is  not  possible  to  “squeeze”  a 
“bigger”  wave  into  the  guide.  The  guide  propagation  constant  is  found  from  (26-44) 
and  (26-8)  to  be 


2 

l 

(a) 

1 

(26-52) 


The  field  amplitudes  as  obtained  from  (26-45)  through  (26-50)  are 


Jf,  =  //ocos|yj 


(26-53) 

(26-54) 

(26-55) 
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while  =  0  and  ^  =  0.  Inserting  these  into  (26-14)  and  (26-15),  assuming  for 

simplicity  that  Hq  is  real,  and  taking  the  real  parts  of  the  resulting  expressions,  we  find 
the  only  nonzero  field  components  to  be 


ft.- 


(26-56) 

(26-57) 

(26-58) 


We  see  that  the  values  of  are  independent  of  y;  hence  the  electric  fields  are 
straight  lines  with  constant  magnitude  at  a  given  value  of  x  but  with  a  magnitude  that 
does  vary  with  x  and  is  a  maximum  at  the  center  where  x  =  ^a.  The  lines  of  are 
straight  with  their  maximum  value  at  the  center  as  well.  The  value  of  i/^,  on  the  other 
hand,  is  zero  in  the  center  and  has  opposite  signs  on  the  two  sides  of  the  center.  In 
Figure  26-3,  we  show  and  in  the  xy  plane  at  a  given  time  and  where  it  is  also 
assumed  that  and  sin(A:^z  -  wr)  are  both  positive.  The  solid  hnes  are  those  of  E^ 
while  is  shown  by  the  dashed  lines;  the  arrows  underneath  indicate  a  variation  of 
with  position.  If  we  assume  that  we  are  at  a  position  z  where  cos(/c^z  -  tor)  is  also 
positive,  then,  as  also  indicated  in  the  figure,  the  lines  of  as  found  from  (26-58)  will 
be  out  of  the  page  in  the  left  half  of  the  figure  and  into  the  page  in  the  right  half  since 
the  z  axis  is  out  of  the  page.  At  a  distance  of  half  a  guide  wavelength  further  down  the 
guide,  kgZ  -  tor  will  have  changed  by  kg  Az  =  {2^ /\ g){X g/2)  =  77  so  that  the  direc¬ 
tions  of  all  of  the  fields  in  Figure  26-3  will  be  reversed  as  is  seen  from  (26-56)  through 
(26-58). 

Since  E  and  are  each  proportional  to  sm(kgZ  -  tor)  while  varies  as 
cos  (A:  z  -  wr),  E  and  will  both  be  zero  when  \H^\  has  a  maximum.  Similarly, 
and  \HJ  have  maximum  values  when  ^  0.  The  relationships  of  the  fields  at  a 
given  time  are  also  illustrated  in  Figure  26-4,  which  shows  a  section  of  the  guide 
parallel  to  the  xz  plane;  the  y  axis  is  out  of  the  page.  In  this  case,  the  dashed  lines 
show  the  resultant  vector  H  in  this  plane;  the  situation  depicted  in  Figure  26-3  could 
then  correspond,  for  example,  to  a  plane  perpendicular  to  the  z  axis  at  the  location 
indicated  by  the  arrows  labeled /I. 

Since  our  fields  are  actually  waves,  their  behavior  in  time  can  be  visualized  by 
imagining  that  one  is  located  at  a  given  point  and  that  these  figures  are  traveling  by  in 
the  positive  z  direction.  They  will  be  moving  with  the  guide  speed  Vg  found  from 
(26-52)  to  be 


w  V 

^  1  —  {^v/ao^Y 


(26-59) 


from  which  it  follows  that  Vg  >  v,  the  speed  of  a  plane  wave  in  the  material  within  the 
guide;  for  a  vacuum,  we  would  have  Vg>  c. 

Equations  26-57  and  26-58  show  that  and  generally  will  have  different 
amplitudes  at  a  given  location  in  the  guide.  If  we  recall  our  discussion  in  Section  24-7, 
we  see  that  this  means  that  the  total  magnetic  field  H  will  be  elliptically  polarized  when 
regarded  as  a  function  of  time. 

Since  there  are  nonzero  normal  components  of  D  and  tangential  components  of  H, 
there  must  be  free  surface  charges  and  currents  on  the  walls  of  the  guide  according  to 
(26-2),  and  these  relations  can  be  used  to  calculate  them  from  our  results.  For  example, 
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Figure  26-3.  Fields  of  a  TE^q  mode  in  the  cross  section  at  a  given  time. 
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Figure  26-4.  Fields  of  a  TE^q  mode  in  the  xz  plane  at  a  given  time. 


on  the  face  =  0,  the  outward  normal  to  the  conductor  is  n  =  y  and  we  find  that 

Of=nD  =  eE^=  -  j  sin  |  —  j  sin  -  u/)  (26-60) 

while  on  the  face  y  =  h  where  n  =  ~y,  has  the  same  value  but  is  of  opposite  sign. 
There  are  no  surface  charges  on  the  faces  perpendicular  to  the  jc  axis  since  =  0.  We 
see  from  (26-60)  that  oy  oscillates  in  time,  and,  in  particular,  its  sign  changes. 
Physically,  this  occurs  because  of  the  flow  of  free  charge  on  the  surfaces,  that  is,  there 
must  be  surface  currents.  These  can  be  calculated  in  a  similar  manner  from  K  ^  =  n  X  H 
and  (26-57)  and  (26-58).  ^  . 


Example 

TM  modes.  In  this  case,  we  set  =  0  and  set  equal  to  the  expression  for  given 
in  (26-33);  hence  (26-32)  is  again  applicable.  This  case  is  actually  simpler  because 
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can  be  a  tangential  component  and  must  vanish  for  x  =  0  and  a  and  y  =  0  and  b. 
Proceeding  in  the  same  manner  as  before,  we  see  that  we  must  now  have  C2  =  C4  =  0 
while  Ajj,  k2,  and  are  once  again  given  by  (26-42)  and  (26-43).  Thus  the  TE  and  TM 
modes  of  a  rectangular  wave  guide  have  the  same  set  of  cutoff  wavelengths;  the  field 
configurations  can  be  expected  to  be  different  however.  Setting  ^ 

(26-33)  gives  the  starting  point  for  the  TM  calculation  to  be 


=  ^0  sin 


m'TTX 


a 


sin 


(26-61) 


which  can  now  be  used  to  calculate  the  rest  of  the  field  amphtudes  by  means  of  (26-25) 
through  (26-28).  We  note  that  w  =  n  =  0  makes  and  then  all  of  the  other  field 
components,  zero;  thus  there  is  no  TMqo  mode.  Furthermore,  if  m  =  0  or  n  =  0, 
<^2  =  0  and  all  of  the  fields  are  zero.  Thus,  it  is  not  possible  to  have  a  TM^q  or  TMq„ 
mode,  in  contrast  to  the  TE  case.  ■ 


It  is  possible,  of  course,  to  have  wave  guides  with  cross-sectional  shapes  that  are  not 
rectangles;  for  example,  ones  that  are  circular.  Such  cases  can  be  discussed  in  the  same 
systematic  manner  that  we  have  illustrated  for  the  rectangular  guide.  The  mathematical 
details  are  different  (and  generally  more  difficult)  but  the  principles  are  exactly  the 
same.  We  will  not  do  this,  however,  but  instead  consider  a  different  type  of  mode. 
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As  we  noted  in  the  paragraph  following  (26-30),  a  TEM  mode  is  one  for  which  both 
and  are  zero.  Looking  at  (26-25)  through  (26-28),  we  are  tempted  to  conclude  that 
all  of  the  components  are  also  zero  so  that  such  a  mode  is  not  possible.  We  did, 
however,  divide  through  by  k]  to  get  these  expressions,  so  it  is  best  to  go  back  to 
Maxwell’s  equations  themselves  as  given  by  (26-17)  through  (26-24).  Setting  =  ^  and 
=  0  in  them,  we  find  that  they  reduce  to 
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(26-62) 

(26-63) 
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From  both  (26-64)  and  (26-65),  we  find  that  kg/toju  =  o)e/kg,  so  that 

kl  =  -  -T  =  ^0  (26-66) 

by  (26-8)  and  (24-12);  then  (26-7)  show  that  k^  =  0.  Since  kg  =  k^,  the  TEM  wave  will 
propagate  along  the  guide  with  the  same  speed  u  as  a  plane  wave  would;  since  k^  =  0, 
the  cutoff  wavelength  is  infinite  and  a  TEM  wave  can  have  any  frequency  or  wave¬ 
length. 

Because  ^  only  has  components  transverse  to  the  direction  of  propagation,  it  has  the 
form  ^  ^  X  +  and  there  will  be  a  similar  expression  for  Jf;  then  (26-64)  and 

X  y  ^ 
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(26-65)  can  also  be  written  simply  as 

k  zx  S 

^  XS  =  -  (26-67) 

cj/i  Z 

where  Z  =  is  the  plane  wave  impedance.  Comparing  (26-67)  with  (24-94),  we 

see  that  a  TEM  wave  has  characteristics  similar  to  those  of  an  unbounded  plane  wave. 
For  these  reasons,  TEM  waves  are  also  known  as  principal  modes. 

If  we  substitute  (26-64)  and  (26-65)  into  the  first  equation  of  (26-63),  we  find  that  it 
gives  the  first  equation  of  (26-62);  the  same  is  true  for  the  second  equation  in  each  set. 
In  other  words,  (26-63)  will  be  satisfied  if  (26-62)  is.  Recalling  that  and  Sy  are 
functions  only  of  x  and  j  by  (26-14),  we  introduce  a  scalar  function  </)(jc,  y\  and 
define  ~  d<t>/dx  and  ^y=  -  d^/dy,  that  is, 

-V<P  (26-68) 

We  then  find  that  the  second  equation  of  (26-62)  is  satisfied  because  d^<l>/dydx  = 
d^<j)/dx  dy  while  the  first  one  becomes 


dx^  dy^ 


(26-69) 


which  is  just  the  two-dimensional  form  of  Laplace’s  equation.  Therefore,  if  we  take  any 
solution  of  the  appropriate  two-dimensional  electrostatic  potential  problem  that  gives 
an  electric  field  normal  to  the  perfectly  conducting  bounding  surface,  call  this  field  i, 
and  then  find  JP  from  (26-67),  we  can  use  the  results  in  (26-14)  and  (26-15)  to  give  a 
possible  TEM  mode  for  the  system.  The  two-dimensional  field  pattern  obtained  in  this 
way  will  then  travel  down  the  guide  with  the  plane  wave  speed  v  characteristic  of  the 
medium. 

Things  are  somewhat  more  complicated,  however.  If  i  is  normal  to  the  surface,  then 
the  gradient  of  the  scalar  potential  <f>  is  also  normal  to  the  surface  by  (26-68),  and  we 
saw  in  Section  1-9  that  then  </>  must  be  constant  on  the  surface  as  illustrated  in  Figure 
1-18.  In  other  words,  the  conducting  surface  must  be  an  equipotential  surface.  But  we 
found  in  Section  11-1  that  a  solution  of  Laplace’s  equation,  which  has  the  same  value 
on  all  points  of  the  boundary,  has  the  same  constant  value  everywhere  within  the 
region.  If  this  is  the  case,  V</>  =  0  so  that  ^  =  0  and  ^  =  0  by  (26-68)  and  (26-67)  and 
there  will  be  no  TEM  wave  after  all.  Thus  a  hollow  pipe  type  of  wave  guide  as  shown  in 
Figure  26-1  cannot  have  a  TEM  mode. 

There  can  be  a  TEM  mode,  however,  if  the  guide  consists  of  at  least  two  conductors 
such  as  the  two  parallel  wires  of  Figure  11-10  or  the  coaxial  cylinders  of  Figure  6-12. 
The  reason  is  that,  with  there  being  more  than  one  part  to  the  bounding  surface,  the 
potential  (p  can  have  a  constant  value  on  one  part  of  the  surface  and  a  different 
constant  value  on  the  other  portion  or  portions.  In  such  a  case,  cp  need  not  be  constant 
within  the  region  between  the  conductors  and  tf=-v<P  can  be  different  from  zero, 
thus  making  a  TEM  mode  possible. 

To  illustrate  these  ideas,  let  us  consider  the  simplest  possible  TEM  mode  of  a  very 
important  type  of  guide. 


Example 

Coaxial  line.  This  consists  of  two  coaxial  cylinders  of  different  radii  a  and  b  shown  in 
Figure  26-5.  We  use  plane  polar  coordinates  p  and  <p  in  the  plane  perpendicular  to  the 
axis  of  the  cylinders.  The  general  solution  of  (26-69)  for  these  coordinates  is  given  by 
(11-141).  We  consider  only  the  case  in  which  (p  is  independent  of  angle,  and  we  see  that 
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Figure  26-5.  Fields  in  the 
principal  mode  of  a  coaxial 
line. 


then 

<j>  =  A  +  B  Iti  p  (26-70) 

where  A  and  B  are  constants.  Inserting  this  into  (26-68)  and  using  (1-85),  (26-67),  and 
(1-76),  we  get 

p  (26-71) 

P  Zp 


SO  that  S'  has  only  a  radial  component  while  has  only  a  <p  component  as  is  shown 
in  the  figure.  Inserting  these  results  into  (26-14)  and  (26-15),  and  using  (26-66),  we  find 
the  fields  of  the  wave  to  be  given  by 

B  B 

£  = _ H  = - (26-72) 

p  Zp 


The  potential  difference  between  the  two  conductors  can  be  found  from  (5-11)  to  be 


E  •  (26-73) 

which  has  a  maximum  value  =  —B  \n{b/a)j  so  that  (26-72)  can  also  be  written  as 


4*  =  /; 


p\n{b/a)  ^ 


(26-74) 


The  current  on  the  inner  conductor  can  be  found  from  (21-39),  if  we  note  that  when 
the  path  of  integration  is  chosen  to  be  in  the  plane  of  the  cross  section  (dD/dt)  •  da  =  0, 
so  that 


2itB 


_  I^= 
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•  iis 


Z 


(26-75) 
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where  the  maximum  value  of  the  current  is  Ip  =  -ItiB/Z.  (There  will  be  an  equal 
and  opposite  current  on  the  surface  at  p  =  b,  since,  if  we  choose  the  path  C  to  lie  in  the 
conductor  for  p  >  b,  the  line  integral  of  H  must  vanish  since  H  =  0  within  the  perfect 
conductor,  and  then  no  net  free  current  can  be  enclosed  by  the  path.)  Using  (26-75),  we 
can  write  the  magnetic  field  in  terms  of  the  current  as 

I 

H  =  - $  (26-76) 


We  see  from  (26-73)  and  (26-75)  that  the  current  and  potential  difference  are  in 
phase  so  that  their  ratio  is  constant  and  given  by 


A(#) 


(26-77) 


where  Z^.  is  called  the  characteristic  impedance 


of  the  coaxial  line. 


26-6  RESONANT  CAVITIES 

Suppose  that  we  were  to  take  a  portion  of  length  L  of  the  wave  guide  of  Figure  26-1 
and  cover  the  open  ends  with  perfect  conductors.  In  this  way,  we  would  obtain  a 
volume  enclosed  by  perfectly  conducting  walls.  We  can  no  longer  expect  to  find  the 
fields  in  the  form  of  traveling  waves  because  additional  boundary  conditions  have  been 
introduced  and,  at  the  very  least,  there  will  be  reflections  at  the  new  boundary  surfaces 
that  will  arise  from  the  necessity  of  satisfying  the  boundary  conditions.  Recalling 
Exercises  25-10  and  24-3,  we  would  now  expect  the  fields  to  be  in  the  form  of  standing 
waves  corresponding  to  certain  definite  and  characteristic  frequencies  of  oscillation. 
Then  the  total  fields  can  be  regarded  as  a  superposition  of  these  normal  modes.  (This  is 
very  analogous  to  the  mechanical  problem  of  the  vibrating  string.  The  introduction  of 
perfectly  rigid  supports  at  the  ends  of  a  finite  length  of  string  makes  the  normal  modes 
take  the  form  of  standing  waves  arising  from  the  superposition  of  incident  and  reflected 
traveling  waves.  An  arbitrary  displacement  of  the  string  can  then  be  obtained  as  an 
appropriate  superposition  of  these  standing  waves.) 

Systems  of  this  type  are  known  as  resonant  cavities  or  cavity  resonators.  Evidently 
they  can  be  of  a  wide  variety  of  shapes  and  sizes,  but  the  general  principles  for  finding 
the  fields  are  exactly  the  same  and  are  most  easily  demonstrated  by  means  of  a  specific 
example. 

Let  us  consider  a  closed  region  with  perfectly  conducting  rectangular  walls  of  sides 
a,  b,  c  and  with  the  origin  at  one  comer  as  shown  in  Figure  26-6.  The  cavity  is  filled 
with  a  l.i.h.  nonconducting  material  described  by  ja  and  e.  Each  field  component  still 
satisfies  the  wave  equation  (26-3)  but  we  can  no  longer  assume  a  solution  of  the  form 
(26-4).  It  is  evident  from  the  treatment  that  led  to  (24-16),  however,  that  the  time 
variation  can  always  be  separated  out  in  the  form  Therefore,  instead  of  (26-4),  we 
assume  that  ^  can  be  written  as 

=  (26-78) 

which,  when  substituted  into  (26-3),  leads  to  the  equation  that  \pQ  must  satisfy: 

+  (26-79) 

where  =  (co/y)^  again.  (This  result  is  actually  vahd  for  any  kind  of  coordinate 
system  and  is  often  called  the  wave  equation  without  the  time.) 

We  can  solve  (26-79)  in  rectangular  coordinates  by  separation  of  variables.  If  we 
write  i/zq  =  X(x)Y(y)Z(z\  and  proceed  in  the  same  manner  as  we  went  from  (26-6)  to 
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Figure  26"6.  A  rectangular 
resonant  cavity. 


(26-33),  we  find  that 

'PoW  =  (^1  ^  C2COS  k^x)(C2  sin  /c2>’  +  C4COS  k2y) 

x(C5sin/c3Z  -T  QCOS/C32)  (26-80) 

where 

kl  +  +  kj  =  kl  (26-81) 

and  where  the  C’s  are  constants.  This  can  also  be  verified  by  direct  substitution  of 
(26-80)  into  (26-79).  Combining  this  form  with  (26-78),  we  can  write  one  of  the 
components  of  the  electric  field  as 

=  (Cl  sin  k-^x  -T  C2COS  k2x){Cj  sin  k2y  +  C4COS  k2y) 

x{CsSink^z  +  Qcosk^z)e~‘'^^  (26-82) 

Now  will  be  a  tangential  component  and  must  therefore  vanish  at  the  faces  y  =  0 
and  b  and  z  =  0  and  c.  We  see  that  this  requires  that  C4  =  =  0  and  that 

rfTT  p'rr 

"  T  "  T 

where  n  and  p  are  integers.  At  this  point,  therefore,  we  have 

=  (Cl  sin  k^x  +  Cicos  k^x)  sin  k2y  sin  k^ze^‘“‘ 
where  C{  =  C1C3C5  and  C{  =  C2C3C5.  Similarly,  we  find  that 

=  sin  fei;c(C3' sin  fcjy*  +  C;  cos  sin  fc3ze“'“' 

E^  =  sin  k^x  sin  kjpiCl  sin  k^z  +  Cl  cos  ^32)?^'“' 


(26-83) 

(26-84) 

(26-85) 

(26-86) 


and 


mTT 


(26-87) 


Substituting  (26-83)  and  (26-87)  into  (26-81),  and  using  (26-8),  we  find  that  the  possible 
frequencies  of  oscillation  in  this  cavity  are  given  by 


(26-88) 
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We  note  that  if  any  two  of  the  integers  m,  n,  p  sltq  zero,  then  all  of  the  components  of 
E  will  be  zero,  as  will  all  components  of  H  as  well. 

The  electric  field  must  still  satisfy  Maxwell’s  equations  and,  in  particular,  we  must 
have  V  •  E  =  0.  When  (26-84)  through  (26-86)  are  substituted  into  this,  we  obtain 

-  {kiC2  +  k2C4  +  k^C^)  sin  k^  x  sin  k2y  sin  k^^z 

+  [{kiCicos  k^x  sin  k2y  sin  k^z)  +  (/:2Q  sin  A:ijc  cos  A:2>' sin  k^z) 

H- (A:3C5' sin sin  ^2TCOs  A:3z)]  =  0  (26-89) 

A  little  thought  will  convince  one  that  we  cannot  possibly  have  this  expression  always 
equal  to  zero  for  all  values  of  x,  y,  and  z  (which  can  be  chosen  independently)  unless 
C{  =  Q  =  C/  =  0  and  k^C{  +  ^2^  +  k^Q  =  0.  If  we  now  let  Q  =  £3, 

and  Q  =  £"3,  we  find  that  the  last  condition  can  be  written  as 


k\E^  +  ^2^2  kjE^  —  0  (26-90) 

while  the  expressions  for  the  field  components  finally  become 

~  £3  cos  k^x  sin  £3^  sin  k^ze~‘'^^  (26-91) 

Ey  =  £2  sin  k^x  cos  £3^  sin  k^ze~‘'^^  (26-92) 

£^  =  £3  sin  k^x  sin  k2ycosk^ze~^'^‘  (26-93) 


so  that  £3,  £3,  and  £3  are  seen  to  be  the  maximum  values  of  the  respective 
components. 

If  we  define  a  vector  k  with  components  k^,  k2,  and  k^,  and  a  vector  with 
components  £3,  £3,  and  £3,  (26-90)  can  be  written  as 

k  •  Eq  =  0  (26-94) 

which  is  very  much  like  the  result  found  for  a  plane  wave  in  (24-91).  Thus,  for  a  given 
mode,  Eq  must  be  perpendicular  to  the  vector  k  =  (m'n/a)k  +  {n7T/b)y  +  {p'n/c)^. 

The  magnetic  field  can  be  found  from  v  X  E  =  -p(dH/dt)  =  icopH.  For  example, 
we  get 

dE,  dEy 

-  7^  -  17  -  -  A:3£2)  sin /^3X  cos  £3^005  ^3ze  (26-95) 

Since  £3-^3  “  ^3-^2  is  the  x  component  of  k  X  Eq,  it  is  desirable  to  define  a  vector  Hq 
by 

1 

Ho  =  — k  X  Eo  (26-96) 

for,  if  we  let  its  rectangular  components  be  Hj,  and  then  we  can  write  (26-95) 
as 

=  -iHj  sin  k^x  cos  k2y  cos  k^ze~‘'^‘  (26-97) 

Again  we  note  the  similarity  of  (26-96)  to  the  plane  wave  result  given  by  the  first 
expression  of  (24-93).  Thus  we  can  associate  a  set  of  mutually  perpendicular  vectors  k, 
Eq,  and  Hq  with  each  standing  wave  mode  of  the  cavity. 

Similarly,  we  find  the  other  two  components  of  H  to  be 

=  —iH2COS  k^x  sin  k2y  COS  k^ze"^’  (26-98) 

-  iH^cos  k^x  cos  k2y  sin  kjze^"^^  (26-99) 

We  see  that  =  0  at  x  =  0  and  x  =  a,  that  is,  at  the  walls  for  which  it  is  a  normal 
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component;  similarly,  and  vanish  at  y  =  0  and  b  and  z  =  0  and  c,  respec¬ 
tively.  Thus,  the  boundary  conditions  on  H  have  been  automatically  satisfied  once  E 
was  made  to  satisfy  its  own  boundary  conditions.  Furthermore,  it  is  easily  verified  that 
the  two  remaining  Maxwell  equations  that  we  have  not  yet  used  are  satisfied,  that  is, 
V  ■  H  =  0  and  v  X  H  =  €(dE/dt).  [One  needs  to  use  k  •  Hq  =  0  as  well  as  (26-96), 
(26-94),  and  (26-81),  the  last  of  which  can  also  be  written  as  k  ■  k  =  A:o  = 

Each  component  of  E  varies  as  while  the  components  of  H  are  proportional  to 
—  ==  xhus,  the  electric  and  magnetic  fields  are  not  in  phase  in  these 

standing  waves  but  instead  H  leads  E  by  90°. 

A  given  k  corresponds  to  a  given  mode,  that  is,  a  given  set  of  integers  m,  «,  p 
according  to  (26-83)  and  (26-87).  Now  (26-94)  tells  us  that  the  vector  Eq  must  be 
chosen  to  be  perpendicular  to  k.  However,  there  are  two  independent  mutually 
perpendicular  directions  along  which  Eq  can  be  chosen  and  still  be  perpendicular  to  k. 
Thus,  for  each  possible  value  of  k,  there  are  two  possible  independent  directions  of 
polarization  of  Eq,  so  that  there  are  two  distinct  modes  for  each  allowed  frequency 
given  by  (26-88).  This  property  is  known  as  degeneracy  and  is  a  fundamental  and 
important  feature  of  electromagnetic  standing  waves.  If  a,  b,  c  are  all  different,  then  the 
various  frequencies  given  by  (26-88)  will  generally  be  different.  However,  if  there  are 
simple  relations  among  the  dimensions,  it  is  possible  that  different  choices  of  the 
integers  will  give  the  same  frequency  so  that  we  will  also  have  degeneracy,  but  arising  in 
a  different  manner.  As  an  extreme  example,  consider  a  cube  for  which  a  =  b  =  c  so 
that  (26-88)  reduces  to 

=  +  +  (26-100) 

Thus,  all  combinations  of  integers  that  have  the  same  value  of  will  have 

the  same  frequency  and  the  modes  will  be  degenerate. 


EXERCISES 

26-1  Let  transverse  com¬ 

ponent  of  S',  with  a  similar  expression  for 
For  a  TE  mode,  show  that  =  (/7cg//cj)  V^, 
=  (zX  S^)/Z^  where  Z,  =  {kQ/k^)Z  = 
(A^/Xo)Z.  Find  the  corresponding  relations  for  a 
TM  mode. 

26-2  Using  the  results  of  the  previous  exercise, 
show  that  any  solution  of  (26-6)  that  vanishes  on 
the  boundary  of  the  guide  will  lead  to  a  TM 
mode.  Similarly,  show  that  a  solution  of  (26-6)  for 
which  n  ■  Vif'o  =  0  on  the  boundary  will  lead  to  a 
TE  mode. 

26-3  Suppose  we  define  a  group  velocity  %  for 
propagation  along  a  wave  guide  by  =  doi/dk^ 
as  in  (24-144).  Find  ^  function  of  w  and 

compare  with  v.  Show  that  =  l/^ie  and 

compare  with  the  results  of  Exercise  24-26. 

26-4  A  rectangular  wave  guide  with  vacuum  in¬ 
side  has  a  =  8  centimeters  and  b  =  6  centime¬ 
ters.  If  a  wave  of  frequency  »»  =  4  X  10^  hertz  is 
to  be  propagated  down  the  guide,  what  modes  are 
possible? 


26-5  Consider  a  wave  guide  of  square  cross  sec¬ 
tion.  What  conditions  must  the  edge  a  satisfy  in 
order  that  it  be  possible  to  propagate  a  TEjq 
mode  but  not  TE^,  TM^,  or  higher  mode? 

26-6  The  interior  of  a  hollow  rectangular  wave 
guide  is  filled  with  a  l.i.h.  nonmagnetic  noncon¬ 
ducting  dielectric.  Show  that  the  cutoff  frequen¬ 
cies  are  smaller  by  a  factor  of  kY^  than  if  the 
interior  were  a  vacuum.  If  one  wanted  to  build 
the  dielectric  filled  guide  to  operate  in  the  same 
manner  at  a  given  frequency  as  the  vacuum  case, 
that  is,  to  keep  the  cutoff  frequencies  the  same, 
should  it  be  made  larger  or  smaller  and  by  what 
factor  should  the  dimensions  a  and  b  be  changed? 

26-7  For  a  TE^o  mode  in  a  rectangular  guide; 
(a)  find  (u);  (b)  find  (S);  (c)  find  the  spatial 
average  values  ((w))  and  ((S))  from  integrating 
your  previous  results  for  the  time  averages  over 
the  cross  section  of  the  guide;  (d)  define  a  speed 
of  energy  flow  by  ((S))  =  ((u})Vfji  (is  this 
reasonable?)  and  compare  v^  with  the  group 
velocity  found  in  Exercise  26-3. 
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26-8  Find  the  surface  current  density  for  a 
TEjq  mode  in  a  rectangular  guide.  Sketch  the 
current  at  a  given  time  over  at  least  one  spatial 
period  along  the  guide. 

26-9  Consider  a  rectangular  guide  with  vacuum 
inside  operating  in  the  TE^q  mode.  Find  the  time 
average  electrical  force  per  unit  area  (f^)  on  the 
face  >»  =  0. 

26-10  For  a  rectangular  guide,  assume  Hq  to  be 
real,  and  find  all  of  the  real  field  components  for 
a  TE20  mode.  Repeat  for  a  TEij. 

26- li  Find  the  general  expressions  for  the  real 
field  components  in  a  TM  mode  of  a  rectangular 
guide  (assume  £"0  to  be  real). 

26-12  Find  the  time  average  Poynting  vector  for 
a  general  TM  mode  in  a  rectangular  guide.  By 
integrating  over  the  cross  section  of  the  guide, 
find  the  total  power  transmitted  along  the  guide, 

26-13  The  rectangular  wave  guide  satisfies  the 
conditions  of  Exercise  22-6  for  describing  an  elec¬ 
tromagnetic  field  completely  in  terms  of  a  vector 
potential  A.  Find  A  for  a  TE^„  mode  and  verify 
that  it  satisfies  v  •  A  =  0. 

26-14  Find  that  superposition  of  a  TE^„  and  a 
TM^„  wave  in  a  rectangular  guide  that  will  make 
E  transverse  to  the  y  direction,  that  is,  =  0 
while  all  of  the  other  components  of  E  and  H  are 
different  from  zero. 

26-15  Consider  a  cyhndrical  wave  guide,  that  is, 
one  with  a  circular  cross  section  of  radius  a  and 
with  the  z  axis  coinciding  with  the  axis  of  the 
cylinder.  Write  (26-3)  in  cyhndrical  coordinates, 
assume  that  the  dependence  of  on  z  and  t  is 
given  by  (26-4),  and  find  the  differential  equation 
satisfied  by  \pQ .  Solve  this  equation  by  separation 
of  variables  and  show  that  \I/q  has  the  form 
V'o  ^  where  Q,  is  a  constant  and 

w  is  an  integer.  [Hint:  i^q  must  be  a  single-valued 
function  of  qo,  for  example,  +  ^tt)  = 

>//q(<P).]  Furthermore,  /„,('n)  satisfies  BesseVs  dif¬ 
ferential  equation 


idr^ 

rj  dr} 


^  =  0 


so  that  is  a  Bessel  function.  Find  the  condition 
which  determines  the  k^.  for  a  TM  mode  corre¬ 
sponding  to  the  value  m. 

26-16  Find  (S)  for  the  mode  of  the  coaxial  hne 
discussed  in  the  text.  Find  the  total  power  trans¬ 
mitted  along  the  line  and  express  it  in  a  form  that 
involves  Z^,. 

26-17  Find  the  surface  charge  density  on  the 
inner  conductor  for  the  mode  of  the  coaxial  hne 
discussed  in  the  text.  Show  that  the  surface  cur¬ 
rent  density  on  the  inner  conductor  equals  the 
surface  charge  density  times  the  velocity  of  the 
wave. 

26-18  Consider  a  length  /  of  the  coaxial  hne 
with  inductance  L  and  capacitance  C.  Show  that 
Zj  =  (Note  that  the  result  is  indepen¬ 

dent  of  /;  accordingly,  L  and  C  are  often  de¬ 
scribed  as  the  quantities  per  unit  length.) 

26-19  Show  that  there  is  no  TEM  mode  for  a 
coaxial  line  that  can  be  obtained  from  any  angu¬ 
lar  dependent  term  of  (11-141),  that  is,  for  a  <#> 
given  by  <;.  =  +  B^p-"){C„  cos  mcp  + 

D„,  sin  mcp). 

26-20  Show  that  the  integers  m,n,p  for  the 
rectangular  cavity  can  be  restricted  to  be  positive 
or  zero.  [Do  not  forget  (26-94).] 

26-21  Consider  a  cubical  cavity  of  edge  a.  Show 
that  the  lowest  frequency  is  threefold  degenerate 
with  respect  to  the  integers  m,n,p.  Find  all 
components  of  E  and  H  for  the  mode  w  =  n  =  1, 
p  =  0.  Sketch  the  field  fines  at  a  given  instant. 
Find  (S)  and  the  total  electromagnetic  energy 
within  the  cavity. 

26-22  Consider  a  cylindrical  cavity  of  length  / 
and  circular  cross  section  of  radius  a.  The  axis  of 
the  cylinder  lies  along  the  z  axis  and  the  two 
faces  are  at  7  =  0  and  z  =  I.  Find  the  possible 
frequencies  of  oscillation  for  this  cavity.  (You  do 
not  have  to  find  all  of  the  field  components  to  do 
this.  Also  see  Exercise  26-15.) 

26-23  The  Hertz  vector  was  introduced  in 
Exercise  22-7.  Show  that  a  TM  mode  can  be 
described  by  a  Hertz  vector  of  the  form  and 
find  for  a  rectangular  guide  with  a  vacuum 
inside. 


27 _ 

CIRCUITS  AND 
TRANSMISSION  LINES 


Up  to  now,  our  primary  interest  and  emphasis  have  been  on  describing  electromagnetic 
phenomena  in  terms  of  fields.  Our  approach  has  often  been  one  of  obtaining  results  by 
considering  macroscopic  situations  and  then  rewriting  things  in  field  terms,  for  exam¬ 
ple,  in  the  way  we  went  from  (18-6)  to  (18-21).  On  the  other  hand,  in  many  practical 
applications,  such  as  in  communications  work,  the  emphasis  is  on  the  macroscopic 
arrangements  of  devices  such  as  resistors,  capacitors,  and  inductances  known  as 
circuits.  Here  the  primary  interest  is  in  the  currents  and  potential  differences  (often 
called  voltages)  within  these  systems,  and  the  field  aspects  are  generally  not  considered. 
Because  of  its  practical  importance,  the  study  of  circuits  has  been  highly  developed, 
and  there  are  many  books  devoted  to  it.  Consequently  our  brief  discussion  must  be  very 
limited  in  scope. 

Our  first  aim  is  to  find  appropriate  macroscopic  equations  for  these  systems.  As  we 
will  see,  they  will  generally  turn  out  to  be  differential  equations.  There  are  a  variety  of 
possible  approaches,  but  the  simplest  and  most  common  one  is  to  use  a  set  of  equations 
known  as  Kirchhoff's  laws.  These  basic  statements  about  circuits  actually  predate 
Maxwell’s  equations  and  are  closely  related  to  the  conservation  laws  for  charge  and 
energy. 

It  is  often  convenient  to  divide  these  systems  into  two  broad  classes.  In  one,  the 
various  circuit  components  can  be  considered  to  be  distinct  physical  entities  connected 
together  by  wires  whose  electromagnetic  properties  are  neglected.  Such  systems  can  be 
described  as  having  lumped  parameters.  In  the  other  class,  the  construction  is  such  that 
the  parameters  cannot  be  assigned  to  particular  circuit  portions  but  are  generally  and 
collectively  associated  with  every  individual  part— hence,  they  are  said  to  be  distributed 
parameters.  We  will  consider  examples  of  both  classes. 


27-1  KIRCHHOFF'S  LAWS 

We  begin  by  considering  steady  currents  as  would  be  appropriate  for  direct  current 
(DC)  circuits.  We  know  from  (12-15)  that  this  means  that  V  •  J  =  0  so  that 


(27-1) 


by  the  divergence  theorem.  Let  us  apply  this  to  the  situation  shown  in  Figure  27-1 
where  we  assume  that  all  of  the  currents  /2, . . . ,  are  filamentary,  as  on  wires,  and 
the  closed  surface  S  surrounds  a  junction  P  at  which  the  currents  flow  toward  or  away. 
We  see  that,  in  this  case,  (27-1)  reduces  to 


0 


(27-2) 


when  the  currents  are  assigned  appropriate  algebraic  signs.  This  result  is  known  as 
Kirchhoff's  first  law  or  the  junction  theorem.  It  says  that  the  algebraic  sum  of  the 
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Figure  27-1.  Currents  at  a  junction. 

currents  at  a  junction  is  zero  since  charge  cannot  accumulate  there  in  a  steady-state 
situation  and  is  clearly  expressive  of  the  conservation  of  charge. 

If  we  take  a  charge  around  a  complete  loop  in  a  circuit,  then  the  net  change  in 
potential  must  be  zero  since  the  potential  is  a  single-valued  function  and  the  initial  and 
final  points  coincide.  In  other  words,  the  sum  of  all  of  the  potential  changes  encoun¬ 
tered  (or  “voltages'’  Vj)  must  add  to  zero: 

=  0  (27-3) 

J 

This  is  Kirchhoff's  second  law  or  loop  theorem  and  is  related  to  conservation  of  energy 
because  potential  differences  are  defined  in  terms  of  work  done  per  unit  charge. 

If  there  is  resistance  in  the  circuit,  we  know  from  Sections  12-3  and  12-4  that  there 
will  be  energy  dissipated  as  heat  and  the  circuit  must  include  a  nonconservative  source 
of  emf,  such  as  a  battery,  to  maintain  the  steady  current. 

The  typical  use  of  KirchhofTs  laws  in  DC  circuits  is  to  obtain  enough  independent 
equations  to  solve  for  the  unknowns  of  the  system.  These  are  generally  the  currents  if 
the  emfs  and  resistances  are  given.  One  usually  proceeds  by  assigning  the  directions  of 
the  currents  in  some  arbitrary  manner  and  using  (27-2)  and  (27-3).  The  principal 
difficulties  encountered  are  in  assigning  the  correct  signs  to  the  voltages.  This  is  also  the 
main  problem  when  the  currents  depend  on  the  time  and  are  just  as  easily  illustrated 
for  that. 

Our  discussion  of  time  dependent  currents  (AC  circuits)  in  this  chapter  will  be 
restricted  to  “slowly"  varying  currents.  To  see  what  “slowly"  means,  consider  the 
particular  Maxwell  equation  (21-22): 

V  X  H  =  J  -T  —  (27-4) 

at 

(The  subscript  /  has  been  dropped  on  J  since  we  are  only  concerned  with  free  currents 
anyhow.)  A  basic  approximation  in  circuit  theory  is  to  neglect  the  displacement  current 
dD/di.  If  we  take  the  divergence  of  both  sides  of  what  remains  we  get  V  ■  (V  x  H)  = 
0  =  V  ■  J.  Thus,  in  this  approximation,  (27-1)  is  still  valid  and  we  will  be  led  again  to 
(27-2),  except  that  now  it  also  holds  for  the  instantaneous  values  of  the  time  dependent 
currents; 

=  0  (27-5) 

J 

What  is  the  physical  significance  of  the  neglect  of  the  displacement  current?  As  we 
will  see  in  the  next  chapter,  the  inclusion  of  this  term  leads  to  radiation  of  electromag- 
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netic  waves  which,  from  our  present  point  of  view,  is  an  additional  energy  loss  that  we 
are  neglecting.  It  will  be  shown  that  this  means  that  we  are  assuming  that  /  X  where  / 
is  the  maximum  linear  dimension  of  the  system  and  X  the  wavelength.  Consequently, 
any  two  equal  and  opposite  current  elements  ±Ids  will  have  approximately  the  same 
phase  since  they  are  much  less  than  a  wavelength  apart  and,  at  large  distances,  their 
fields  will  cancel,  that  is  there  will  be  no  radiation  and  associated  energy  loss.  From 
another  point  of  view,  it  means  that  the  circuit  is  so  small  in  physical  size  that  the  time 
needed  for  the  propagation  of  electromagnetic  signals  can  be  neglected. 

In  order  to  evaluate  these  limitations  on  the  theory,  we  can  calculate  the  wavelength 
from  X  =  c/v.  We  find  that  for  a  “power”  frequency  of  60  hertz,  and  for  a  typical 
radio  frequency  of  10^  hertz,  the  corresponding  wavelengths  are  5  X  10^  meters  and 
300  meters.  However,  at  a  microwave  frequency  of  10^^  hertz,  the  wavelength  is  only  3 
centimeters  and  here  we  clearly  have  to  be  concerned.  Thus,  we  conclude  that  standard 
AC  circuit  analysis  cannot  be  slavishly  used  at  very  high  frequencies  but  it  certainly 
should  be  adequate  for  power  and  most  communications  systems. 

The  principal  effect  of  time  dependence  on  KirchhofTs  second  law  is  the  existence  of 
induced  emfs  as  described  by  Faraday’s  law  (17-3),  namely  =  -d^/dt.  Thus  we 
will  be  dealing  with  four  sources  of  voltages:  nonconservative  emfs  arising  from 
generators,  power  supplies,  or  batteries;  potential  differences  across  resistors;  potential 
differences  across  capacitors;  and  induced  emfs  associated  with  mutual  or  self-induc¬ 
tance.  Since  we  are  neglecting  propagation  times,  all  quantities  can  be  evaluated 
throughout  the  circuit  at  the  same  time.  The  fact  that  there  will  be  no  net  change  of 
potential  when  a  charge  is  taken  around  a  complete  loop  will  then  still  hold  and  we  are 
led  once  more  to  (27-3),  but  now  it  applies  to  instantaneous  values: 

'LVj{t)  =  0  (27-6) 

J 

The  problem  of  giving  the  correct  signs  to  the  terms  in  (27-6)  is  best  handled  by 
assuming  a  direction  for  each  current  involved,  a  sign  for  each  dl/dt,  and  a  sense  of 
traversal  around  the  loop.  If  one  does  this,  and  is  consistent  with  the  assumptions 
made,  then  careful  attention  to  the  situation  at  each  element  will  enable  one  to  evaluate 
the  voltages  involved  in  an  unambiguous  way.  Let  us  illustrate  all  this  with  an  example. 

Example 

RL  circuit.  Figure  27-2  shows  a  battery  of  emf  S’,  a  resistance  R,  and  an  inductance  L 
connected  in  series.  The  circuit  also  contains  a  switch  S.  To  discuss  the  general  case,  we 
assume  that  the  switch  is  closed,  there  is  a  current  I  in  the  sense  shown,  and  dl/ dt  >  0. 
Let  us  imagine  starting  at  P  and  traversing  the  loop  in  the  same  sense  as  /.  We  know 
from  (12-27)  that  the  magnitude  of  the  potential  difference  across  R  '\s,  IR.  and  from 
(12-25)  that  the  direction  of  E  is  in  the  same  sense  as  1.  Therefore,  the  potential  is 


p  I 


R 


L 


Figure  27-2.  An  RL  circuit. 
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decreasing  as  we  traverse  R,  so  that  the  change,  found  from  the  final  value  minus  the 
initial  value,  will  be  negative;  this  gives  the  value  =  -IR  for  the  voltage.  We  know 
from  Lenz’  law  that  the  emf  induced  in  L  has  a  sense  that  tends  to  oppose  the  change. 
Because  we  have  assumed  that  dl/dt  >  0,  the  voltage  will  tend  to  decrease  I  and 
hence  will  have  a  sense  opposite  to  /;  thus,  with  the  use  of  (17-57),  we  conclude  that 
^  -L(dl/dt).  The  battery  terminal  marked  +  is,  by  convention,  the  one  of  higher 
potential.  This  means  that  a  charge  passing  through  it  has  work  done  on  it,  thereby 
increasing  its  potential.  Thus,  the  corresponding  voltage  is  Vg  =  i.  Inserting  these 
results  into  (27-6),  we  obtain  +  F/  H-  Fg  ^  0  =  -IR  -  L(dl/dt)  +  or 

dl 

L—  +  R1  (27-7) 

This  first-order  differential  equation  with  constant  coefficients  can  be  used  to  find  the 
current  as  a  function  of  time,  once  the  initial  conditions  are  known. 

The  general  solution  of  the  homogeneous  form  of  (27-7),  that  is,  with  zero  on  the 
right-hand  side,  is  /  =  where  K  is  a  constant  of  integration.  A  special 

solution  of  the  inhomogeneous  equation,  that  is,  (27-7)  as  it  stands,  is  clearly  I  =  ^/R. 
Thus,  the  general  solution,  which  is  the  sum  of  these  two,  is 

S 

I{t)  =  -  +  (27-8) 

R 

All  that  remains  is  the  determination  of  K. 

For  example,  let  us  assume  that  the  switch  S  is  initially  open  and,  at  /  =  0,  it  is 
suddenly  closed  so  that  the  emf  S’  is  instantaneously  applied  to  the  circuit.  The  initial 
condition  for  the  current  is  then  /(O)  =  0.  When  this  is  substituted  into  (27-8),  we  find 
that  K  =  -S/R,  so  that  the  current  at  any  subsequent  time  is 

^(0  =  ^(1  -  (27-9) 

Figure  27-3  shows  the  current  as  a  function  of  time;  the  dimensionless  variable  t/r  is 
used  where  t  =  L/R  is  called  the  time  constant  or  relaxation  time  of  this  system.  (We 
have  already  found  this  value  of  t  in  Exercise  18-5  where  a  different  initial  condition 
was  used.)  We  note  that  as  /  oo,  the  current  approaches  the  final  steady-state  value 
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^  Figure  27-3.  Increasing  current  in  an 

7  circuit  as  a  function  of  time. 
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of  ^/R.  Under  these  conditions,  dl/dt  ^  0  and  hence  ^  0  so  that  there  is  no 
voltage  across  the  inductance  and  the  current  is  determined  solely  by  the  resistance  of 
the  circuit.  " 
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We  now  consider  the  more  elaborate  circuit  shown  in  Figure  27-4.  A  capacitance  C  has 
been  added,  and  now  the  applied  emf  can  be  a  function  of  the  time  so  that  ^(/). 
As  before,  we  assume  that  I  has  the  sense  shown  and  that  dl/dt  >  0.  We  will  still  have 
V^=  -L{dl/dt\  while  we  can  also  write  the  “generator”  voltage  as 

=  i(t).  Assuming  the  charges  on  the  capacitor  plates  to  be  ±q  as  shown,  and 
taking  q  to  be  positive,  we  find  from  (6-28)  that  =  A</>  =  —q/C.  (We  note  that  this 
will  be  correct  in  magnitude  and  sign  even  if  q  actually  turns  out  to  be  negative.) 
Inserting  these  into  (27-6),  we  get  +  F^  +  F^  =  0  =  -IR  -  L(dl/dt)  - 

(q/C)  +  so  that 

L-+RI  +  -  =  (/)  (27-10) 

dt  C 

Since  we  are  primarily  interested  in  the  current,  we  can  differentiate  this  with  respect  to 
the  lime,  and  use  I  =  dq/dt  to  obtain 


d^l  dl  I  dS 

L — IT  +  R  ~ — ^  ~ 

dt^  dt  C  dt 


(27-11) 


Thus,  the  application  of  Kirchhoff  s  second  law  has  resulted  in  a  second-order  differen¬ 
tial  equation  with  constant  coefficients. 

We  note  that  (27-11)  is  much  like  the  mechanical  equation  of  motion  of  a  damped, 
forced,  simple  harmonic  oscillator.  Consequently,  we  can  expect  to  get  analogous 
behavior.  For  example,  we  recall  that  if  we  suddenly  apply  a  periodic  force  to  such  an 
oscillator,  the  initial  response  (displacement)  will  be  nonperiodic.  However,  after  a  long 
time,  the  displacement  is  found  to  be  periodic  in  time  with  the  same  frequency  as  the 
applied  force.  The  nonperiodic  part  of  the  solution  that  is  eventually  damped  out  is 
called  a  transient,  while  the  periodic  part  that  persists  is  called  the  steady  state.  It  will 
be  convenient  to  look  at  these  two  types  of  behavior  separately. 


1.  Transient  Response 

A  transient  (damped)  response  can  arise  in  general  for  any  form  of  S’(t),  not  only  for  a 
periodic  one,  since  it  corresponds  to  the  solution  of  the  homogeneous  form  of  (27-11). 


Figure  27-4.  A  series  RLC  circuit. 
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As  a  simple  illustration  of  such  a  case,  let  us  assume  that  the  external  emf  is  provided 
by  a  battery  so  that  const.;  then  di/dt  =  0  and  (27-11)  becomes 


dl  I 

+  R—  +  —  =  0 
dt  C 


(27-12) 


The  standard  procedure  is  to  look  for  a  solution  of  exponential  form;  therefore  we  try  a 
solution  /  =  where  a  and  y  are  constants.  When  this  is  substituted  into  (27-12),  it 
gives  [Ly^  -T  Ry  -I-  {l/C)]ae'^‘  =  0.  Since  we  need  u  0  in  order  to  have  a  current  at 
all,  the  terra  in  brackets  must  be  zero.  This  requirement  determines  y  that  is  found  to 
be 


y  = 


R 

2L 


+ 


1 

[il] 

1/2 


R 

2L 


+  8 


(27-13) 


so  that  there  are  two  possible  values  of  y.  We  write  them  as  y+  and  y_  corresponding, 
respectively,  to  the  plus  and  minus  signs  in  (27-13).  For  each  possible  y,  there  will  be 
an  associated  constant  a,  so  that  the  general  solution  of  (27-12)  has  the  form 


I(t)  =  +  a_e'^-‘ 

=  {a^e^‘  +  (27-14) 

The  only  remaining  unknowns  are  the  constants  and  a  that  can  be  found  from  the 
initial  conditions. 

As  an  example,  let  us  assume  that,  at  t  =  0,  the  capacitor  is  uncharged  and  the 
previously  open  switch  is  quickly  closed.  The  corresponding  initial  conditions  are  that 
y  -  0  and  ^  =  0.  First  we  see  that  1(0)  =  0  =  u  +  +  We  can  get  another  indepen¬ 
dent  equation  from  (27-10)  and  we  find  that  L(dI/dt)^^Q  =  When  (27-14)  is 
differentiated,  evaluated  at  ^  =  0,  and  combined  with  the  last  result,  we  obtain 
L(a^y^-\-  a_y_)  =  i.  Solving  the  two  equations  for  the  a’s,  we  find  that  a^=  -a_  = 
^/[L(y  +  -  y^)]  =  i/lL8  and  therefore 


=  (27-15) 


The  nature  of  this  solution  now  depends  on  8  that  in  turn  depends  on  the  relative 
values  of  R,  L,  and  C. 

For  example,  a  common  situation  corresponds  to  R  being  very  small  or  zero.  In  this 
case,  the  quantity  under  the  square  root  in  (27-13)  will  be  negative,  8  will  be  imaginary, 
and  it  is  more  convenient  to  set  8  =  where 


Then  (27-15)  becomes 


= 

1 

(-)i 

n 

Zc  ~ 

\lLl  J 

S’ 

I(t)  =  ~ — sinoj^r 


(27-16) 


(27-17) 


This  is  a  current  that  oscillates  with  the  natural  circular  frequency  but  with  an 
amplitude  that  decreases  exponentially  with  time.  Figure  27-5  shows  this  current  as  a 
function  of  time.  This  behavior  clearly  corresponds  to  the  “  underdamped”  case  for  a 
mechanical  system.  Similarly,  situations  can  be  found  corresponding  to  the  overdamped 
and  critically  damped  cases  as  will  be  shown  in  the  exercises. 
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/ 


Figure  27-5.  Underdamped  current 
as  a  function  of  time. 


2.  Steady-state  Response 

Now  let  us  assume  that  the  applied  emf  is  itself  an  oscillating  function  of  the  time  and, 
in  particular,  has  the  form 

S{t)  =  (27-18) 

where  ^  const.  We  also  assume  that  the  switch  in  Figure  27-4  has  been  closed  for  a 
long  time  before  r  =  0  so  that  any  transient  currents  will  have  long  since  been  damped 
out.  Now  we  want  to  find  a  special  solution  of  the  inhomogeneous  form  of  (27-11). 

We  note  that  we  can  write  S=  Re[(foe'‘^']  and,  since  (27-11)  is  linear  and  has  real 
coefficients,  the  real  and  imaginary  parts  of  any  solution  will  separately  be  solutions  of 
the  differential  equation.  Hence,  as  in  Section  24-2,  it  will  be  convenient  to  deal  with 
complex  quantities  and,  by  convention,  take  the  real  part  to  be  the  physical  current. 
Accordingly,  we  write  the  emf  as 

i{t)  (27-19) 

and  assume  Sq  to  be  real.  (A  sinusoidal  time  dependence  written  as  is  general 
usage  in  circuit  theory  in  contrast  to  that  is  common  practice  in  the  rest  of 

physics.  Therefore  we  will  also  use  this  notation,  but  only  in  this  chapter.)  We  now  try 
a  solution  of  the  form  1  ==  /qc'"'  where  Iq  is  a  constant  that  itself  may  turn  out  to  be 
complex.  Substituting  this  into  (27-11)  and  using  (27-19),  we  obtain 

\-oP-L  +  ii^R  T  (1/C)] 

so  that,  upon  canceling  the  common  factor  we  find  that  we  can  write  /q  in  the 
form 

/o  =  §  (27-20) 

where 

Z=  R  + R  + iX  (27-21) 

Z  is  called  the  impedance  and  X  the  reactance.  If  we  also  write  X  =  -h  A/,  then 
Xi  =  toL  and  A/ =  -1/wC  are  the  inductive  reactance  and  capacitive  reactance, 
respectively. 
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The  physical  significance  of  a  complex  impedance  is  that  the  steady-state  current  is 
not  in  phase  with  the  applied  emf.  We  can  show  this  explicitly  by  writing  Z  =  R  iX 
=  \Z\e^^  and,  by  equating  real  and  imaginary  parts,  we  find  that 


|Z|  =  {R^  + 


+ 


211/2 


tan  d 


X  ioL  -  {\/ioC) 
J  ~  R 


(27-22) 

(27-23) 


and  therefore 


/(r)  =  V'“'  = 


|Z| 


so  that  the  real  quantities  are 

(^(t)  =  ^0  Lit 


€ 

H‘)  =  -  d) 


(27-24) 


(27-25) 


We  see  that,  if  >  0,  then  the  current  lags  the  emf  in  time,  whereas  it  is  in  phase  with 
or  leads  if  d  =  0  or  ^  <  0,  respectively.  These  cases  correspond  to  being  greater 
than,  equal  to,  or  less  than  For  given  circuit  parameters,  we  see  from  (27-23)  that 
^  =  0  for  the  frequency 


iC 


0  ~ 


1 

i/Zc 


(27-26) 


Although  this  is  not  the  same  as  the  natural  frequency  that  we  found  in  (27-16),  the 
two  will  be  very  nearly  the  same  if  the  resistance  is  small  enough. 

From  the  form  of  (27-20),  we  see  that  impedance  is  a  generalization  of  resistance. 
However,  the  impedance  is  a  function  of  the  applied  frequency  and  hence  is  not 
completely  characterized  by  the  electromagnetic  parameters  of  the  system.  This  means 
that  the  steady-state  current  will  have  different  values  depending  on  the  frequency.  The 
frequency  for  which  the  current  has  its  maximum  value  is  the  resonance  frequency  and 
corresponds  to  the  minimum  value  of  |Z| .  We  see  from  (27-22)  that  this  corresponds  to 
X  =  0,  which  shows  that  the  resonance  frequency  is  exactly  coq  that  we  previously 
found  to  correspond  to  the  current  being  in  phase  with  the  applied  emf.  At  resonance, 
the  current  has  the  simple  value  of  ^/R. 

The  resistance  determines  the  “sharpness”  of  the  resonance,  that  is,  how  quickly  the 
current  decreases  from  its  value  at  resonance  as  the  frequency  is  changed  from  coq.  It  is 
convenient  to  describe  this  by  introducing  the  dimensionless  quantity  Q  defined  as  the 
ratio  of  the  inductive  reactance  at  resonance  to  the  resistance: 


~R~  ~  c) 


(27-27) 


The  impedance  magnitude  can  then  be  written  as 

|Z|  =R 


.  6"  1 

f  “o  ^ 

2 

1  +  — 

\  “o  /  ' 

i  “  i 

1/2 


(27-28) 


Figure  27-6  shows  the  current  amplitude  as  a  function  of  to/tOo  for  a  few  selected 
values  of  Q.  One  sees  quite  clearly  how  the  sharpness  of  the  resonance  is  decreased  as 
the  resistance  is  increased  in  order  to  make  Q  smaller.  If  Q  is  large  enough,  we  can  gel 
an  approximate  relation  between  it  and  the  broadness  of  the  resonance  curve.  Because 
(27-28)  is  fairly  complicated,  it  will  suffice  simply  to  ask  at  what  frequency  will  the 
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Figure  27-6.  Resonance  curves  for  various  values  of  Q. 


second  term  in  the  square  root  equal  unity —  then  the  current  will  be  down  by  a  factor  ^2 
from  its  maximum.  Setting  (Q(o/wo)^[l  -  =  1,  we  can  solve  for  (co/wo)^ 

and  we  find  that  =  1  +  (1/22^)  ±  (1/2)[1  +  (1/42^)]^"^^  which,  for  Q 

large  enough,  gives  (co/wq)^  =  1  ±  (1/2)-  If  we  introduce  the  magnitude  of  the 
corresponding  frequency  change  jAtol,  assume  that  the  resonance  is  fairly  sharp,  and 
use  the  plus  sign,  we  get 

/  (0  \2  ^  /  tOp  -F  |Aco|  ^  ^  ^  2|Aco|  ^  ^  ^  j_ 

,  Wp  /  \  COp  /  2 


so  that 


fi- 


2|Acol 


(27-29) 


Now  2|Acol  can  be  taken  as  an  approximation  to  the  total  “width”  of  the  resonance 
curve  so  that  we  get  this  simple  relation  between  Q  and  the  width:  the  larger  the  Q  of  a. 
circuit  is  the  sharper  will  be  the  resonance  and  conversely.  (We  will  leave  to  an  exercise 
the  question  of  how  this  Q  is  similar  to  the  Q  we  introduced  in  Section  24-3.) 

The  most  general  solution  for  the  current  when  the  emf  is  oscillatory  will  be  given  by 
the  sum  of  the  solutions  to  the  homogeneous  and  inhomogeneous  forms  of  the  basic 
differential  equation;  in  other  words,  I{t)  will  be  given  by  the  sum  of  (27-14)  and 
(27-24).  The  constants  of  integration  and  a_  will  have  to  be  evaluated  from  the 
applicable  initial  conditions  and,  of  course,  will  not  necessarily  have  the  values  which 
led  to  (27-15). 
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Impedance  as  a  generalization  of  resistance  has  proved  to  be  a  very  useful  concept.  As 
might  be  expected,  it  is  possible  to  combine  impedances  much  as  can  be  done  with 
resistances  and  the  results  are  quite  analogous. 
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In  Figure  21-la,  we  have  two  impedances  connected  in  series  so  that  the  same 
current  1  passes  through  them.  By  (27-20),  the  individual  voltages  will  be  =  ZJ  and 
K2  =  Z2/  so  that  the  total  voltage  across  the  combination  is  V  =  V-^+  F2  =  (Z^  + 
Z2)/  =  Zgjy/  where  Z^^=  Zj  +  Z2.  Thus,  the  combination  is  equivalent  to  a  single 
impedance  of  value  This  can  clearly  be  generalized  to  more  than  two,  so  that  the 
equivalent  impedance  of  a  group  connected  in  series  is 


Z^,  —  Zi  +  Z2  +  Z3  +  . . . 


(27-30) 


We  can  analyze  the  parallel  combination  shown  in  Figure  21 -lb  in  a  similar  way. 
The  voltages  and  Fj  are  equal  to  the  same  value  V  by  (27-6)  so  that  the  individual 
currents  are  /j  -  V^/Z^  =  V/Z^  and  =  F2/Z2  =  F/Z2.  The  total  current  I  as 
found  from  (27-5)  is  /  =  /^  +  =  [{l/Z^)  +  (1/Z2)]K  -  F/Z.^.  Thus,  for  parallel 

connections,  the  impedances  add  in  reciprocals,  and  the  effective  impedance  is  given  by 

1111 

^  =  ^  +  —  +  ^+  --  .  (27-31) 

^2  “^3 

(We  note  that  these  are  exactly  the  same  combining  rules  found  for  pure  resistances  in 
Exercise  12-6.) 

The  only  real  hazard  in  using  these  results  is  in  forgetting  that  impedances  are 
complex  numbers  so  that  the  real  and  imaginary  parts  are  added  separately.  For 
example,  (27-30)  would  be  written  as 

Z,  =  {R^  +  R,  +  R,  +  ...)  +  i(X,  +  +  ...)  (27-32) 

that  has  the  magnitude 


|ZJ  =  [(/?i-^«2  +  «3  +  ...)'+(Xi-hA'2  -1X3-1...)"' 


1/2 


(27-33) 


Because  of  (27-31),  it  has  been  found  to  be  convenient  to  define  the  admittance  Y  as 
the  reciprocal  of  the  impedance.  Thus,  we  have 

R  -  iX 

G  -  iB  (27-34) 


1  1 

7=  -  = - 

Z  R-\-  iX 


R^  +  X' 


The  real  and  imaginary  parts  of  the  admittance,  G  and  B,  are  called  the  conductance 
and  susceptance,  respectively.  When  this  is  done,  then  (27-20)  can  be  written  as 


4  =  (27-35) 

which  is  sometimes  useful. 

By  using  these  results,  it  is  often  possible  to  analyze  more  complicated  circuits  by  a 
step-by-step  process  of  combining  individual  parts  as  either  series  or  parallel  combina¬ 
tions. 


Example 

Series-parallel  circuit.  We  want  to  find  the  effective  impedance  of  the  circuit  of  Figure 
27-8.  The  resistance  includes  the  resistance  of  the  inductance  as  well  as  any  other 


ia)  {h) 


Figure  27-7.  (a)  Imped¬ 
ances  in  series,  (b)  Im¬ 
pedances  in  parallel. 
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Figure  27-8. 


A  series-parallel  circuit. 


resistance  there  might  be  in  this  branch.  Rj^  and  L  are  in  series;  they  in  turn  are  in 
parallel  with  C,  and  this  whole  combination  is  in  series  with  R.  By  (27-21)  and  (27-30), 
the  first  pair  have  an  impedance  +  /coL.  Since  the  impedance  of  C  is  — //coC,  we 
can  use  (27-31)  and  then  (27-30)  again  to  find  the  whole  impedance  of  the  circuit: 

1 


{R^  +  iioL)  (-i/icC) 


{Rl  +  i<^L) 

1  -H  icoC{Ri^  +  ioiL) 

+  iw[L(l  -  cc^LC)  -  CRl] 
(1  -  (o^LC)^+  {uCRi^f 


(27-36) 


When  this  circuit  is  connected  to  a  generator,  one  must  add  the  generator  impedance  to 
(27-36)  to  get  the  complete  impedance  of  the  system  if  one  wants  to  find  the  current  by 
(27-24). 

An  interesting  special  case  occurs  when  R^^is  small  enough  to  be  neglected.  Then  we 
find  from  (27-36)  that 


121 


2t2 


R^  + 


(1  -  w^LC)' 


1/2 


(27-37) 


Now,  if  02^  =  0)1  =  l/LC,  we  see  that  |Z|  becomes  infinite  so  that  the  current  will  be 
zero.  For  frequencies  different  from  this,  the  current  will  be  different  from  zero  and  the 
curve  of  current  as  a  function  of  frequency  will  be  qualitatively  like  an  inverted  form  of 
Figure  27-6.  This  is  also  a  resonance  phenomenon,  but  quite  different  from  the  previous 
example;  this  behavior  is  sometimes  called  antiresonance.  ■ 


Some  circuits  are  deliberately  constructed  so  that  there  is  mutual  inductance  in  the 
system,  for  example  by  winding  one  coil  over  another  as  in  the  second  example  of 
Section  17-4.  Sometimes  mutual  inductance  is  present  simply  because  of  the  proximity 
of  two  coils  so  that  the  flux  produced  by  one  can  penetrate  the  turns  of  the  other.  In 
any  case,  one  then  has  to  take  into  account  the  induced  voltage  described  by  (17-50) 
that,  in  our  present  notation,  we  can  write  as  =  - Mj^{dl,^/dt).  When  KirchhoflTs 
law  (27-6)  is  used,  these  voltages  must  also  be  included.  This  is  ordinarily  no  problem 
except  for  a  sign  ambiguity  since  we  saw  that  mutual  inductance  can  be  a  positive  or 
negative  quantity.  What  one  generally  needs  is  a  knowledge  of  the  physical  arrange¬ 
ment  of  the  windings  so  that  Lenz’  law  can  be  used  to  find  the  sense  of  the  induced 
voltages  for  the  assumed  current  directions  and  signs  of  dlf^/dt.  Once  one  has  done  all 
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this  in  a  consistent  manner,  the  various  loop  equations  can  be  written  down  and  the 
currents  calculated. 


Example 


Coupled  circuits.  We  assume  the  two  series  circuits  of  Figure  27-9  to  be  coupled  by 
means  of  the  mutual  inductance  M  of  appropriate  sign;  for  simplicity,  we  assume  no 
resistance  or  applied  emf  in  either  circuit.  (In  order  to  have  currents  in  such  a  system  at 
all,  we  can  assume  that  at  one  time  there  were  emfs  present  but  they  have  been 
switched  out.)  The  application  of  KirchhofTs  law  to  each  circuit  is  the  same  we  used  to 
get  (27-10)  with  the  addition  of  =  -M(dl2/dt)  and  =  -M(dl^/dt)  where 
M  =  M^2  ^  ^21  (17-49).  Including  these  in  the  equation  that  led  to  (27-10),  and 

setting  R  and  ^  equal  to  zero,  we  get  two  equations — one  for  each  circuit: 


dl^  dl2  (j-[ 

^  dt  dt  Cl 


dl2 

~dt 


dL 


+  M 


dt  C 


=  0 


In  order  to  have  only  currents  involved,  we  differentiate  again  to  obtain 


d%  d%  L 


dt^ 


d% 


(27-38) 


‘1 - T'  ^ 

^  dt^  dt^ 


+  ^  =  0 


These  equations  are  reminiscent  of  those  applying  to  two  coupled  mechanical  oscilla¬ 
tors.  This  suggests  that  we  try  to  solve  them  by  looking  for  the  normal  modes  and 
normal  frequencies  of  the  system,  that  is,  solutions  in  which  both  currents  oscillate  with 
the  same  frequency.  Accordingly,  we  try  a  solution  of  the  form 


/j  =  I2  =  (27-39) 

where  a  and  b  are  constants.  Substituting  these  into  (27-38),  we  find  that  they  give 

(1  -  o:>lLiCi)a  -  ic^MC^b  =  0 

\  !  (27-40) 

-  oilMC2a  +  (1  -  u>lL2C2)b  =  0 

This  set  of  homogeneous  equations  has  a  nontrivial  solution  only  if  the  determinant  of 
the  coefficients  is  zero,  that  is,  if 

(1  -  <4L,C,){\  - 

=  C,C^{L,L^  -  M")co„"  -  {L,C,  +  -hi  =  0  (27-41) 


M 


Figure  27-9.  Two  coupled  circuits. 
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This  is  a  quadratic  equation  in  co^  and  the  solutions  are 

^  (LA  +  LA)  +  [(^iQ  ^  L,C,f  -  4CA(^i^2  - 

IC^C^iL^L^  -  M'^) 


(27-42) 


The  result  of  Exercise  17-26  shows  us  that  L^L2  —  >  0  so  that  there  are  two 

possible  positive  values  of  that  we  call  and  iol  according  to  which  sign  is  used 
for  the  square  root.  [As  a  simple  check  on  our  work,  we  can  let  M  =  0  in  (27-42),  and 
we  find  that  (jo%=  I/L2C2  and  co^_=  l/L^C^  In  other  words,  the  normal  frequencies 
are  then  just  those  of  the  individual  uncoupled  circuits.] 

Since  and  are  positive,  upon  taking  the  square  roots,  we  find  that  there  are 
four  possible  real  values  of  we  can  use  in  (27-39),  that  is,  ±to+  and  ±w_.  As  each 
can  have  its  own  multiplicative  constant,  we  see  that  each  current  can  be  written  as  the 
sum  of  four  terms: 


h  = 


(27-43) 


Thus  each  current  generally  has  oscillatory  components  of  both  frequencies. 

The  eight  constants  of  integration  {a^,  a2,...,  ^4)  that  have  appeared  are  not  all 
independent  as  the  equations  (27-38)  still  have  to  be  satisfied  with  the  use  of  (27-43). 
Actually,  the  ratio  of  each  corresponding  pair  can  be  found  from  either  equation  in 
(27-40)  upon  substitution  of  the  appropriate  wj.  Thus,  there  are  only  four  independent 
constants  that  can  be  evaluated  from  the  initial  values  of  the  currents  and  charges.  As 
can  be  expected  from  looking  at  (27-42),  the  algebra  involved  will  be  “straightforward 
but  tedious,”  so  we  won’t  carry  this  further  here  but  will  leave  the  evaluation  for  a 
simpler  case  to  an  exercise.  ■ 
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Up  to  this  point,  we  have  assumed  that  the  circuits  are  small  enough  that  the 
instantaneous  values  of  the  voltages  and  currents  can  be  assumed  to  be  independent  of 
position.  In  many  applications  to  power  and  communications  systems,  the  circuit  is  so 
large  that  this  is  no  longer  a  legitimate  assumption  and  the  relevant  quantities  do 
depend  on  position  as  well  as  on  time.  A  typical  example  is  shown  in  Figure  2740. 
There  are  two  long  parallel  conductors  of  length  /.  They  have  uniform  cross  section, 
although  the  cross  sections  need  not  be  the  same.  The  conductors  need  not  be 
physically  separated  as  shown  but  one  may  surround  the  other  as  in  the  coaxial  line  of 
Figure  18-1.  At  one  end  (x  =  0),  they  are  connected  to  an  emf  S’(t)  =  and  an 
impedance  Zq.  At  the  other  end  (x  =  /),  they  are  connected  to  a  load  impedance  Z;. 
We  want  to  find  the  steady  state  voltage  and  current  distributions  along  the  line. 


Figure  27-10.  Typical  example  of  a  transmission 
line. 
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Since  the  voltage  and  current  will  vary  with  position,  we  cannot  assume  that 
parameters  such  as  inductance  and  capacitance  are  localized  at  definite  points  but  are 
generally  distributed  uniformly  between  the  ends.  If  we  let  R'  and  L'  be  the  resistance 
from  all  sources  of  loss  and  inductance  per  unit  length  of  the  pair,  then  the  series 
impedance  of  a  length  dx  will  be  (R' icoL')  dx  by  (27-21).  As  there  are  two 
conductors  involved,  there  will  also  be  a  capacitance  C'  per  unit  length.  Furthermore, 
if  there  is  imperfect  insulation  between  the  conductors,  there  can  be  a  current  leakage 
between  them  that  we  can  describe  by  a  conductance  G'  per  unit  length.  In  other 
words,  we  can  describe  the  line  schematically  as  a  whole  series  of  infinitesimal  circuits 
as  shown  in  Figure  27-11.  Since  the  admittance  of  a  capacitor  is  =  1/Z^  =  l/Jf^  ^ 
/coC  and  admittances  in  parallel  add,  the  (shunt)  admittance  between  the  conductors  is 
(G'  +  io}C')dx. 

Although  we  cannot  apply  Kirchhoffs  laws  to  the  line  as  a  whole,  we  can  for  an 
infinitesimal  portion  of  it.  If  /(x)  is  the  current  at  x,  then  the  current  at  x  +  lix  is  less 
than  this  by  the  current  across  the  line  that,  by  (27-35),  is  YV{x)  where  F(x)  is  the 
voltage  between  the  conductors.  Thus  we  get  I{x  dx)  =  I(x)  —  YV{x)  =  /(x)  - 
(G'  +  io:C')Vdx  =  /(x)  +  (dl/dx)  dx,  so  that 

dl 

—  =  -(G'  +  mC')V  (27-44) 


Applying  the  loop  theorem  to  the  loop  closed  off  by  the  dashed  lines  of  the  figure,  we 
find  that  —{R'  +  /wL^)/Jx  —  V{x  +  dx)  +  V{x)  =  0  so  that 

dV 

—  =  -(R'  ^  ii^U)l  (27-45) 


By  differentiating  (27-45),  and  substituting  from  (27-44),  we  can  get  our  equation 
involving  V  only: 


d'^v 


-y^V=0 


(27-46) 


where 


y  =  a  +  iP  =  [(«'  +  iuL'){G'  +  (27-47) 

Similarly,  we  find  that 

(2748) 

so  that  the  voltage  and  current  each  satisfy  differential  equations  of  the  same  form. 

Since  we  are  looking  only  for  steady-state  solutions,  we  write  these  functions  in  the 
form 

V(x,  t)  =  Ko(x)e''"'  I{x,  t)  =  /o(x)e'“'  (27-49) 
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Figure  27-11.  Schematic  representation  of  an  infinites! 
mal  portion  of  a  transmission  line. 


X 
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and  we  find  that  the  spatially  dependent  amplitudes  also  satisfy  equations  of  the  same 
form: 


dx^ 


-  =  0 


d\ 

dx^ 


-  y%  =  0 


(27-50) 


The  general  solution  for  Iq  can  be  written  down  at  once  as 

Iq{x)  =  aie'^^  +  <^2^  (27-51) 

where  ai  and  ^23^®  constants  of  integration.  Substituting  this  into  (27-44),  while  using 
(27-49),  we  find  the  general  result  for  the  voltage  amplitude  to  be 

Fo(x)  =  (27-52) 


where 


Z.  = 


R'  +  ioiL' 
G'  + 


1/2 


(27-53) 


is  called  the  characteristic  impedance  of  the  line  and  will  be  measured  in  ohms. 

We  can  easily  see  the  physical  significance  of  these  solutions.  If,  for  example,  we 
combine  the  second  part  of  (27-51)  with  (27-49),  and  use  (27-47),  we  obtain  a2e"^‘ 

=  Upon  comparing  this  with  (24-51),  and  taking  account  of  the 

difference  in  notation,  we  see  that  this  is  a  damped  wave  traveling  to  the  right  (in  the 
sense  of  increasing  x)  with  a  speed  v  and  wavelength  X  given  by 


Similarly,  the  first  term  becomes  that  is  a  damped  wave  traveling  to  the 

left  (in  the  sense  of  decreasing  x).  Both  waves  have  the  same  damping  factor  a  and 
speed  V.  We  see  from  (27-47)  that  a  and  /S  will  generally  be  functions  of  frequency  as 
well  as  of  the  characteristics  of  the  line.  Thus  the  wave  speed  will  also  be  a  function  of 
frequency  so  that  a  transmission  line  is  an  example  of  a  dispersive  medium. 

One  can  obtain  a  and  /S  from  (27-47)  in  the  same  way  that  was  used  to  obtain 
(24-42)  and  (24-43).  The  results  are 


„  =  -  <o'L'C')  +  [(7?'^  +  (o^L'^)(G'^  +  (27-55) 

v2  '■ 

p  =  1  -  to^L'C')  +  [(7?'^  +  (27-56) 

v2  '■ 

We  can  find  the  constants  of  integration  by  considering  conditions  at  the  terminals. 
At  the  input  end  (x  =  0),  we  can  apply  (27-6)  to  the  amplitudes  and  use  a  loop  going 
through  ^0,  Zq,  and  across  the  line.  In  this  way  we  obtain  S’q  -  ZqIq(0)  -  Vq(0)  =  0 
=  ^0  -  Zo(^2i  +  ^2)  -  +  ^2)  so  that 

(Z,  -  Zo)ai  -  (z,  +  Zo)u2  =  -^0  (27-57) 


Similarly,  at  the  load  end,  we  have  Z//o(/)  -  Vq(1)  =  0  and  thus 
(Z,  +  Z,)e^^^i-(Z,-Z,)^^^^fl2  =  0 
Solving  these  two  equations  for  and  a2y  we  obtain 

(z,  +  Zo)(i-ror,e-2^0 

(z,  +  Zo)(i-ror,e-^^') 


(27-58) 

(27-59) 

(27-60) 


464  CIRCUITS  AND  TRANSMISSION  LINES 


where 


Z,-  -  Zq 

Zj-  +  Zq 


z,  +  z, 


(27-61) 


are  called  the  input  and  output  reflection  coefficients,  respectively. 

If  we  substitute  these  results  into  (27-51)  and  (27-52),  we  get  the  eomplete  expres¬ 
sions  for  the  current  and  voltage  amplitudes; 


(z,  +  Zo)(i  -ror,e-^^') 


(27-62) 


(27-63) 


As  a  first  example,  let  us  consider  an  infinitely  long  line;  then  e~^'^‘  ~  ^  0  as 

/  ^  00.  Similarly,  e“2y(/-x)  q  sj^ce  /  —  x  will  be  positive;  then  (27-62)  reduces  to 
^(•^)  ^  ^o)-  initial  amplitude  thus  is  /o(0)  ^  ^o/i^i  +  -^o) 

determined  solely  by  the  input  impedance  Zq  and  the  characteristic  impedance  Z,  of 
the  line.  This  shows  that  the  line  impedance  acts  in  this  case  as  if  it  were  simply  in 
series  with  Zq.  The  net  result  will  be  a  damped  wave  traveling  along  the  line  with  speed 
u  given  by  (27-54). 

Although  (27-62)  and  (27-63)  are  exact,  their  physical  significance  is  not  too  clear. 
We  can  get  a  useful  interpretation  of  these  results  by  expanding  the  denominator  in  a 

power  series  with  the  use  of  1/(1  —  y)  =  1  +  y  +  y^  +  + _ In  this  way,  we  find 

that  (27-62)  can  be  written  as 


loix)  = 


(Z,  +  Zo) 


-I- ...]  (27-64) 

If  we  now  multiply  through  by  to  get  the  total  current,  we  see  that  each  term 
represents  a  traveling  wave.  Tlius  the  whole  current  is  a  superposition  of  traveling 
waves,  going  in  both  directions;  the  amplitude  of  each  component  wave  is  proportional 
to  various  powers  of  the  reflection  coefficients.  The  T’s  are  now  seen  to  give  the 
fraction  of  the  incident  amplitude  that  is  reflected  back  into  the  line.  The  parenthetical 
portion  of  each  exponent  gives  the  distance  the  corresponding  wave  has  traveled.  For 
example,  the  sixth  term  in  the  expansion  corresponds  to  a  wave  that  has  undergone  a 
total  of  five  reflections — three  at  the  load  end  and  two  at  the  input  end.  It  has  traversed 
the  line  five  times  and  is  headed  back  to  the  input  end  and  has  gone  a  distance  /  -  x 
from  the  load  end.  This  shows  us  how  the  steady  state  is  finally  attained  after  a 
sufficient  number  of  reflections.  If  the  load  impedance  equals  the  characteristic  imped¬ 
ance  so  that  Z;  =  Z,-,  then  T^  =  0  and  there  are  no  reflections.  In  this  case,  (27-62) 
reduces  to  exactly  the  same  result  as  for  an  infinite  line. 

For  many  lines,  the  resistance  and  conductance  per  unit  length  are  very  small  and 
one  can  simplify  our  results  by  making  some  approximations.  Let  us  assume  that 
coL'  R'  and  toC'  ^  G'  and  look  for  results  with  only  first-order  correction  terms. 
Rather  than  dealing  with  (27-55)  and  (27-56),  it  is  more  convenient  to  go  back  to 


27-4  TRANSMISSION  LINES 


465 


(27-47)  and  we  get 


y  =  a  ip  = 

iR' 


1  - 


iR' 

<jOL' 


iG' 


1/2 


=  io)y/L'C'  1  - 


2i^L' 


iG' 


2coC' 


2w  L'  C' 


so  that 


R'  G' 

- H  — 

L'  C' 


p  =  ioyfua 


(27-65) 


and  the  wave  speed  is 


1 


V  — 


(27-66) 


by  (27-54).  We  see  that  to  this  approximation  both  the  wave  speed  and  the  attenuation 
constant  are  independent  of  the  frequency  and  that  the  wave  speed  is  the  same  as  if  the 
line  had  no  resistance. 

Similarly,  the  characteristic  impedance  obtained  from  (27-53)  is 


Z.  ^ 


2co\C'  L'j\ 


(27-67) 


since  in  many  cases  the  line  can  be  treated  as  resistanceless  and  then  Z,  turns  out  to  be 
approximately  a  pure  resistance. 


Example 


Two-wire  line.  A  very  common  example  of  a  transmission  line  consists  of  two  parallel 
wires  as  shown  in  cross  section  in  Figure  11-10.  From  (11-53),  (10-73),  Exercise  17-23, 
and  (20-66),  we  get 


TTC 

^  cosh~^{D/2A) 


U  = 


—  cosh  ^ 

77 


(27-68) 


and,  ii  A  ^  D,  we  can  use 

C'  = 


TTC 


ji  ( D 

— - r  L'  =  -\n\- 

\n{D/A)  77 


(27-69) 


where  A  is  the  wire  radius  and  D  the  distance  between  centers. 

In  either  case,  we  find  from  (27-66)  that  u  =  1/  yfjxe  and  is  exactly  the  same  as  the 
speed  of  a  plane  wave  for  a  medium  characterized  by  ju  and  e  as  given  by  (24-12).  The 
line  impedance  found  from  (27-67)  is 


(27-70) 


For  simplicity,  let  us  completely  neglect  the  resistance  of  the  line  so  that  a  =  0  and 
assume  that  Zq  =  Z,  so  that  Fq  =  0.  Then  (27-63)  becomes 
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We  will  also  assume  that  Z;  is  real  so  that  Tf  is  too.  If  we  multiply  our  last  result  by 
e'‘^‘  and  take  the  real  part,  we  find  the  voltage  to  be  given  by 

V  =  ^<fQ[cos(wr  —  fix)  -  Tj  cos  {o>t  fix  —  2fil)]  (27-71) 

Suppose  that  the  load  end  of  the  line  is  open,  Z/  is  infinite,  =  —  1  and  (27-71) 
becomes 

V  —  j^Q[cos(uj/  —  fix)  +  cos(to^  fix  —  2fil)] 

=  S’q  cos  fi{x  -  1)  cos  {o:t  -  fil)  (27-72) 

This  is  a  standing  wave  where  the  voltage  oscillates  sinusoidally  at  each  point  but  with 
an  amplitude  that  also  varies  sinusoidally  along  the  line.  In  particular,  the  open  end  at 
x  =  I  has  a  maximum  value  so  that  it  is  a  voltage  antinode.  There  will  be  points  at 
which  the  voltage  is  zero;  these  points  are  called  nodes  and  their  locations  are  given  by 
the  condition  that  fi(x  —  /)  =  n^^/2  where  is  an  odd  integer.  The  distance  Ax 
between  adjacent  nodes  can  be  found  since  fiLx  =  l^n^m/2  =  tt  or  Ax  =  m/fi  =  A/2 
showing  that  the  nodes  (and  antinodes)  are  spaced  a  half  wavelength  apart. 

Similarly,  if  the  load  end  is  short  circuited  so  that  Z^  =  0,  then  =  1  and  the 
voltage  as  obtained  from  (27-71)  is 

7  =  ^0  sin^(x  -  /)  sin  (tor  —  fil) 

This  is  another  standing  wave  with  a  voltage  node  at  the  short  circuited  end  and  with 
the  same  half  wavelength  spacing  between  nodes  (and  antinodes).  Thus,  in  these 
respects,  the  two-wire  line  acts  like  an  open  or  closed  organ  pipe. 

Two  parallel  wires  used  in  this  way  are  often  called  Lecher  wires.  m 


■  Example 


Coaxial  line.  Another  very  common  transmission  line  is  the  coaxial  line  as  illustrated  in 
Figures  6-12  and  18-1.  From  (6-45)  and  the  principal  portion  of  (18-34),  we  find  that 


C'  = 


27re 


\n{b/a) 


IX  I  b 


SO  that  once  again  the  waves  travel  with  the  speed  of  fight  since  v  =  1/  y/UC'  =  1/  t/ixc  . 
The  characteristic  impedance  is 


We  note  that  this  is  exactly  the  same  impedance  (26-77)  that  we  found  for  the  coaxial 
fine  by  treating  it  as  a  wave  guide  for  the  transmission  of  TEM  waves.  ■ 


EXERCISES 

27-1  In  the  RL  circuit  of  Figure  27-2,  R  =  4 
ohms,  L  =  1.5  henrys,  and  the  battery  emf  is  12 
volts.  Find  the  current  and  the  magnitudes  of 
and  Vj  for  these  times  in  seconds  after  the  switch 
is  closed:  (a)  0.25,  (b)  1.0,  (c)  3.0. 

27-2  In  Figure  27-2,  suppose  that  the  induc¬ 
tance  L  is  replaced  by  a  capacitance  C.  Use 
Kirchhoffs  laws  to  find  a  differential  equation 


from  which  the  capacitor  charge  q  can  be  found. 
Before  the  switch  is  closed  at  f  =  0,  there  is  a 
charge  qQ  on  C.  Find  q  for  all  later  times.  What 
is  the  relaxation  time  of  this  system?  Under  what 
conditions  will  the  corresponding  current  have  a 
sense  opposite  to  that  shown  in  the  figure? 

27-3  Show  that  (27-10)  can  also  be  derived  by 
using  conservation  of  energy  in  the  sense  that  the 
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time  rate  of  change  of  electric  plus  magnetic 
energy  equals  the  power  supplied  by  the  emf  less 
the  rate  of  resistive  loss. 

27-4  If  (R/2L)^  >  (l/LC),  then  8  is  real  and 
the  series  RLC  circuit  is  said  to  be  overdamped. 
Find  ^  as  a  function  of  time  for  the  same  initial 
conditions  that  led  to  (27-15).  What  does  q  be¬ 
come  after  a  very  long  time? 

27-5  If  (R/2L)^  =  l/LC,  then  the  series  RLC 
circuit  is  said  to  be  critically  damped.  Since  6  =  0, 
(27-14)  reduces  to  /  =  (a++  = 

ae  so  that  there  is  only  one  constant  of 

integration,  whereas  the  general  solution  of  a 
second-order  differential  equation  requires  two. 
Show  that,  in  this  case,  the  general  solution  of 
(27-12)  has  the  form  7  =  (a  +  where 

a  and  b  are  constants.  Find  ^  as  a  function  of 
time  for  the  same  initial  conditions  that  led  to 
(27-15).  Show  that  |  has  a  maximum  value  at 
a  time  2L/R  after  the  switch  is  closed  and  find 
its  maximum  value. 

27-6  Consider  an  underdamped  series  RLC  cir¬ 
cuit  for  which  ^  cos  to  t  with  to  ^  tj„ .  At 
/  =  0,  the  capacitor  is  uncharged  and  the  previ¬ 
ously  open  switch  is  suddenly  closed.  Find  the 
current  for  all  later  times.  Does  your  solution 
correctly  reduce  to  (27-24)  or  (27-25)  as  /  oo? 

27-7  For  a  system  described  by  (27-25),  show 
that  the  time-average  power  supplied  by  the  emf 
is  (^0^/2 1  Z|)  cos  In  this  context,  cosi^  is  called 
the  power  factor.  What  conditions  will  make  the 
power  factor  zero?  Physically,  what  is  occurring 
to  give  rise  to  such  a  situation? 

27-8  (a)  Show  that  the  equation  determining 
the  relative  phase  can  be  written  as  tan  d  = 
Q(w/wo)[l  -  (wo/w)^].  Using  this,  show  that, 
for  a  given  the  larger  the  value  of  Q,  the 
smaller  the  corresponding  value  of  w  will  be.  (b) 
If  the  voltage  across  the  capacitor  is  regarded  as  a 
function  of  frequency,  show  that  its  maximum 
amplitude  occurs  when  to  =  tOo[l  -  {1/lQ^yf^^. 

27-9  Show  that  Q  also  equals  2tT  times  the 
time-average  of  the  total  energy  of  the  circuit 
divided  by  the  average  energy  dissipated  per  cycle 
when  the  system  is  at  or  very  near  resonance. 
How  does  this  result  compare  with  the  interpreta¬ 
tion  found  for  the  Q  defined  in  Chapter  24  as 
given  in  the  last  sentence  of  Exercise  24-29? 

27-10  A  series  RLC  circuit  has  an  additional 
inductance  L"  in  parallel  with  the  whole  combi¬ 
nation.  Find  the  resultant  impedance  of  this  new 
system. 


27-11  There  is  a  real  current  /  =  /oCOs(tor  +  c) 
in  a  circuit  consisting  of  a  resistance  R  and 
inductance  L  connected  in  parallel.  Find  the  volt¬ 
age  V{t)  across  this  circuit. 

27-12  In  the  circuit  of  Figure  27-8,  suppose  that 
R I  is  removed  from  the  branch  containing  L  and 
put  in  that  containing  C.  Find  Z.  Verify  that 
your  result  will  correctly  lead  to  (27-37)  when  R^ 
is  negligible.  Show  that,  when  w^LC  =  1,  your 
answer  and  (27-36)  both  give  the  same  value  of 
|Z|. 

27-13  Consider  a  special  case  of  the  coupled 
circuits  of  Figure  27-9  where  L^  =  L2  =  L  and 
Cj  =  C2  =  C.  The  initial  conditions  at  f  =  0  are: 

/i  =  /2  =  0,  ^2  =  0-  (How  could  you 

achieve  this  in  practice?)  Find  the  currents  and 
charges  for  all  later  times. 

27-14  A  generator  providing  the  emf 
an  internal  impedance  Zq.  It  is  connected  in 
series  with  a  load  whose  impedance  Z,  can  be 
varied.  Show  that  maximum  time-average  power 
will  be  transferred  to  the  load  when  Z^  =  Z* . 
27-15  Some  lines  are  such  that  the  resistance  is 
large  compared  to  its  series  inductive  reactance 
and  the  capacitive  reactance  is  large  compared  to 
the  leakage  conductance.  For  this  case,  find  the 
lowest-order  approximations  for  a,  p,  v,  and  Z,. 
27-16  By  assuming  that  the  line  parameters 
themselves  are  independent  of  frequency,  one  can 
get  a  “distortionless”  hne,  that  is,  the  propagation 
quantities  are  independent  of  frequency,  provided 
that  L'G'  =  R'C'.  Show  this  to  be  the  case  by 
finding  «,  y,  and  Z,.  (In  practice,  this  generally 
requires  unacceptably  large  values  of  L'  and/or 
G^) 

27-17  It  is  often  more  convenient  to  express  the 
voltage  and  current  in  terms  of  line  input  values, 
that  is,  values  at  x  =  0.  Show  that  (27-62)  and 
(27-63)  can  be  written  in  the  form 

_  Kq(0)  cosh[7(/-  x)  +<f)] 
cosh(Y/  +  ^) 

Kq(0)  sinh[  y(/  -  x)  +  ^^] 

2.  cosh (  +  ‘f*) 

where  tanh^  =  Z^/Zf.  Also  show  that  the  effec¬ 
tive  input  impedance  can  be  usefully  written  in 
terms  of  the  line  constants  and  load  impedance  as 

k'o(0)Ao(t>)  =  coth(Y/  + 

=  Z,(  Z/  -I-  Z,.  tsmhyl)/ 

(Zf  iai\hyl  +  Z^)- 
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27-18  If  and  are  the  input  impedances 
when  the  line  is  terminated  by  a  short  circuit 
(Z/  =  0)  and  an  open  circuit  (Z/  -*■  oo),  respec¬ 
tively,  show  that  the  characteristic  impedance  is 
given  exactly  by  Z,.  =  (Z,,Z„,.)^/^. 

27-19  For  the  case  of  Lecher  wires,  show  that 
voltage  nodes  are  current  antinodes  and  vice  versa. 
27-20  In  order  to  get  an  idea  of  magnitudes, 
find  the  ratio  b/a  necessary  to  make  Z,  of  a 
coaxial  line  with  vacuum  inside  equal  to  60  ohms. 

27-21  The  time-average  power  transmitted  past 
a  given  point  on  a  transmission  line  is  (P)  = 
Re(|/olo*).  (Do  you  agree?)  If  a  =  0  and  Z^  is 
real,  show  that  (P)  ^  (1  —  \Tj\^).  Thus,  maxi¬ 
mum  power  transfer  will  occur  when  Z/  =  Z, . 

27-22  For  simplicity,  assume  that  all  imped¬ 
ances  are  real  and  y  =  Show  that  the  depen¬ 


dence  of  the  voltage  amplitude  on  position  along 
the  line  can  be  generally  described  by  \Vq\^  — 
A[1  r/  -  2r/  cos2y3(/  -  x)]  where  A  =  const. 
For  this  kind  of  standing  wave,  in  which  the 
minima  are  not  zero,  a  useful  and  measurable 
quantity  is  the  voltage  standing  wave  ratio 
defined  by  FgwR  =  I  KLin-  Show  that 


1  +  irj 

Fswr  “  j  _  |p  I  l^/l 


^WR  1 
^WR  1 


and  that  these  are  correct  for  both  positive  and 
negative  values  of  T,.  (The  second  result  provides 
a  convenient  way  of  measuring  IT;]  and  hence  of 
finding  the  load  impedance.)  Show  that  these 
results  agree  with  what  we  found  for  the  Lecher 
wire  system.  Explain  the  value  found  for 
when  F/  =  0.  Show  that  the  spacing  between  ad¬ 
jacent  maxima  (and  adjacent  minima)  is  X/2. 
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RADIATION 


In  Chapters  24  through  26,  we  considered  time-dependent  electromagnetic  fields  in  the 
forms  of  traveling  and  standing  waves.  We  did  not  concern  ourselves  with  the  problem 
of  how  we  could  produce  such  fields  if  we  so  desired  other  than  to  note  that  it  could  be 
done  in  principle  with  an  “appropriate”  distribution  of  charges  and  currents.  Now  we 
want  to  consider  some  aspects  of  how  electromagnetic  fields  in  the  form  of  waves  can 
be  generated;  this  part  of  electromagnetism  is  usually  given  the  name  radiation.  The 
general  subject  of  radiation  covers  a  wide  variety  of  problems  and  can  become  quite 
complex.  Accordingly,  we  will  have  to  confine  ourselves  to  a  few  representative, 
reasonably  simple,  yet  important  examples. 

If  we  recall  our  treatment  of  waves,  we  note  that  we  managed  very  well  by  using 
Maxwell’s  equations  and  dealing  with  the  fields  E  and  B  (or  H)  themselves.  That  is,  we 
never  found  it  necessary  to  use  the  general  time-dependent  vector  and  scalar  potentials 
that  were  discussed  in  Chapter  22.  The  production  of  electromagnetic  radiation  is, 
however,  much  more  easily  handled  in  terms  of  these  potentials  A  and  <t>. 


28-1  RETARDED  POTENTIALS 

We  restrict  ourselves  to  regions  with  vacuum  properties  so  that  we  can  set  /le  =  ^ 

1  /c^.  If  we  simplify  our  notation  somewhat  by  omitting  the  subscript  /  on  the  charge 
and  current  densities,  the  equations  determining  the  potentials  are  then  found  from 
(22-14)  through  (22-16)  to  be 


V^A  - 


1 


fioJ 


(28-1) 


1 

c~  dt 


^0 


(28-2) 


1 

dt 


V  ■  A  +  — —  =  0 


(28-3) 


while  the  fields  are  obtained  from 


B  =  V  X  A  (28-4) 

E=-v.>-^  (28-5) 

ot 

according  to  (22-1)  and  (22-3).  We  recall  that  this  set  of  equations  is  completely 
equivalent  to  Maxwell’s  equations. 

It  will  also  be  helpful  for  us  to  remember  that  we  have  found  the  solutions  for  the 
potentials  in  the  static  case  where  all  time  derivatives  are  zero;  these  are  given  by 
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(16-12)  and  (5-7)  and  are 


J(r')  dT' 

■'  R 

(28-6) 

11 

o 

r  p{r')dT' 

ly'  R 

(28-7) 

with  R=  |r  -  r'l .  We  know  that  the  solutions  for  the  potentials  in  the  time-dependent 
case  must  reduce  to  (28-6)  and  (28-7)  for  a  static  situation.  Unfortunately,  we  cannot, 
for  example,  simply  replace  J(r')  in  (28-6)  by  J(r',  t)  because  of  the  time  derivatives  in 
the  differential  equation  for  A. 

It  is  possible  to  solve  (28-1)  and  (28-2)  by  elegant  and  general  methods,  but  they  are 
quite  complex.  It  is  preferable  for  our  purposes  to  use  a  simpler  method  that  leads  to 
the  correct  results  and  is  much  more  valuable  in  aiding  one’s  understanding.  We  will 
find  the  contribution  to  <j>  from  a  charge  element  ^q  =  pAr'  in  a  volume  At'  small 
enough  so  that  Aq  can  be  treated  as  a  point  charge.  Then  by  summing  the  contribu¬ 
tions  of  all  the  charge  elements,  we  can  get  the  total  scalar  potential.  Now  outside  of 
At'  there  is  no  charge  and  (28-2)  becomes  the  homogeneous  wave  equation 

(28-8) 


Because  of  the  spherical  symmetry  associated  with  a  point  charge,  ^(r,  t)  can  really 
depend  only  on  the  relative  distance  R  from  the  charge  and  not  on  angles,  that  is, 
^  =  <t>iR,  t).  Using  (1-139),  we  find  that  V<i)  =  {d<^/dR)k  =  {d^/dR)(^/R),  and 
then  by  successive  use  of  (1-115),  (1-139),  and  Exercise  1-21,  we  obtain 


V  ^<^>  =  V  •  V<)> 


=  V 


1  / 

R  +  —  —  Iv  ■  R 
R\dR 


d  [1 


^  I  d<t>\ 

‘  r[jr) 


so  that  (28-8)  becomes 


d^<f>  2  d<p 

~'~R~dR 


2  d<j>  1  d^<l>  1  d  I  d<l>\  1  d^<p 

[We  note  from  (1-105)  that  this  result  is  exactly  what  we  would  get  by  expressing  v  ^  in 
spherical  coordinates  with  R  as  the  radial  distance  and  with  an  angle-independent  <^).] 
If  we  now  let 


<?>(-«. 0  =  (28-10) 

and  substitute  this  into  (28-9),  we  find  that  x  satisfies  the  one-dimensional  wave 
equation 


dh  1  d^X 

dR^  dt^ 


(28-11) 


In  (24-9),  (24-11),  and  (24-12),  we  found  the  solution  of  this  equation  to  have  the  form 
X=  f{R  -  ct)  g(R  +  ct)  where  /  and  g  are  functions  only  of  the  combinations  of 
variables  R^  ct  or,  what  amounts  to  the  same  thing,  of  the  combinations  /  +  (R/c); 
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then  we  find  from  (28-10)  that  <j>  has  the  form 

/lt-(R/c)] 
^(R,t)  =  - 


+ 


g[?  +  (i?A)] 


(28-12) 


R  R 

Each  term  in  (28-12)  is  a  spherical  wave  traveling  with  speed  c  in  the  radial  direction 
with  respect  to  the  location  of  ^q  and  with  an  amplitude  that  is  constant  on  a  sphere  of 
radius  R  centered  on  the  charge;  /  represents  a  wave  traveling  outward  from  w^e 
g  is  one  traveling  inward.  Since  (28-12)  was  obtained  as  the  solution  of  the  source-free 
equation  (28-8),  /  and  g  must  be  determined  so  that  they  correspond  to  the  existence 
of  the  charge  ^q  located  sd  R  -  0. 

First  of  all,  4>  in  (28-12)  is  to  be  the  potential  due  to  the  changing  source.  It  me 
function  g  were  included  as  an  ingoing  wave,  it  would  arrive  at  the  source  at  a  later 
time  than  f,  specifically  a  time  interval  R/c  later,  and  the  value  of  g  would  have  to  be 
the  correct  value  appropriate  to  a  point  very  near  to  ^q.  But  this  would  mean  that  g 
was  already  correct  at  an  earlier  time  t  at  a  distance  R  away.  In  other  words,  the 
“effect”  described  by  g  would  necessarily  have  to  have  occurred  (or  be  known)  before 
the  “cause”  due  to  the  charge.  Since  this  is  contrary  to  the  logical  order  of  these  events, 
we  have  to  reject  the  term  g  on  physical  grounds  and  write  =  f[t  -  {R/c)]/R.  Now 
as  we  get  in  the  immediate  neighborhood  of  the  nearly  point  charge  that  is,  as 
R  ->  0,  the  potential  must  reduce  to  that  of  a  point  charge  at  its  instantaneous  value 
and  location,  which  as  seen  from  (28-7),  is  ^q(t)/47^eQR.  Thus  f[t  -  (R/c)]  must 
.  have  a  form  such  that,  for  ^  0,  f(t)  =  A^(0/47r€o  or,  if  y  is  the  general  vanable  in 
/,  such  that 

(28-13) 


Thus,  the  form  of  /,  and  hence  of  (>,  is  finally  determined  to  be 


1 

47T€.qR 


tiq 


1 


(28-14) 


This  result  tells  us  that  the  scalar  potential  at  the  field  point  r  at  the  time  t  depends  on 
the  value  of  the  charge  at  an  earlier  time  t  -  {R/c\  and  the  time  difference  R/c  is 
exactly  the  time  required  for  the  spherical  wave  to  reach  the  field  point.  Thus  the  charp 
does  not  produce  the  potential  instantaneously  but  a  finite  time,  corresponding  to  the 
travel  time  of  the  wave,  is  required  for  the  effect  to  be  felt  at  the  field  point.  The  time 
t'  =  t  ~  {R/c)  is  usually  called  the  retarded  time. 

Now  that  we  have  the  contribution  to  the  scalar  potential  from  an  element  of  charge, 
we  can  obtain  the  total  scalar  potential  due  to  a  charge  distribution  by  summing 
(28-14)  over  all  of  the  volume  V'  containing  the  charges;  the  result  is 


<|)(r,  0 


p[^^/  -  {R/c)]  dr' 
R 


(28-15) 


We  see  that  each  charge  element  must  be  evaluated  at  its  own  retarded  tiine;  these 
times  will  generally  vary  from  element  to  element  since,  for  a  given  field  point  r,  the 
relative  distance  R  =  \t  -  t'\  will  vary  with  the  source  point  location  r'.  Thus  (28-15) 
depends  on  R  expUcitly  because  it  appears  in  the  denominator,  and  implicitly  because 
it  appears  in  the  time  variable  of  the  charge  density  p. 

Each  rectangular  component  of  (28-1)  will  have  the  same  form  as  (28-2),  tor 

example,  we  have 

1 
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Each  such  equation  will  lead  to  a  result  like  (28-15),  so  that  when  they  are  added 
vectorially,  we  will  find  that  A  is  given  by 


J[r',/-  {R/c)]  dr' 

R 


(28-16) 


The  results  (28-15)  and  (28-16)  are  known  as  retarded  potentials',  they  are  often 
written  in  shortened  form  with  braekets  about  the  source  term  in  the  integrands  to 
remind  one  that  they  are  to  be  evaluated  at  retarded  times,  that  is,  one  often  finds 


Mo  r  [J]  dr'  ^1  ^  [p]  dr' 

4it  Jy  R  ^  R 


(28-17) 


We  note  that  (28-15)  and  (28-16)  reduce  correctly  to  (28-6)  and  (28-7)  in  the  static  case 
when  the  charge  and  current  densities  are  independent  of  time.  [Potentials  that  would 
arise  from  the  g  term  of  (28-12)  are  known  as  advanced  potentials.] 


28-2  MULTIPOLE  EXPANSION  FOR  HARMONICALLY  OSCILLATING  SOURCES 

We  will  restrict  ourselves  to  finding  the  fields  produced  at  a  point  in  a  vacuum  outside 
of  a  finite  region  containing  prescribed  sources,  that  is,  we  assume  that  J(r',  t)  and 
p(r',f)  are  known  functions  of  position  and  time.  Furthermore,  we  consider  only  the 
important  case  in  which  the  sources  vary  harmonically  in  time  with  circular  frequency 
w  SO  that  we  can  write 


J(r',  t)  =  Jo(r')e  p(r',  t)  =  po(r')e-''“'  (28-18) 

where  Jq  and  pp  t)e  complex  functions  as  discussed  in  connection  with  (24-19). 
Thus,  if  we  write  them  in  terms  of  a  real  amplitude  and  phase  as 

=  j|Jo('-')k'^‘  Po(r')  =  |Po(i'')|e''^'‘'  (28-19) 

where  j  gives  the  direction  of  Jq,  then  the  real  parts  representing  the  physical  currents 
and  charges  will  be 

Jreal  =  ||  Jq I  COS  ( COt  -  p^^^,  =  | Po |  COS  ( CJ?  -  )  (28-20) 

Following  our  previous  results,  if  we  replace  t  hy  t  -  {R/c)  in  (28-18),  and  set 


w  Itt 


we  find  that  (28-15)  and  (28-16)  become 


t) 


c-*^PQ(r')  dr' 
R 


(28-21) 


(28-22) 


r  dr' 

A'n  Jy'  R 


(28-23) 


We  see  that  the  potentials  will  also  vary  harmonically  in  time  (as  will  E  and  B)  and 
with  the  same  frequency  as  the  sources.  This  will  simplify  our  work  somewhat  as  all 
time  derivatives  can  then  be  replaced  by  -/w,  that  is 

dxf/ 


where  \p  can  be  (f>,  as  well  as  any  component  of  A,  E,  or  B. 


(28-24) 
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We  can,  in  fact,  also  express  everything  in  terms  of  the  vector  potential  in  this  case 
since  the  Lorentz  condition  (28-3)  becomes  V  *  A  -  =  0  so  that 


=  -/ — V  ■  A  (28-25) 

w 

If  we  now  substitute  (28-25)  into  (28-5),  and  use  (28-4),  (28-24),  and  (1-120),  we  obtain 
E  =  -v<}>  +  /wA  =  /(cVw)[v(v  ■  A)  +  (wVc^)a] 

=  i{c^/oi)[v  X  B  +  V^A  +  (wVc^)A]  ('28-26) 

At  points  where  we  want  to  find  E  and  B,  the  current  density  J  =  0  so  that  (28-1) 
becomes  V^A  +  {o3^/c^)A  =  0;  thus  the  last  two  terms  of  (28-26)  vanish,  and  it 
reduces  to 

E  =  /—V  X  B  =  /-V  X  B  (28-27) 

w  k 

Actually  this  result  is  no  surprise  since  it  is  just  one  of  Maxwell’s  equations;  thus,  with 
a  =  0,  (24-4)  becomes  V  X  B  =  iiQ€Q(dE/dt)  =  -/((o/c^)E,  which  is  exactly  (28-27). 
In  summary,  then,  we  have  found  that  we  need  only  consider  the  vector  potential  A  as 
given  by  (28-23);  once  A  has  been  found,  B  is  obtained  from  (28-4),  and  then  E  from 

(28-27).  ^  , 

The  integral  in  (28-23)  is  difficult  to  deal  with  in  general,  so  that  it  has  been  found 
useful  to  expand  the  integrand  in  a  power  series  in  much  the  same  manner  that  we  used 
in  discussing  electric  and  magnetic  multipoles  in  Chapters  8  and  19.  We  choose  our 
origin  of  coordinates  at  some  arbitrary  convenient  location  within  the  volume  occupied 
by  the  sources,  and  we  are  led  to  the  situation  shown  in  Figure  28-1  where  r  is  the 
position  vector  of  the  field  point  P,  (Compare  with  Figures  19-1  and  8-1.)  In  addition, 
we  can  write 

=  |r  -  r'l  =  (r^  -T  r'^  -  Irr'cosO'Y^^  =  /'(I  +  (28-28) 


by  (19-2)  and  (8-4)  where 


=  -2 


cos  6'  + 


r'  \2 

r 


2{r  •  r') 


N  2 


+  I  - 
r 


(28-29) 


We  will  assume  that  r  is  large  compared  with  the  dimensions  of  the  source  volume 
and  it  will  be  sufficient  for  our  purposes  to  keep  only  terms  linear  in  r'/r.  Then  we  can 
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7?  =  - 


2(rT0 


and,  we  can  use  the  expansion  (8-6)  to  write 


(28-30) 


(28-31) 


Now  let  us  consider  the  term  which  we  also  want  to  expand  in  an  appropriate 
manner. 

By  (28-21),  kR  =  2wR/\  so  that  this  product  essentially  measures  the  distance  R  on 
a  wavelength  scale.  If  we  are  dealing  with  a  compact  source,  R  ^  r,  and  if  we  then  were 
to  expand  in  powers  of  kR  and  keep  only  the  first  few  terms,  we  would  be 
unnecessarily  restricting  ourselves  to  field  points  nearby  the  source.  However,  if  D  is 
some  typical  dimension  of  the  source  volume  V',  the  variations  in  R  ~  r  will  be  of  the 
order  of  magnitude  of  D,  and  it  is  not  unreasonable  to  assume  that  D  in  this 
way,  we  do  restrict  ourselves  to  small  sources  on  a  wavelength  scale,  but  we  need  not 
make  any  assumptions  about  r  as  compared  to  X.  In  other  words,  what  we  really  want 
to  do  is  to  expand  the  quantity  rather  than  simply  Before  we  proceed 

with  this  expansion,  we  want  to  consider  another  way  of  expressing  our  assumption 
that  D  X. 

For  harmonically  oscillating  systems  with  position  vectors  of  the  form  r'  = 
the  velocities  will  be  v'  =  dr'/dt  =  -ioir'  and  hence  the  maximum  values  of  the 
speeds  will  be  y  *  03D.  Assuming  that  /)  ^  \,  we  then  find  that  v/c  ^  ojD/c  D/X 
^  1.  In  other  words,  our  assumption,  that  all  of  the  charges  and  currents  can  be 
thought  of  as  being  contained  witliin  a  compact  volume  that  remains  small  compared 
to  the  source-observer  distance  and  to  the  wavelength  during  all  of  the  times  of 
observation,  is  equivalent  to  assuming  that  we  are  dealing  with  the  “nonrelativistic’’ 
limit  of  “slowly  moving”  charges,  that  is,  the  charge  speeds  are  small  compared  to  c. 
These  restrictions  to  slowly  moving  charges  apply  to  all  of  the  material  in  this  chapter 
even  though,  in  the  last  section,  we  will  be  able  to  find  approximate  means  of  dealing 
with  certain  sources  with  dimensions  comparable  to  a  wavelength. 

In  order  to  expand  appropriately,  we  need  to  express  it  in  terms  of  7/.  We  can 
do  this  by  first  writing  kR  ^  kr  +  klR  -  r)  and  then  by  using  (28-28),  we  get 
k(R  ~  r)  =  /:r[(l  +  -  1]  -  ^krij.  Inserting  this  into  and  then  using  the 

expansion  e  =  1  +  «,  and  keeping  only  first-order  terms,  we  get 

0ikR  _  ^ikr^ik(R-r)  ^ 

=  e""'(l  +  ^ikrr,)  (28-32) 

Combining  this  with  (28-31),  we  get  the  approximation 

Q^kR  ^/Arr  /  , 

^  =  — (l-  (28-33) 

Finally,  inserting  the  expression  for  tj  given  by  (28-30)  into  (28-33),  we  obtain 
e'*'*  e'*'/ 

T- v(i  *('-*')(  — ))  P*-") 

which,  when  inserted  into  (28-23)  gives  us  our  desired  expansion  of  the  vector  potential 
in  the  form 


A  —  Aj  +  Ajj 


(28-35) 


28-2  MULTIPOLE  EXPANSION  FOR  HARMONICALLY  OSCILLATING  SOURCES  475 


where 


A.= 


i{kr- «/) 


47rr 


/  Mr')  dr' 

J  \/' 


Mo(l  - 


i{kr—u^t) 


A'nr 


j  (r  '  T')Mr')  dr' 

Jl/' 


(28-36) 

(28-37) 


since  r  is  constant  with  respect  to  the  primed  variables  of  integration.  (The  subscripts 
on  the  A’s  are  temporary  and  have  merely  been  chosen  to  reflect  the  inverse  powers  of  r 
that  have  naturally  appeared.) 

We  note  that  all  of  the  terms  are  proportional  to  so  that  they  represent 

spherical  waves  traveling  outward  from  the  origin  with  speed  02 /k  =  c.  The  amplitude 
of  each  wave  has  a  dependence  on  r  that  becomes  more  complicated  with  each 
successive  term  in  the  expansion.  Furthermore,  each  wave  is  proportional  to  an  integral 
of  the  source  current  amplitude  over  the  source  volume,  although  the  field  point  still 
remains  in  the  integral  of  (28-37)  since  the  integrand  contains  its  direction  f.  Because  of 
the  use  of  expansions  of  R  like  those  we  used  before,  we  suspect  that  these  integrals  are 
related  to  various  multipole  moments  of  the  source  and,  in  fact,  we  note  that  (28-36) 
and  (28-37)  contain  exactly  the  first  two  integrals  we  found  in  (19-4)  when  we  obtained 
the  multipole  expansion  of  the  magnetostatic  vector  potential.  Accordingly,  we  will 
investigate  these  integrals  more  closely  with  these  ideas  in  mind. 

The  integral  in  (28-36)  is  what  we  called  the  magnetic  monopole  moment  in  Section 
19-1  and  we  found  in  (19-5)  that  it  was  always  zero.  However,  that  was  for  steady 
currents  for  which  the  equation  of  continuity  reduced  to  V '  *  J  =  0,  which  is  not  at  all 
the  case  here.  With  the  use  of  (28-24),  the  general  equation  of  continuity  (12-13) 
becomes  v'  ■  J  {dp/ dt)  =  V ''  J  -  /wp  =  0  which,  when  combined  with  (28-18) 
yields 

V '  •  Jo  =  it*JPo  (28-38) 

and  shows  explicitly  that  the  charge  and  current  distributions  are  not  independent. 
Now  we  find  from  (1-121)  that  (Jq  *  V  0*"^  Jo?  when  (1-129)  is  applied  to  the 

source  region  it  becomes 


(£  r'(Jo  •  da')  =  f  [Jo  +  r'(v'  •  Jq)]  dr'  =  0  (28-39) 

Jyf 

since  the  currents  Jq  are  zero  on  the  bounding  surface  S'.  Thus,  if  we  also  use  (28-38), 
we  see  that 


(  J^dr'  =  -  f  r'(v'  •  Jo)  dr'  =  -ito  (  Po{r')t’ dr'  =  -itopo  (28-40) 

Jy>  Jyf  Jy 

where  po  is  the  (complex)  electric  dipole  moment  of  the  charge  distribution  amplitude 
according  to  (8-22).  Therefore,  (28-36)  actually  represents  an  electromagnetic  field 
produced  by  a  varying  electric  dipole  moment  and  we  can  relabel  Aj  and  write  it  as 


47rr 


(28-41) 


The  integral  appearing  in  (28-37)  is  exactly  what  we  called  B  in  (19-7).  As  before,  it 
is  useful  to  write  the  integrand  as  the  sum  of  symmetric  and  antisymmetric  parts  by 
dividing  the  integrand  into  two  equal  parts  and  adding  and  subtracting  a  “suitable” 
quantity.  Thus,  we  get 


(f  •  r')Jo  =  i[(f  •  r')Jo  -  (f  •  Jo)j'']  +  2[(f  •  rOJo  +  (?  *  Jo)*-' 
=  i(r'  X  Jo)  X  f  -I-  •  rOJo  +  (r  •  Jo)*''] 


(28-42) 
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with  the  use  of  (1-30)  and  (1-23).  If  we  now  insert  this  into  (28-37),  we  find  that  Aji  can 
be  written  as  the  sum 


jLto(l  - 

47rr^ 

jao(l  -  /)t/*)e'^- 


1  r 

lly 

r'  X  Jq  dr' 

/■' 

X  r 


rOJo+  (r*  Jo)r1 


(28-43) 


By  comparing  the  quantity  in  brackets  in  the  first  term  of  (28-43)  with  (19-20),  we  see 
that  it  is  exactly  the  magnetic  dipole  moment  mo  of  the  current  amplitude  distribution 
so  that  we  can  write  this  whole  first  term  as 


^  md 


/io(l  -  X  r) 

47rr^ 


,  j(A:r  — wr) 


(28-44) 


The  remaining  integral  in  (28-43)  will  soon  be  seen  to  involve  the  electric  quadrupole 
moment  so  that  we  will  want  to  rewrite  it  in  terms  of  the  charge  density  by  means  of 
(28-38).  Using  Jq  =  (Jq  ■  vO*"',  ?  =  V'(f  •  r')  by  (19-11)  and  (1-115),  we  find  that  the 
integrand  of  the  second  term  can  be  written  as 


{[(f.r')Jo]  •  V'}r'  +  r'[Jo- V'Cf-r')] 

=  {  [(f  •  r')Jo]  •  V  V  '■  [(f  •  r') Jo] },  -  r'(f  •  r')(  V '  •  Jq) 

and  when  this  is  integrated  over  V'  and  (1-129)  and  (28-38)  are  used,  the  second 
integral  becomes 


S  r'(f  •  r')(Jo  •  da!)  -  f  r'(f 
Js'  •'r 


r')(v'  •  Jo)  dr'  =  -iu  f  r'(f  •  r')po(r')  dr' 

(28-45) 


since  the  surface  integral  again  vanishes  as  in  (28-39).  Putting  this  into  the  second  part 
of  (28-43),  we  find  that  it  becomes 


A 


eq 


f  r'{r-r')p,{T')dT^ 

Jy 


(28-46) 


so  that  we  can  also  write  Ajj  =  A^^j  -T  A^^.  We  see  that  the  integral  in  (28-46)  involves 
second  moments  of  the  charge  density  amplitude  and  hence  is  related  to  its  electric 
quadrupole  moment  that  we  first  discussed  in  detail  following  (8-22).  We  can  now 
rewrite  this  result  in  a  more  easily  recognizable  form. 

Since  B  will  be  obtained  by  differentiation  tJ/fl  B  =  v  X  A^^,  we  can  add  a  constant 
to  the  f  component  of  A  without  affecting  the  fields  by  (1-104).  Accordingly,  we  add 

-  /  \r'Hpo{r')  dr' 

*'  V'  5 


to  the  integral  appearing  in  (28-46),  which  then  becomes 

\  f  [3r'(f  •  r')  -  r'^r]  Po(r')  dr'  =  \q  (28-47) 

where  Q  is  defined  as  the  vector  equal  to  the  integral.  We  recall  from  (8-32)  that  the 
components  of  the  quadrupole  moment  tensor  for  a  charge  density  Po(*'0  are  given 
by 


=  /^,(3a';8'  -  r%^)po(r')  dr'  =  “  r'\p)Poif') 


(28-48) 
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where  a  and  ^  are  independently  taken  to  be  the  rectangular  coordinates  jc,  y,  z.  (We 
are  now  using  a  and  ^  as  indices  as  well  as  explicitly  writing  the  components  of  r'  as 
in  order  to  avoid  confusion  in  notation.)  Let  us  also  write  f  in  terms  of  its  rectangular 
components  (direction  cosines)  as  f  =  /^x  +  +  l^z.  Now  consider  the  sum 

a  =  x,y,2  a==x,yyZ 


=  •  f')  -  r'H^\podT'  =  Qu 

where  (8-27)  has  been  used.  The  components  of  the  vector  Q  are  thus  given  by 

Qp=  L  LQap  iP  =  x,y,z)  (28-49) 

a  =  x,  y,  2 

and  can  be  found  once  the  components  of  the  quadrupole  moment  tensor  of  Po  are 
known  and  the  direction  of  r  has  been  chosen.  Now  that  we  know  how  to  find  Q,  we 
can  combine  (28-47)  and  (28-46)  to  give 


A 


eq 


/PqCo(1  —  ikr)Q 

2W 


(28-50) 


Finally,  collecting  all  of  our  separate  results,  we  can  write  our  vector  potential  as  the 
sum 

(28-51) 


as  given  by  (28-41),  (28-44),  and  (28-50).  It  is  convenient  to  consider  separately  the 
electromagnetic  fields  arising  from  these  terms.  When  we  do  this  in  the  next  sections, 
we  will  find  that  they  will  lead  to  fields  corresponding  to  outward-traveling  waves  that 
have  nonzero  values  of  the  time-average  Poynting  vector  so  that  the  source  can  be  said 
to  be  “radiating.”  These  fields  are  conventionally  called  electric  dipole,  magnetic 
dipole,  and  electric  quadrupole  radiation,  respectively.  In  other  fields  of  physics, 
especially  in  nuclear  physics,  these  are  often  given  the  corresponding  symbolic  designa¬ 
tions  of  El,  Ml,  and  E2  radiations. 
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We  want  to  consider  the  field  described  by  A^^.  It  is  most  convenient  to  use  spherical 
coordinates  and,  to  be  specific,  we  assume  that  the  dipole  moment  is  along  the  polar 
axis  (z  axis).  Thus,  we  can  write  Po  =  PqZ  =  Poicos  Of  -  sin^0)  by  (1-94),  and  then 
(28-41)  becomes 


^ed 


ifiQOipQe 


i{kr- ui) 


47rr 


(cos^f  —  sin^0) 


(28-52) 


which  shows  explicitly  that,  since  A^d  is  parallel  to  Po,  it  has  only  an  r  and  a  0 
component  and  is  also  independent  of  <p. 

The  magnetic  induction  as  found  from  (28-4)  and  (1-104)  is 


B  =  - 


1  i 

Tr  ^ 


477 


(28-53) 
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Combining  this  with  (28-27),  we  find  the  electric  field  to  be 


4weo 


2) 


2 


COS 


1 


kr 


+ 


{krf  (kr)- 


Sin 


,i{kr—ut) 


(28-54) 


While  these  fields  are  quite  compHcated,  they  both  have  the  form  of  waves  travehng 
outward  with  speed  c  from  the  source  at  the  origin.  The  amplitudes  of  the  various 
components  depend  on  r  in  different  ways.  The  electric  field  has  both  an  r  and  a  0 
component,  each  of  which  has  a  different  dependence  on  angle  and  on  distance  from 
the  source.  Thus,  E  is  not  proportional  to  z  =  cos  —  sin  ^0  and  hence  is  not  parallel 
to  the  dipole  Po,  although  it  does  he  in  the  plane  defined  by  pQ  and  r.  Since  B  has  only  a 
component,  the  fines  of  B  are  circles  about  the  z  axis,  that  is,  about  the  axis  of  the 
dipole.  In  addition,  B  is  perpendicular  to  the  plane  containing  po  and  E;  hence  B  and  E 
are  perpendicular  to  each  other.  [Of  course  we  still  have  to  take  the  real  parts  of  (28-53) 
and  (28-54)  in  order  to  get  the  physical  fields.] 

Although  these  results  are  exact,  it  is  customary  and  convenient  to  consider  what 
they  become  in  two  extreme  limiting  cases  corresponding  to  whether  one  is  near  to  the 
source  or  far  from  it  on  a  wavelength  scale.  If  r  X,  so  that  kr  1,  one  speaks  of 
the  “near  zone,”  while  if  r  »  X  {kr  »  1),  it  is  called  the  “far”  or  “radiation  zone”; 
the  case  in  which  Arr  *  1  is  called  the  “intermediate”  or  “induction  zone”  and  the 
complete  expressions  for  E  and  B  should  be  used.  We  consider  the  two  extreme  cases 
separately. 


1.  Near  Zone 

Since  kr  1,  we  can  set  =  1.  Furthermore,  since  the  kr  terms  in  the  amplitudes 

all  appear  in  the  denominators,  the  highest  power  of  kr  will  lead  to  the  predominant 
term.  In  this  way,  (28-53)  and  (28-54)  lead  to 

p 

E;v  =  ,  (2cos  -h  sin^S) 

4weo'- 

(28-55) 

(28-56) 

These  can  be  put  in  a  form  that  is  even  more  understandable  if  we  introduce  the  actual 
dipole  moment  p  given  by 

P  =  (28-57) 

for  then  we  have 

^  .  (2cos^f -H  sin^O) 

4-rT€Qr^ 

(28-58) 

MoSinf  dp  ^  Po  (dp\  ,,  ^ 

(28-59) 

with  the  use  of  (28-24)  and  z  X  r  =  sin^$  by  (1-94)  and  (1-92).  If  we  compare  (28-58) 
with  (8-50),  we  see  that  E^^  has  exactly  the  form  of  an  electric  dipole  field  arising  from 
a  dipole  moment  p  located  at  the  origin.  In  this  case,  of  course,  the  dipole  is  oscillating 
with  time,  but  the  field  point  is  so  close  to  it  that  the  retardation  effects  are  negligible 
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and  the  electric  field  follows  the  dipole  moment  in  time  as  if  the  effects  were 
propagated  instantaneously. 

If  we  now  compare  (28-59)  with  (14-6),  we  see  that  has  the  same  form  as  the 
static  induction  produced  by  a  current  element  rds'  =  dp/di.  This  is  also  consistent 
with  the  expression  for  the  vector  potential,  since,  with  the  use  of  (28-57)  and  kr  ^  1, 
(28-52)  can  be  written  as 


Mo 

ATir  dt 


(28-60) 


which  corresponds  again  to  a  current  element  dp/dt  as  is  shown  by  (16-10). 

This  result  that  an  oscillating  dipole  moment  is  equivalent  to  a  current  element  can 
be  understood  quite  easily  if  we  refer  to  the  specific  case  of  our  prototype  of  an  electric 
dipole  consisting  of  two  equal  and  opposite  charges  q  and  -  q  separated  by  a  small 
distance  ds'.  As  we  saw  in  (8-44),  the  dipole  moment  will  be  given  by  p  =  qds'.  Now  if 
the  charges  vary  periodically,  there  will  be  a  current  I'  =  dq/dt  between  the  ends  of 
d%'  and  thus 


dt 


dq 

^ds'  ==  I' ds' 
dt 


(28-61) 


in  agreement  with  the  above.  This  is  also  consistent  with  our  original  assumption  made 
in  the  paragraph  following  (28-31)  that  the  source  dimensions  are  small  compared  to  a 
wavelength,  that  is,  ds'  X  in  this  case.  Under  these  circumstances,  it  is  appropriate 
to  assume  that  the  current  I'  is  uniform  over  the  length  of  the  dipole. 


2.  Radiation  Zone 

Here  we  assume  that  kr  »  1,  and  we  can  no  longer  set  -  1.  In  this  case,  the 
predominant  terms  in  (28-54)  and  (28-53)  will  be  those  with  the  lowest  power  of  kr  in 
the  denominator,  and  we  get  the  approximations 


k^p 

(28-62) 

4w€o'- 

- sin»e'^^ 

47rr 

(28-63) 

Both  of  these  fields  have  amplitudes  that  vary  only  as  1/r,  and  they  have  the  same 
dependence  upon  sin  B.  In  addition,  each  is  perpendicular  to  the  direction  of  propa¬ 
gation  to  the  field  point  as  given  by  f  and  they  are  perpendicular  to  each  other.  In  other 
words,  at  large  distances  both  of  these  fields  become  transverse  waves.  Since  ^  =  f 
we  see  that  these  fields  are  related  as  follows; 

=  -f  X  (28-64) 

c 

where  we  used  (28-21)  and  =  1/c^.  Comparing  this  with  (24-33)  and  remembering 
that  we  are  in  a  vacuum  and  f  is  the  direction  of  propagation,  we  see  that  (28-64)  is 
exactly  the  relation  between  the  fields  characteristic  of  a  plane  wave  in  free  space.  These 
relations  are  illustrated  in  Figure  28-2,  which  shows  the  fields  at  a  given  time. 

Since  both  E;;  and  B^  are  proportional  to  sin^,  they  both  become  zero  in  the 
direction  of  the  dipole  Po  and  have  their  maximum  value  for  a  given  r  in  the  direction 
perpendicular  to  the  dipole  axis. 
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Figure  28-2.  Fields  at  a  given  time  in  the 
radiation  zone  of  an  oscillating  electric 
dipole. 


Because  of  the  relation  between  and  B;;  given  by  (28-64)  and  shown  in  the  figure, 
the  Poynting  vector  S  is  seen  to  be  radially  outward.  We  can  find  its  time  average  by 
using  (24-104): 

(S)  =  - —  Re(E^  X  B^)  =  =  -  2  2  (28-65) 

2jUo 

Since  this  is  positive,  there  is  a  net  outward  flow  of  energy  from  the  dipole;  hence  the 
appropriateness  of  the  name  “radiation  zone.”  This  energy  must  be  supphed  by 
whatever  source  is  being  used  to  keep  the  dipole  oscillating  with  constant  amplitude. 
The  magnitude  5^  is  seen  to  be  proportional  to  1/r^  that  is  the  famihar  inverse  square 
law  of  radiation  intensity.  (This  has  occurred  because  the  individual  fields  vary  as  1  /r 
in  this  region.)  We  also  see  that  ^  varies  with  angle  as  sin^  this  is  illustrated  in 
Figure  28-3  that  shows  ^  as  a  function  of  d  for  a  definite  value  of  r.  (Since  is 
independent  of  the  figure  can  be  imagined  to  be  rotated  about  the  dipole  axis  to  give 
the  surface  representing  radiation  intensity  as  a  function  of  direction  of  propagation.) 
Finally,  we  note  that  ^  is  proportional  to  the  absolute  square  of  the  dipole  moment 
and  to  the  fourth  power  of  the  frequency;  thus,  all  other  things  being  equal,  it  is  easier 
to  radiate  at  a  higher  frequency. 

If  we  integrate  (28-65)  over  a  sphere  of  radius  r,  we  can  find  the  total  rate  at  which 
the  dipole  is  radiating  energy,  that  is,  the  power  Using  (28-65)  along  with  (1-100), 
we  get 


((S)-da=  f  sin  ddOdcp  (28-66) 

•'0  •'o  127rc 

We  have  calculated  these  results  by  using  the  approximate  values  for  the  fields  in  the 
radiation  zone.  Physically,  however,  it  is  evident  that  there  cannot  be  nonzero  contribu¬ 
tions  to  (S)  from  the  terms  that  drop  ofT  with  a  higher  power  of  r,  since  if  they  existed 
in  the  near  or  intermediate  zones,  they  also  would  have  to  be  present  far  from  the 
source  because  there  is  no  matter  in  the  intervening  region  to  absorb  these  contribu¬ 
tions.  This  can  also  be  verified  directly.  If  we  use  the  complete  expressions  (28-53)  and 
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Figure  28-3.  Magnitude  of  the  Poynting  vector  as  a  function  of  angle 
for  electric  dipole  radiation. 


(28-54)  to  calculate  E  X  B*,  and  omit  the  various  constants  we  find  that 


E  X  - 


1 


{kry 


sin^  dr 


ikrf 


{krf 


sin  2^0 


(28-67) 


Since  it  is  only  the  real  part  of  E  X  B*  that  contributes  to  the  time-average  energy  flow, 
we  see  that  Re(E  X  B*)  “  sw?df/{kr)^,  which  involves  only  the  l/kr  terms  in  the 
fields,  that  is,  solely  the  contribution  of  the  radiation  zone.  The  rest  of  the  terms  in 
(28-67)  are  imaginary.  The  other  components  of  the  physical  fields  do  contribute  to  the 
instantaneous  value  of  S,  but  they  give  rise  to  parts  that  flow  alternately  away  from  and 
toward  the  source  as  well  as  in  the  6  direction  and,  on  the  average,  are  zero. 

As  we  previously  noted,  the  energy  that  appears  as  radiation  must  be  supplied  by  the 
external  source  producing  the  oscillating  dipole.  Thus,  from  the  point  of  view  of  this 
external  source,  the  dipole  acts  as  a  dissipative  element  in  much  the  same  way  as  a 
resistance  dissipates  electromagnetic  energy  into  heat  as  we  found  in  Section  12-4.  It 
has  been  found  convenient  to  describe  a  radiating  system  in  terms  of  an  equivalent  or 
“radiation  resistance”  In  Exercise  12-13  we  saw  that  the  total  rate  at  which  heat  is 
produced  by  a  resistor  ^  is  ^1^.  If,  now,  the  current  is  oscillating  in  time,  this  becomes 
^|/ol^  cos^  (<0/  +  d),  and,  when  this  is  averaged  over  time,  with  the  use  of  (24-102),  we 
find  the  time-average  rate  of  energy  dissipation  to  be  ^  terms  of 

the  magnitude  of  the  peak  current  |/q|  or  the  “root-mean-square”  current  Thus, 
the  resistance  can  be  written  in  terms  of  power  loss  as 

2^  ^ 


(28-68) 


In  order  to  apply  these  ideas  to  an  electric  dipole  radiator,  it  is  conventional  to  use 
the  prototype  model  of  two  charges  separated  by  a  distance  d%'.  Combining  (28-57) 
and  (28-61),  we  find  that  I'  ds'  =  =  -/copoe  '^^',  so  that  |pol^  = 

\lQ\^{ds')^/oP'.  Inserting  this  equivalence  into  (28-66),  and  using  (28-68)  to  define  the 
radiation  resistance,  we  find  it  to  be  given  by 


ed 


\X(,u,^{ds’y 

(ilTC 


=  —  TrZf 


i  ds' 

u 


(28-69) 
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with  the  use  of  (28-21)  and  (24-95).  [The  value  of  the  numerical  factor  in  (28-69)  is  790 
ohms.]  The  radiation  resistance  can  be  taken  as  a  measure  of  the  efficiency  of  a 
radiating  system  since  we  see  from  (28-68)  that  the  larger  the  value  of  the  more 
power  will  be  radiated  for  a  given  peak  current.  (We  recall,  however,  that  we  have 
assumed  that  ds'  ^  X.) 


■  Example 

Accelerated  point  charge.  We  know  from  (8-19)  and  Exercise  8-2  that  a  single  point 
charge  can  have  a  dipole  moment  with  respect  to  an  arbitrary  origin  and  it  is  given  by 
p  =  qf\  If  the  charge  position  is  oscillating  in  time,  we  will  have  r'  =  rge”'"'.  In  order 
to  use  our  previous  results,  let  us  assume  that  the  charge  is  on  the  z  axis  so  that 
p  ^  ^  It  is  also  convenient  here  to  deal  with  instantaneous 

rather  than  time-average  quantities.  Now  both  (28-62)  and  (28-63)  are  proportional  to 
which  can  be  put  in  another  form.  The  acceleration  of  the  charge  is  a  =  d'^z'/dt^ 
=  -w^z'  so  that  we  can  write  p=  -(qa/o)^).  Then  the  term  = 

=  [p]  =  -(q/i»)^)[a]  where  both  [p]  and  [a]  represent  these  quantities 
evaluated  at  the  retarded  time.  M^ng  these  substitutions  in  (28-62)  and  (28-64),  and 
using  (28-21),  we  find  that  we  can  write 


E 


^  [  a  I  sin  ^6 

47rcQC^r 


B.  = 


^  [  a  ]  sin 

477CnC^r 


(28-70) 


so  that  the  instantaneous  Poynting  vector  S  ==  (E^,  X  B/()/jito  is 


^^[aj^sin^^r 

leiT^QC^r^ 


(28-71) 


Integrating  this  over  a  sphere  of  radius  r  as  in  (28-66),  we  find  the  total  instantaneous 
rate  of  radiation  due  to  this  accelerated  charge  to  be 


Although  these  results  were  obtained  for  this  special  case  of  a  harmonically 
oscillating  charge,  their  final  form  no  longer  contains  this  explicit  assumption  and,  in 
fact,  they  can  be  shown  to  be  correct  for  a  slowly  moving  point  charge  whose  motion 
otherwise  is  quite  arbitrary.  The  commonly  found  expression  (28-72)  shows  quite 
clearly  that  a  moving  charge  will  not  radiate  unless  it  is  accelerating  and  (28-72)  gives 
its  total  instantaneous  rate  of  doing  so.  ■ 


(28-72) 
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Let  us  assume  the  magnetic  dipole  moment  to  be  along  the  z  axis  so  that  uiq  =  niQZ. 
Then  (28-44)  can  be  written  as 

A„,d  =  (28-73) 

477r 

with  the  use  of  (1-94)  and  (1-92).  We  can  now  proceed  exactly  as  before  to  find  the 
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fields  from  (28-4)  and  (28-27);  the  results  are 


B  -  - 


m 


47rcoC' 


2i 


[{krf  {krf 


1 


cos  6^ 


1 


{krf  (kr) 


sin  ^0  )  e 


i{kr  —  ut) 


E  - 


A'tt 


1 

—  + 
kr 


{kry 


(28-74) 


(28-75) 


If  we  now  compare  these  with  the  electric  dipole  fields  (28-53)  and  (28-54),  we  see  th^ 
the  dependence  on  r  and  on  B  are  the  same  in  the  two  cases  but  that  the  electric  field 
and  magnetic  induction  have  been  “interchanged”  in  a  sense.  The  actual  relations 
among  the  field  vectors  are 

(28-76) 


B 


md 


'”0  V 
2  ^ed 

C  Po 


niQ 


*ed 


Put  another  way,  the  fields  of  one  kind  will  be  transformed  into  those  of  the  other  if  we 
make  the  replacements 


Po 


mo 

c 


^  E 


cB  B 


(28-77) 


[In  the  last  two  replacements,  we  recognize  an  example  of  the  duality  property  of 
electromagnetic  fields  found  in  Exercise  21-12  for  they  correspond  to  (21-77)  with 
a  =  -90°  and  C  =  1.  Since  (21-77)  was  worked  out  for  a  source-free  region,  we  were 

not  able  to  predict  the  appropriate  replacement  for  Po-l 

The  lines  of  E  given  by  (28-75)  are  circles  about  the  polar  axis  that  corresponds  to 
the  direction  of  mg  and  thus  E  is  perpendicular  to  the  plane  containing  B  and  mo- 
In  the  radiation  zone,  the  fields  are  again  transverse  to  the  direction  of  propagation 

and  are 


B„=  - 


k^rriQ 

47r€ocV 


sin 


E 


Airr 


sin0e‘<*''-“'>$ 


(28-78) 


(28-79) 


They  also  satisfy  (28-64)  again  which  is  compatible  with  (28-77)  since  it  Incomes 
-E»/c  =  f  X  B„,  which  leads  back  to  (28-64)  with  the  use  of  (1-30)  and  r  •  B^  -  0. 
The  relation  between  these  fields  is  shown  for  a  particular  time  in  Figure  28-4.  Wheii 
we  compare  this  figure  with  Figure  28-2  we  see  that  it  corresponds  to  a  rotation  of 
-90°  about  the  f  direction  as  implied  by  (28-77).  ,  ,  j 

The  time-average  Poynting  vector  and  total  radiated  power  flow  are  easily  calculated 
from  (28-78)  and  (28-79)  and  it  is  found  that 


(S>  =  sin^  Or 


12wc^ 


327r^cV2 
2 


(28-80) 


(28-81) 
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Figure  28-4.  Fields  at  a  given  time  in  the 
radiation  zone  of  an  oscillating  magnetic 
dipole. 


which  can  equally  well  be  obtained  from  (28-65)  and  (28-66)  by  making  the  replace¬ 
ment  of  Pq  by  rriQ/c.  Thus  magnetic  dipole  and  electric  dipole  radiation  are  alike  in 
having  the  same  proportionality  to  the  fourth  power  of  the  frequency.  They  also  have 
the  same  sin^  6  angular  dependence  so  that  Figure  28-3  applies  to  this  case  also  (with 
replaced  by  biq). 


■  Example 

Current  loop.  In  order  to  have  a  specific  case,  let  us  consider  our  prototype  of  a 
magnetic  dipole,  that  is,  the  small  circular  current  loop  of  radius  a  for  which  the  dipole 
moment  is  ira^I  as  given  by  (19-27).  U  a  we  can  consider  /  to  have  the  same 
value  at  all  points  on  the  loop,  and  if  1q  is  its  peak  value,  we  have  7ra%.  If  we 
substitute  this  into  (28-81)  and  use  (28-68),  we  find  the  radiation  resistance  to  be 


md 


4  4 

6c^ 


(28-82) 


(The  value  of  the  numerical  factor  is  3.08  X  10^  ohms.)  Comparing  this  with  (28-69), 
we  see  that  there  is  a  difference  in  the  frequency  dependence  of  the  radiation  resistance 
of  our  two  model  dipoles  since  while  -  to"^.  ■ 
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The  appropriate  vector  potential  is  given  by  (28-50).  Since  the  situation  in  the  radiation 
zone  (kr  ^  1)  is  of  most  interest,  we  go  directly  to  it  and  approximate  (28-50)  by 

where  we  remember  that  Q  is  a  function  of  the  direction  of  propagation  given  by  f. 

Since  there  are  such  a  large  number  of  possibilities  for  and  hence  for  Q,  we  will 
consider  only  one  simple  but  important  example  of  electric  quadrupole  radiation — that 
arising  from  a  linear  quadrupole. 


28-5  LINEAR  ELECTRIC  QUADRUPOLE  RADIATION  485 


We  previously  saw  that  if  a  charge  distribution  has  axial  (rotational)  symmetry 
about  the  z  axis  then  there  is  only  one  independent  component  of  the  quadrupole 
moment  tensor  and  the  only  nonvanishing  values  of  are  given  by  (8-39)  as 

Qt.  =  Qo  =  (28-84) 

where  we  are  using  Qq  rather  than  the  previous  Q"'  for  consistency  of  notation  within 
this  chapter.  A  conventional  prototype  of  such  a  case  is  the  point  charge  distribution  of 
Figure  8-5/),  which  is  repeated  in  Figure  28-5.  The  charge  2^  is  located  at  the  origin 
while  the  two  charges  -  q  are  on  the  z  axis,  each  a  distance  a  from  the  origin.  It  is 
easily  found  from  the  point  charge  form  of  (28-48)  given  by  (8-26)  that  if  ^  =  qoe 
then  in  this  case  we  have 

Qo - 4^0^*^  (28-85) 

in  agreement  with  Exercise  8-6.  While  the  results  of  this  section  are  applicable  to  the 
charge  distribution  of  Figure  28-5,  they  are  not  restricted  to  it  but  can  be  used  for  any 
axially  symmetric  charge  distribution  described  by  (28-84).  It  is  interesting  to  note, 
however,  that  the  charges  of  Figure  28-5  have  neither  an  electric  dipole  moment  nor 
can  they  have  a  magnetic  dipole  moment.  Thus  the  lowest-order  radiation  that  they  can 
produce  will  be  electric  quadrupole  radiation. 

Combining  (28-84)  and  (28-49),  we  find  the  components  of  Q  to  be  so 

that  Q,=  -  Qy=  -  =  6o4  and  therefore 

=  f  sin  2^0]  (28-86) 


where  we  have  used  (1-93)  and  (1-94)  to  express  Q  in  spherical  coordinates.  Substitu¬ 
tion  of  this  Q  into  (28-83)  yields  the  radiation  zone  vector  potential  for  the  linear 
quadrupole: 


i{kr-uit) 


4iircr 


(3cos^0  -  l)f  -  -  sin  2^6 


(28-87) 


The  fields  can  now  be  found  in  the  usual  way  from  (28-4)  and  (28-27)  while  keeping 
only  the  largest  terms  which  are  -  1/r  since  we  are  in  the  radiation  zone  with  kr  :»  1. 


Figure  28-5.  Prototype  charge  distribution  of  a  linear 
electric  quadrupole. 
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The  results  turn  out  to  be 


yinc^r 


(28-88) 


E^  = 


¥o<^^Qo 
32  TTcr 


(28-89) 


which  again  are  transverse  to  the  direction  of  propagation,  are  related  by  (28-64),  and 
will  be  described  by  a  figure  similar  to  Figure  28-2. 

The  time-average  Poynting  vector  is  found  to  be 


1 

(S>  =  —  Re(E^  X  B*)  =  = 

Z/iQ 


imjrVr^ 


sin^  26 1 


(28-90) 


which  is  proportional  to  the  sixth  power  of  the  frequency.  The  angular  dependence  of 
is  given  by  sin^  20  =  4  sin^  6  cos^  6  and  is  shown  in  Figure  28-6.  The  value  of  ^  is 
zero  at  0  =  0°,  90°,  and  180°,  and  has  maxima  at  0  =  45°  and  135°. 

Integrating  (28-90)  over  a  sphere  of  radius  r,  we  find  the  total  radiated  power  to  be 


960 


(28-91) 


Figure  28-6.  Magnitude  of  the  Poynting  vector  as  a  function  of  angle 
for  linear  electric  quadrupole  radiation. 
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Up  to  now  we  have  assumed  that  the  dimensions  of  our  radiating  system  are  small 
compared  to  a  free  space  wavelength,  so  that  we  could  take  the  current  in  our  simple 
models  to  be  uniform  over  the  system.  In  practical  cases,  it  is  convement  to  use 
radiators  whose  dimensions  are  comparable  to  a  wavelength;  such  a  system  is  usually 
called  an  antenna.  In  this  case,  the  current  distribution  is  not  uniform  over  the  lengtn 
and  this  must  be  taken  into  account.  While  antenna  design  is  an  art  by  itself,  we  can 
illustrate  the  general  principles  involved  by  means  of  a  few  examples.  However,  we  wi 
consider  only  examples  involving  electric  dipole  radiation. 

The  basic  situation  is  illustrated  in  Figure  28-7.  We  have  a  straight  conductor  ot 
length  21  along  the  z  axis.  An  oscillating  current  is  produced  and  maintained  in  this 
conductor  usually  by  means  of  connections  at  its  center  to  an  external  power  supply^ 
We  want  to  find  the  fields  at  a  point  P  with  coordinates  r  and  0;  it  is  assumed  that  P 
is  far  enough  away  so  that  we  need  deal  only  with  the  radiation  zone.  Since  we  found  in 
(28-61)  that  an  oscillating  dipole  is  equivalent  to  a  current  element,  a  natural  approach 
is  to  visualize  the  antenna  as  a  series  of  current  elements  r(z')  dz\  Each  element 
produces  an  electric  field  dE  and  the  total  electric  field  at  P  will  be  the  sum  of  these 
because  of  the  superposition  property  of  electromagnetic  fields.  In  other  words,  we  are 


dealing  with  an  interference  phenomenon. 

Immediately  after  (28-68),  we  found  the  equivalence  -  ioipo  =  Iq  ds\  so  that  m  this 
situation  we  make  the  replacement  =  (i/to)/'(^')  dz'  in  (28-62)  and  use  (28-21)  to 
obtain 


47rr' 


(28-92) 


where 

r'  =  (^2  _|_  ^/2  _  2rz'cos0)^^^  (28-93) 


Figure  28-7.  Calculation 
of  the  radiation  field  of  a 
linear  antenna. 
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and  0'  is  the  unit  vector  perpendicular  to  r'.  The  total  electric  field  at  the  field  point 
will  then  be  obtained  by  integrating  (28-92)  over  the  antenna. 

We  have  already  assumed  that  r  :s>  X.  We  shall  now  also  assume  that  the  total 
length  11  ^  r  so  that  |z'|  ^  r.  Under  these  conditions,  we  can  approximate  r'  by 

r'  =:  r  -  z'cos  0  (28-94) 

The  amplitude  of  dE  ^  1/r'  and  we  will  not  make  much  error  by  simply  taking  r'  =  r 
here;  we  cannot  do  this  in  however,  because  even  small  changes  in  r'  can  make 
large^changes  in  the  exponent.  Finally,  we  neglect  the  differences  between  all  of  the  0' 
and  0  as  well  as  between  6'  and  6  so  that,  in  effect,  we  are  assuming  that  all  of  the 
contributions  to  the  total  E  are  parallel  to  each  other.  Doing  all  of  this,  we  finally  get 
our  expression  for  the  total  electric  field  to  be 


E  = - - -  /  dz' 

Airr  J-[ 


(28-95) 


Once  E  has  been  found,  we  can  evaluate  B  =  (f  X  E)/c  according  to  (28-64)  for  these 
fields  in  the  radiation  zone. 

We  can  go  no  further  until  we  have  a  definite  current  amplitude  distribution  I'{z') 
along  the  antenna. 


Example 

Half-wave  antenna.  Clearly  the  current  I'  must  be  zero  at  the  ends  z'  =  +/  of  the 
antenna,  that  is,  the  ends  are  current  nodes.  Stated  in  these  terms,  the  problem  is 
reminiscent  of  the  boundary  conditions  for  a  string  rigidly  fixed  at  both  ends.  One 
would  think  then,  that  by  proper  excitation,  one  could  obtain  current  distributions 
analogous  to  the  modes  of  oscillation  of  a  vibrating  string.  We  recall  that  the  simplest 
such  mode  is  one  with  a  displacement  antinode  at  the  center;  in  that  case,  the  total 
length  of  the  string  equals  one  half  wavelength  of  the  oscillation.  By  analogy,  we 
assume  a  similar  situation  here.  Thus,  2/  =  |X  so  that  /  =  ^X  and  we  write  the  current 


Figure  28-8.  Assumed  current  amplitude 
distribution  for  a  halFwave  antenna. 
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amplitude  distribution  as 

r{z')  =  “^ocosl  — j  =  /ocos|-^j  =  I^coskz'  (28-96) 

This  distribution  is  illustrated  in  Figure  28-8.  The  limits  of  integration  in  (28-95)  then 
become  ±  =  ±’rr/2k.  Such  an  antenna  is  called  a  half-wave  antenna.  It  can  be 

obtained  by  using  a  conductor  that  is  actually  a  half-wavelength  long  and  excited  at  the 
center  or  by  bottom  excitation  of  one  that  is  one  quarter-wavelength  long  and  that  is 
perpendicular  to  a  conducting  plane  such  as  the  earth  or  a  large  metal  sheet.  In  the 
latter  case,  the  image  currents  in  the  plane  provide  the  other  half  of  the  antenna.  It 
turns  out  in  practice  that  the  existence  of  the  radiation  results  in  a  current  distribution 
that  is  different  from  the  simple  one  assumed  in  (28-96).  The  effect  is  small,  however, 
and  we  will  not  consider  it  further. 

If  we  let  J  be  the  integral  in  (28-95),  substitute  (28-96)  into  it,  change  to  the 
dimensionless  variable  u  —  kz\  and  use  (24-22),  we  find  that  it  becomes 


J  = 


^-ikz' cose 


cos  kz'  dz 


IT /2  k 
Iq  fir/2 


e“'“Cos^COSWi/«  =  —  ^ 

2kJ-„/2 


Iq  I  sin  [^77(1  -  cos  ^)]  ^  sin  [^7r(l  +  cos  ^)] 


2cIq 


to  sin 


1  —  cos^ 


cos  ( cos  d ) 


1  +  cos 


Substituting  this  into  (28-95),  we  obtain 

(>oC/o 


E  = 


27rr  sin^ 


1 

cos  I  —77- cos 


0 


(28-97) 

(28-98) 


which,  interestingly,  has  an  amplitude  that  is  independent  of  the  frequency.  We  see 
from  (28-97)  that  this  occurred  because  the  integration  introduced  a  factor  1/w,  which 
canceled  the  <0  in  (28-95).  Since  each  element  of  the  antenna  does  not  radiate  along  its 
axis,  that  is,  for  ^  =  0  or  tt,  we  expect  E  to  vanish  at  these  angles  also.  The  angular 
dependence  found  in  (28-98)  becomes  indeterminate  at  these  values  of  9,  but  it  is  easily 
verified  by  the  use  of  UHopital’s  Rule  that  E  0  as  ^  0  or  tt. 

The  power  flow  is  given  by 


<S)- 


—  Re(E  X  B*) 
2/io 


|E|\ 

- r  = 

2fiQC 


MqCIJqI^ 


COS^ 


TTCOS^jf  (28-99) 


The  angular  distribution  given  by  cos^(Y7rcos^)/sin^^  is  shown  as  the  solid  curve  of 
Figure  28-9.  The  dashed  curve  shows  the  sin^  0  distribution  characteristic  of  a  single 
dipole.  The  two  are  qualitatively  similar,  although  the  antenna  is  seen  to  radiate  even 
more  predominantly  in  the  horizontal  plane. 

The  total  radiated  power  is 


j(S)-dsi 


f2^  r”COS^  (^TTCOsg) 

877^  •'o  *^0  sin^^ 


sin  6  dO  dcp 


(28-100) 


The  integration  over  (p  gives  27r.  The  integral  over  9  cannot  be  expressed  in  terms  of 
elementary  functions,  but  it  can  be  put  into  the  form  of  tabulated  functions  by  defining 
a  new  variable  v  by  means  of  ^ttcos^  =  -  y)  so  that  v  =  7r(l  -  cos^).  The 
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Figure  28-9.  Radiation  pattern  of  a  half-wave  antenna  (solid)  as 
compared  to  that  of  a  single  dipole  (dashed). 


integral  then  becomes 


i 


ttcos^  (Jttcos^)  1  ^27rSin^  Ji;  tt  ^2-^  {I  -  cos  v)  dv 


sin^ 


fZn  \2^ )  /‘2‘7r  V-*-  ~  ^ ) 

77  ^  sin^  6  2  Jq  v{2it  —  v) 

1  /•2^,  ,  /I  1 

=  -  /  {l-cosv)dv\  -  +  - - 

4  •'o  \  277  —  13 


L 


2^7 


(1  -  cos  v)  dv  ^27T  (1  -  cos  v)  dv 


i: 


277  —  13 


(28-101) 


If  we  make  the  change  of  variable  w  =  27r  ~  v  in  the  second  integral  we  see  that  it 
equals  the  first  so  that  (28-101)  becomes 


1  fiTT  (1  ~  cos  v)  dv  1 


L 


= 


as  found  from  tables.^  Combining  all  of  this,  we  find  that  (28-100)  is 

2.438/a  oC|/ol^ 


877 


(28-102) 


The  radiation  resistance  as  found  from  (28-68)  is  ^  =  2.438/ioc/477  =  OT94Zo  =  73.1 
ohms.  ■ 


The  angular  dependence  of  the  radiated  power  shown  in  Figure  28-9  is  independent 
of  the  azimuthal  angle  <p;  thus,  for  example,  the  antenna  radiates  equally  in  all 
horizontal  directions.  It  is  often  possible  to  enhance  the  radiation  in  a  given  direction 
by  utilizing  the  interference  effects  obtained  by  using  more  than  one  antenna.  Such 
combinations  of  antennas  are  called  antenna  arrays.  The  general  principles  used  are 
simple  to  describe  but  may  be  difficult  to  apply  in  detail. 

Suppose  we  have  a  number  n  of  half-wave  antennas  with  their  axes  parallel  to  the  z 
direction.  The  electric  field  produced  by  any  one  of  them  at  a  field  point  P  far  away 
from  the  array  can  be  taken  to  be  given  by  (28-98).  Then  the  total  electric  field 


‘M.  Abramowitz  and  I.  A.  Stegun,  eds.,  Hanubook  of  Mathematical  Functions,  Dover,  New  York,  1965, 
pp.  231  ff. 
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produced  by  the  array  will  be  a  sum  of  terms  of  this  form,  that  is,  we  will  have 

E=  - Y,  — — 7rcos^  ]e'^^''^“"'^0  (28-103) 

2n  sin  dj  \2 

A 

where,  as  in  Figure  28-7,  is  the  distance  from  the  yth  antenna  to  P,  Oj  and  0,  the 
corresponding  angle  and  unit  vector,  and  Iqj  the  peak  current  of  the  (complex)  current 
distribution.  One  then  chooses  a  convenient  origin,  usually  near  the  center  of  the  array, 
so  that  the  spherical  coordinates  of  P  are  r,  and  (p  with  respect  to  it.  It  is  then 
possible  to  express  tj  and  6j  in  terms  of  /*,  0,  <p,  and  the  location  of  the  y  th  antenna 
with  respect  to  the  origin,  much  as  was  done  to  obtain  (28-93).  If  the  array  is  compact 
enough  so  that  its  dimensions  are  small  compared  to  r,  then  one  can  replace  rj  by  r  in 
the  amphtude  denominator,  and  take  each  0^  to  be  the  same  as  the  0  for  F,  so  that 
(28-103)  can  be  written  as 

E=  -  y  cos  ( — TTCOS  (28-104) 

iTrr  sinOj  \  2  j 

We  note  the  appearance  of  the  term  in  the  sum;  this  factor  is  very  important  in 

the  final  result  because  even  though  -  r  may  be  small  in  absolute  value,  k(rj  ~  r) 
can  have  large  variations  so  that  each  exponential  term  can  be  quite  different  in  value. 
The  relative  phases  of  the  current  distributions  of  the  antennas  are  contained  in  the 
amplitude  terms  Iqj  because  they  can  be  written  as  \lQj\e’^\  as  was  similarly  done  in 
(28-19).  We  see  from  (28-104)  that  there  are  a  large  number  of  possibilities  even  for 
such  a  special  case  as  this.  One  can  freely  choose  the  number  n  of  antennas  in  the 
array,  the  relative  magnitudes  and  phases  of  their  currents  {{IqjI  and  d'j),  and  the 
relative  locations  and  spacings  of  the  antennas  (which  will  appear  in  the  expressions  for 
rj  and  8j).  Because  of  the  great  variety  of  specific  possibihties,  we  will  not  consider 
antenna  arrays  in  any  more  detail,  but  a  few  simple  examples  are  considered  in  the 
exercises. 

So  far  we  have  only  considered  antennas  as  radiating  sources.  However,  as  every 
user  of  a  radio  or  television  set  knows,  antennas  are  also  used  to  detect  electromagnetic 
waves.  (We  considered  this  aspect  briefly  in  Exercise  24-5  where  the  emf  induced  by  a 
plane  wave  in  a  small  circular  loop  was  calculated.)  The  question  then  naturally  arises 
as  to  how  the  receiving  properties  of  an  antenna  are  related  to  its  radiative  properties  if, 
in  fact,  there  is  any  relation  at  all.  The  answer  to  this  question  is  indicated  by  our  final 
topic  in  this  chapter. 

Example 

A  reciprocity  theorem.  Consider  two  length  and  ds2  of  two  different  conducting 
wires  as  shown  in  Figure  28-10.  Suppose  the  first  has  an  oscillating  current  I  in  it;  we 
want  to  find  the  emf  ^  produced  in  the  other.  If  we  assume  that  they  are  far  apart,  the 
electric  field  produced  by  the  element  I  dsi  can  be  obtained  from  (28-92),  but  it  will  be 
helpful  to  write  that  expression  in  a  more  general  form.  First  of  all,  we  drop  the  primes 
and  replace  dz'  by  Idsi\  second,  (28-92)  involves  the  assumption  that  the  dipole 
was  oriented  along  the  z  axis  so  that  we  have  —  Ids^z.  Now  we  write  0  =  $  X  r 
=  [(z  X  f)/sin  X  f  with  the  use  of  (1-92)  and  (1-94),  so  that  Ids^  sin  =  I{ds^  X  f) 
X  f.  The  electric  field  dE  produced  by  the  current  element  I  ds^  at  ds2  can  thus  be 
written  as 

dE  =  -  ^^^^^(ds,  X  f)  X  f  (28-105) 

47rr 

where  [/]  is  the  current  evaluated  at  the  retarded  time.  Now  the  tangential  components 
of  this  electric  field  are  continuous  across  the  surface  of  the  wire  by  (21-26),  so  that  the 
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Figure  28-10. 


Calculation  of  a  reciprocity  theorem. 


emf  induced  in  ds2  as  given  by  (17-7)  is  found  to  be 

ill  rtW  f  / 1 

dS’=  dE’  ds2  = - - - X  r)  X  f]  •  ds2 

Attk 

=  ^  [(^  ^  ^Si)  •  (r  X  ^Si)]  (28-106) 

with  the  use  of  (1-29)  and  (1-23).  This  result  is  completely  symmetric  in  ds^  and  ds2 
and  is  unaltered  if  the  sign  of  i  is  changed.  This  means  that  if  the  element  ds2  were 
carrying  the  current  /,  exactly  this  same  emf  would  be  induced  in  the  element  ds^.  A 
result  of  this  type  is  called  a  reciprocity  theorem. 

What  (28-106)  tells  us,  then,  is  that  the  value  of  the  induced  emf  or  “received  signal” 
does  not  depend  on  whether  the  element  Js  is  being  employed  as  a  radiator  or  as  a 
receiver.  When  extended  to  the  whole  antenna,  this  reciprocity  theorem  shows  that  the 
antenna  characteristics,  such  as  angular  dependence,  are  the  same  whether  the  antenna 
radiates  or  absorbs  radiation.  For  example,  since  a  half-wave  antenna  does  not  radiate 
in  the  direction  of  its  axis  (^  =  0)  as  we  found  from  (28-98),  an  electromagnetic  wave 
traveling  parallel  to  its  axis  will  not  induce  an  emf  in  it  either.  In  this  special  case,  it  is 
clear  that  this  will  be  so  since  the  incident  electric  field  is  transverse  to  the  direction  of 
propagation  and  will  be  normal  to  the  conductor  forming  the  antenna.  Thus,  the 
electric  field  will  have  no  tangential  component  along  the  antenna  length  and  cannot 
produce  an  induced  emf.  ■ 

EXERCISES 

28-1  An  infinitely  long  thin  straight  wire  coin¬ 
cides  with  the  z  axis.  It  carries  no  current  for 
r  <  0.  At  r  =  0,  a  current  I  is  applied  over  the 
whole  length  of  the  wire,  and  it  remains  at  this 
constant  value  for  all  later  times.  At  a  point  a 
distance  p  from  the  wire  find  A,  B,  E,  and  S  for 
all  times.  Show  that  your  results  reduce  to  sensi¬ 
ble  values  as  /  ^  00.  (Hint:  recall  Section  16-4.) 

28-2  A  system  of  charges  and  currents  occupies 
a  fixed  finite  volume  Show  that  in  general 

J(r')  d.'  =  - 

where  p  is  the  total  electric  dipole  moment  of  the 
distribution. 

28-3  Find  the  amplitude  of  the  electric  field  at  a 
point  in  the  equatorial  plane  that  is  10  kilometers 
from  an  electric  dipole  radiating  one  kilowatt. 

28-4  Find  the  fraction  of  the  energy  radiated  by 
an  electric  dipole  within  ±  10®  of  the  equatorial 
plane. 

28-5  Assume  that  is  real  and  find  the  general 
physical  fields  E  and  B  for  an  electric  dipole  from 


(28-53)  and  (28-54).  Then  find  S  and  show  that  it 
has  oscillatory  components  along  r  and  ft.  Finally 
show  that  your  expression  for  S  reduces  correctly 
to  (28-65). 

28-6  Show  that  the  fields  in  the  radiation  zone 
due  to  an  electric  dipole  can  be  written  in  the 
form 


E.  = 


B.  = 


47rr 


A'ncr 


dt^ 

d^^ 

dt^ 


X  f  X  r 


X  r 


where  the  quantity  in  brackets  is  evaluated  at  the 
retarded  time. 

28-7  Show  that  the  electric  dipole  fields  in  the 
radiation  zone  can  be  written  in  the  form 


E.  = 


B.  = 


^0 

A^r 

Amcr 


dr' 

dt 

dr 

~di 


{ds'  Xf)  X  r 


ds'  X  r 


EXERCISES  493 


where  the  derivative  of  the  current  is  evaluated  at 
the  retarded  time. 

28-8  Show  that  the  magnetic  dipole  fields  in  the 
radiation  zone  can  be  written  in  the  form 


E.  = 

B«  = 


Hq 

- — ^  X  r 

47rcr  [  i/r 

ftp  ( 

47rc^r|  dt^ 


Xr 


where  [d^m/dt^]  is  evaluated  at  the  retarded 
time. 


28-9  Show  that  all  of  the  fields  in  the  radiation 
zone  whether  due  to  an  electric  dipole,  magnetic 
dipole,  or  linear  electric  quadrupole  can  be  ex¬ 
pressed  in  terms  of  the  corresponding  vector 
potential  as  follows: 


E/,= 


Xf 


1  \dA] 

Bz,  =  —  ^  X  r 


where  [d\/dt]  is  evaluated  at  the  retarded  time. 
28-10  Find  E  and  B  in  the  near  zone  for  the 
linear  electric  quadrupole  and  compare  your  re¬ 
sult  with  (8-55). 

28-11  Show  that  the  radiation  fields  of  a  slowly 
moving  point  charge  can  be  written  in  terms  of 
the  retarded  value  [a]  of  the  acceleration  as: 

9{[a]  Xr}  X  r  ?[a]  Xr 

"  A'ncoc^r 

28-12  A  commonly  used  approximate  method  of 
deriving  the  fields  in  the  radiation  zone  of  a  linear 
electric  quadrupole  is  based  on  the  model  il¬ 
lustrated  in  Figure  28-5.  This  can  be  interpreted 
as  two  oppositely  directed  dipoles  of  amplitude 
located  at  z  =  ±\a,  respectively,  and  the 
total  field  can  be  written  as  a  superposition  of 
fields  obtained  from  (28-62).  Do  this,  and  then  by 
using  the  approximation  a  r,  show  that  the 
first-order  result  gives  (28-89). 

28-13  A  simple  model  for  calculating  the  fields 
in  the  radiation  zone  from  a  magnetic  quadrupole 
can  be  devised  by  analogy  with  the  previous 
exercise  and  Exercise  19-16.  Consider  two  mag¬ 
netic  dipoles  of  equal  dipole  moments  ±moZ 
located  at  z  =  ±b\  the  total  magnetic  dipole 
moment  of  this  system  is  zero.  Such  a  situation 
could  be  obtained  with  two  small  current  loops, 
each  parallel  to  the  xy  plane,  and  with  oppositely 
directed  currents.  The  total  induction  B^  can  then 
be  written  as  a  superposition  of  fields  obtained 


from  (28-78).  Do  this,  and  then  by  using  the 
approximation  b  ^  find  the  fields  (and 
hence  E^^)  as  the  first-order  result. 

28-14  An  antenna  for  which  the  total  length 
21  =  X  is  called  a  full-wave  antenna.  Show  that 
two  possible  current  amplitude  distributions  con¬ 
sistent  with  this  are  /'  =  Iq  sin  kz'  and  I'  = 
/q  sin  Show  that  these  are  consistent  with 

the  model  of  a  full-wave  antenna  as  equivalent  to 
two  colinear  half-wave  antennas  spaced  a  half¬ 
wavelength  apart  and  excited  with  relative  phases 
of  77  and  0,  respectively.  Find  E  and  (S)  for  the 
first  case  and  thus  show  that  the  angular  distribu¬ 
tion  is  proportional  to  [sin ( it  cos  $ ) /sin  $]^.  Make 
a  rough  sketch  of  this  angular  distribution. 

28-15  Two  half-wave  antennas  lie  in  the  yz 
plane.  They  are  parallel  to  the  z  axis  and  their 
centers  lie  on  the  y  axis  slI  y  =  a  and  y  =  —a. 
Assume  that  a  ^  and  find  the  resultant  elec¬ 
tric  field  in  the  xy  plane.  Assume  the  currents  to 
have  equal  amplitude.  Now  assume  that  they  are 
a  half-wavelength  apart,  and  consider  the  two 
cases  in  which  their  currents  (1)  are  in  phase  and 
(2)  have  a  phase  difference  of  tt.  Sketch  the 
magnitude  of  the  electric  field  as  a  function  of  (p 
for  these  last  two  cases. 

28-16  If  the  source  has  both  an  electric  dipole 
moment  and  a  magnetic  dipole  moment,  the  total 
electric  field  in  the  radiation  zone  will  be  the  sum 
of  (28-62)  and  (28-79)  and  we  have  the  possibility 
of  interference.  Show,  however,  that  (S)  = 

+  that  is,  the  total  radiated  power  does 

not  contain  any  interference  terms.  Will  this  same 
result  be  true  if  it  has  both  an  electric  dipole 
moment  and  a  linear  electric  quadrupole  mo¬ 
ment? 

28-17  The  Hertz  vector  \  was  introduced  in 
Exercise  22-7.  The  Hertz  vector  corresponding  to 
a  point  electric  dipole  is  asserted  to  be  %  = 
pQc'(^''“"^y47rCo/-.  Verify  that  this  gives  the  cor¬ 
rect  vector  potential  for  an  electric  dipole. 

28-18  Consider  a  system  of  charged  particles  for 
which  the  ratio  of  charge  to  mass,  is  the 

same  for  each  particle.  Show  that  the  total  dipole 
moment  can  be  written  as  p  = 
where  M  is  the  total  mass  of  the  system  and  R^m 
is  the  position  vector  of  the  center  of  mass.  Show 
that,  if  there  is  no  net  external  force  on  the 
system,  it  will  not  produce  electric  dipole  radia¬ 
tion.  Similarly,  show  that,  if  there  is  no  net  exter¬ 
nal  torque  on  this  system,  it  will  not  produce 
magnetic  dipole  radiation  either. 
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The  basic  concern  of  the  theory  of  relativity  is  the  comparison  of  results  obtained  by 
observers  of  physical  phenomena  who  are  moving  with  respect  to  each  other.  The 
special  theory,  which  was  propounded  by  Einstein  in  1905  and  that  is  the  only  form  we 
will  consider,  deals  with  observers  who  have  a  constant  velocity  wijh  respect  to  each 
other.  The  term  “relativity”  refers  to  the  assumed  equivalence  of  these  observers  and 
their  respective  coordinate  systems  for  the  description  of  phenomena.  As  we  will  see, 
the  origins  of  special  relativity  can  be  found  in  the  structure  of  electromagnetic  theory 
so  that  we  can  usefully  begin  by  considering  how  moving  observers  describe  some 
electromagnetic  effects. 


29-1  HISTORICAL  ORIGINS  OF  SPECIAL  RELATIVITY 

When  we  consider,  for  example,  the  electric  field  vector  E(r,  t),  we  mean  the  value  of 
this  quantity  at  a  point  r  and  a  time  t  that  are  specified  with  respect  to  some  particular 
set  of  coordinate  axes.  The  observer  who  is  determining  E  at  r  and  t  is  assumed  to  be  at 
rest  with  respect  to  these  axes.  In  the  paragraph  following  (1-14),  we  briefly  alluded  to 
the  question  of  what  coordinate  system  was  to  be  used  and  we  concluded  that  it  was 
one  of  the  inertial  systems  of  mechanics.  As  we  also  know  from  mechanics,  a 
coordinate  frame  fixed  to  the  surface  of  the  earth  is,  for  most  purposes,  a  satisfactory 
approximation  to  an  inertial  system. 

In  the  discussion  of  Faraday’s  law  for  moving  media  in  Section  17-3,  however,  we 
did  encounter  the  question  of  how  observers  moving  with  respect  to  each  other  would 
describe  the  same  phenomena  and  we  saw  that  in  general  their  descriptions  would  be 
different.  In  particular,  we  found  (17-29),  which  stated  that 

E'  =  E  +  V  X  B  (29-1) 

was  the  way  in  which  the  fields  in  the  two  systems  were  related;  then  Faraday’s  law 
V  X  E  =  -  d^/dt  had  a  form  that  was  independent  of  the  motion  of  the  medium.  We 
saw  that  in  some  cases  it  was  easier  to  discuss  a  problem  by  going  into  the  moving 
system  and  dealing  with  the  “motional”  electric  field  E^  =  v  X  B.  What  is  of  more 
interest  to  us  here,  however,  is  that  (29-1)  shows  that  these  two  relatively  moving 
observers  describe  the  same  phenomena  in  different  ways.  As  an  extreme  example,  if 
E  =  0,  then  what  appears  to  one  observer  as  a  purely  magnetic  induction  B  is  seen  by 
the  other  as  an  electric  field  E'.  Thus  an  electric  field  is  not  an  absolute  property  of  a 
given  point  and  time  but  also  depends  on  the  motion  of  the  observer. 

In  order  to  obtain  (29-1),  we  used  the  fact  that  =  F  where  the  forces  being 
compared  are  measured  in  two  inertial  systems,  that  is,  they  have  no  acceleration  with 
respect  to  each  other  and  with  respect  to  the  primary  inertial  system.  Let  us  remind 
ourselves  of  how  this  situation  comes  about. 

In  Figure  29-1,  we  show  two  coordinate  systems  S  and  S'  with  rectangular  axes 
chosen  to  be  parallel  to  each  other  for  simplicity.  The  relative  position  of  their  origins  is 
given  by  Rq  =  Vf  so  that  their  origins  coincide  at  r  =  0  and  V  is  the  constant  velocity 
of  S'  with  respect  to  S.  The  position  vectors  of  a  point  P  are  r  and  r',  so  that 

r'  =  r  -  Ro  =  r  -  Vt  (29-2) 
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Figure  29-1 .  Two  rectangular  coor¬ 
dinate  systems  with  parallel  axes 
of  coordinates. 


The  velocities  of  the  point  P  as  measured  in  the  two  systems  are  therefore  related  by 
the  familiar  result 


dx'  dx 
dt  dt 


V 


(29-3) 


Since  V  is  constant,  the  accelerations  are  equal,  that  is,  a'  =  d\'/dt  =  dy/dt  —  a. 
Therefore,  the  forces  on  a  point  mass  m  located  at  P  are  also  equal:  F'  =  m&!  =  ma  = 
F.  Thus,  the  basic  law  of  mechanics  has  the  same  form  in  these  two  coordinate  systems 
moving  with  constant  velocity  with  respect  to  each  other.  In  other  words,  they  are 
equally  suitable  for  use  as  a  reference  system.  This  result  is  known  as  the  classical  (or 
Galilean)  principle  of  relativity.  The  formula  (29-2)  that  relates  the  two  sets  of 
coordinates  and  time  (t'  —  t)  for  a  given  “event”  is  known  as  the  classical  (or  Galilean) 
transformation.  While  (29-2)  is  perfectly  general,  it  is  more  convenient  to  specialize  it  to 
the  case  in  which  the  relative  motion  is  along  the  common  xx'  direction  so  that 
V  =  Fx;  then  (29-2)  can  be  written  in  component  form  as 

x'  =  X  -  Vt  y'  =y  z'  =  z  t'  =  t  (29-4) 

where,  for  completeness,  we  have  included  the  usual  assumption  that  t'  =  t.  In  this 
case,  (29-3)  becomes  simply 

v',  =  v,-V  v;  =  v^  v'  =  D,  (29-5) 

Since  (29-1)  indicates  that  the  expression  for  the  field  changes  depending  on  the 
coordinate  system  one  is  using,  it  is  natural  to  wonder  how  a  transformation  of 
coordinates  like  (29-4)  will  afTect  the  equations  determining  the  fields,  that  is,  Maxwell’s 
equations.  For  our  purposes,  it  will  be  sufficient  to  consider  a  consequence  of  Maxwell’s 
equations,  that  is,  the  wave  equation 


1 

dt^ 


=  0 


(29-6) 
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which  is  satisfied  in  a  vacuum  for  any  component  of  E  or  B.  We  know  that  (29-6)  has 
plane  wave  solutions  with  speed  c.  We  will  show  that  the  form  of  this  equation  is  not 
preserved  by  the  Galilean  transformation  (29-4)  but  that  plane  wave  solutions  are  still 
possible. 

For  simplicity,  let  us  restrict  ourselves  to  the  case  in  which  the  direction  of 
propagation  of  the  wave  is  along  the  x  axis  so  that  (29-6)  reduces  to 

1 

dx^  dt^ 

Now  let  us  assume  that  xj/  is  written  as  a  function  of  x'  and  t'  by  means  of  (29-4)  so 
that 


d\p  d)p  dx'  d\p  St'  dxp 
dx  dx'  dx  dt’  dx  dx' 


and  therefore  d^xp/dx^  =  d^\p/dx'^.  Similarly,  we  find  that 

d\p  d\p  d\p 

dt  dx'  dt' 

d^  ^  d^  d^  d^xp 

— -  =  — —  -  2F - —  -h  — - 

dt^  dx'^  dx' dt'  dt'^ 

When  these  results  are  substituted  into  (29-7),  we  obtain 

d^xp  d^xp  d^xp 

^  hx'^  dt'^  dx' dt' 

which  is  clearly  different  in  form  from  the  equation  (29-7)  satisfied  in  the  unprimed 
axes.  Let  us  nevertheless  try  to  find  a  plane  wave  solution  of  (29-8)  of  the  form 


(29-8) 


xp{x'J')  =  (29-9) 

where  u'  is  the  phase  velocity.  Substituting  (29-9)  into  (29-8),  we  find  that  it  is  a 
solution  provided  that  =  ±c  -  V  =  ±(c  +  V).  In  other  words,  if  the  wave  is 
traveling  in  the  positive  x'  direction,  it  has  the  speed  c  -  V,  while  its  speed  is  c  -I-  K 
for  propagation  in  the  negative  x'  direction.  These  results  are  therefore  consistent  with 
the  particular  case  given  by  (29-5),  and  for  a  general  direction  of  propagation,  the  wave 
velocity  in  the  primed  system  can  be  found  from  (29-3). 

This  calculation  has  shown  us  that  if  (29-4)  and  (29-7)  are  simultaneously  valid  then 
electromagnetic  effects  will  generally  be  different  when  observed  from  different  coordi¬ 
nate  systems  moving  with  constant  velocity  with  respect  to  each  other  and,  in 
particular,  the  speed  of  a  plane  wave  in  vacuum  would  not  always  have  the  value  c. 
Since  (29-6)  is  a  consequence  of  Maxwell’s  equations,  these  results  imply  that  there  can 
be  only  one  frame  of  reference  in  which  Maxwell’s  equations  have  the  form  in  which  we 
have  been  writing  them  and  in  which  electromagnetic  waves  have  the  speed  c.  This 
preferred  reference  system  was  generally  identified  with  the  primary  inertial  system  of 
mechanics,  that  is,  one  fixed  with  respect  to  the  “  fixed  stars.”  This  frame  also  had  to  be 
endowed  with  electromagnetic  properties  so  that  it  could  propagate  waves;  this 
augmented  system  was  then  called  the  ether. 

Electromagnetism  and  the  Galilean  transformation  taken  together  thus  imply  the 
existence  of  only  one  system  of  reference  in  which  Maxwell’s  equations  are  valid.  On 
the  other  hand,  we  have  also  seen  that  the  whole  idea  of  a  preferred  system  is  foreign  to 
mechanics  because  of  the  existence  of  the  Galilean  principle  of  relativity.  However, 
because  the  concept  of  equivalence  of  different  coordinate  systems  has  such  a  simplicity 
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and  attractiveness,  we  are  led  to  consider  yet  another  possibility,  namely  that  there 
exists  a  common  principle  of  relativity  valid  for  both  mechanics  and  electromagnetism. 
If  this  were  to  be  the  case  though,  then  the  Galilean  principle  of  relativity  based  on  the 
Galilean  transformation  and  Newtonian  mechanics  can  not  actually  be  the  appropriate 
one.  (We  are  not  considering  the  possibility  that  Maxwell’s  equations  may  need 
alteration.) 

The  proper  choice  among  these  possibilities  can  only  be  made  with  the  aid  of  the 
results  of  experiment.  Historically,  one  approach  was  to  assume  the  validity  of  both 
Maxwell’s  equations  and  the  Galilean  transformation,  that  is,  the  existence  of  a 
preferred  reference  frame.  Then  a  laboratory  frame  attached  to  the  earth  would  be 
moving  with  respect  to  the  primary  inertial  system  (ether),  so  that  one  could  look  for 
effects  associated  with  this  motion  and  that  could  be  calculated  by  transforming 
Maxwell’s  equations  into  this  system  much  as  we  did  to  obtain  (29-8).  We  will  consider 
two  of  these  experiments — one  that  does  not  involve  wave  propagation  and  one  that 
does. 


Example 

The  Trouton-Noble  experiment.  In  this  experiment,  a  charged  parallel  plate  capacitor 
was  suspended  so  that  its  plates  were  vertical  and  it  could  rotate  about  an  axis  parallel 
to  and  between  the  plates.  Because  of  the  assumed  motion  of  the  earth  with  respect  to 
the  ether,  there  will  be  a  torque  on  the  capacitor  that  tends  to  align  the  plane  of  the 
plates  parallel  to  their  velocity  V,  We  will  simplify  things  somewhat  by  replacing  the 
charges  on  the  plates  by  two  point  charges  whose  separation  is  the  same  as  that  of 
the  plates  as  shown  in  Figure  29-2.  The  magnetic  force  on  the  positive  charge  due  to 
the  negative  charge  is  found  from  (14-31)  to  be 


X  (V  X  R) 


(29-10) 


and  there  will  be  an  equal  and  opposite  force  on  the  negative  charge.  These  two  forces 
will  produce  a  torque  t  on  the  system  given  by 


T  =  R  X 


•  R)(V  X  R) 


(29-11) 


which  has  the  direction  shown  in  the  figure  for  0  >  90®.  (The  sign  of  t  is  reversed  for 
6  <  90°.)  We  see  that  t  is  parallel  to  the  axis  and  tends  to  rotate  the  charges  until  the 


Figure  29-2.  The  Trouton-Noble 
experiment. 
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line  R  connecting  them  is  perpendicular  to  V.  The  magnitude  of  the  torque  is 


1  (V\ 


T  = 


4itR 


=  —  Uj  —  sinlB 
c  I 


(29-12) 


where  =  q^/4’rrtQR  is  the  magnitude  of  the  electrostatic  energy  of  the  system  by 
(5-49).  We  note  that  the  effect  measured  by  t  is  proportional  to  (T/c)^,  which  turns 
out  to  be  characteristic  of  these  experiments.  (The  result  of  taking  the  actual  distribu¬ 
tion  of  the  charges  on  the  plates  into  account  is  to  double  the  value  given  above  for  t. 
Furthermore,  the  attractive  electrostatic  force  is  always  along  the  direction  of  R  and 
hence  does  not  contribute  to  the  torque.) 

Taking  V  to  be  the  speed  of  the  earth  in  its  orbit,  which  is  about  3  X  10"^ 
meters/second,  one  finds  that  the  magnitude  of  the  torque  is  large  enough  to  be 
observable.  However,  the  most  careful  experiments  failed  to  find  such  a  torque,  so  that 
this  experiment  provides  no  evidence  in  favor  of  a  preferred  reference  frame  for 
electromagnetism.  ■ 


Example 

The  Michelson-Morley  experiment.  This  experiment  was  based  on  the  result  following 
(29-9),  which  showed,  in  effect,  that  the  velocity  combination  formula  (29-3)  applied  to 
electromagnetic  waves  as  well  as  to  point  masses.  If  V  is  interpreted  as  the  velocity  of 
S'  with  respect  to  the  ether,  then  (29-3)  says  that  the  velocity  of  the  wave  will  depend 
on  the  motion  of  the  medium  and  will  be  c  only  with  respect  to  the  ether.  Because  the 
orbital  speed  of  the  earth  is  so  small  compared  to  c,  it  has  not  been  feasible  to  make  a 
direct  measurement  of  the  wave  velocity  in  various  directions  with  respect  to  the  earth’s 
surface  in  order  to  check  (29-3).  It  is  possible,  however,  to  compare  these  directions  and 
look  for  this  small  effect  by  using  the  wave  itself  in  a  particular  manner;  this  idea  had 
been  suggested  by  Maxwell,  and  the  experiment  was  first  performed  by  Michelson  and 
Morley  in  1887. 

The  experimental  arrangement  is  illustrated  in  Figure  29-3.  Light  from  the  source  L 
is  incident  on  the  partially  silvered  glass  plate  M  and  divided  into  two  beams  that 
travel  in  directions  that  are  perpendicular  to  each  other.  Each  beam  travels  the  distance 
I  to  the  mirror  M-^  or  M2  and  is  reflected  back  over  its  original  path.  Part  of  the  light 


L 


Figure  29-3.  The  Michelson-Morley 
experiment. 
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from  each  beam  then  passes  along  the  fourth  arm  of  the  device  toward  a  detector  D. 
The  beams  have  thus  been  recombined  and  any  phase  difference  between  them 
resulting  from  their  trips  back  and  forth  will  produce  interference  effects  observable  as 
a  variable  amplitude  in  the  resultant  beam.  In  order  to  calculate  the  phase  difference, 
we  need  to  find  the  times  taken  by  the  beams  to  travel  along  their  respective  paths. 

If  we  let  the  arm  1  be  in  the  direction  of  motion  of  the  apparatus,  then,  from  before, 
the  speed  of  the  light  will  be  c  -  V  on  the  outward  path  and  c  +  F  on  the  return  path. 
Thus  the  time  taken  to  pass  to  and  fro  along  this  arm  is 


h  = 


+ 


-V  c  +  F 


2/ 

—  II 

c 


2  \  -1 


F- 


(29-13) 


In  the  perpendicular  direction  along  the  second  arm,  the  resultant  relative  light  velocity 
as  found  from  (29-3)  is  (c^  —  and  the  corresponding  time  for  the  round  trip  is 

2/  2/  /  FM 

(29-14) 


==  —  1  H - T 

c  \  2c^ 


Thus  the  two  times  are  not  equal  and  their  difference  is 

At 


h  h 


I  ( vy- 

c  \  c  . 


(29-15) 


Taking  /  =  30  meters  and  F  =  3  X  lO'*  meters/second  as  before,  we  find  that  At  = 
10“^^  second.  This  small  time  difference  corresponds  to  a  phase  difference  of  wA/  = 
27TC^t/\  =  0.6(27r)  =  3.8  radians  for  visible  light  with  a  wavelength  of  0.5  X  10“^ 
meters.  This  is  a  sizable  relative  phase  difference  and  could  result  in  detectable  changes 
as  the  apparatus  is  rotated  to  interchange  the  role  of  the  two  arms.  However,  no  such 
effects  were  observed  by  Michelson  and  Morley.  Since  then  this  experiment  and 
variations  on  it  have  been  frequently  repeated,  particularly  as  more  sensitive  and 
accurate  equipment  has  become  available.  The  results  have  always  been  the  same — that 
for  electromagnetic  waves  there  is  no  evidence  to  support  the  use  of  (29-3),  which 
results  from  combining  the  concepts  of  a  preferred  reference  frame  for  electromag¬ 
netism  with  the  Galilean  relativity  principle  for  mechanics.  ■ 


While  we  have  discussed  only  two  experiments  of  this  general  type,  there  have  not  as 
yet  been  any  results  of  any  kind  that  support  a  preferred  frame  for  electromagnetism. 
Accordingly,  we  are  led  to  assume  that  there  is  a  common  principle  of  relativity  for 
both  electromagnetism  and  mechanics.  It  cannot,  however,  be  described  by  the  Galilean 
transformation  given  by  (29-2)  and  (29-4).  The  necessary  new  concepts  are  provided  by 
the  postulates  of  special  relativity. 

One  should  not  get  the  idea,  however,  that  the  whole  of  special  relativity  stands  or 
falls  on  the  results  of  a  single  “crucial’'  experiment,  in  particular,  the  Michelson-Morley 
experiment.  By  now,  special  relativity  has  been  extended  and  tested  by  means  of  such  a 
large  number  of  interwoven  experiments  that  it  provides  us  with  a  single  coherent  and 
useful  description  of  a  great  variety  of  phenomena. 


29-2  THE  POSTULATES  AND  THE  LORENTZ  TRANSFORMATION 

There  is  some  doubt  as  to  whether  Einstein  was  strongly  influenced  by,  or  was  even 
aware  of,  the  results  of  the  experiments  we  have  just  described.  There  is  no  doubt, 
however,  that  he  thought  deeply  and  hard  about  the  questions  we  outhned  in  the  last 
section.  The  result  was  that  in  1905  he  proposed  the  equivalent  of  the  two  following 
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postulates: 

I  All  systems  of  coordinates  are  equally  suitable  for  the  description  of  physical 

phenomena.  ■ 

II  The  speed  of  light  in  vacuum  is  the  same  for  all  observers  and  is  independent  of  the 

motion  of  the  source.  ■ 

The  first  postulate  hterally  refers  to  all  systems  of  coordinates,  although  we  restrict 
ourselves  to  those  systems  that  have  a  constant  velocity  with  respect  to  each  other. 
When  we  do  this,  we  are  discussing  the  special  {restricted)  theory  of  relativity.  An 
unrestricted  discussion  would  correspond  to  the  general  theory  of  relativity,  which  we 
do  not  consider. 

The  first  postulate  also  asserts  that  there  is  a  common  principle  of  relativity  for  all  of 
physics,  although  we  consider  it  only  in  terms  of  particle  mechanics  and  electromag¬ 
netism.  Another  way  of  stating  the  first  postulate  is  to  say  that  no  theory  can  contain 
any  reference  whatsoever  to  an  absolute  velocity  of  translational  motion  of  the  coordi¬ 
nate  system  being  used.  We  saw  in  the  last  section  that  Maxwell’s  equations  combined 
with  the  Galilean  transformation  did  indicate  a  possibility  of  effects  due  to  an  absolute 
velocity,  but  such  predictions  were  not  borne  out  by  experiment.  This  could  mean  that 
Maxwell’s  equations  are  themselves  not  completely  correct,  or  it  could  mean  that  the 
Galilean  transformation  is  not  correct.  Einstein  preferred  the  second  possibility  but 
rather  than  postulating  that  Maxwell’s  equations  were  covariant  (unchanged  in  form)  to 
the  proper  transformation  of  coordinates,  he  found  it  to  be  sufficient  (and  equivalent) 
to  state  his  second  postulate  in  terms  of  the  speed  of  light. 

It  is  this  second  postulate  that  leads  to  the  more  unfamiliar  results  of  special 
relativity,  including  those  that  apparently  violate  “common  sense.”  It  also  implies  that 
Newtonian  mechanics  is  not  the  correct  form  for  the  exact  representation  of  mechanical 
phenomena,  since  the  Galilean  transformation  representing  the  relativity  principle 
natural  to  mechanics  is  incompatible  with  the  second  postulate  as  we  found  after 
(29-9).  Thus  we  first  have  to  find  the  transformation  rules  for  the  coordinates  that  will 
satisfy  the  second  postulate.  Then  we  will  have  to  find  such  laws  of  mechanics  as  will 
satisfy  the  first  postulate  when  these  transformation  rules  are  used.  Finally,  we  will  then 
have  to  see  how  electromagnetism  as  described  by  Maxwell’s  equations  fits  with  these 
postulates.  Whether  these  postulates  are  actually  applicable  to  the  description  of 
physical  phenomena  can  only  then  be  appraised  by  comparing  predictions  of  experi¬ 
mental  results  with  the  actual  results  themselves. 

Before  we  begin  these  tasks,  however,  it  will  be  well  to  see  that  these  postulates  are 
compatible  with  the  results  of  the  two  experiments  discussed  in  the  last  section.  As  far 
as  the  Trouton-Noble  experiment  is  concerned,  we  can  invoke  the  first  postulate  to 
allow  us  to  calculate  the  effect  in  a  coordinate  system  in  which  the  charges  are  at  rest. 
Here  the  only  force  is  the  attractive  electrostatic  force  and,  as  previously  pointed  out, 
this  wUl  lead  to  no  torque  and  hence  no  rotation  of  the  capacitor  in  agreement  with 
observation.  In  the  Michelson-Morley  experiment,  the  speed  of  the  waves  will  be  c  for 
both  arms,  making  t^  =  t2  and  thence  Af  =  0,  again  in  agreement  with  observation. 

The  transformation  of  coordinates,  which  is  quantitatively  in  accord  with  the  second 
postulate,  is  called  the  Loreniz  transformation.  We  consider  two  coordinate  systems  S 
and  S'  in  relative  motion  with  velocity  V  along  their  common  xx'  direction.  For  a 
given  point  event,  an  observer  in  S  will  assign  the  spatial  coordinates  and  time 
(x,  y,  while  those  obtained  by  an  observer  in  S'  will  be  {x\  y',  z\  t').  Thus  our 
transformation  equations  must  enable  us  to  calculate  the  position  {x',  y',  z')  and  time 
t'  of  the  event,  if  it  is  known  that  the  first  observer  assigns  the  values  (x,  y,  z)  and  t  to 
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it,  and  conversely.  Our  derivation  will  be  somewhat  simplified,  but  it  will  lead  to  the 
correct  result  and  will  include  all  of  the  principal  features  of  a  more  elaborate 
treatment. 

Suppose  that,  at  the  instant  the  two  origins  of  the  coordinate  systems  coincide,  a 
small  pulse  of  light  is  produced  at  the  origin.  The  second  postulate  requires  that  each 
observer  see  the  hght  propagating  with  the  same  speed  c  in  all  directions.  In  other 
words,  with  respect  to  his  or  her  own  coordinate  system,  each  observer  must  see  the 
wave  front  as  a  sphere  centered  on  the  corresponding  origin  of  radius  c  times  the  time. 
The  equations  of  the  wavefronts  are  thus 

=  0  +  z'^  -  =  0  (29-16) 

so  that  we  must  satisfy  the  identity 

x'^  +  -f  z'^  -  +  z^  -  (29-17) 


An  equivalent  way  of  saying  this  is  that  the  quantity  on  either  side  of  (29-17)  must  be 
invariant  with  respect  to  the  transformation  from  one  system  to  the  other. 

Since  we  have  taken  the  x  and  x'  axes  in  the  direction  of  the  relative  velocity  of  S 
and  S',  it  is  reasonable  to  assume  that  the  coordinates  transverse  to  the  motion  are 
unchanged,  that  is,  y'  =  y  and  z'  =  z;  then  (29-17)  becomes 

x'^  -  c^t'^  =  x^  —  (29-18) 


Now  there  is  only  one  relative  velocity  V,  From  the  point  of  view  of  S,  the  origin  0' 
must  have  the  x  coordinate  Vt  as  shown  in  Figure  29-4a.  Similarly,  the  x'  coordinate  of 
0  as  seen  in  S'  must  be  ~Vt'  as  shown  in  (b)  of  the  figure.  Therefore,  the 
transformation  equations  must  satisfy  the  conditions  that 


x  =  Vt  when  x'  =  0 

x'  =  —  Vt'  when  x  =  0 


(29-19) 


We  will  try  the  simplest  relations  that  will  satisfy  (29-19),  that  is,  the  linear  equations 
x'  =  y(x  —  Vt)  X  =  y'{x'  +  Vt')  (29-20) 

where  y  and  y'  are  constants  to  be  determined.  We  can  now  express  t'  in  terms  of  the 
unprimed  quantities  by  ehminating  x'  from  (29-20)  and  we  find  that 


t'  = 


(29-21) 


Putting  these  expressions  for  x'  and  t'  into  (29-18)  and  grouping  terms,  we  get 


1 

r  2  2 

f  1 

1  +  ,.2  U 

-P  2xt 

y^v-—\ 

1 - 7 

v^\  yy'l 

V  ' 

yy' 

^t^[y\^~V^)-c^]=Q 


(29-22) 
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Figure  29*4.  Coordinates  of  the  two  origins  as  seen  by  the  two  relatively  moving 
observers. 
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In  order  that  this  will  always  be  zero  for  all  possible  values  of  ;c  and  it  is  necessary 
that  the  coefficients  of  xt,  and  individually  vanish.  Equating  each  of  these 
coefficients  to  zero,  we  find  that 


1 

[1  - 


(29-23) 


will  satisfy  (29-22). 

Combining  all  of  these  results,  we  get  the  Lorentz  transformation  formulas 


II 

1 

y'  =y  z'  =  z 

V  \ 

(29-24) 

X  =  y(x'  -h  Vt') 

II 

II 

t  =  y 

(29-25) 

where  y  is  given  by  (29-23).  The  equations  (29-25)  can  be  obtained  from  (29-24)  by 
solving  for  the  unprimed  quantities  in  terms  of  the  primed  ones,  or,  equivalently,  by 
interchanging  primed  and  unprimed  symbols  and  changing  the  sign  of  V  as  would  be 
expected  from  the  overall  symmetry  of  the  situation. 

If  we  let  V/c  0,  so  that  y  ^  1,  we  see  that  (29-24)  reduces  to  the  Galilean 
transformation  (29-4)  that  we  now  see  as  a  first  approximation  to  the  Lorentz 
transformation  for  finite  values  of  V  such  that  V/c  1. 

It  will  be  convenient  to  introduce  a  special  symbol  for  the  ratio  of  K  to  c  by 

V 

P  =  -  (29-26) 

c 

so  that 

1 

^  ^  (1  - 


(29-27) 


while  (29-24)  becomes 

(29-28) 

Actually,  any  linear  transformation  of  coordinates  and  time  that  satisfies  (29-17)  is 
called  a  Lorentz  transformation.  The  one  given  in  (29-28)  is  that  particular  one  that 
apphes  only  to  the  case  in  which  the  relative  motion  of  S  and  S'  is  along  their  common 
X  direction.  In  the  next  section,  we  consider  more  general  Lorentz  transformations  but 
for  now  we  restrict  ourselves  to  (29-28). 

The  first  physical  results  implied  by  the  Lorentz  transformation  that  we  will 
investigate  are  all  basically  kinematic  ones.  The  existence  of  the  first  three  effects  we 
consider  can  be  deduced  qualitatively  from  the  postulates  alone,  but  for  our  purposes  it 
will  be  more  efficient  to  calculate  them  by  direct  use  of  the  Lorentz  transformation. 


x'  =  y(x  —  fict)  y'  ^  y  z'  =  z  t'  =  y  t 


m  Example 


Relativity  of  simultaneity.  Suppose  that  two  events  occur  at  the  points  x^  and  X2  in  the 
S  system  and  are  simultaneous  there  so  that  =  t^-  The  times  at  which  these  events 
are  observed  in  S'  as  obtained  from  (29-28)  are 


(29-29) 
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SO  that  the  time  interval  between  these  events  is 

Ar'  =  ^2  “  ^  “  “(-^2  “  -^i)  ^  (29-30) 

c 

This  result  shows  that  two  events  that  occur  at  different  points  and  X2,  and  that 
are  simultaneous  for  an  observer  at  rest  in  S,  will  no  longer  appear  to  be  simultaneous 
to  an  observer  who  is  at  rest  in  S'.  In  other  words,  simultaneity  is  not  an  absolute 
property  of  a  pair  of  events  but  is  also  dependent  on  the  relative  state  of  motion  of  the 
observer.  ■ 

■  Example 

Time  dilation.  Suppose  that  we  have  a  clock  located  at  the  point  and  that  it  is 
emitting  signals  of  some  sort  at  regular  intervals  Ar,  where  Ar  =  ^3  “  ^1  =  ^3  “  ^2^ 
so  on.  The  corresponding  times  in  S'  are  given  by  (29-29),  except  that  now  Xj  = 
since  the  clock  is  fixed  in  S.  Therefore,  when  seen  from  the  system  that  is  moving 
relative  to  the  clock,  we  find  that  these  signals  will  be  separated  by  the  time  intervals 
A/'  =  ^2  ”  =  ^3  ~  so  on,  given  by 

A/'  =  yAt  >  ^t  (29-31) 

since  y  >  1-  Thus  the  time  interval  appears  to  be  longer  to  the  moving  observer  than  it 
does  to  the  one  at  rest  with  respect  to  the  clock.  ■ 

■  Example 

The  Lorentz  contraction.  In  principle,  we  measure  a  length  by  placing  a  measuring  rod 
along  the  distance  to  be  measured  and  then  finding  the  difference  between  the  scale 
marks  that  simultaneously  coincide  with  the  ends  of  the  length  of  interest.  Although 
such  a  detailed  specification  appears  to  be  trivial  when  the  measuring  rod  and  the 
length  are  relatively  at  rest,  it  is  essential  when  they  are  moving  with  respect  to  each 
other. 

Let  L  =  X2  ”  Xi  be  the  distance  between  two  points  as  found  with  a  scale  that  is  at 
rest  with  respect  to  them.  The  length  as  found  by  the  moving  observer  who  assigns 
coordinates  X2  and  x{  to  the  points  is  found  from  (29-28)  to  be 

U  =  x'2-  x{  =  y  [x2  -  X^-  Pc(t2  -  «i)]  (29-32) 

However,  the  values  X2  and  x{  must  have  been  determined  simultaneously  in  5*'  so 
that  ?2  ^  ^1*  This  means  that  the  time  interval  t2  -  ^  in  (29-32)  must  be  given  by 
^2  “  =  (^A)(^2  “  ^1)  ^  (/^A)T  according  to  (29-29).  When  this  is  substituted  into 

(29-32)  and  (29-27)  is  used,  we  find  that 

U  =  y(1  -  P^)L  =  ^  =  (1  -  <  L  (29-33) 

Thus,  as  found  by  the  moving  observer,  the  length  in  the  direction  of  motion  will  be 
contracted  by  the  factor  1/y.  ■ 


■  Example 

Velocity  addition  formulas.  The  rectangular  components  of  the  velocity  v'  of  a  point  as 
observed  in  S'  are  given  by 


v‘. 


dz' 

dV 


(29-34) 
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We  now  want  to  find  the  components  v^,  Vy,  of  the  velocity  of  this  same  point  when 
its  motion  is  referred  to  the  system  S. 

DifTerentiating  the  first  expression  in  (29-25)  and  the  last  in  (29-28),  and  using 
(29-26),  we  obtain 


dt' 

~di 


dx 

'dt 


/  dx'  dt' 
\  dt'  dt 


dt' 


(29-35) 

(29-36) 


When  these  are  combined  so  as  to  eliminate  dt'/dt,  we  find  that 


y^(«;;+  F)(l-^ 


which  can  be  solved  for  u^;  the  result  is  that 

V 

^  1  +  {Vv'Jc^) 


(29-37) 


We  can  now  express  (29-36)  completely  in  terms  of  primed  quantities  by  substituting 
(29-37)  into  it  and  we  get 


dt'  1 

H  ^  y[l  +  (Vv'/c^)] 


(29-38) 


Similarly,  we  find  that 


dy  dy'  dt'  v'y 

dt  dt'  dt  y[l  T-  {Vv'Jc^)\ 


v[i  +  {yv'jc^)] 


(29-39) 

(29-40) 


These  last  two  relations,  together  with  (29-37),  enable  us  to  convert  velocity  compo¬ 
nents  observed  in  one  system  to  those  observed  in  another,  and  are  the  relativistic 
analogues  to  the  classical  formulas  (29-5)  that  are  based  on  the  Galilean  transforma¬ 
tion. 

We  see  that  these  formulas  are  more  compHcated  than  the  classical  ones  and,  in 
particular,  u'  is  involved  in  the  formulas  (29-39)  and  (29-40)  used  to  convert  y  and  z 
components  of  the  velocities.  On  the  other  hand,  if  =  V/c  1,  we  see  that  (29-37), 
(29-39),  and  (29-40)  become  approximately  v'^+  K,  Vy  -  t?',  and  ~  v'^,  which 
are  just  (29-5)  again.  Thus,  the  simple  addition  of  components  that  follows  from  the 
Galilean  transformation  is  an  approximation  appropriate  to  small  relative  velocities  of 
the  two  coordinate  systems. 

The  relativistic  velocity  transformation  formulas  have  the  Interesting  property  that 
the  sum  of  two  velocities  can  never  exceed  c.  This  is  most  easily  illustrated  with  an 
extreme  example.  Suppose  that  V  =  c,  while  v'^  =  c  also.  The  Galilean  transformation 
would  yield  v^  =  v'^-V  7  =  c  +  c  =  2c,  while  the  Einstein  formula  (29-37)  becomes 
=  (c  +  c)/[l  +  =  c  as  was  asserted.  ■ 


Example 

The  Doppler  effect  and  aberration.  The  question  of  interest  here  is  how  the  frequencies 
and  directions  of  propagation  of  a  wave  are  related  for  the  two  relatively  moving 
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observers.  Suppose  that  a  light  source  Q',  at  rest  in  S',  emits  a  spherical  wave.  We 
know  from  the  results  of  the  last  chapter  that  this  wave  will  be  represented  in  by 


r  = 


r' 


(29-41) 


where  r'  is  the  distance  from  Q',  \pQ  is  a  constant  amplitude,  and  the  circular 
frequency  ic'  and  propagation  constant  k'  must  be  related  by 

=  k'c  (29-42) 


since  the  wave  has  speed  c. 

Now  suppose  that  there  is  an  observer  at  rest  in  S  at  a  point  P  in  the  xy  plane.  The 
coordinates  of  P  are  (x,  y)  in  S,  and  (jc^  y')  in  S'.  The  S  observer  will  interpret  the 
wave  as  a  spherical  wave  originating  from  a  point  source  Q  in  that  system,  so  that  it 
will  be  described  by 

^  (29-43) 

r 

where 

=  (29-44) 

since  the  wave  also  has  speed  c  in  5  because  of  the  second  postulate. 

As  shown  in  Figure  29-5,  the  direction  of  propagation  from  Q'  to  P  can  be 
described  by  the  angle  B'  made  with  the  x'  axis,  while  9  is  the  corresponding  angle  in 
S.  We  also  see  from  the  figure  that 

=  x' cos  +  y' sin^'  r  =  x  cos^  +  y  sin^  (29-45) 

Now  the  numerical  value  of  the  phase  of  the  wave  (zero,  for  example)  must  be 
independent  of  whatever  system  is  being  used  to  express  it;  thus  the  exponents  in 
(29-41)  and  (29-43)  must  be  always  equal.  Furthermore,  the  coordinates  and  times  must 
be  related  by  the  Lorentz  transformation  (29-28).  Equating  these  exponents,  substitut¬ 
ing  from  (29-42),  (29-44),  (29-45),  and  (29-28),  we  find  that  we  must  have 

/  X  cos  ^  -I-  y  sin  ^  \ 

i ^ - ^)  =  “' 

This  equality  must  hold  for  all  possible  values  of  x,  y,  and  t\  this  is  possible  only  if 
their  coefficients  are  separately  equal. 

Equating  the  coefficients  of  t  on  both  sides  of  (29-46),  we  find  that 

63  =  tj'y(l -I- ^  cos  ^')  (29-47) 


y(x  -  /8c/)  cos  +  y  sin^' 


y\t 


c 


(29-46) 


P  (x,  y) 
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which  relates  the  frequencies  and  is  the  relativistic  Doppler  effect  formula.  We  see  that 
if  ^  1,  then  7  —  1,  and  (29-47)  reduces  to  the  classical  formula 

CO  =  co'(l  +  p  cos  O')  (29-48) 

Similarly,  when  the  coefficients  of  x  are  equated,  we  find  that  co  cos^  =  o)'y(cos6' 
-\-  P),  which  can  be  used  to  eliminate  the  frequencies  from  (29-47)  with  the  result  that 

cos  0'  +  p 

cos<?  =  — - - -  29-49) 

1  +  pCOS  d' 

relates  the  directions  of  propagation  and  is  called  the  aberration  formula. 

Finally,  by  equating  the  coefficients  of  y  in  (29-46),  we  obtain  to  sin0  =  to'  sin^', 
which  is  easily  shown  to  be  consistent  with  (29-47)  and  (29-49). 

The  formula  (29-47)  differs  from  the  classical  acoustical  result  (29-48)  in  that  it 
predicts  a  transverse  effect.  Suppose  that  the  frequency  is  observed  in  S  at  right  angles 
to  the  motion,  that  is,  ^  =  90°.  Then  cos  0  =  0  and  (29-49)  gives  cos  =  -p.  If  this  is 
substituted  into  (29-47)  and  (29-27)  is  used,  we  find  that  co  =  co'(l  -  p^Y^^  <  co'.  This 
predicted  effect  has  been  observed  by  studying  the  radiation  from  an  electric  discharge 
in  hydrogen  and  provides  some  experimental  evidence  for  the  basic  correctness  of  the 
relativity  postulates.  ■ 


In  order  to  see  the  motivation  for  what  we  will  do  in  the  next  section,  it  is  useful  to 
look  at  some  of  our  results  from  another  point  of  view.  The  Lorentz  transformation 
apphes  to  coordinate  differentials  too,  and  we  find  from  (29-28)  that 


dx'  =  y{dx  —  pcdt)  dy'  =  dy  dz'  =  dz 


dt'  =  y\  dt - dx 

c 


(29-50) 


/ 

1/2 

v'^\ 

=  dt' 

In  addition,  (29-17)  shows  us  that  the  Lorentz  transformation  corresponds  to  the 
equality 

(dx)^  +  (dy)^  4-  (dz)^  -  c^(dtY  =  (dx')^  (dy'Y  ~  c^{dt')^  (29-51) 

Dividing  out  ~(dt)^  and  -(dt'y,  taking  the  square  root,  and  using  (29-34)  and 
(1-6),  we  find  that  the  quantity  dr  given  by 

(29-52) 

has  the  same  value  for  all  reference  frames  related  by  the  Lorentz  transformation.  This 
invariant  quantity  dr  is  called  the  proper  time  interval  and  we  see  from  (29-52)  that 
=  dtQ  =  the  time  interval  measured  in  the  system  in  which  the  point  is  at  rest 

(V  =  0). 

If  we  now  divide  both  sides  of  each  term  in  (29-50)  by  dT,  we  obtain 

dy'  dy 

dz'  dz  dt‘ 

dr  dr  dr  '  [dr  c  dr 

Using  (29-52),  (29-34),  and  comparing  (29-53)  with  (29-28),  we  see  that  the  four 
quantities 


dt 


dr  dr 
P  dx 


(29-53) 


dx 

dr 

dz 

dr 


[1  -  (uVc^)] 


1/2 


[1  -  (vVc^)r 


dr 

dt 

dr 


[1  - 

1 


[1  - 


1/2 


(29-54) 
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transform  in  exactly  the  same  way  as  do  x,  y,  z,  t.  Therefore,  since  we  know  from 
(29-25)  that 

jc  =  y{x'  +  Vt')  t  =  y[t'  +  {V/c^)x'] 

we  can  immediately  write  the  transformation  equations  for  the  analogous  quantities 
dx/dr  and  dt/dr  as 


[1  -  (vVc^)y'''  ~  4  [1  -  ^  ^[1  - 

[l  -  (4/4)]'"'"  [l  -  ( 

If  we  now  divide  (29-55)  by  (29-56),  we  obtain 

4  +  ^ 

1  +  (Vvyc^) 


Vi 


1/2 


(29-55) 

(29-56) 


which  is  exactly  the  velocity  transformation  formula  (29-37).  You  should  be  sure  to 
verify  that  (29-39)  and  (29-40)  can  be  obtained  in  a  similar  way. 

Our  use  of  (29-55)  and  (29-56)  is  quite  different  from  the  previous  method  of 
obtaining  (29-37),  which  involved  direct  differentiations  of  the  transformation  equa¬ 
tions  and  subsequent  elimination  of  terms.  We  were  able  to  obtain  (29-37)  in  this  latter 
manner  because  we  knew  how  all  of  the  quantities  involved  were  affected  by  a  Lorentz 
transformation,  that  is,  we  knew  their  transformation  properties. 

The  whole  point  of  this  example,  then,  is  to  show  us  that  we  should  be  able  to  write 
the  transformation  formulas  for  certain  quantities  quite  easily,  provided  that  we  know 
something  about  their  general  properties.  This  turns  out  to  be  an  extremely  valuable 
and  efficient  way  of  looking  at  things  and  is  what  we  consider  in  the  next  section. 


29-3  GENERAL  LORENTZ  TRANSFORMATIONS,  4-VECTORS,  AND  TENSORS 

Let  us  begin  by  considering  the  two  rectangular  coordinate  systems  shown  in  Figure 
29-6.  They  have  a  common  origin  but  differ  by  a  rotation;  that  is,  if  we  rotate  one  set  of 
axes  as  a  rigid  body,  it  can  be  made  to  coincide  with  the  other.  The  exact  rotation  could 
be  described,  for  example,  by  specifying  the  direction  cosines  of  the  primed  axes  with 
respect  to  the  unprimed  axes,  or  vice  versa. 
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Consider  a  point  P  that  has  the  coordinates  x,  y,  z  in  one  set  of  axes  while  its 
coordinates  are  x',  y\  z'  in  the  other  set.  Both  of  these  different  sets  of  numbers  locate 
the  same  point  P.  The  distance  r  of  P  from  the  origin  has  the  same  numerical  value 
regardless  of  which  coordinate  system  we  are  using.  In  other  words,  r  is  an  invariant 
and  we  must  have 

=  x'^  +  y'^  +  z'^ 

It  will  be  convenient  to  introduce  the  notation 

x^  =  x  ^2=  y  =  z 

for  then  (29-57)  can  be  written  somewhat  more  compactly  as 

r^  =  xj  =  Y 

j=i  j=i 

The  equations  that  relate  the  two  sets  of  coordinates  will  be  linear  so  that  we  can 
write  the  three  equations 

(;•=  1,2,3)  (29-60) 

k  =  l 

that  is,  the  three  equations 

X{  —  aiiXi  +  ai2X2  +  ^^13^3 

^2  =  «21^1  +  «22^2  +  «23^3  (29-61) 

Xj  —  ^31^1  ^32'^2  T  ^33'^3 

The  set  of  nine  numbers  characterize  the  rotation  relating  the  primed  and  unprimed 
axes.  It  is  also  evident  that  these  cannot  all  be  independent  because  the  transforma¬ 
tion  equations  (29-60)  have  not  yet  been  made  to  satisfy  the  fundamental  physical 
requirement  that  the  axes  are  related  by  a  rotation,  that  is,  that  be  an  invariant  as 
described  by  (29-59). 

In  this  particular  three-dimensional  case,  it  is  easy  to  identify  the  The  position 
vector  of  P  in  the  primed  system  can  be  written  as  r'  =  x'x'  +  y'^  +  z'z'  by  (1-11), 

while  for  the  unprimed  system  it  is  r  =  jcx  +  yy  -I-  zz.  Since  they  represent  the  same 

physical  vector  (that  is,  displacement  from  the  origin),  we  must  also  have  r'  =  r.  Then 
we  can  use  (1-21)  to  find  x'  as 

x'  =  r'  ■  x'  =  r  •  x'  =  xx'  •  x  +  yx'  •  y  +  zx'  •  z  =  l^^x  -H  l^^y  +  l^^z  (29-62) 

where  l^y,  are  the  direction  cosines  of  x'  with  respect  to  the  x,  y,  z  axes, 

respectively,  according  to  (1-8).  [These  direction  cosines  satisfy  -H  H-  =  1  by 
(1-9).]  Hence  by  comparing  (29-62)  with  (29-61),  we  see  that  a^^  =  0^2  =  Ixy^ 

^13  ^  ^xz-  same  way,  we  will  find  that  the  ^2^  direction  cosines  of  y',  and 

the  are  those  of  z\ 

In  Section  1-1,  we  defined  a  vector  as  any  quantity  with  the  same  mathematical 
properties  as  the  displacement  of  a  point.  Now  the  position  vector  r  certainly  is  such  a 
quantity  and  its  components  are  exactly  the  coordinates  of  a  point.  Thus  (29-60) 
describes  the  effect  of  a  rotation  on  the  components  of  this  particular  vector.  Therefore, 
we  can  immediately  say  that  if  ^1,  A 2,  and  ^3  are  the  rectangular  components  of  any 
vector  A,  then  they  will  satisfy  a  relation  like  (29-60),  that  is, 

3 

(;=  1,2,3)  (29-63) 

k  =  \ 

where  the  are  the  same  set  of  coefficients  that  describe  the  effect  of  a  rigid  rotation 
of  axes  on  the  coordinates  of  a  point. 


(29-57) 

(29-58) 

(29-59) 
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While  we  could  continue  with  this  three-dimensional  case,  it  is  just  as  easy  to  carry 
out  a  further  discussion  for  a  more  general  situation  to  which  we  now  turn. 

If  we  look  back  at  (29-17)  we  see  that  this  basic  condition  for  the  Lorentz 
transformation  can  be  expressed  as  requiring  the  invariance  of  the  quantity  s  ^  given  by 

=  x'^  +  y'^  +  (29-64) 

If  we  now  introduce  the  notation 

Xi  =  X  =  y  ^3  =  2  -^4  =  (29-65) 

we  see  that  (29-64)  can  be  written 

=  i:  xj  -  i:  x;^  (29-66) 

^=1  (a=l 


On  comparing  (29-66)  and  (29-59),  we  see  that  the  most  general  Lorentz  transformation 
can  be  interpreted  as  a  rigid  rotation  of  axes  in  a  four  dimensional  space  with  axes 
Xi,  X2,  X3,  X4  =  ict.  This  interesting,  although  somewhat  formal,  result  has  many 
far-reaching  and  useful  consequences,  as  we  will  see. 

We  can  write  the  transformation  equations  relating  the  two  sets  of  coordinates  as  the 
four  general  hnear  equations 

x'i,=  'La^,x,  (n  =  l,2,3,4)  (29-67) 

P  =  l 


If  the  transformation  were  not  hnear,  it  would  give  a  preferred  status  to  whatever  origin 
we  happened  to  choose,  or  to  some  other  point;  but  this  would  violate  the  first 
postulate  since  it  would  provide  us  with  an  objective  means  of  distinguishing  one 
coordinate  system  from  another. 

In  order  that  (29-67)  represent  a  Lorentz  transformation,  (29-66)  must  also  be 
satisfied.  This  will  impose  some  requirements  on  the  16  coefficients  a^^  and  we  want  to 
find  out  what  they  are.  Substituting  (29-67)  into  (29-66),  we  get 


X  X  M  ^  ^  ’ 


(29-68) 


Since  (29-68)  must  also  equal  we  see  that  we  must  have 

X 


(29-69) 


with  the  use  of  (8-27)  since  the  coefficient  of  x^x^  must  equal  1  if  r  =  ju  and  Oil  v  p. 
Now  we  could  equally  well  have  written  our  transformation  in  the  form 

(.  =  1,2, 3, 4)  (29-70) 

X  =  1 

where  the  Kx  are  an  appropriate  set  of  coefficients.  It  is  evident  that  the  b^x  ii^ust  be 
related  to  the  and  we  can  determine  this  by  substituting  (29-70)  into  (29-61)  to  give 

=  La^i  E^.x^x)  =  L^x(  Y.%Ax]  =  Es^xx'x  (29-71) 


with  the  use  of  (8-27)  again.  Comparing  the  last  two  terms,  we  see  that 


^^^fip^pX  ^fiX 


(29-72) 


We  can  solve  (29-72)  for  the  b's  by  multiplying  both  sides  of  it  by  a^^,  summing  over  p. 
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and  using  (29-69): 

~  ~  ^Xp  “  ^L^pp^pvj  ~  ^d^vX^pv  ~  ^pX  (29-73) 

fiv  p  V  ^  p  '  V 

Thus,  /)px  that  we  can  say  that 

=  then  (29-74) 

V  V 

Furthermore,  (29-72)  can  then  be  written  entirely  in  terms  of  the  a ’s  by  substituting  the 
result  of  (29-73)  into  it,  and  interchanging  the  indices  X  and  v  to  give 

(29-75) 

\ 

Thus,  there  is  only  one  set  of  coefficients  describing  the  transformation  and  (29-69)  and 
(29-75)  represent  the  conditions  required  by  (29-66). 

When  the  particular  Lorentz  transformation  (29-28)  that  we  have  been  using  is 
written  in  the  notation  of  (29-65),  it  becomes 

x[  =  7^1  +  ipyx^  X2  =  Xj 

X3  =  X3  X4  =  7x4  -  /^7.X3  (29-76) 


Upon  comparing  (29-76)  with  (29-67),  we  see  that  the  coefficients  representing  this 
particular  transformation  can  be  written  as  the  matrix 


^pv 


'^11 

^12 

*^13 

^14  ^ 

1  ^ 

0 

0 

iJ3y\ 

^21 

^22 

^23 

^24 

0 

1 

0 

0 

«31 

^32 

^^33 

^34 

0 

0 

1 

0 

^42 

^43 

^44  / 

-i/3y 

0 

0 

^  / 

(29-77) 


It  will  be  left  as  exercises  to  verify  that  the  a  given  in  (29-77)  satisfy  the  requirements 
(29-69)  and  (29-75). 

It  is  evident  that  a  rigid  rotation  of  axes  in  three-dimensional  space  will  also  keep  the 
expression  x^  y'^  z'^  -  invariant  because  of  (29-57)  and  its  independence  of 

the  time.  Thus  such  a  physical  rotation  of  axes  should  also  be  included  in  the  group  of 
general  Lorentz  transformations  described  by  (29-67). 

At  this  stage,  it  will  be  useful  to  introduce  some  new  quantities,  mostly  by  analogy 
with  the  three-dimensional  case.  We  remind  ourselves  that  an  invariant  is  a  quantity 
whose  numerical  value  does  not  change  as  the  result  of  a  Lorentz  transformation. 
Examples  are  of  (29-66)  and  the  proper  time  dr  of  (29-52). 

As  a  generalization  of  what  we  found  to  hold  for  a  vector  A  in  (29-63),  we  define  a 
4‘Vector  as  a  set  of  four  quantities  (A^,  A2,  A^,  A^)  whose  transformation  properties 
are  the  same  as  those  of  the  coordinates.  That  is,  if  the  Lorentz  transformation  is 
described  by  (29-74),  then  the  components  A^  and  A'^  are  related  by 

4  4 

^;  =  E  and  /I,  =  E  (29-78) 

V=1  V=l 


where  the  coefficients  are  exactly  those  appearing  in  (29-67)  and  jti  =  1, 2, 3, 4.  Since 
we  saw  that  a  rigid  rotation  of  axes  is  also  a  Lorentz  transformation,  it  follows  from 
this  definition  and  (29-63)  that  the  first  three  components  (A^,  A2,  A^)  of  A^  must  be 
the  components  of  an  ordinary  three-dimensional  vector  A. 

The  sum  of  two  4-vectors  must  be  a  4-vector  so  that 


C^-  {A  A  =  A^-\- 


in  analogy  with  (1-10). 


(29-79) 


29-3  GENERAL  LORENTZ  TRANSFORMATIONS,  4-VECTORS,  AND  TENSORS  511 


We  can  define  a  scalar  product  of  two  4-vectors  by  generalizing  the  result  obtained 
for  A  •  B  in  (1-20): 

Scalar  product  =  (29-80) 


After  reviewing  the  three-dimensional  definition  (1-15),  we  suspect  that  this  scalar 
product  is  an  invariant.  This  is  easily  proven  by  using  (29-80),  (29-78),  and  (29-69): 


fl  V 


v\ 


=  Lv^mX  =  L^.^X^.X  = 


v\ 


From  (1-17),  we  are  led  to  define  the  square  of  the  “length”  of  a  4-vector  as  the 
scalar  product  of  the  4-vector  with  itself;  thus 

.2 


(“length”)^  =  ^Al 


(29-81) 


In  addition  to  the  coordinates,  we  have  already  encountered  a  4-vector;  it  is  the 
4-velocity  whose  components  as  found  from  (29-54)  and  (29-65)  are 


t4  = 

dX2 

[1 

dr 

dx^ 

t4  = 

dx^ 

dr  ~ 

[1 

dr 

IC 


(29-82) 


dr  [l  - 


where  v'^  =  +  Vy  v^.  These  four  quantities  form  a  4-vector  because  we  showed  in 

(29-55)  and  (29-56)  that  their  transformation  properties  are  the  same  as  those  of  the 
coordinates. 

Inserting  (29-82)  into  (29-81),  we  obtain  the  interesting  result  that  the  square  of  the 
“length”  of  the  4-velocity  is  negative: 


(“length”)' =  It// 


1  —  (v^/c^) 


~C‘ 


(29-83) 


A  second-rank  tensor  is  defined  as  a  set  of  16  quantities  such  that  each  index 
transforms  in  the  same  way  as  do  the  coordinate  indices,  that  is,  if  (29-67)  holds,  then 

T;  =  E  E«,x«.pAp  (29-84) 

X  P 

Two  indices  are  needed  to  specify  each  component;  hence  the  term  “second  rank.” 
Similarly,  a  4-vector  with  its  single  index  is  seen  to  be  a  tensor  of  the  first  rank,  while 
an  invariant  scalar  is  a  tensor  of  zero  rank.  It  is  possible  to  define  tensors  of  higher  rank 
by  a  straightforward  generalization  of  (29-84)  but  we  will  have  no  need  of  them. 

A  tensor  is  said  to  be  symmetric  if  7^^  =  and  therefore  it  has  only  10 

independent  components.  A  tensor  is  antisymmetric  if  and  has  only  6 

independent  components  since  the  diagonal  elements  must  be  zero,  that  is  7^^  =  0.  A 
tensor  does  not  have  to  be  symmetric  or  antisymmetric,  but  if  it  is,  this  symmetry 
property  is  not  changed  by  a  Lorentz  transformation;  that  is,  if  7^^  is  symmetric  (or 
antisymmetric),  is  also  symmetric  (or  antisymmetric).  We  can  prove  this  for  both 
cases  at  once  by  writing  =  ±  and  using  the  upper  sign  for  the  symmetric  case 
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and  the  lower  for  the  antisymmetric  case.  Using  this  in  (29-84),  we  find  that 

7;;  =  (29-85) 

Xp  \p 

If  we  now  interchange  fi  and  v  in  (29-84)  and  then  interchange  X  and  p,  we  obtain 

T;  =  L^.x^ppAp  =  L^.p'JpxTx  (29-86) 

Xp  Xp 

Comparing  (29-86)  with  (29-85),  we  see  that  7^;  =  +  with  the  choice  of  signs  being 
the  same  as  originally  used,  thus  showing  that  the  symmetry  property  has  not  been 
changed. 

An  important  example  is 

i;,  =  (29-87) 

While  we  have  written  these  16  numbers  as  this  does  not  by  itself  prove  that  is 
actually  a  tensor,  although  if  it  is,  it  will  be  antisymmetric.  In  order  to  show  that  F^^ 
does  indeed  have  the  correct  transformation  properties,  we  substitute  (29-78)  into 
(29-87)  and  we  find  that 

-  ^(5;  =  La^xa,p^x-Bp  -  La.p«MX^p-Bx 

Xp  Xp 


=  E  V'^.p(^x-Bp  -  ^p^x)  =  Y.a^xay,Fy^,  (29-88) 

Xp  xp 

which  is  exactly  what  is  required  by  the  definition  (29-84).  We  also  see  that  if 
=  1,2,3  then  the  components  of  F^^  are  exactly  those  of  the  usual  three-dimen¬ 
sional  cross  product  A  X  B  as  shown  by  (1-27).  Accordingly,  the  cross  product  is  seen 
to  be  actually  a  tensor  rather  than  a  vector. 

In  a  similar  manner,  one  can  show  that  the  following  quantities  are  4-vectors: 


A  =  E^7;p  A  =  (29-89) 

V  V 

According  to  the  chain  rule  for  differentiating  a  function  of  given  unprimed 
variables  with  respect  to  different  primed  variables,  one  has 


(29-90) 


as  we  have  already  used  to  obtain  (29-8)  from  (29-7).  We  see  from  (29-74)  that 
dxjdx'^  =  so  that  (29-90)  becomes 


(29-91) 


On  comparing  (29-91)  with  (29-78),  we  see  that  the  four  operators  d/dx  transform 
exactly  like  a  4-vector.  This  fact  enables  us  to  define  a  four-dimensional  del  operator  □ 
with  the  components 


d  d  d  d 
dxi '  dxj  ’  dx^  ’  dx^ 


(29-92) 


and  use  it  in  a  fashion  analogous  to  the  three-dimensional  operator  V  as  written  in 
(1-41).  [We  note  that  this  result  justifies  the  statement  following  (1-41)  that  V  has  the 
same  properties  as  the  displacement  of  a  point,  that  is,  it  has  vector  characteristics.] 
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If  ^  is  an  invariant,  we  can  define  a  Gradient,  Dip,  as  the  4-vector  whose 
components  are  dyp/dx^  much  as  in  (1-37).  Similarly,  we  can  define 


Divergence: 

Four-dimensional  Laplacian: 


X  (an  invariant) 


\ 

□  ^  =  2.)  =  V  ^ - 2  invariant) 


Curl: 

Divergence  of  a  tensor: 


dx^  dx, 


(an  antisymmetric  tensor) 


ydT^ 

.  dx.. 


=  (a  4-vector) 


(29-93) 

(29-94) 

(29-95) 

(29-96) 


We  note  that  the  four-dimensional  Laplacian  is  actually  the  vacuum  d’Alembertian 
operator  of  (22-17).  Furthermore,  if  ju,  9^^  4  in  (29-95),  then  we  see  from  (1-43)  that 
the  corresponding  components  of  are  the  components  of  the  three-dimensional  curl, 
V  X  A. 

While  all  of  this  material  in  this  section  is  very  interesting,  it  is  only  natural  to 
wonder  what  is  the  point  of  discussing  it.  If  we  ask  ourselves  what  the  first  postulate 
means  here,  we  see  that  it  says,  in  effect,  that  there  should  be  no  way  of  making  an 
absolute  distinction  between  two  systems  moving  with  constant  velocity  with  respect  to 
each  other.  In  addition,  we  found  from  the  second  postulate  that  observations  made  in 
the  two  systems  must  be  correlated  by  means  of  the  Lorentz  transformation.  Combin¬ 
ing  these  two  results,  we  will  see  immediately  that  we  can  say  that  the  two  postulates 
taken  together  require  that  the  laws  of  physics  when  properly  formulated  must  have 
their  form  unchanged  when  subjected  to  a  Lorentz  transformation,  that  is,  they  must  be 
covariant  with  respect  to  the  transformation.  In  order  to  show  that  this  must  be  so,  let 
us  see  what  the  consequences  would  be  if  this  were  not  so  in  a  very  simple  case. 
Suppose  that  a  particular  law  under  consideration  had  the  general  form  ^  +  Jf. 
Let  us  suppose  also  that  when  we  referred  everything  to  the  primed  system  by  means  of 
a  Lorentz  transformation,  it  became  -T  e'  where  e'  depended  on  the 

particular  primed  system  involved.  This  equation  is  clearly  not  covariant  and,  in  fact, 
the  very  existence  of  the  c'  term  would  enable  us  to  distinguish  among  the  various 
systems  in  an  absolute  way.  Since  this  would  violate  the  first  postulate,  we  can  see  the 
reason  for  requiring  covariance  with  respect  to  a  Lorentz  transformation. 

We  have  just  seen  that  4-vectors  and  second-rank  tensors  are  covariant  by  their  very 
definition.  Thus  it  is  evident  that,  if  we  were  to  express  all  of  our  physical  laws  in 
4-vector  or  tensor  form,  they  would  automatically  be  covariant  with  respect  to  a 
Lorentz  transformation  and  would  thereby  satisfy  both  the  postulates.  With  this  in 
mind,  we  can  see,  in  essence,  what  we  will  do  next.  We  will  look  at  some  physical  laws 
and  see  if  they  can  be  written  in  terms  of  4-vectors  or  tensors.  If  they  already  are  or 
easily  can  be,  we  need  do  nothing  more  because  we  know  that  they  are  already  valid  in 
special  relativity.  If  the  laws  are  not  covariant,  yet  are  correct  in  the  nonrelativistic  case, 
then  our  task  is  to  try  to  generalize  these  results  so  that  they  can  be  expressed  in 
4-vector  or  tensor  form  and  thus  be  compatible  with  special  relativity.  In  this  latter 
situation,  however,  we  will  have  to  bear  two  points  in  mind.  First  of  all,  our 
generalizations  will  always  have  to  reduce  to  the  known  valid  results  in  their  nonrelativ¬ 
istic  limit.  Second,  our  generalizations  will  still  need  to  be  tested  by  experiment  because 
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the  process  of  generalizing  to  4-vector  or  tensor  form  does  not  necessarily  lead  to  a 
unique  result. 


29-4  PARTICLE  MECHANICS 


While  electromagnetism  is  our  primary  interest,  the  mechanics  of  mass  points  is  so 
important  in  physics  and  provides  such  a  good  illustration  of  what  we  just  discussed  at 
the  end  of  the  last  section,  that  we  will  briefly  consider  it  in  this  section. 

The  basic  equation  of  the  nonrelativistic  mechanics  of  a  mass  point  subject  to  the  net 
force  f  is 


(29-97) 


where 

p  —  (29-98) 

is  the  linear  momentum  of  the  particle  in  terms  of  its  velocity  v  and  its  inertial  (or  rest) 
mass  niQ.  Equation  29-97  is  clearly  not  in  4-vector  or  tensor  form  because  it  has  only 
three  components  and  the  difTerentiation  is  with  respect  to  the  time  which  we  know  is 
not  an  invariant  scalar.  Therefore  these  equations  must  be  generalized  in  order  to  make 
them  satisfy  the  requirements  of  special  relativity. 

We  begin  with  the  momentum.  While  v  is  not  a  4-vector,  it  is  closely  related  to  the 
4- velocity  =  dx^/dr.  Hence  a  plausible  generalization  of  (29-98)  is  to  use  the 
invariant  scalar  Wq  and  define  the  4-momentum  as 

(29-99) 


We  can  write  this  in  component  form  by  using  (29-82)  and  we  get 


[I -{vw)r 


(y  =  i>2,3) 


im^c 


(29-100) 


We  see  that  as  y/c  0,  P,  m^^Vj,  which  is  (29-98)  so  that  (29-99)  appears  to  be  a 
reasonable  choice.  For  the  moment,  we  disregard  the  extra  component  that  we  have 
introduced  in  this  way. 

In  order  to  get  an  equation  of  motion  analogous  to  (29-97),  we  differentiate  (29-99) 
with  respect  to  the  invariant  dj  and  define  the  4-force  by 

dP„  d  ,  ,  d^x,. 


to  obtain  the  desired  generalization  of  the  Newtonian  equation;  the  4-vector  is  also 
called  the  Minkowski  force. 

In  order  to  relate  (29-101)  to  the  ordinary  force  components,  we  can  substitute  for 
dr  from  (29-52)  and  we  get 


,2\ 


F.  n  - 


1/2 


(29-102) 


and  the  first  three  components  of  this  as  found  with  the  use  of  (29-82)  are 


(29-103) 


where  the  fj  must  be  the  x,  y,  z  components  of  the  ordinary  force  f  since  (29-103)  has 
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to  reduce  to  (29-97)  and  (29-98)  combined  when  v/c  1.  Therefore  the  first  three 
components  of  the  Minkowski  force  are  related  to  the  ordinary  force  by 


[1  -  (cVc^)] 


1/2 


(29-104) 


In  practical  calculations,  one  usually  does  not  want  to  deal  with  the  4-force  but 
prefers  to  use  just  the  three  equations  (29-103);  thus  it  is  common  practice  to  write 


d  (  WqV 


(29-105) 


and  to  call  this  the  relativistic  equation  of  motion.  Furthermore,  if  one  still  wishes  to 
regard  force  as  the  rate  of  change  of  momentum,  (29-105)  can  be  written  as  f  =  dp/dt 
where 


mo 


(29-106) 


The  quantity  m  introduced  in  this  way  is  then  called  the  mass  of  the  particle  because  of 
the  analogy  with  (29-98).  If  this  procedure  is  followed,  (29-106)  provides  the  basis  for 
the  common  statement  that  the  mass  of  a  particle  is  no  longer  a  constant  but  increases 
as  the  speed  increases. 

On  the  other  hand,  it  is  not  at  all  necessary  to  interpret  these  results  in  this  way,  and 
doing  so  follows  only  from  a  natural  desire  to  write  momentum  as  always  being  the 
product  of  the  mass  and  the  ordinary  velocity  v  rather  than  as  the  rest  mass  times  a 
new  function  of  the  velocity.  In  fact,  such  an  approach  actually  contradicts  the  basic 
philosophy  of  the  covariant  approach  of  relativity  because  (29-106)  is  not  in  4-vector 
form.  It  is  much  more  consonant  with  relativistic  concepts  to  ascribe  an  invariant  scalar 
property — the  rest  mass  mQ— to  the  particle  and  then  define  the  4-vector  momentum  as 
the  product  of  this  scalar  invariant  with  the  4-vector  velocity,  exactly  as  we  did  in 
(29-99). 

We  have  seen  that  our  process  of  generalization  led  from  the  three  component 
equation  (29-98)  to  (29-99),  which  has  four  components.  We  saw  that  the  first  three 
components  of  can  be  given  an  adequate  interpretation  and  now  we  must  look  at  the 
“extra”  one,  which  turns  out  to  be  not  so  unfamiliar  after  all. 

Let  us  define  the  quantity  W  by 

iW 

P,  =  —  (29-107) 

c 


so  that  (29-100)  gives 


[1  -  (.vc^r-" 


(29-108) 


In  order  to  interpret  this,  we  see  what  it  becomes  when  v/c  1.  Expanding  the 
denominator  with  the  use  of  (8-6),  we  find  that 


W  =  ^  ^  ■  j  ^  ■  (29-109) 

The  second  term  can  be  recognized  immediately  for  it  is  simply  the  kinetic  energy  of  the 
particle  in  Newtonian  mechanics.  Accordingly,  it  seems  quite  reasonable  in  this  more 
general  case  to  call  W  the  total  energy  of  the  particle.  We  see  that,  if  the  particle  is  at 
rest  so  that  i;  =  0,  the  value  of  W  is  moC^  which  is  called  the  rest  energy.  It  is 
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customary  then  to  regard  the  total  energy  of  the  particle  as  being  composed  of  two 
parts — an  intrinsic  part  due  to  its  rest  mass  (the  rest  energy)  and  the  additional  part, 
which  appears  when  the  particle  is  moving.  Thus,  if  we  let  T  be  the  kinetic  energy,  we 
can  write 


so  that 


W  =  +  T 


(29-110) 


[1  p«i.) 

according  to  (29-108). 

The  fourth  component  of  the  4-momentum  thus  has  turned  out  to  be  simply 
proportional  to  the  particle  energy.  This  shows  that  the  linear  momentum  and  energy 
of  a  particle  should  not  be  regarded  as  different  entities,  but  simply  as  two  aspects  of 
the  same  attributes  of  the  particle  since  they  appear  as  separate  components  of  the 
same  4-vector. 

This  last  remark  can  be  illustrated  quantitatively.  Since  is  a  4-vector  it  transforms 
according  to  (29-78),  and  if  we  use  the  second  form  of  this  for  the  particular  Lorentz 
transformation  of  (29-77),  we  obtain 


P.  =  y[p;.  +  -^W'^  Py  =  p; 
=  W=y{W'  +  pcP') 


(29-112) 


clearly  showing  that  what  appears  as  energy  in  one  system  appears  as  momentum  in 
another  and,  conversely,  what  appears  as  momentum  in  one  system  is  energy  in 
another. 


Example 

Particle  at  rest  in  S'.  Here  v'  =  0  so  that  P;  =  P;  =  p'  =  Q  and  W'  =  by 

(29-100)  and  (29-108).  Inserting  these  into  (29-112)  and  using  (29-26)  and  (29-27),  we 
find  that 


P_  = 


[1  -  (FVc^)] 


1/2 


w  = 


m^c- 


[1_(KVc^)]V2 


(29-113) 


and  Py  =  =  0.  These  results  are  exactly  what  we  should  expect  by  (29-100)  and 

(29-108)  since,  from  the  point  of  view  of  the  observer  in  S,  the  particle  is  moving  along 
the  a:  axis  with  speed  V.  Thus  the  particle  has  only  (rest)  energy  in  S',  but  has  both 
energy  and  momentum  with  respect  to  S.  ■ 


We  can  now  see  the  significance  of  the  fourth  component  of  the  Minkowski  force 
We  find  from  (29-101),  (29-107),  and  (29-52)  that 


dP^  _  i  dW  /  dW 

dr  c  dr  c[l  -  dt 


(29-114) 


and  is  proportional  to  the  time  rate  of  change  of  the  energy,  or  to  the  rate  at  which  the 
force  is  doing  work  on  the  particle. 

This  can  be  seen  in  quite  another  way  that  provides  further  justification  for  the 
interpretation  of  W  as  the  energy.  We  find  from  (29-99)  and  (29-83)  that 


2„2 


-ffJoC 


(29-115) 


(29-116) 


and,  on  differentiating  this  with  respect  to  t  and  using  (29-101),  we  obtain 

Vp  ~  =  f  =  0 

n  ^  '  M 

[Since  the  scalar  product  of  P^  and  is  zero,  we  can  say  that  the  4-momentum  and 
4-force  are  always  “perpendicular”  by  analogy  with  (1-15).]  If  we  write  out  (29-116)  in 
detail  and  use  (29-100),  (29-104),  and  (29-114),  we  obtain 


3 


P/j  = 
y=i 


-P  F  = 


WoV  •  f 

1  -  {vW) 


so  that 


(  \ 

[  i  dW\ 

U[l  -  dt  j 

dW 

dt 


=  V  f 


(29-117) 


This  result  shows  explicitly  that  the  time  rate  of  change  of  W  equals  the  rate  at  which 
the  force  does  work  on  the  particle  and,  since  this  is  the  definition  of  rate  of  increase  of 
energy  in  mechanics,  it  is  just  what  we  should  expect  to  find  from  our  interpretation  of 
W. 

The  energy  can  also  be  expressed  in  terms  of  the  linear  momentum  by  writing  out 
(29-115)  and  using  (29-107).  The  result  is  that 

w'^  =  p/  +  =  (P^*)^  +  (29-118) 

7  =  1 

which  is  a  convenient  starting  point  for  the  development  of  the  Hamiltonian  formula¬ 
tion  of  relativistic  mechanics. 

Other  important  aspects  of  mechanics  that  we  have  not  yet  discussed  exphcitly  are 
the  conservation  laws  of  momentum  and  energy.  Since  we  have  seen  that  it  is  no  longer 
adequate  to  consider  momentum  and  energy  as  separate  entities,  it  would  seem  that  the 
natural  relativistic  generalization  would  simply  be  the  conservation  of  the  4-momen¬ 
tum.  In  fact,  this  is  exactly  what  has  been  found  to  be  correct  experimentally,  and,  in 
addition,  this  generalized  conservation  law  holds  for  a  system  of  particles,  even  when 
the  number  of  particles  and  their  rest  masses  are  different  in  the  initial  and  final  states. 
The  concept  of  4-momentum  conservation  is  particularly  useful  in  the  study  of 
colUsions.  In  quantitative  form  this  conservation  law  can  be  written  as  the  four 
equations 

I  -  L  =  1,2, 3,4) 

7=1  k=\ 

where  P^{j)  is  the  jiih  component  of  the  4-momentum  of  the  /th  particle  before  the 
collision  (or  general  interaction);  similarly  the  superscript  a  on  the  right  labels  the 
values  after  the  collision.  This  equation  also  provides  for  the  number  of  particles  to 
change  from  N  io  N'.  The  fact  that  the  sum  of  P^  is  also  conserved  shows  that  the  rest 
energies  and  kinetic  energies  need  not  be  individually  conserved,  although  their  sum 
must  be.  In  other  words,  rest  mass  and  kinetic  energy  can  be  converted  into  each  other. 
This  conservation  law  has  been  well  verified  experimentally,  particularly  in  reactions 
involving  atomic  nuclei  and  collisions  of  high-energy  particles  of  various  kinds.  The 
excellent  agreement  with  experiment  provides  additional  evidence  for  the  basic  cor¬ 
rectness  of  special  relativity. 
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29-5  ELECTROMAGNETISM  IN  VACUUM 


In  contrast  to  mechanics,  we  will  see  that  electromagnetism  as  described  by  Maxwell’s 
equations  for  a  vacuum  is  already  covariant  with  respect  to  Lorentz  transformations. 
We  did  not  require  this  directly,  although  the  second  postulate  did  deal  with  the 
invariance  of  one  of  the  consequences  of  Maxwell’s  equations. 

In  principle  we  know  from  (29-91)  how  the  differential  operators  in  Maxwell’s 
equations  transform,  but  we  would  also  like  the  transformation  properties  of  p,  J,  E,  B, 
A,  and  (j>. 

We  begin  with  the  equation  of  continuity  (12-13),  which  expresses  the  fundamental 
property  of  conservation  of  charge.  We  certainly  want  this  to  be  covariant,  that  is,  we 
want 

Op' 

V-J  +  — =  0  and  +  — =  0  (29-119) 

If  we  introduce  four  quantities  by  means  of  the  respective  equalities  given  by 

(7i,  J2,  73,  7,)  =  (J^,  7,  icp)  (29-120) 

and  use  (29-65),  we  find  that  (29-119)  can  be  written  as 

^^  =  0  and  E^  =  0  (29-121) 

Comparison  of  this  with  (29-93)  shows  that  it  has  the  form  of  the  divergence  of  a 
4-vector,  making  us  suspect  that  is  itself  actually  a  4-vector. 

Let  us  consider  a  volume  element  in  a  coordinate  system  S  in  which  the  charges 
have  a  velocity  v;  the  total  charge  m  p  d'T'.  Now  let  us  consider  a  coordinate 

system  in  which  the  charges  are  at  rest  so  that  Vq  =  0;  this  system  is  called  the  rest 
system.  In  the  volume  element  dT^  of  Sq,  which  corresponds  to  d'f'  of  S,  the  total 
charge  is  p^di^^  where  p^  is  the  charge  density  in  the  rest  system.  It  seems  quite 
unreasonable  to  expect  that  the  basic  elementary  unit  of  charge — that  on  an  electron  or 
a  proton — will  be  changed  merely  because  we  observe  it  in  another  coordinate  system. 
Then  since  all  charge  is  an  integral  multiple  of  this  unit,  as  we  mentioned  following 
(12-1),  the  determination  of  the  total  charge  is  essentially  one  of  counting  to  find  a 
definite  integer.  Since  an  integer  is  an  invariant,  we  conclude  that  it  is  reasonable  to 
assume  that  total  charge  is  an  invariant.  This  gives  us 


p^dr^  =  p  dr  (29-122) 

In  this  case,  the  relative  velocity  of  the  systems  S  and  is  v.  Since  the  dimensions 
along  the  relative  velocity  are  contracted  according  to  (29-33)  while  the  dimensions 
transverse  to  the  relative  motion  are  unaffected,  the  two  volumes  are  related  by 


dr^ 


,2\ 


1/2 


dr. 


(29-123) 


Combining  this  with  (29-122),  we  obtain  the  transformation  formula  for  charge 
densities: 


Po 

[1  -  (vVc^)r 


(29-124) 


In  (12-3)  we  found  the  current  and  charge  densities  to  be  related  by  J  =  pv.  Using 
this,  along  with  (29-124)  and  (29-82),  we  find  that 


•4  = 


Po^x 

[1  - 


= 
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Similarly^  we  find  that  Jy  —  Po^2»  *4  “  Po^3^  ”  Po^45  so  that  (29-120)  can  be 

written  as 


*4  “  Po^ 


(29-125) 


This  shows  that  4  is  actually  a  4-vector  since  it  is  the  product  of  another  4-vector  (the 
4-velocity)  and  the  scalar  invariant  Po  (rest  system  charge  density).  This  4-vector  is 
called  the  4-current.  Thus  the  equation  of  continuity  (29-121)  has  been  correctly  written 
in  covariant  form. 

The  transformation  properties  of  4  ^^e  given  by  (29-78),  or,  to  put  it  another  way, 
we  see  that  4,p  transform  like  x,  y,  z, /,  respectively.  Therefore,  for  the 

particular  Lorentz  transformation  (29-24),  we  can  immediately  say  that 


J:  =  y{J.-Vp)  j;  =  jy 


while  the  inverse  equations 


z,  =  y(z;+  FpO 


7  P 


V 

c 


(29-126) 


(29-127) 


follow  from  (29-25). 


Example 

Convection  current.  Suppose  that  S'  is  fixed  within  a  material  body  that  moves  with 
constant  speed  v  relative  to  S.  Then  we  can  use  (29-127)  if  we  replace  V  by  v.  If  we 
now  go  to  the  nonrelativistic  limit  where  v/c  ^  1  so  that  7  =  1,  then  (29-127)  gives 

+  vp'  p  —  p'  (29-128) 

While  the  charge  density  remains  constant,  the  current  density  observed  in  S  is  the  sum 
of  observed  in  S'  and  the  convection  current  up'  due  to  the  motion  of  the  charge 
density  p'  with  respect  to  S',  we  have  already  mentioned  convection  currents  arising  in 
just  this  way  at  the  end  of  Section  12-2.  ■ 


If  we  define  the  four  quantities  by 

^35  ^4) 


(29-129) 


then,  with  the  use  of  (29-94)  and  (29-120),  the  four  equations  (28-1)  and  (28-2)  can  be 
combined  into 


(29-130) 


since 

□  ^(((j>/c)  =  -/p/C€o=  “^0-^4 

The  Lorentz  condition  (28-3)  then  becomes  simply 

BA 

y  — ^  =  0  (29-131) 

Since  (29-130)  shows  that  operating  upon  with  an  invariant  yields  a  4-vector,  we  see 
that  A^  is  a  4-vector;  it  is  called  the  4-potential. 
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We  see  from  (29-129)  that  A^,  <j)  transform  like  x,  y,  z,  ^  respectively. 

Therefore,  for  the  particular  Lorentz  transformation  (29-24),  we  can  immediately  say 
that 


=  ^  =  VAJ 


(29-132) 


Equations  29-130  and  29-131  are  the  covariant  forms  of  Maxwell’s  equations  as 
written  in  terms  of  the  potentials.  Now  we  can  turn  to  the  fields  E  and  B. 

Since  we  have  been  obtaining  B  from  B  =  v  X  A,  it  seems  that  it  would  be  useful  to 
investigate  the  four-dimensional  version  of  this  as  given  by  (29-95).  Accordingly,  we 
define  the  antisymmetric  electromagnetic  field  tensor  by 

dA^  dA 


Then  we  find,  for  example,  with  the  use  of  (29-129)  that 

5^2 

£  _  _ £ _ ^  _  _ > _ £ 

dx-^  8x2  dx  dy 


Similarly, 


dA^  dAj  i  8<p  1  dA^ 
8xj  8x4  c  8x  ic  dt 


since  E  =  -  v</>  -  {8\./dt).  Continuing  in  this  way,  we  find  that  E  and  B  appear  in 
the  components  of  as  follows: 


0 


B, 


- 


iE  ^ 
c 


-B^  0  B^ 

By  -B^  0 

.  c  c  c 


(29-134) 


Since  we  know  how  the  components  of  a  tensor  transform,  we  can  find  the  transforma¬ 
tion  properties  of  the  field  components;  we  will  return  to  this  shortly. 

It  can  then  be  shown  that  all  of  Maxwell’s  equations  as  written  in  terms  of  the  fields 
are  contained  in  the  following  covariant  system  of  equations: 


dx^ 


dx^ 


=  0 

(29-135) 

=  Mo-4 

(29-136) 

In  order  to  see  how  this  goes,  let  us  consider  the  first  component  of  (29-135),  that  is,  the 

form  in  which  the  index  one  does  not  appear;  with  the  use  of  (29-134),  we  find  that  it  is 

^/34  ^  ^  _  i  i  dEy  1  8B^ 

8x2  8x^  8x4  c  8y  c  dz  ic  dt 
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which  can  be  rearranged  as 

dE^  dE^,  dB^ 

dy  dz  dt 

which  is  the  x  component  of  v  X  E  =  -d'B/dt.  Similarly,  one  can  show  that  the 
remaining  three  components  of  (29-135)  give  the  y  and  z  components  of  Faraday’s  law 
as  well  as  V  •  B  =  0. 

If  we  set  jLi  =  1  in  (29-136),  and  use  (29-134)  and  (29-120),  we  get 

dx^  dx2  dx^  ^  8y  dz  ic  (9/  \  c  ] 

which  can  also  be  written  as 

By  dz  ^  dt 

which  is  the  x  component  of  V  x  B  =  /XqJ  -1  c~\d¥./dt\  that  is,  the  vacuum  form  of 
(21-33).  The  remaining  two  components  of  this  equation  are  obtained  iox  \i  =  2  and 
jLt  =  3,  while  when  fi  =  4  is  used  in  (29-136)  we  find  as  needed  that  the  result  is  the 
remaining  Maxwell  equation  of  the  vacuum  version  of  (21-30)  through  (21-33),  that  is, 
V  •  E  =  pAo. 

According  to  (29-84),  the  components  of  the  electromagnetic  field  tensor  will 
transform  as 

4;  =  (29-137) 

xp 

and  we  can  use  this  in  conjunction  with  (29-134)  to  obtain  the  transformation  formulas 
for  E  and  B.  We  will  do  this  only  for  the  particular  Lorentz  transformation  described 
by  (29-77). 

As  an  example,  we  consider  the  14  component  of  (29-137).  Remembering  that 
fpx  =  -f\p^  we  obtain 

IE' 

/l4  = - ^  Yl^iX^Apfxp  ^  Il^ix(^4l/xi  +  ^44/\4) 

^  Xp  A 

=  ^44/14)  ‘T 44/44) 

=  (011^44  -  aua4i)fi4  =  (t^  - 


and  therefore  E^  =  E^.  Similarly,  we  find  that  the  42  component  of  (29-137)  leads  to 

iE' 

III  ^  ~  ^  Z1^4A^2p/xp  ^  H^4X^22/X2 

^  Xp  X 

=  “41/12  1-  “44/42  =  +  7|-^| 

so  that  £;  =  y{E^-  =  y(£^  -  VB^).  By  continuing  this  process,  we  find  the 
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complete  set  of  transformation  formulas  to  be: 

E;  =  y{E^~VB^)  B;  =  y  j  5^  +  j  (29-138) 

E'  =  y{E,+  VBj  = 

The  inverse  transformations  are 

Ex  =  E'^  E^  =  y{ £;  K5) ) ,  etc. 

and  are  obtained  by  interchanging  primed  and  unprimed  quantities  and  changing  the 
sign  of  V. 

Now  that  we  have  these  results,  we  can  see  that  we  need  no  longer  be  restricted  to 
the  case  in  which  the  relative  velocity  \  of  S'  with  respect  to  S  is  along  the  x  axis. 
Since  the  orientation  of  the  x  axis  is  completely  arbitrary,  we  can  introduce  the  field 
components  parallel  (||)  and  perpendicular  (-L)  to  the  direction  of  relative  translation, 
and  we  can  write  (29-138)  in  the  general  form: 

E„=E„  B„=B„ 

E'^  =  y(E^+VXBj  Bl=y(B^--^XE^j  (29-139) 

=  y(E  +  VxB)^  =y|B-^xEj 

where  we  have  E  =  E  „  +  E  and  B  =  B  n  +  B_l  . 

We  note  that  in  the  nonrelativistic  limit,  V/c  1,  y  ==  1  and  (29-139)  becomes 
E'  =  E  +  V  X  B  and  B'  =  B.  The  first  result  is  exactly  (29-1)  with  v  now  appropriately 
replaced  by  V  and  that  we  previously  deduced  by  considering  Faraday’s  law  with  the 
help  of  the  Lorentz  force  law. 

These  results  show  us  clearly  that  the  electric  and  magnetic  field  vectors  E  and  B 
actually  are  not  independent  and  separate  entities.  The  fundamental  quantity  is  the 
field  tensor  and  the  way  in  which  it  is  resolved  into  electric  and  magnetic 
components  is  determined  by  the  relative  motion  of  the  observer.  This  can  be 
illustrated  very  well  by  considering  two  extreme  examples. 


Example 

Pure  electric  case  in  S.  Suppose  that  E  0,  but  that  B  =  0.  Then  we  find  from  (29-139) 
that  in  S'  one  will  have 


E'ii^E,,  E'j_=yE^ 

B(,=  0  Bl=  -  -^V  X  E^ 

so  that 

V  X  E^,  V  X  E' 

B'  =  B;  = - ^  = - ^  (29-140) 


since  V  X  E^,,  =  0.  Thus  what  appears  to  be  purely  an  electric  field  to  one  observer  is 
seen  as  both  an  electric  and  a  magnetic  field  to  a  second  observer  moving  with  respect 
to  the  first.  ■ 
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I  Example 

Pure  magnetic  case  in  S.  Now  suppose  that  E  =  0  while  B  #  0.  Then  we  find  from 
(29-139)  that  in  S'  one  will  have 

B„=B„  Bl=yB^ 

E'|=  0  E\  =  y\  X  B^ 

so  that 

E'  =  E'^  =  V  X  B;  =  V  X  B'  (29-141) 

and  what  appears  to  be  a  purely  magnetic  field  for  one  observer  will  appear  to  be  both 
an  electric  and  a  magnetic  field  to  a  relatively  moving  observer.  ■ 


The  transformation  equations  (29-138)  or  (29-139)  sometimes  make  it  easier  to  solve 
certain  problems  because  one  can  choose  a  coordinate  system  in  which  the  answer  can 
be  very  easily  found  and  then  the  desired  results  can  be  obtained  by  transforming  back 
to  the  actual  system  of  interest.  One  will  not  get  any  results  this  way  that  could  not  be 
obtained  by  solving  Maxwell’s  equations,  but  when  such  a  method  is  apphcable  it  is 
generally  easier  and  faster.  In  the  next  section,  we  illustrate  this  approach  with  an 
instructive  and  important  example. 
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We  consider  a  point  charge  q  moving  with  constant  velocity  v  with  respect  to  the 
system  S  as  shown  in  Figure  29-7.  We  are  interested  in  the  fields  associated  with  this 
steady-state  situation,  that  is,  we  will  not  consider  the  effects  of  the  initial  acceleration 
of  the  charge  during  which  we  know  from  (28-70)  that  it  will  radiate. 

A  good  choice  for  S'  should  be  the  system  in  which  q  is  at  rest  at  the  origin  for  then 
the  field  in  5 '  is  just  the  electrostatic  Coulomb  field  of  a  point  charge  and  we  have 

E'  =  ,  B'  =  0  (29-142) 


where  r'  is  the  position  vector  of  the  point  where  the  field  is  to  be  evaluated  and 

_  ^.2  y2  +  ^,2  (29-143) 

Inserting  (29-142)  into  (29-138),  and  using  (29-143),  (29-24),  and  (29-23),  with  v 
replacing  V,  we  find  one  of  the  field  components  in  S  to  be 

qx'  -  Vi) 


E=E'  = 


47rco  -  vtY  + 


(29-144) 


X,  X 


Figure  29-7.  The  point  charge  q  is  moving 
with  constant  velocity  with  respect  to  5. 
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where  now 


y  = 


(29-145) 


It  will  be  convenient  to  express  this  in  terms  of  the  position  of  q  with  respect  to  S.  The 
S  coordinates  of  q  are  ( vt,  0, 0),  so  that  the  relative  position  vector  of  the  field  point 
with  respect  to  the  charge  location  is  R  =  (x  —  y/)x  +  +  zz.  Then  we  can  also  write 

(29-144)  as 

(29-146) 


= 


47r€o(y2i?J  + 


3/2 


The  other  two  components  of  E  can  be  found  from  the  appropriate  inverse  forms  of 
(29-138)  and  the  results  are 

qyRy 


Ey  = 


E.  = 


3/2 


4^€,{y^Rl  +  Rl  +  Rl) 

qyR. 

4/2 


(29-147) 


4,rc,{y^Rl  +  Rl+  Rl) 

We  see  that  these  three  results  are  the  components  of  the  single  vector  equation 


(29-148) 


E  = 


4wi,{y^Rl  +  Rl  +  R^^) 


3/2 


(29-149) 


The  value  of  B  could  also  be  found  from  (29-138),  but  it  is  simpler  just  to  use  the 
result  (29-140)  obtained  for  the  pure  electric  case.  Thus,  when  we  take  the  interchange 
of  S  and  S'  into  account,  we  obtain 

V  X  E 

B  =  — —  (29-150) 


from  which  we  could  find  the  explicit  components  of  B  if  we  so  desired.  We  see  that  the 
lines  of  B  are  circles  whose  centers  lie  on  the  line  of  motion  of  the  charge;  this  is 
reasonable  because  of  our  previous  recognition  of  the  equivalence  of  a  moving  charge 
to  a  current  element. 

Thus,  we  have  found  the  exact  solution  to  this  problem  in  a  comparatively  simple 
manner.  We  see  that  E  is  directed  radially  outward  from  the  charge,  while  (29-150) 
shows  that  B  is  perpendicular  to  the  plane  of  v  and  E.  This  situation  is  illustrated  in 
Figure  29-8.  The  basic  structure  of  the  field  will  be  the  same  for  all  times,  and  can  be 
obtained  by  simply  translating  this  figure  along  the  x  axis  with  speed  u. 

It  is  helpful  to  express  our  results  in  terms  of  the  distance  R  from  the  charge  and  the 
angle  6  made  by  R  with  the  direction  of  the  velocity.  We  see  from  the  figure  that 
=  R  cos  0  while  Rj  +  -  R  J  =  R^  sin^  0  so  that 

y^Rl  +  R]  +  Rl  =  R^y^{l  -  sin^  6)  (29-151) 


where  now^  =  v/c.  Substituting  (29-151)  into  (29-149),  we  obtain 

^  9(1 

4wtQR^l  - 


(29-152) 


which  shows  that  the  field  is  inverse  square  in  its  dependence  on  radial  distance  from 
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Figure  29-8.  The  fields  of  a  uniformly 
moving  point  charge. 


the  charge  but  that,  at  a  given  distance,  its  magnitude  depends  strongly  on  direction,  in 
contrast  to  the  simple  Coulomb  field. 

In  order  to  illustrate  the  dependence  of  the  magnitude  upon  direction,  let  us  first 
consider  two  extreme  situations.  Directly  in  front  or  behind  (0  =  0  or  180'^),  we  have 


^„  = 


while  to  one  side  {S  =  90®),  we  find  that 

E  -  ^  ^ _ 

(1  _  ^2)1/2 

Therefore,  for  a  very  rapidly  moving  charge  for  which  ^  =  1,  we  see  that,  at  a  given 
distance,  f,,  is  very  small,  while  E_e  is  very  large.  (As  ^  0,  both  of  these 
components  become  equal  to  each  other  and  to  the  static  Coulomb  field.) 

These  effects  are  also  illustrated  in  Figure  29-9,  which  shows  the  magnitude  of  E  at  a 
given  distance  plotted  as  a  function  of  angle  6  for  =  0.0,  0.5,  and  0.9,  that  is, 
£/[g-/47r€o«^]  is  shown.  We  see  again  that  for  a  rapidly  moving  charge  the  field  is 
concentrated  in  a  small  angle  around  the  equatorial  plane. 

It  is  also  desirable  to  look  at  this  problem  in  terms  of  the  potentials.  The  electro¬ 
static  field  in  S'  described  by  (29-142)  corresponds  to  the  potentials 

4,'  =  — ^  A'  =  0  (29-153) 

477£or' 

and  therefore  A\  =  A2  =  ^3  =  0  and  A^  =  i^'/c  by  (29-129).  Inserting  these  values 
into  the  inverse  form  of  (29-132),  we  find  that  the  corresponding  potentials  in  S  are 


(#>  =  ycf)' 


vy4>' 

A  =  AS  =  — = 


477€Q[y^(x  -  A-  z^\ 


1/2 


47r  y^(x  -  vtY'  + 


1/2 


(29-154) 

(29-155) 


since  A^  =  A^  =  0. 
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V 


Figure  29-9.  The  magni¬ 
tude  of  the  electric  field 
as  a  function  of  angle  for 
three  different  values 
of  p. 


If  we  also  use  (29-151),  we  find  that  they  can  be  written  as 

^ ^ _ 

477eo^(l  ”  siri?- 6)^^^ 

^  ^ _ 

47tR{1  - 

where  R  is  the  distance  from  the  charge  to  the  field  point. 

We  note  that  the  vector  potential  has  the  direction  of  the  charge  velocity,  and  that, 
when  p  I,  A  -  (fiQ/4'jT)(q\/R)  in  agreement  with  (16-14)  and  thus  justifying  the 
remarks  in  Section  14-5  about  the  applicability  of  our  previous  results  to  slowly  moving 
charges. 

Both  of  these  potentials  depend  on  0  in  the  same  way.  Directly  forward  (or  back)  of 
the  charge  where  0  =  0°  (or  180°),  <#>  =  q/4'7T€QR  and  equals  the  static  value.  However, 


(29-156) 

(29-157) 
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Figure  29-10.  The  magnitude  of 
the  scalar  potential  as  a  function 
of  angle  for  three  different  val¬ 
ues  of  p. 


when  6  =  90°,  </>  =  ^/[47rco/?(l  —  =  y<^>staUc  larger  by  the  factor  y.  In 

Figure  29-10,  we  illustrate  the  general  angular  dependence  by  showing  4>/[q/A'7T€QR]  as 
a  function  of  ^  for  jS  =  0.0,  0.5,  and  0.9  corresponding  to  the  values  of  Figure  29-9. 


EXERCISES 

29-1  Show  by  direct  substitution  of  (29-24)  into 
(29-7)  that  the  Lorentz  transformation  preserves 
the  form  of  the  wave  equation,  that  is,  if  d^\l//dx^ 
=  then  =  d^ip/c^dt'^. 

29-2  If  the  Lorentz  contraction  (29-33)  is  as¬ 
sumed  to  represent  an  actual  physical  contraction 
of  the  moving  rod,  show  that  this  will  account  for 
the  result  of  the  Michelson-Morley  experiment. 


29-3  The  average  lifetime  of  a  ^-meson  before 
radioactive  decay  as  measured  in  its  “rest”  sys¬ 
tem  is  2.22  X  10“^  second.  What  will  be  its  aver¬ 
age  lifetime  for  an  observer  with  respect  to  whom 
the  meson  has  a  speed  of  0.99c?  How  far  will  the 
meson  travel  in  this  time? 

29-4  A  rigid  rod  of  length  L  makes  an  angle  9 
with  the  X  axis  of  the  system  in  which  it  is  at  rest. 
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Show  that,  for  an  observer  moving  with  respect  to 
the  rod,  the  apparent  length  U  and  angle  6'  are 
given  by 

L'  =  L  [(cos  B/yY  +  sin^  o]  tan  =  y  tan  0 

29-5  Show  that  two  successive  Lorenlz  transfor¬ 
mations  corresponding  to  speeds  and  V2  in  the 
same  direction  are  equivalent  to  a  single  Lorentz 
transformation  with  a  speed  V  =  (Vi  +  1^2)/[1  + 
(*^i^2A^)1*  Is  this  result  compatible  with  (29-37)? 
29-6  Show  that  the  velocity  transformation  for¬ 
mulas  can  be  written  in  vector  form  as  v  =  [vf, 
+  V  -E  (v^/y)]/[l  +  (V  •  \')/c^]  where  vj  is  the 
velocity  component  parallel  to  the  relative  veloc¬ 
ity  V  of  S'  and  S'  while  v^  is  the  component 
perpendicular  to  V. 

29-7  Find  the  transformation  laws  for  the  com¬ 
ponents  of  the  acceleration,  =  dv^/dt,  and  so 
on. 

29-8  Fizeau  measured  the  index  of  refraction  of 
light  in  flowing  water.  His  result  can  be  expressed 
in  terms  of  the  phase  velocity  v  in  the  moving 
medium  of  index  of  refraction  n  and  flow  velocity 
F  as  y  =  ^0  +  “  (l/w^)]  where  Vq  =  c/n  is 

the  phase  velocity  in  the  stationary  medium.  Show 
that  this  follows  from  (29-37)  for  the  case  V fc 
^  1. 

29-9  If  the  angles  B  and  B'  of  Figure  29-5  are 
both  small  and  if  p  I,  show  that  the  angles  are 
approximately  related  by  ^  =  (1  -  ^)B'  so  that 
their  fractional  difference  is  (B'  -  B)/B'  =  ^  = 
F/c. 

29-10  Show  that 

=  -/[i  +  ipvjc)]  =  {r[i  -  ipvjc)]}^^ 

29-11  Verify  that  the  given  in  (29-77)  satisfy 
the  requirements  (29-69)  and  (29-75). 

29-12  Show  that,  if  is  an  invariant  for 

any  arbitrary  4-vector  A^,  then  is  also  a  4- vec¬ 
tor. 

29-13  Show  that  the  quantities  defined  in  (29-89) 
are  4-vectors. 

29-14  The  4-acceleration  is  defined  by  = 
dU^/dr  =  d^x^/dj^.  Show  that  its  components 
are  related  to  the  ordinary  acceleration  a  and 
velocity  v  by 

^  (/A)(y  ■  a) 


29-15  If  k  and  to  are  the  propagation  vector  and 
circular  frequency  of  a  plane  wave  in  free  space, 
show  that  =  (k,  /w/c)  is  a  4-vector.  Use  the 
transformation  properties  of  to  derive  the 
Doppler  and  aberration  formulas  (29-47)  and  (29- 
49). 

29-16  Derive  the  set  of  coefficients  that 
describe  a  general  Lorentz  transformation  consist¬ 
ing  of  a  30°  rotation  about  the  y  axis  plus  a 
translation  along  the  rotated  x'  axis  with  a  con¬ 
stant  speed  F  =  jc. 

29-17  Using  the  transformation  properties  of  the 
Minkowski  force  find  the  transformation  laws 
for  the  ordinary  force  f  and  power  dW/dt.  (The 
results  of  Exercise  29-10  should  prove  to  be  help¬ 
ful.) 

29-18  For  many  purposes  outside  the  scope  of 
this  book,  electromagnetic  radiation  can  be  treated 
as  composed  of  small,  localized  “clumps”  of  radi¬ 
ation  called  photons.  Show  that,  if  we  regard  a 
photon  as  a  particle  of  zero  rest  mass  and  total 
energy  W  =  hv  where  h  is  Planck’s  constant,  the 
Doppler  and  aberration  formulas  (29-47)  and  (29- 
49)  can  be  obtained  from  the  transformation  laws 
for  the  4-momentum  P^. 

29-19  Two  particles,  each  of  rest  mass  are 
connected  by  a  compressed  spring  of  negligible 
rest  mass.  The  particles  are  tied  together  with  a 
massless  string  and  the  whole  system  is  at  rest  in 
a  coordinate  frame  Sq.  The  string  is  then  cut,  and 
the  two  particles  fly  off  in  opposite  directions, 
each  with  speed  Vq.  What  is  the  initial  potential 
energy  of  the  system  in  ^o?  By  explicitly  transfor¬ 
ming  the  velocities  to  another  frame  S,  find  the 
final  energy  and  momentum,  and  thus  the  initial 
energy  and  momentum,  in  S.  Then  find  the  rest 
mass  of  the  initial  system  in  the  frame  S,  and 
interpret  the  result. 

29-20  (a)  Show  that  the  quantities  E  •  B  and 
are  invariants,  (b)  Evaluate  these 
quantities  for  a  plane  wave,  (c)  Show  that  the 
statement  that  E  and  B  are  perpendicular  has 
absolute  significance,  that  is,  if  they  are  per¬ 
pendicular  for  one  observer  they  will  be  per¬ 
pendicular  for  all  observers,  (d)  Show  that  a  field 
that  is  purely  magnetic  in  one  frame  cannot  be 
transformed  into  one  that  is  purely  electric  in  a 
different  reference  frame,  and  conversely. 

29-21  A  charge  q  is  instantaneously  at  rest  in 
S''  and  subject  to  an  electric  field  E'  so  that  the 
force  on  it  is  f'  =  ^E'.  Use  the  transformation 
laws  for  the  force  found  in  Exercise  29-17  and  for 
the  fields  found  in  (29-138)  to  show  that  the  force 
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in  S  is  exactly  the  Lorentz  force  f  =  ^(E  +  V  X 

B) 

29-22  Show  that  the  relativistic  equation  of  mo¬ 
tion  (29-105)  can  be  written  in  the  form 

nip  d\  (y  ■  f)  ^ 

dt 

and  that  if  f  is  the  Lorentz  force  on  a  point 
charge,  ^(E  v  X  B),  the  right-hand  side  be¬ 
comes  ^{E  -I-  V  X  B  -  [(v  •  E)/c^]v}. 

29-23  Show  that  the  equation  of  motion  of  a 
particle  of  charge  ^  in  an  electromagnetic  field 
where  the  force  is  given  by  f  =  ^(E  -1-  v  X  B)  can 
be  written  as 

29-24  Find  the  explicit  expression  for  B  due  to  a 
uniformly  moving  point  charge  in  terms  of  R,  the 
relative  position  vector  of  the  field  point  and  the 
location  of  the  charge.  Show  that  your  result 
reduces  to  (14-28)  when  ^  1. 

29-25  Show  that  the  potentials  4*  ^  found 

for  a  uniformly  moving  charge  in  (29-154)  and 
(29-155)  give  the  correct  values  of  E  and  B. 

29-26  Find  the  Poynting  vector  S  for  the  uni¬ 
formly  moving  point  charge.  [Use  (29-152)  for 
simplicity.]  Show  that  the  net  power  radiated  by 
this  charge  is  zero. 

29-27  A  point  charge  at  fi  has  a  constant 
velocity  Vj .  A  second  point  charge  ^2  located  at 
r2  and  has  an  instantaneous  velocity  V2.  Find  the 
total  electromagnetic  force  on  ^2  ^lue  to  .  Show 
that  when  your  result  is  applied  to  the  system  of 
Figure  29-2  and  if  V/c  1,  then  the  magnetic 
force  which  you  found  reduces  correctly  to  (29-10). 
29-28  An  infinitely  long  straight  line  charge  with 
linear  charge  density  A  coincides  with  the  x  axis 
of  system  S.  Find  the  fields  E'  and  B'  in  a  system 
S'  with  speed  V  in  the  direction  of  positive  x. 
Compare  your  expression  for  B'  with  that  of  a 


current-carrying  wire  as  given  by  (14-17)  and 
show  that  they  are  in  agreement.  Note  that  E'  is 
not  zero  in  the  moving  system.  What  is  the  physi¬ 
cal  difference  between  a  current-carrying  wire  and 
a  line  charge  moving  in  the  direction  of  its  length 
that  accounts  for  the  appearance  of  E'? 

29-29  An  infinitely  long  ideal  solenoid  is  at  rest 
in  the  frame  S'  with  its  axis  parallel  to  the  y' 
axis.  It  has  n'  turns  per  unit  length  and  carries  a 
steady  current  I'.  Find  E  and  B  inside  and  out¬ 
side  the  solenoid  for  an  observer  in  S  for  whom 
the  solenoid  is  traveling  with  constant  velocity 
V  =  Vy.  Sketch  the  lines  of  E  and  indicate  the 
nature  of  the  charge  distribution  that  must  be 
associated  with  such  an  electric  field.  Show  that 
this  charge  distribution  is  in  qualitative  agreement 
with  (29-127).  Will  an  electric  field  be  observed 
by  someone  who  sees  the  solenoid  moving  with 
constant  speed  along  the  direction  of  the  solenoid 
axis? 

29-30  A  point  electric  dipole  of  moment  pT  is  at 
rest  at  the  origin  in  S' .  Find  the  scalar  and  vector 
potentials  produced  by  this  dipole  as  observed  by 
someone  in  S.  How  do  the  components  of  the 
dipole  moment  transform?  Quahlatively  account 
for  the  fact  that  A  0. 

29-31  In  (28-72),  we  found  an  expression  for  the 
total  rate  of  radiation  from  an  accelerated  charge. 
It  was  proportional  to  the  square  of  the  retarded 
value  of  the  acceleration,  that  is,  to  [a]^  =  [a]  •  [aj. 
A  plausible  way  of  generalizing  this  would  be  to 
replace  the  square  of  the  actual  acceleration  by 
the  “square”  of  the  4- acceleration  a^.  In  this  way 
we  obtain 
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Use  the  results  of  Exercise  29-14  to  express  this  in 
terms  of  the  ordinary  acceleration  and  velocity 
and  verify  that  the  result  reduces  to  (28-72)  in  the 
appropriate  limit.  (This  general  result  is  known  as 
Lienard’s  formula.) 


A 


MOTION  OF  CHARGED 
PARTICLES 


Our  principal  interest  so  far  has  been  in  the  properties  of  the  macroscopic  electromag¬ 
netic  field.  We  have  found  how  it  is  produced  by  its  sources  and  have  learned  how  to 
describe  the  overall  effects  of  the  presence  of  matter.  An  important  use  of  E  and  B  is  to 
affect  the  motion  of  charged  particles.  Such  effects  have  applications  in  the  design  of 
apparatus  for  producing  particles  with  large  kinetic  energies  that  are  then  used  in  the 
study  of  reactions  in  nuclear  physics  and  in  “  high-energy”  physics.  Other  applications 
arise  in  astrophysics  and  geophysics,  plasma  physics  in  general,  magnetohydrody¬ 
namics,  the  study  of  thermonuclear  reactions,  and  the  construction  of  devices  using 
beams  of  charged  particles.  We  will,  however,  confine  ourselves  to  only  a  comparatively 
few  simple  and  basic  situations. 

We  assume  that  the  net  force  f  on  a  particle  of  charge  q  and  position  r  is  the  Lorentz 
force  ^(E  +  v  X  B)  where  v  =  dr/dt  is  the  particle  velocity.  Equating  this  to  the  mass 
Wq  times  the  acceleration,  we  get  the  equation  of  motion 

dy  ,  . 

Wq—  =  ?(£  +  V  X  B)  (A-1) 

dl 

Our  use  of  shows  that  we  will  consider  only  nonrelativistic  cases.  In  the  most 
general  situation,  E  and  B  can  each  be  a  function  of  position  and  time.  In  many 
applications,  the  particles  used  can  interact  with  each  other  and  with  other  particles, 
primarily  by  colhsions.  The  effect  of  collisions  then  must  be  somehow  included  in 
(A-1),  but  we  will  not  try  to  do  so. 

As  we  know  from  mechanics,  we  will  generally  also  need  to  know  the  initial 
conditions  of  the  motion,  that  is,  the  initial  position  Tq  and  velocity  Vg  at  r  =  0  in  order 
to  get  a  complete  solution  of  (A-1). 
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We  assume  that  E  is  independent  of  time.  If  B  =  0,  then  (A-1)  reduces  to 

dy 

=  4'E  (A-2) 


If  we  now  also  assume  that  E  is  independent  of  position  so  that  E  is  a  uniform  static 
field,  then  dy/dt  is  constant.  We  can  immediately  integrate  (A-2)  twice  to  obtain  the 
complete  solution 

y  =  y{t)  =  —Et  +  Vn  (A-3) 

rriQ 

r  =  r{t)  =  +  vot  +  To  (A-4) 

Irtio 
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In  order  to  apply  these  results  to  specific  problems,  we  can,  for  example,  write  the 
components  of  (A-3)  and  (A-4)  in  rectangular  coordinates.  Thus,  we  find  = 
{q/mQ)Ext  +  Vqx,  x{t)  =  {q/2mQ)Ext^  +  ^ith  similar  expressions  for  the 

y  and  z  components. 

For  other  applications,  it  is  often  useful  to  write  some  quantities  in  terms  of  their 
components  parallel  (||)  and  perpendicular  ( _L )  to  the  field  E;  thus  we  could  write 

V  =  V||  +  r  =  r,,  +  (A-5) 


Applying  this  to  (A-3)  and  (A-4),  we  obtain 

''ll  =  + ''oil  = 

mo 

q  , 

r(l  =  +  W  +  ’*011  Vo^r  +  To^ 


(A-6) 


which  show  explicitly  that  only  the  component  of  v  parallel  to  E  is  affected  while  its 
component  perpendicular  to  E  remains  constant.  This  problem  is  similar  to  that  of  a 
mass  point  in  a  uniform  gravitational  field  and,  just  as  in  that  case,  the  path  described 
by  (A-4)  is  a  parabola. 

If  E  is  not  uniform,  the  particle  trajectories  can  be  more  or  less  complicated 
depending  upon  the  precise  dependence  of  E  on  position.  We  will  consider  only  an 
integral  consequence  of  (A-2)  which  involves  energy  changes. 

If  the  particle  moves  from  to  r2,  the  work  done  on  the  particle  by  the  field  is 


=  j  •  ds  ^  qj  \  •  ds  =  -qA<i> 


=  -^[4.(r,)-.l.(rJ]  (A-7) 

by  (5-11)  where  A<f}  is  the  change  in  the  scalar  potential.  Now  we  also  know  from 
mechanics  that  the  work  done  by  the  net  force  equals  the  change  in  the  kinetic  energy 

T  =  (A-8) 


so  that  =  ^2  “  ^1-  Equating  this  to  (A-7),  we  find  that  Tj  +  ^<#>(r2)  = 

+  ^'i'(*'i)  showing  that 

T  +  ^</>(r)  =  +  ^<^(r)  =  const.  (A-9) 

which  is  just  the  statement  of  conservation  of  energy  where  ^</>(r)  is  the  potential 
energy  of  the  particle  in  the  field.  This  last  result  is  of  course  in  agreement  with  (5-48) 
where  we  came  to  the  same  conclusion. 
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We  assume  B  ^  0  and  independent  of  time.  If  E  =  0,  then  (A-1)  becomes 

d\ 

mo— =  f  =  ^vXB 


(A-10) 


Since  f  and  v  are  always  perpendicular,  f  •  v  =  0  and  the  magnetic  induction  does  no 
work  on  the  particle;  consequently  the  kinetic  energy  (A-8)  will  be  constant. 

If  we  use  the  resolution  of  v  into  parallel  and  perpendicular  components  given  by 
(A-5),  we  find  that 

d\  d\,,  d\.  q  q 

+  —  =  —V  X  B  =  —V,  XB 


dt  dt 


dt 


m, 


m, 
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since  V||  X  B  =  0  by  (1-22).  Thus,  we  obtain 


dt 


=  — V,  XB 


m. 


(A-11) 


since  X  B  is  also  perpendicular  to  B. 

Now  let  us  assume  that  B  is  independent  of  position  so  that  we  have  a  uniform 
magnetic  induction.  We  see  then  that  Vy  =  const.,  so  that  the  particle  moves  with 
uniform  velocity  along  the  direction  of  B.  We  see  that  d\_^/dt  is  always  perpendicular 
to  both  and  B,  and  so  Vj^  itself  has  a  constant  magnitude  .  Consequently,  the 
magnitude  of  d\^/dt  will  be  constant  and  equal  to  {q/yn^)v This  situation  is 
illustrated  in  Figure  A-1,  which  is  drawn  for  positive  q  and  B  out  of  the  paper.  We 
recall  that  an  acceleration  of  constant  magnitude  that  is  always  perpendicular  to  the 
velocity  results  in  motion  in  a  circular  path.  We  can  find  the  radius  of  the  circle  by 
recognizing  that  d\^/dt  must  have  the  magnitude  of  the  necessary  centripetal  accelera¬ 
tion  Equating  this  to  (q/mQ)v^B,  we  get 


ninV 


qB 


(A-12) 


which  involves  the  particle  properties  only  through  the  ratio  of  the  charge  to  the  mass. 
We  can  also  obtain  the  period  of  revolution  and  the  angular  frequency  by  noting 
that  in  one  period  the  particle  travels  a  total  distance  so  that  =  {l^irr^/v 
then  is  given  by  =  27r/T^.  Combining  these  expressions  with  (A-12),  we  find  that 


^c  = 


277Wo 


(A-13) 


The  name  cyclotron  frequency  is  given  to  co^.  We  see  that  both  these  quantities  in  (A-13) 
are  independent  of  both  and  .  The  faster  particles  move  in  circles  of  greater 
radius  by  (A-12),  but  all  particles  of  the  same  value  of  q/m^  take  the  same  time  to  go 
around  their  path. 

We  can  also  write  these  results  in  another  way.  We  let  be  the  position  vector  of 
the  particle  with  respect  to  the  center  of  the  circular  orbit  G  (for  “guiding  center”). 
Then  we  will  have 

r  =  +  Fc  (A-14) 

where  is  the  position  vector  of  G  with  respect  to  the  origin  of  our  fixed  coordinate 
system.  We  now  see  from  the  figure  that  the  motion  of  the  particle  can  be  described  as 
a  rigid  rotation  of  about  G  with  angular  velocity  <0^-.  We  know  from  kinematics  that, 


Figure  A-1 .  Circular  motion  of  a  point 
charge  in  a  uniform  induction. 
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in  such  a  case,  we  can  write  the  rate  of  change  of  the  vector  in  the  form 

dy^ 

=  (0^  X  V  , 


di 

Equating  (A-15)  with  (A-11),  we  find  the  vector  angular  velocity  to  be 


m, 


B 


(A-15) 


(A-16) 


and  whose  sign  agrees  with  Figure  A-1  since  is  into  the  page. 

If  V||  0,  the  total  motion  of  the  particle  can  be  described  as  a  constant  velocity  Vy 

of  the  guiding  center  along  the  direction  of  B  with  the  circular  motion  arising  from 
superimposed  on  it.  In  other  words,  the  motion  will  be  a  helix  as  shown  in  Figure  A-2 
for  positive  q  and  V||  in  the  same  direction  as  B. 

If  we  combine  (A-8)  and  (A-5),  we  find  that  we  can  write 

T=T^^+T^=  >o«^i  (A-17) 


where  and  can  be  identified  with  those  contributions  to  the  total  kinetic  energy 
associated,  respectively,  with  the  motion  parallel  to  and  perpendicular  to  B.  We  have 
just  seen  that  (7[|  and  Vj^  are  both  individually  constant  for  a  uniform  induction  so  that 
the  individual  contributions  are  themselves  constants: 


I’ll  =  \mQv\  =  const.  =  \mQv]_  =  const. 


(A-18) 


A  point  charge  traveling  around  the  circle  of  Figure  A-1  is  equivalent  to  a  current 
element  Ids  =  qy^  by  (14-29)  and  thus  will  have  a  magnetic  dipole  moment  m.  We  see 
from  Figure  A-1  that  m  will  be  directed  into  the  page  and  hence  in  the  direction  of 
According  to  (19-27),  m  =  IS  =  Iirr^  where  /  is  the  equivalent  current.  Since  the  total 
charge  q  passes  a  given  point  on  the  perimeter  each  time  around,  and  since  each  circuit 
takes  a  time  the  equivalent  current  is  /  =  q/r^  =  £o^^/27r.  In  this  way  we  find  that 


m  =  I'lrr^  = 


1 

2 


2B 


Ll 

B 


(A-19) 


with  the  use  of  (A-12),  (A-13),  and  (A-18).  If  we  take  the  direction  of  m  into  account  we 
can  write 


m  = 


B 


(A-20) 


with  the  use  of  (A-16).  We  see  that  m  is  opposite  to  the  direction  of  B  and  hence  is 
diamagnetic  in  the  sense  discussed  following  (20-52). 

The  magnitude  of  the  magnetic  flux  enclosed  by  the  circular  orbit  is 

$  =  (A-21) 

and  is,  of  course,  a  constant. 


Figure  A‘2.  The  general  motion  in  a  uniform 
induction  is  a  helix. 
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Example 


Rectangular  coordinates.  Although  we  know  that  the  general  motion  in  a  uniform 
induction  will  be  a  helix  as  in  Figure  A-2,  it  is  instructive  to  see  how  this  turns  out  in 
detail  in  terms  of  a  specific  coordinate  system.  Let  us  use  rectangular  coordinates  and 
let  B  =  where  B  =  const.  Then  V||  =  v^z  while  +  v^y  and  we  find  that 

(A-11)  gives 


^  =  0  ^  =  1?. 

dt  dt  niQ  ^ 


dVy  _  qB 

dt  wIq  "" 


(A-22) 


From  the  first  of  these  we  obtain  =  const,  so  that  z  =  Zq  +  v^J. 

If  we  differentiate  the  second  equation  of  (A-22)  and  substitute  from  the  third,  we 
get  an  equation  for  alone: 

d\ 

dt^ 

This  has  a  solution 


qB  dVy 

nin  dt 


(A-23) 


=  Vo,  cos 


aB\ 


(A-24) 


corresponding,  as  we  will  see,  to  choosing  =  0.  Since  =  dx/dt,  we  can  integrate 
(A-24)  once  more  to  obtain 


^  l'”o]  .  (  9^] 


(A-25) 


Now  we  can  find  Vy  directly  from  the  second  equation  of  (A-22)  and  (A-24): 


V..  = 


qB  dt 


-f^ox  Sin 


qB 


and  therefore  since  v  =  dy/dt,  we  get 


y  -  yo  '^ox' 


(-) 

cos 

1  qB\ 

t  -  1 

U«/ 

\moj 

(A-26) 


(A-27) 


First  of  all,  we  see  from  (A-24)  and  (A-26)  that  v\=  Vy  =  =  const,  in 

agreement  with  (A-18).  If  we  define  y^  =  yo  -  VQ^(f^o/qB),  then  (A-27)  can  be  written 
somewhat  more  simply  as 


m 


o\ 


qB 


>^  =  .Vo  +  cos  —  r 


qBj 


m, 


We  now  find  from  (A-25)  and  (A-28)  that 


(A-28) 


(A-29) 


which  is  the  equation  of  a  circle  with  center  at  (xq,  y^)  and  a  radius  =  fn^VQ^/qB  = 
f^Q^±/qB  in  agreement  with  (A-12)  and  Figure  A-1.  We  note  that  the  center  of  this 
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circle  is  not  at  the  initial  position  in  the  xy  plane,  that  is,  at  (jcq,  >>0)  but  that  the  y 
coordinate  of  the  center  is  y^  as  given  by  (A-28)  and  (A-27). 

We  also  see  that  all  of  the  xy  coordinates  and  velocity  components  oscillate  with  the 
circular  frequency  qB/tHq  in  agreement  with  (A-13). 

Finally,  we  see  that  if  x  —  Xq  is  increasing  from  zero,  say,  then  y  -  y{^  will  be 
decreasing  from  Thus  the  position  vector  in  the  xy  plane,  fj-  =  (x  -  Xo)x  +  (y  — 
y^)y,  will  be  rotating  clockwise  as  seen  looking  toward  the  xy  plane  from  the  direction 
of  the  positive  z  axis,  that  is,  opposite  to  the  direction  of  B.  But  this  is  exactly  the 
rotation  shown  in  Figure  A-1  so  that  we  have  verified  in  detail  all  of  the  previous 
results  by  means  of  these  specific  calculations.  ■ 


Example 

Cyclotron.  We  have  seen  that  the  time  required  to  go  around  the  circular  path  is 
independent  of  the  radius  of  the  path  and  the  speed  of  the  particle.  This  fact  has  been 
used  as  the  basis  for  the  device,  used  to  accelerate  charged  particles  to  large  kinetic 
energies,  called  the  cyclotron.  The  principal  features  are  shown  in  Figure  A-3.  A  thin 
circular  hollow  conducting  cylinder  is  cut  along  a  diameter  and  the  two  portions 
separated  by  a  small  gap.  A  uniform  B  is  normal  to  the  plane  of  these  “dees,”  while  an 
alternating  potential  difference  A(f)  of  frequency  is  apphed  between  them.  A  charged 
particle  that  is  produced  within  the  gap  will  be  accelerated  toward  one  of  the  dees  and 
enter  its  interior.  Inside  it  will  be  shielded  from  E  but  will  travel  in  a  semicircular  path 
whose  radius  is  given  by  (A-12).  It  will  reenter  the  gap  at  a  time  later  where  it  will 
find  that  E  in  the  gap  has  been  reversed.  It  will  be  accelerated  across  the  gap,  gaining 
kinetic  energy  ^|A^|,  according  to  (A-7),  and  will  enter  the  other  dee.  Since 
larger,  its  radius  will  be  larger  by  (A-12),  but  it  will  travel  its  new  semicircle  in  the  same 
time  and  will  reenter  the  gap  to  find  E  again  reversed.  It  will  again  be  accelerated 
across  the  gap  and  will  travel  in  a  new  semicircle  of  larger  radius.  The  whole  process 
will  continue  in  this  manner,  the  particle  gaining  kinetic  energy  ^|A(;>|  each  time  it 
crosses  the  gap,  and  thus  traveling  a  path  of  ever  increasing  radius.  Finally,  when  the 
radius  is  nearly  equal  to  the  radius  R  of  the  dees,  the  beam  of  particles  can  be  extracted 
with  a  deflecting  field  near  an  opening  in  the  wall  of  one  of  the  dees.  Since  /c^ax  ^ 
we  find  from  (A-12)  that  the  maximum  speed  which  the  particle  can  be  given  is 


536  motion  of  charged  particles 


qBR/niQ,  so  that  the  final  kinetic  energy  of  a  particle  in  the  emerging  beam  is 

1 

7’max  =  =  — -  (A-30) 

2  2  tn  Q 

which  is  proportional  to  B^  and  to  R^. 

When  the  particle  speed  gets  very  large,  the  relativistic  equation  of  motion  (29-105) 
has  to  be  used.  If  we  interpret  this  as  corresponding  to  an  increase  in  the  particle  mass, 
we  see  from  (A-13)  that  the  cyclotron  frequency  will  no  longer  be  a  constant  but  will 
vary  with  the  particle  speed.  Consequently,  the  frequency  of  the  applied  potential 
difTerence  must  be  correspondingly  altered  to  keep  “in  step”  with  the  particles  in  order 
to  prevent  them  from  finding  an  E  of  the  wrong  sign  when  they  enter  the  gap,  as  this 
would  decelerate  them  and  decrease  their  kinetic  energy.  ■ 

Example 

Magnetic  focusing.  In  Figure  A-4  we  show  a  particle  that  is  projected  at  r  =  0  from  a 
point  P  with  an  initial  velocity  Vq,  which  makes  the  angle  0  with  the  direction  of  a 
uniform  B.  It  will  travel  in  a  helical  path  like  that  of  Figure  A-2.  After  a  time  it  will 
have  made  one  turn  of  the  helix  and  will  be  at  the  point  Q,  which  has  the  same 
coordinates  in  the  plane  perpendicular  to  B  as  does  P.  We  can  also  see  this  from  (A-25) 
and  (A-27)  since,  when  t  =  2wmQ/qB,  the  argument  of  the  sine  and  cosine  is  Itt 
and  =  Xq  and  y{T^)  =  yo-  During  this  time,  the  particle  has  traveled  the 

horizontal  distance 

lmo\vocose 

^  (A- 

Now  consider  a  group  of  particles  for  which  P,  Vq  and  6  are  the  same  but  whose 
azimuthal  angles  <p  about  the  axis  of  B  are  different.  Each  of  them  will  travel  its  own 
helix,  but  they  will  all  strike  the  line  PQ  at  the  same  point  Q.  In  other  words,  they  have 
been  brought  to  a  focus  at  Q,  and  one  can  call  the  distance  /  the  focal  length.  We  see 
from  (A-3I)  that  a  measurement  of  /  could  then  be  used  as  a  way  of  measuring  the 
charge  to  mass  ratio  q/m^.  It  turns  out  that  this  arrangement  does  not  lead  to  great 
accuracy  for  such  a  measurement;  the  focusing  property  described  does,  however,  prove 
to  be  of  use  in  other  applications.  ■ 


Each  case  in  which  B  is  not  uniform  generally  has  to  be  considered  separately. 
However,  there  is  one  situation  of  considerable  practical  interest  that  we  can  discuss 
approximately.  This  is  the  one  for  which  B  has  axial  symmetry  and  is  slowly  varying 
with  position.  Thus  if  we  take  the  z  axis  of  cyhndrical  coordinates  to  be  the  axis  of 
symmetry,  we  can  write  B(z,  p)  and  assume  that  the  variation  of  B  with  both  z  and  p  is 
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not  great.  This  would  correspond  to  lines  of  B  like  those  of  Figure  A-5.  We  can  expect 
that  the  motion  of  the  particle  will  still  be  approximately  helical  as  indicated  in  the 
figure. 

There  will  now  be  a  radial  component  in  addition  to  We  can  find  its 
approximate  value  by  using  V  •  B  =  0,  which,  with  the  use  of  (1-87),  becomes 


\  d  ^  ^  dB^ 


(A-32) 


For  a  slowly  varying  B^,  we  can  set  dBJdz  const.,  and  integrate  (A-32)  to  give 


1  dB, 


(A-33) 


since  -Sp(O)  =  0  from  Figure  A-5,  that  is,  from  the  way  in  which  the  z  axis  was  chosen. 
Using  (1-76),  we  find  that  the  z  component  of  (A-10)  becomes 


dv^ 


(A-34) 


In  a  slowly  varying  B,  the  radius  of  the  helix  will  not  change  very  much  for  each  turn  so 
that  we  can  take  and  then  =  -Uj_  since  and  4^  are  oppositely  directed 

for  positive  q.  Making  this  substitution  into  (A-34),  along  with  (A-33),  and  using  (A-12) 
to  express  p  as  the  radius  of  the  orbit,  we  find  that 


dt 


dz 


1 

IB  dz  ~  dz 


(A-35) 


with  the  use  of  (A-19).  If  we  now  multiply  both  sides  of  this  by  we  obtain 


rrtaV 


dt 


(  1 


m(,u 


O^z 


2  _ 


=  -m 


dB^  dz 
dz  dt 


—  m 


dt 


(A-36) 


where  dBJdt  is  the  total  rate  of  change  of  B^  as  seen  by  the  particle  as  it  moves  along. 

Since  the  magnetic  force  does  no  work  on  the  particle,  the  total  kinetic  energy  T  is 
constant  and  we  find  from  (A-17)  and  (A-19)  that 


dT, 

dt 


d 

dt 


rrinV 


dT^ 


(A-37) 


to  the  same  order  of  approximation  that  we  have  been  using.  Equating  the  right-hand 
sides  of  (A-36)  and  (A-37),  we  find  that  d{mBJ/dt  =  m{dB^/dt)  B^(dm/dt)  = 
m(dBydt)  and  therefore 

dm 

— -  =  0  and  m  =  const.  (A-38) 

dt 


Figure  A-5.  General  motion  in  a 
nonuniform  B  with  axial  symmetry. 
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In  other  words,  the  particle  moves  in  such  a  way  that  its  magnetic  dipole  moment  is 
approximately  a  constant.  If  we  look  again  at  (A-21),  we  see  that  an  equivalent  way  of 
saying  this  is  that  during  the  motion  the  particle  orbit  encloses  the  same  amount  of  flux 

Thus  as  it  moves  into  regions  of  larger  field  magnitude,  its  radius  will  decrease.  Since 
O  is  constant,  we  can  also  say  that  the  orbit  will  enclose  the  same  lines  of  B  as  is 
indicated  in  Figure  A-5. 

We  can  integrate  (A-37)  and  we  find  that 

\mQvj  +  mB^  =  Fii  —  m  •  B  =  const.  =  S  (A-39) 

if  we  take  into  account  the  opposite  directions  of  m  and  B  shown  in  (A-20).  We  see 
from  this  that  as  the  particle  moves  into  a  region  of  larger  its  longitudinal  kinetic 
energy  will  decrease,  and  if  mB^  becomes  equal  to  S,  the  particle  will  reverse  its 
direction  and  move  back  into  the  region  of  weaker  field;  this  is  in  agreement  with 
(A-35)  which  indicates  a  force  on  the  particle  opposite  to  the  direction  of  increasing  B^. 
In  other  words,  the  particle  will  have  been  reflected.  This  fact  is  the  basis  of  magnetic 
mirrors,  which  are  used  in  attempts  to  confine  the  ionized  particles  produced  at  the  high 
temperatures  of  fusion  reactors. 

During  the  process  described  above  in  which  T|,  will  decrease,  will  increase  in 
order  to  keep  T  constant.  Thus  the  particle  will  go  about  its  helix  of  decreasing  radius 
with  greater  and  greater  speed  until  the  point  of  reflection  is  reached.  This  same 
conclusion  also  follows  from  (A-38)  and  (A-19),  since  if  B  increases,  must  also 
increase  in  order  to  keep  the  ratio  m  constant. 
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We  now  assume  that  both  E  and  B  are  different  from  zero.  We  also  assume  that  they 
are  independent  of  position  and  time.  The  complete  equation  of  motion  (A-1)  must 
then  be  used.  It  is  helpful  to  consider  it  in  stages. 

First  we  introduce  the  components  of  both  v  and  E  that  are  parallel  and  perpendicu¬ 
lar  to  the  direction  of  the  magnetic  induction.  Then  (A-1)  becomes 

d\,  ^  ^  , 

=  4'(E||  +  Ex +v_L  XB)  (A-40) 

since  V||  X  B  =  0.  This  yields  the  two  equations 

ds\\ 

mo—  =  ^E||  (A-41) 

d\ 

mQ— ^  +Vj^  XB)  (A-42) 

dt 


The  solution  to  (A-41)  is  given  by  the  parallel  parts  of  (A-6)  with  E||  replacing  E;  thus 
V||  is  unaffected  by  B. 

The  effect  of  the  remaining  portion  of  E  can  be  accounted  for  by  writing 

Vj.  =  +  v'  (A-43) 


where  will  be  chosen  in  a  way  that  we  will  soon  determine.  We  note  that  and  v' 
are  each  perpendicular  to  B.  Using  (A-43),  we  can  write  (A-42)  as 


Wo 


dy^ 


=  ^(Ej^  -HVp  X  B  +  v'  X  B) 


dt 


(A-44) 
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and  we  would  like  to  find  such  that 

E^+VoXB  =  0 


(A-45) 


We  can  solve  this  for  v^,  by  crossing  B  with  it  and  using  (1-30);  the  result  is 
B  X  -^B  X  (vo  X  B)  -  0  -  B  X  since  ■  B  =  0.  Thus  we  find  that 


B  X  E^  E^  XB 
\n= - ^ -  =  - 3 -  =  const. 


(A-46) 


Since  is  constant,  we  find  that  (A-44)  reduces  to 

dy' 

Wq—  =  X  B 


(A-47) 


which  is  exactly  of  the  form  of  the  second  equation  of  (A-11)  and  for  which  we  know 
the  complete  solution  from  the  last  section,  that  is,  a  circular  motion  like  that  of  Figure 
A-1. 

The  general  motion  in  the  simultaneous  presence  of  uniform  E  and  B  thus  is  the 
superposition  of  three  parts.  There  is  a  constant  acceleration  along  the  direction  of  B 
produced  by  E||.  There  is  a  constant  velocity  in  the  direction  of  E^  XB  and  hence 
perpendicular  to  B.  Finally,  there  is  the  circular  motion  about  the  axis  of  B  with  radius 
and  frequency  given  by  (A-12)  and  (A-13)  with  the  constant  speed  v'  replacing  v_^  .  The 
velocity  is  known  as  the  drift  velocity,  its  magnitude  is  E^/B  and  is  independent  of 
both  the  charge  and  the  mass  of  the  particle. 

For  simplicity,  we  will  concentrate  on  the  combined  drift  and  circular  motion,  that 
is,  on  the  projection  of  the  motion  on  the  plane  perpendicular  to  B;  and  are 
both  in  this  plane.  This  combined  motion  can  be  described  in  convenient  geometrical 
terms.  The  circular  motion  associated  with  v'  has  a  radius  rf  =  m^v'/qB  and  will  make 
one  complete  rotation  in  the  time  =  l^nm^/qB.  During  this  time,  the  guiding  center 
G  will  have  traveled  a  distance  d(^  =  Vjf^  =  lirm^E _^/qB^.  This  is  just  the  cir¬ 
cumference  of  a  circle  of  radius  r^  =  mQE_^/qB^  =  ^d/^C‘  Thus  the  motion  of  G 
corresponds  to  that  of  a  circle  of  this  radius  that  is  rolling  without  slipping  on  a 
horizontal  line  and  with  angular  velocity  as  illustrated  in  Figure  A-6.  Since  the 
circular  motion  described  by  v'  is  about  G,  we  see  that  the  net  motion  of  the  charge 
will  be  the  same  as  if  it  were  rigidly  fastened  to  the  rolling  circle  at  the  point  P  a 
distance  rf  from  the  center  G.  This  is  exactly  the  situation  that  produces  the  curve 
known  as  a  cycloid.  If  rf  =  then  P  is  on  the  periphery  of  the  circle  and  the  curve 
that  P  traces  out  is  the  ordinary  cycloid  shown  in  Figure  A-la,  If  rf  >  then  P  is 
outside  of  the  circle  and  produces  the  prolate  cycloid  of  {b)  of  the  figure,  while  if 


Figure  A-6.  Calculation  of  the  motion 
in  a  uniform  E  and  B. 
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Figure  A-7.  Possible  types  of  cycloidal  paths. 


'c  curve  is  the  curtate  cycloid  shown  in  (c).  From  our  previous  results,  we 

have 


^  ^  {mpy'/qB)  ^  ^  ^  ^ 
'‘a  (vd^cA'^)  E± 


(A-48) 


■  Example 


Rectangular  coordinates.  As  we  did  in  the  last  section,  let  us  verify  these  results  in  terms 
of  a  specific  coordinate  system.  We  assume  that  E  =  Ey  and  B  =  Bz.  Thus  E||  =  0  and 
will  be  constant;  we  choose  =  0  so  that  the  motion  is  confined  to  the  xy 
plane.  We  also  see  from  (A-46)  that  =  {E/B)x  in  this  case.  However,  let  us 

begin  anew  with  (A-1),  which,  for  these  fields,  yields  the  two  equations  of  interest: 


dv^ 

~di 


qB 

mQ 


(A-49) 


dv. 


dt 


q 

—  (F  -  Bv^)  =  -  ^d) 

mo 


(A-50) 


If  we  differentiate  (A-49)  and  substitute  from  (A-50),  we  obtain 


-Aciv^  -  vA 


which  has  a  solution 


f'x  =  ''d  +  (I'd*  -  Ufl)coswcr 


(A-51) 
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corresponding,  as  we  will  see,  to  choosing  =  0.  We  can  now  find  Vy  from  (A-49) 
and  (A-51): 

V  = - 17  =  -  sin (A-52) 

(0^  at 


Before  we  go  on  to  find  the  coordinates,  we  can  verify  that  these  results  for  the  velocity 
components  are  consistent  with  our  previous  ones.  The  components  of  v'  as  obtained 
from  (A-43)  are 

=  V„  v;  =  (A-53) 

so  that  (A-51)  and  (A-52)  can  also  be  written  as 

v'x  =  v'ox  COS  v; - v'o^  sin  u^t  v'^x  =  ^ox  “  Vp  (A-54) 


The  expressions  for  and  v'y  are  just  those  expected  for  a  velocity  v'  of  magnitude 
|v'|  =  v'  =  |uo;(|  rotating  in  a  clockwise  sense  with  angular  speed  as  in  Figure  A-6. 

We  can  find  the  particle  coordinates  by  integrating  (A-51)  and  (A-52),  and  evaluat¬ 
ing  the  constants  of  integration  in  terms  of  the  initial  position.  The  results  are 


•0  + 


(f'o.  -  Vd) 


sin  cc^t 


(A-55) 


y  =yo  + 


(vox  -  I’d) 


cos  CO, 


■r-l) 


(A-56) 


which  can  be  rearranged  as 


I’d,  ,  . 

X  =  Xo  +  —{(^cO - 


CO, 


sin 


,  (Vd-Vox),^  . 

y=yo+  - (1  -  cos 


These  are  in  the  usual  parametric  form  of  the  equation  of  a  cycloid  with  associated 
radii  =  \Ud  ~  ^ox\/^c  ~  ^'/^c  agreement  with  previous  results. 

An  interesting  special  case  arises  when  Vq^  =  for  then  (A-55)  and  (A-56)  become 
simply  X  =  Xq  -I-  v^t,  y  =  showing  that  the  particle  travels  in  a  straight  line  with 
constant  velocity  equal  to  the  drift  velocity  and  hence  is  otherwise  unaffected  by  the 
fields.  We  see  from  (A-45)  that  this  occurs  because,  with  this  initial  velocity,  the  net 
force  is  zero  and  remains  so  since  there  is  no  acceleration  to  change  v  from  its  initial 
value  of  v^.  We  note  that  this  straight  line  motion  is  independent  of  either  q  or  Wq.  In 
this  sense,  this  field  combination  acts  as  a  velocity  selector  since  all  particles  traveling 
horizontally  must  have  the  same  definite  velocity  v^.  ■ 


Example 

Magnetron.  This  is  an  example  of  a  case  in  which  B  is  uniform  but  E  is  not.  (See  Figure 
A-8.)  The  system  consists  of  two  coaxial  conducting  cylinders  of  radii  a  and  b  with  a 
uniform  induction  B  parallel  to  the  axis.  There  is  a  potential  difference  between  the 
cylinders  so  that  a  radial  field  E  is  produced.  Suppose  a  charge  q  is  introduced  at  the 
surface  of  the  inner  cylinder.  The  field  E  will  accelerate  it  toward  the  outer  cylinder. 
Because  of  the  B,  however,  the  path  will  be  curved  and  the  particle  may  be  turned  back 
before  it  can  reach  the  outer  cylinder.  In  this  case  there  will  be  no  current  between  the 
cylinders.  For  a  smaller  B,  the  charge  q  can  reach  the  plate  and  there  will  be  a  current. 
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Thus  a  knowledge  of  the  conditions  for  the  transition  between  no  current  and  current 
will  enable  one  to  use  this  device  to  measure  B.  (In  an  actual  magnetron,  the  inner 
cylinder  is  a  heated  filament  and  the  particles  that  are  produced  are  electrons  of  charge 
-e.  It  is  just  as  easy  to  analyze  this  problem  for  an  arbitrary  charge  q,  however.) 

The  variation  of  both  E  and  <j)  with  position  can  easily  be  found  by  using  Gauss’  law 
(4-1)  or  the  general  expression  (11-141).  As  we  will  see,  we  actually  do  not  need  to 
know  these  details.  Since  B  does  no  work  on  the  charge,  the  energy  conservation 
expression  (A-9)  is  applicable.  If  we  use  cylindrical  coordinates  and  note  that  ^  =  *p(p), 
by  symmetry,  (A-9)  can  be  written  as 

-mo{v^  +  vl)  +  q<t>(p)  =  -«o 


dl 


+ 


dt 


+  q<S>{p)  =  const.  (A-57) 


where  the  velocity  components  can  be  found  from  (1-82).  The  constant  can  be 
evaluated  by  setting  p  =  a;  if  we  assume  that  the  particle  is  produced  at  the  inner 
cylinder  with  negligible  velocity,  its  kinetic  energy  is  zero  and  the  constant  in  (A-57)  is 
just  q<t>ia)  and  we  have 


+  ?<l>(p)  =  d4>{a) 


(A-58) 


We  want  the  condition  that  the  particle  just  misses  the  outer  cylinder  at  p  =  ^.  If 
this  is  the  case,  its  path  will  be  tangent  to  the  surface  of  the  cylinder  so  that 
Vp(b)  =  (dp/dt)f,  =  0  and  (A-58)  gives 


—  [<i>(a)  - 
mo 


2q^<t> 

rriQ 


(A-59) 


We  can  get  another  expression  for  the  quantity  on  the  left  by  turning  to  the  equation  of 
motion. 

With  V  =  Upp  +  E  =  £p,  and  B  =  Bz,  we  find  with  the  use  of  (1-76)  and  a 
result  from  kinematics  that  the  9  component  of  (A-1)  is 


rt _  _L  0  1 

1 

dt^  ^ 

\  dt  1 

dp 

-qBv,-  -qB— 
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If  we  multiply  both  sides  of  this  by  p,  we  find  that  it  can  be  written  as 


d 

~dt 


d 

-qBpv,=  -qB- 


(A-60) 


In  this  form,  it  is  perhaps  more  familiar.  The  term  in  brackets  on  the  left-hand  side  is 
the  angular  momentum  of  the  particle  about  the  z  axis,  while  the  middle  expression  is 
the  z  component  of  the  torque  as  found  from  r  X  f  =  pp  X  q[Ep  +  (t?pp  +  x  Bz] 
using  (1-76)  again.  Equating  the  first  and  third  expressions  of  (A-60),  we  can  integrate 
the  result  to  obtain 


d(p  qB 

—  H - —  const. 

dt  2m 


0 


(A-61) 


We  can  evaluate  the  constant  by  considering  the  initial  situation  at  the  inner  cylinder 
p  =  a.  Since  we  have  assumed  the  particle  to  originate  with  negligible  velocity,  we  have 
(d(p/dt)^  =  0  and  the  constant  equals  {qB/2mQ)a^  so  that  (A-61)  becomes 


d^ 

~dt 


3L 

Im, 


{A-61) 


We  note  that  since  p  >  a,  d^)/dt  is  negative  for  ^  >  0,  which  agrees  with  the  path 
shown  in  Figure  A-8. 

If  we  now  set  p  =  />  in  (A-62),  we  obtain 


\  dt 


2m, 


{b^~a^) 


If  we  solve  this  for  {dq>/dt)^  and  substitute  the  result  in  (A-59),  we  find  that 

.  (A.63) 

which  relates  the  value  of  B  to  the  value  of  the  potential  difference  A<f>  for  which  the 
current  between  the  cylinders  just  vanishes.  ■ 
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Although  a  magnetic  induction  that  is  constant  in  time  does  no  work  on  a  charged 
particle,  a  time-varying  one  can  do  so  by  means  of  the  induced  emf  described  by 
Faraday’s  law.  This  fact  has  been  used  as  the  basis  for  the  charged  particle  accelerator 
known  as  the  betatron;  the  name  arises  because  it  was  originally  used  to  produce 
electrons  of  large  kinetic  energy  and  thus  they  were  similar  to  the  beta  particles  of 
radioactivity. 

The  essential  features  of  this  device  are  shown  in  Figure  A-9.  A  particle  is 
constrained  to  move  in  a  circle  of  radius  R  that  encloses  a  cylindrically  symmetric 
induction  B  =  B^z,  which  is  normal  to  the  plane  of  the  orbit.  The  induction  B  is  varied 
in  time  so  that  the  work  done  on  the  particle  in  each  complete  circuit  equals  its  charge 
times  the  induced  emf  given  by  (17-6)  as 


ind 


~dt 


=  —ttR^ 


d(B,} 

dt 


(A-64) 


where  {B^)  is  the  average  value  of  the  induction  over  the  area  enclosed  by  the  orbit. 
Because  of  the  cylindrical  symmetry  we  can  write  E  =  £^9  and  the  integral  becomes 


544  MOTION  OF  CHARGED  PARTICLES 


dt 


(A-65) 


and  it  will  produce  a  tangential  force  of  magnitude 


4  =  =  2^^ 


1  d{B,) 


dt 


=  m 


^  dt 


(A-66) 


We  require  that  the  particle  be  constrained  to  move  in  a  circle  of  fixed  R.  This  can 
be  done  with  an  induction  normal  to  the  plane  of  the  orbit  and  with  a  value  this  is 
known  as  the  “guiding  field.”  The  required  value  of  can  be  obtained  from  (A-12) 
and  is  =  {fn^v^/qR)  since  v^  =  Vj^  in  this  case.  Since  is  changing  by  (A-66), 
must  be  changing  as  well  in  order  to  keep  R  constant,  and  we  find  that  it  is  necessary 
that 


^  ^0 

dt  qR  dt 


(A-67) 


When  we  eliminate  m^idu^/dt)  between  (A-66)  and  (A-67),  we  find  that  we  must  have 
(dBf^/dt)  =  ^{d(B^)/dt),  which  leads  to 


\{^z)  +  const.  (A-68) 

which  is  known  as  the  betatron  condition  and  must  be  satisfied  at  all  times  if  the 
betatron  is  to  work.  Normally,  the  two  fields  Bj^  and  (5^)  are  changed  simultaneously 
with  both  starting  from  zero.  In  that  case,  the  constant  in  (A-68)  must  be  zero  and  the 
condition  simplifies  to  Bj^=  \{B^).  In  other  words,  the  induction  at  the  particle 
position  must  always  equal  one  half  the  average  induction  enclosed  by  the  circular 
orbit. 


EXERCISES 


A-1  At  /  =  0,  a  particle  is  at  the  origin  with 
initial  velocity  Vq  =  and  enters  a  region  of 
uniform  electric  field  E  =  fy.  Find  the  equation 
of  its  path  and  its  deflection  d  from  the  x  axis 
after  it  has  gone  a  distance  D  along  x.  Find  the 
angle  a.  made  by  v  with  the  x  axis  at  this  point. 


A-2  A  particle  moves  in  two  dimensions  in  a 
region  where  the  scalar  potential  is  - 

y^)  where  ^  is  a  constant  with  the  same  sign  as  q. 
At  r  =  0,  the  particle  is  at  rest  at  (xq,  y^).  Find  x 
and  y  for  subsequent  times  and  sketch  the  re¬ 
sultant  path  of  the  particle. 
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A-3  Suppose  that  B  =  0  for  the  system  of  coaxial 
cylinders  of  Figure  A-8.  Show  that  circular  orbits 
are  possible  when  A4>  ^  0.  Evaluate  the  kinetic 
energy  and  show  that  it  is  independent  of  the 
radius  of  the  circular  orbit. 

A-4  A  charged  particle  is  traveling  horizontally 
with  speed  Vq  when  it  enters  a  region  of  uniform 
B  directed  vertically  downward.  Find  the  deflec¬ 
tion  d  from  its  original  direction  of  travel  when 
the  projection  of  its  position  on  its  original  direc¬ 
tion  is  D  where  D  ^ 

A-5  In  one  type  of  mass  spectrometer  a  particle 
of  charge  q  is  produced  at  rest  and  then  accel¬ 
erated  through  a  potential  difference  It  then 
enters  a  region  of  uniform  B,  which  is  perpendic¬ 
ular  to  its  velocity.  After  traveling  a  semicircle, 
the  particle  strikes  a  detector  at  a  distance  D 
from  its  point  of  entrance.  Find  an  expression 
from  which  the  mass  Wg  can  be  found  in  terms  of 
the  quantities  given. 

A-6  Suppose  that  Figure  A-4  shows  the  xz  plane 
with  B  along  the  positive  z  axis  and  P  is  the 
origin.  Find  the  position  vector  of  the  guiding 
center  of  this  motion  as  a  function  of  t. 

A-7  Suppose  particles  of  the  same  niQ,  and 
Uq  are  projected  from  P  in  Figure  A-4  over  a 
range  of  angles  9q  -  A9  <  6  <  9q  +  A9.  Their  fo¬ 
cal  points  Q  will  vary  over  a  corresponding  range 
of  position  A/.  Find  A/  and  the  ratio  AI/Iq 
where  Iq  is  the  focal  length  for  the  central  angle 
9q.  What  is  the  largest  allowable  value  of  A^  if 
^0  =  10°  and  the  spread  A I  is  required  to  be  less 
than  5  percent  of  /g? 

A-8  After  being  accelerated  through  a  potential 
difference  of  100  volts,  a  beam  of  electrons  spreads 


out  into  a  cone  of  very  small  angle.  A  long  ideal 
solenoid  of  10  turns  per  centimeter  has  its  axis 
aligned  with  the  axis  of  the  cone.  What  current 
will  be  required  in  the  solenoid  in  order  to  refocus 
the  electrons  within  a  distance  of  10  centimeters? 

A-9  Suppose  that  charged  particles  are  pro¬ 
duced  with  negligible  velocity  at  one  plate  of  a 
parallel  plate  capacitor  of  plate  separation  d. 
There  is  a  potential  difference  A<^>  between  the 
plates  and  a  uniform  induction  B  is  parallel  to  the 
plates.  Show  that  there  will  be  no  current  between 
the  plates  if  A^  is  less  than  \(q/^(i)B^d^- 
A-10  The  curves  of  Figure  A-7  were  drawn  on 
the  assumption  that  q  was  positive.  What  changes, 
if  any,  will  there  be  in  this  figure  if  E  ^  and  B  are 
unchanged  but  q  is  negative? 

A-11  At  /  =  0,  a  charged  particle  at  the  origin 
has  a  velocity  VqZ.  It  is  in  the  presence  of  parallel 
uniform  fields  E  =  Ex  and  B  =  Bx.  Find  the 
coordinates  x  and  y  when  the  particle  has  reached 
one  half  of  its  maximum  value  of  z  for  the  first 
time. 

A-12  A  charged  particle  is  in  a  region  of  uni¬ 
form  B  and  is  also  subject  to  a  uniform  gravita¬ 
tional  field  so  that  the  gravitational  force  on  it  is 
mgg.  Show  that  it  has  a  drift  velocity  equal  to 
"*o(g±  xB)/qB^.  (Note  that  this  drift  velocity 
depends  on  the  charge  to  mass  ratio  of  the  par¬ 
ticle.) 

A-13  At  /  =  0,  a  charged  particle  at  the  origin 
has  a  velocity  Vg  =  There  is  a  uniform  electric 
field  E  =  £’y  present.  Solve  the  relativistic  equa¬ 
tion  of  motion  (29-105)  to  find  the  coordinates  for 
later  times.  Verify  that  for  small  values  of  /,  the 
path  of  the  particle  is  approximately  a  parabola. 


B _ 

ELECTROMAGNETIC 
PROPERTIES  OF  MATTER 


We  have  described  the  overall  effects  of  the  presence  of  matter  on  electromagnetic  fields 
in  terms  of  parameters  such  as  the  electric  susceptibility  Xe-  ^  purely  macroscopic 
point  of  view  such  parameters  are  assumed  to  be  characteristic  of  a  given  material  and 
their  numerical  values  are  to  be  determined  from  experiment.  In  other  words,  the 
formulation  of  the  electromagnetic  field  that  we  have  obtained  does  not  attempt  to 
predict  their  values.  The  observed  fact  that  different  materials  have  different  values  of 
these  quantities  indicates  that  they  depend  on  the  details  of  the  microscopic  structure  of 
the  material,  that  is,  on  the  atomic  and  molecular  properties  of  its  constituents  as  well 
as  on  its  state  of  aggregation,  whether  solid,  liquid,  or  gas. 

In  this  appendix  we  consider  some  of  the  principal  features  that  are  involved  in  a 
microscopic  approach;  we  have  already  seen  an  example  of  this  in  our  brief  discussion 
of  conductivity  in  Sections  12-5  and  24-8.  Whole  books  can  be,  and  have  been,  written 
on  these  general  subjects  so  that  we  will  necessarily  be  very  limited  in  what  we  can  do. 
In  particular,  while  quantum  mechanics  is  the  appropriate  way  of  dealing  with  atoms 
and  molecules,  we  can  get  sufficiently  good  results  by  using  classical  mechanics  to 
investigate  the  mechanical  response  of  a  collection  of  interacting  charged  mass  points 
to  an  apphed  electromagnetic  field.  The  results  we  will  obtain  in  this  way  will  not  be 
completely  accurate  in  all  details,  but  are  surprisingly  good  and  will  give  us  an 
adequate  understanding  of  what  is  going  on. 


B-1  STATIC  ELECTRIC  PROPERTIES 

We  want  to  evaluate  the  electric  susceptibility  Xe  defined  in  (10-50)  for  linear  isotropic 
materials  by 

P  =  X.^oE  (B-1) 

This  shows  that  we  have  to  calculate  the  electric  dipole  moment  per  unit  volume  P.  In 
turn,  P  will  be  related  to  the  average  dipole  moment  of  the  molecules  within  the 
volume. 

At  the  beginning  of  Section  10-1,  we  discussed  the  possibility  that  a  material  could 
become  polarized  by  the  production  of  an  induced  dipole  moment.  This  induced 
moment  arises  when  an  electric  field  applied  to  a  neutral  molecule  with  no  permanent 
dipole  moment  shifts  the  positions  of  the  positive  and  negative  charge  distributions 
with  respect  to  each  other.  The  relative  shift  is  finite  because  the  electrostatic  forces  on 
the  charges  will  be  opposed  by  internal  forces  within  the  molecule  and  a  new  state  of 
mechanical  equilibrium  will  be  attained. 

To  be  specific,  let  us  consider  a  neutral  molecule  constructed  from  n  atoms.  The  iih 
atom  has  a  positive  nucleus  of  charge  Z^e  together  with  Z-  electrons  each  of  charge  -  e 
where  Z^  is  the  atomic  number.  The  total  number  of  electrons  will  therefore  be 
Z,  =  Zi  +  Zj  +  . . .  +  Z^.  If  we  let  r,  be  the  position  vector  of  the  /  th  nucleus  and  Tj 
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that  of  the  y  th  electron,  the  total  dipole  moment  as  found  from  (8-19)  is 

P  =  E  -  e  E  (B-2) 

J=l 

Since  the  molecule  has  no  monopole  moment,  we  know  from  (8-43)  that  we  can  use  any 
convenient  origin  for  our  coordinate  system,  for  example,  one  at  the  center  of  mass;  for 
a  monatomic  molecule,  we  could  choose  the  origin  at  the  location  of  the  nucleus  so  that 
the  first  term  of  (B-2)  would  be  zero.  Since  the  charges  can  be  assumed  to  be  moving, 
the  electrons  in  particular  traversing  some  “orbits,”  p  can  be  a  complicated  function  of 
time.  We  are,  however,  concerned  here  only  with  time  average  values,  so  that  our 
interest  is  really  in 

(P)  =llZ,e(T,}  -  e'Zirj)  (B-3) 

i  i 

so  that 

P  =  A'(p)  (B-4) 

where  N  is  the  number  of  molecules  per  unit  volume. 

If  we  let  values  in  the  absence  of  an  applied  field  be  designated  by  the  subscript  zero, 
we  can  write  (B-3)  as 

Po  =  <P>o  =  E  Z,e<r,>0  -  eE  (rjE 

I  J 

If  0,  the  molecule  has  a  permanent  moment,  while  if  Pq  =  0  it  does  not  and  P  as 
given  by  (B-4)  can  arise  only  from  induced  moments.  For  example,  in  a  monatomic 
molecule,  we  can  assume  the  electron  charge  distribution  to  be  spherically  symmetric 
about  the  nucleus.  Thus,  if  we  choose  the  origin  at  the  nucleus,  we  can  take  (r,>q  =  0 
and  then  (r  )o  will  be  zero  also  because  positive  and  negative  values  of  Xj,  yj,  Zj  will  be 
equally  likely  so  that  {xj)^  =  {yj)o  =  <z^)o  =  0.  The  result  will  be  that  =  0  as  we 
expect. 

In  the  presence  of  a  polarizing  field  we  can  expect  each  (r)  to  be  different  from  (r)o. 
Since  the  shift  arises  from  the  balance  between  an  electrostatic  force  and  an  internal 
mechanical  “restoring”  force  F^,  we  can  write 

F„et  =  0  =  (B-6) 

for  the  new  equilibrium  situation  for  any  charge  q  as  we  did  in  (2-9).  In  (B-6),  is  the 
“effective”  or  “polarizing”  electric  field  that  is  producing  the  displacement  of  the 
charges.  [It  is  sometimes  called  the  local  field,  but  we  have  already  used  this  after 
(10-70)  to  refer  to  the  field  produced  by  the  bound  charges.]  It  is  not  necessarily  equal 
to  the  macroscopic  average  field  E  in  the  material  since  the  molecule  in  question  is  itself 
contributing  to  E;  we  return  to  this  point  shortly. 

Since  is  to  describe  some  sort  of  restoring  force,  we  expect  it  to  be  a  function  of 
the  displacement  «r>  -  (r)^)  and  also  that  F^(0)  =  0.  Furthermore,  the  displacement 
is  not  expected  to  be  large  so  that  it  is  appropriate  to  expand  F^  in  a  power  series  in  its 
argument  and  keep  only  the  first  term;  this  gives  us 

Fj<r>  -  <r)o)  =  -  <r>o)  (B-7) 

where  K  is  an  effective  “spring  constant”  for  this  charge  q.  Substituting  (B-7)  into 
(B-6),  we  obtain 

(r)  -  <r)o  =  |e,  (B-8) 

If  we  now  substitute  this  into  (B-3),  using  the  appropriate  charge  in  each  case,  and  then 
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use  (B-5)  along  with  our  assumption  that  pg  =  0,  we  find  that  the  average  induced 
dipole  moment  is 


<P> 


_  ^2 


K 


E.  = 


(B-9) 


and  is  linearly  proportional  to  the  polarizing  field  E^.  The  constant  of  proportionality  a 
is  called  the  polarizability.  [We  recall  that  in  (11-112)  we  found  a  similar  result  for  the 
grounded  conducting  sphere  when  in  a  previously  uniform  field.]  We  see  that  when 
(B-9)  is  substituted  into  (B-4),  the  polarization  will  be  proportional  to  the  inducing  field 
as  expected  for  a  linear  isotropic  material. 

The  polarizability  in  (B-9)  is  expressed  in  terms  of  sums  involving  the  various 
“spring  constants’^  of  the  molecule.  We  can  also  get  a  crude  estimate  of  its  value  in  a 
somewhat  different  manner  as  follows.  Let  us  consider  a  single  atom  and  assume  that 
the  electron  charge  distribution  is  not  only  spherically  symmetric  but  uniform 
throughout  a  sphere  of  radius  a.  We  further  assume  that  the  effect  of  the  field  E  is  to 
shift  the  negative  charge  distribution  rigidly  with  respect  to  the  nucleus  so  that  the  final 
result  is  a  relative  displacement  I  between  their  centers  as  shown  in  Figure  B-1.  Then 
the  induced  dipole  moment  will  be  <p)  =  (Ze)l  by  (8-44).  The  nuclear  charge  Ze  can 
then  be  considered  to  be  in  equilibrium  under  the  influence  of  E^  and  the  electric  field 
at  the  surface  of  the  sphere  of  uniform  negative  charge  of  radius  /.  Equating  E  to  the 
magnitude  of  this  field  as  given  by  (4-21),  we  get  £  -  {Ze)l/4iT^Qa^  =  and 
therefore  (p)  =  Zel  =  ^Tri^a^Ep.  Thus  the  polarizability  is 


a  =  47reofl^  (B-10) 

and  is  proportional  to  the  volume  of  the  atom.  [We  note  that  (B-10)  is  the  same  as  was 
found  for  the  conducting  sphere  in  (11-113).] 

Now  we  turn  to  the  problem  of  evaluating  the  polarizing  field  E^.  We  assume  the 
material  to  be  homogeneous  as  well  as  linear  and  isotropic.  We  want  the  total  electric 
field  at  the  location  of  the  molecule  except  for  that  arising  from  the  molecule  itself.  If 
we  think  of  the  usual  case  of  a  material  in  a  capacitor,  the  field  E^  will  have 
contributions  from  the  free  charges  on  the  plates,  the  bound  surface  charges  on  the 
dielectric  boundaries,  and  from  all  of  the  rest  of  the  dipoles  in  the  material.  Thus  we 
can  write 


E^  =  E^+Ej  +  Efl  (B-11) 

[If  we  assume  no  free  charge  within  the  dielectric,  there  is  no  bound  volume  charge 
density  either  by  (10-58);  the  charges  contributing  to  E^  and  E*  are  illustrated  for  a 
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parallel  plate  capacitor  in  Figure  10-6.]  Now  we  know  that  the  macroscopic  average 
field  is  produced  by  the  free  and  bound  surface  charges  only  so  that  is  actually 

E  so  that  we  can  write 

Ep  =  E  +  E^  (B-12) 

The  dipole  moment  of  each  of  the  remaining  dipoles  contributes  to  E^.  If  we  are  very 
far  from  the  molecule  in  question,  the  dipoles  will  appear  to  it  to  be  continuously 
distributed  so  that  it  would  be  appropriate  to  describe  them  in  terms  of  the  uniform 
dipole  moment  per  unit  volume  P.  On  the  other  hand,  the  other  dipoles  that  are  very 
close  on  a  microscopic  scale  will  appear  as  discrete  dipoles  located  at  specific  points;  in 
other  words,  they  cannot  be  treated  as  a  continuous  distribution.  This  suggests  that  if 
we  draw  a  sphere  of  some  appropriate  radius  R  about  the  point  in  question,  we  can 
divide  space  into  two  regions — outside  the  sphere,  the  dipoles  will  be  described  by  P 
and  will  contribute  E^  to  E^,  while  inside  the  sphere,  we  treat  them  as  individuals  and 
their  contribution  to  E^,  will  be  written  as  E;^.  Thus  (B-12)  becomes 

E^  =  E  +  Eo  +  E,  (B-13) 

Figure  B-2  shows  this  hypothetical  sphere.  It  is  evident  that  the  proper  value  for  R  is 
not  unique  since  the  distinction  between  “continuous”  and  “discrete”  distributions  is 
somewhat  fuzzy;  on  the  other  hand,  a  reasonable  value  for  R  can  be  decided  upon.  For 
the  material  outside  the  sphere,  =  0  by  (10-58),  and  we  see  that  it  is  completely 
equivalent  only  to  the  bound  surface  charges  on  the  surface  of  the  sphere  arising  from 
the  discontinuity  of  P  there.  The  surface  density  of  these  bound  charges  can  be  found 
from  (10-8)  as  <t^  =  P  ■  n'  =  Pcosd'.  This  is  exactly  the  surface  charge  density  of 
(10-27)  that  is  illustrated  in  Figure  10-9.  The  field  produced  by  it  was  found  to  have  the 
magnitude  P/3eo  in  (10-37)  and  we  see  from  the  signs  of  the  charge  distribution  of 
Figure  B-2  that  it  will  have  the  same  direction  as  P.  Thus  E^  =  P/3to  (B-13) 
becomes 

=  E  +  T  +  (B-14) 

36o 


Figure  B-2.  Hypothetical  spherical  cavity  used  to  calculate  the 
electric  field  due  to  the  polarized  material  outside  of  it. 
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In  the  most  general  situation,  can  be  different  from  zero,  but  we  will  confine 
ourselves  to  the  large  number  of  cases  for  which  E,  =  0.  Let  us  see  how  this  can  occur. 
Equation  8-84  gives  the  electric  field  produced  by  a  point  dipole  located  at  the  origin. 
If,  instead,  the  dipole  is  located  at  a  point  with  respect  to  the  origin  chosen  at  the 
center  of  our  sphere,  we  can  replace  r  in  (8-84)  by  -r^  so  that  the  contribution  of  to 
the  field  at  the  center  will  be 


E, 


1 

4’1-eo 


3(p,t  •  rjf/i 


(B-15) 


When  we  sum  (B-15)  over  all  the  dipoles  within  the  sphere,  we  get  E^.  Doing  this,  and 
noting  that  in  a  uniformly  polarized  material  all  molecules  have  the  same  average 
dipole  moment,  we  can  let  p^  =  (p)  and  we  get 


E,= 


4^0 


/  \  V  ^  I  T  ((P)  ’ 

(p}L-j+^L - 13 - 


(B-16) 


The  a:  component  of  this  is 


-(/’.)  E  A  +  Hp.)  E  5-  +  E  ^  +  3<  A>  E 


ZlX 


(B-17) 


If  the  dipoles  are  distributed  isotropically,  then  for  every  molecule  with  coordinates 
(x,  y,  z)  there  will  be  one  with  coordinates  (  — x,  -y,  -z)  or  (-x,  z)  and  so  on. 
Since  there  will  actually  be  a  large  number  of  molecules  within  the  sphere,  the  terms  in 
the  last  two  sums  will  be  positive  and  negative  with  equal  likelihood  for  a  given 
magnitude  of  so  that 


ZuX 


k-^k 


=  0 


Similarly,  for  a  given  the  squares  of  the  coordinates  will  appear  with  equal 
likelihood  so  that  on  the  average  (x^)  =  {yl)  =  (z^)  and  =  (x^)  -P  {yl)  +  {z^> 
=  3(x^).  Since  this  will  be  true  for  each  when  we  sum  up  over  the  large  number  of 
molecules,  we  get 


so  that  (B-17)  becomes  =  0.  Similar  results  will  be  obtained  for  the  y  and  z 
components.  Thus  E,  =  0  and  (B-14)  becomes  simply 


(B-18) 


The  reasoning  that  led  us  from  (B-16)  to  (B-18)  would  be  applicable  if  the  dipoles  were 
distributed  on  a  simple  cubic  lattice.  Similarly,  E^  would  be  zero  if  the  positions  of  the 
dipoles  were  completely  random  as  would  be  the  case  in  a  liquid  or  a  gas.  Hence  there 
are  a  great  many  situations  for  which  we  can  expect  (B-18)  to  be  suitable. 

If  we  now  combine  (B-18),  (B-9),  and  (B-4),  we  find  that 


P  =  Na 


E  -h 


0  / 


(B-19) 


so  that  when  we  solve  this  for  P  and  use  (B-1)  we  find  that 


{^0‘Ao) 

1  -  (7Va/3eo) 


(B-20) 
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which  relates  the  macroscopic  susceptibility  to  the  microscopic  polarizability  a  and  to 
the  number  density  N.  Conversely,  if  we  write  Xe  ^  ~  ^  (10-52)  and  solve  (B-20) 

for  a,  we  get 


3to(ic,  -  1) 
iV(K,  +  2) 


(B-21) 


which  is  known  as  the  Clausius-Mossotti  relation.  Since  a  is  a  constant,  (B-21)  tells  us 
that  if  we  vary  the  density  of  the  material  the  dielectric  constant  will  also  vary  in 
such  a  way  that  the  quantity  on  the  right-hand  side  will  remain  constant.  On  the  other 
hand,  one  can  use  measured  values  of  to  evaluate  a;  if  this  is  then  combined  with 
(B-10),  one  can  find  the  atomic  radius  a.  Values  of  a  obtained  in  this  manner  agree 
reasonably  well  with  those  obtained  by  other  means. 

Now  let  us  suppose  that  the  molecule  has  a  permanent  dipole  moment,  that  is,  po  of 
(B-5)  is  different  from  zero.  We  also  considered  this  possibility  in  Section  10-1  and 
concluded  that,  in  the  presence  of  a  field,  the  torque  on  described  by  (8-75)  will  tend 
to  align  the  permanent  dipoles  in  the  direction  of  the  field.  This  tendency  will  be 
opposed  by  randomizing  processes  like  colhsions  associated  with  temperature  agitation 
of  the  molecules.  In  the  final  equilibrium  state,  however,  we  still  expect  there  to  be  a  net 
dipole  moment  in  the  direction  of  so  that  (p)  #  0,  but  we  also  expect  that  (p)  <  po- 
In  such  a  case,  (p)  can  also  be  expected  to  have  a  dependence  on  the  absolute 
temperature  T,  and  this,  in  turn,  will  make  the  susceptibility  depend  on  temperature  in 
addition  to  any  variation  associated  with  a  change  in  the  number  density  N  with  T. 

In  order  to  find  the  average  dipole  moment  for  equilibrium  conditions  at  a  given 
temperature,  we  must  involve  a  result  from  statistical  mechanics  that  says  that  the 
probability  of  finding  a  system  in  a  given  quantum  state  of  energy  is  given  by 

(B-22) 


where  p  =  1/kT  and  k  is  Boltzmann’s  constant  equal  to  1.38  X  10“^^  joule/K.  The 
denominator  given  in  (B-22)  is  needed  so  that  the  total  probabihty  of  finding  the 
system  in  some  state  is  unity,  that  is,  so  that  =  1. 

If  i//  is  a  dynamical  variable  of  interest  whose  value  in  the  mth  state  is  then  its 
average  value  will  be  given  by  the  usual  definition  of  an  average  as 


(4')  =  ==  (B-23) 

m 


Strictly  speaking,  (B-22)  and  (B-23)  apply  to  the  quantum  slates  of  a  single  system  of 
interest.  It  can  be  shown  that  if  the  system  consists  of  a  collection  of  independent,  or 
nearly  independent,  molecules,  then  these  results  can  also  be  applied  to  a  single 
molecule  where  is  now  the  energy  of  a  molecule  and  (»//)  is  the  average  value  for  a 
given  molecule.  Furthermore,  it  can  also  be  shown  that  in  the  limit  where  classical 
mechanics  is  applicable,  the  sum  in  (B-23)  can  be  replaced  by  integrals  over  the 
momentum  components  and  position  coordinates.  Thus,  in  rectangular  coordinates, 
(B-23)  would  become 


e  du^  dVy  dv^  dx  dy  dz 


je  dv^  dVy  dv^  dx  dy  dz 


(B-24) 
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since  dp^  =  dim^v^)  =  m^du^,  and  so  on,  and  the  factors  ml  would  cancel  from  the 
numerator  and  denominator.  The  integrals  will  generally  be  sixfold  integrals  with 
appropriate  limits  of  integration,  and,  in  order  to  use  (B-24),  we  need  to  know  both  W 
and  \p  as  function's  of  (tJ^,  v^,  u^,  x,  y,  z).  [For  example,  if  we  were  dealing  with  an  ideal 
gas  in  which  interactions  between  the  molecules  could  be  neglected,  then  fV  would  be 
simply  the  kinetic  energy  given  by  (A-8)  as  so  that  (B-22)  would  give 

dVj^  dVy  dv^  dx  dy  dz,  which  is  the  familiar  Maxwell  velocity  distribution  func¬ 
tion.] 

In  general,  W  will  include  potential  energy  as  well  as  kinetic  energy.  Of  particular 
interest  to  us  here  is  the  interaction  or  orientational  energy  of  a  dipole  in  an  applied 
electric  field;  this  is  obtained  from  (8-73)  as  —PqE^cosO  since  now  we  are 

dealing  with  a  permanent  dipole  po  in  a  polarizing  field  and  the  angle  between  them 
is  now  being  written  as  0.  Then  if  we  let  W'  be  all  of  the  rest  of  the  energy,  we  can 
write 


W  =  W'  -  p^Ep  cos  B  (B-25) 

and  assume  W'  to  be  independent  of  B.  The  quantity  we  are  interested  in  here  is  the 
component  of  pg  in  the  direction  of  so  we  let  4'  =  Po  cos  B.  If  we  write  the  volume 
element  as  dxdydz  =  ^inB  dr  dB  d^  and  insert  p^co^B  into  (B-24),  we  see  that  the 
integrals  involving  W',  r,  <p,  and  each  component  of  v  will  cancel  from  the  numerator 
and  denominator  and  we  will  be  left  with 


{PqCO^B)  =  - jw 


(  p^QOsBe^^^^p^^^  ^mB dB  p^pe^^^^p^  dp 
‘'o _ _ 

•'0 


with  the  use  of  (2-22).  Finally,  if  we  let 


y  =  PPoEr 


PqE, 

kT 


we  can  write  (B-26)  as 


d  /•! 

{p^cosB)  =  pf,--\n  \  e>''^dp  = 

dy  *'-1 


d  I  2  sinh  y 

PoJ-  In  - 

dy  \  y 


=  PqE 


PpEf 

kT 


where 


1 

L{y)  =  coth  y - 

y 


(B-26) 


(B-27) 


(B-28) 


(B-29) 


is  called  the  Langevin  function  and  measures  the  ratio  of  the  actual  average  component 
of  Po  to  its  maximum  value  pQ.  The  function  L(y)  is  shown  as  a  function  of  y  in 
Figure  B-3.  We  see  that  L{y)  ^  1  as  y  becomes  very  large,  that  is,  for  large  polarizing 
fields  and/or  very  low  temperatures.  In  this  case  (pqCosB)  ^  pQ,  which  corresponds 
to  almost  complete  ahgnment  of  the  permanent  dipoles  with  the  polarizing  field.  The 
material  is  then  said  to  be  saturated. 

The  general  behavior  of  (pqCOsB)  is  therefore  not  linear  in  E^  as  we  might  have 
expected.  For  very  small  values  of  y,  corresponding  to  small  E^  and/or  high  tempera¬ 
ture,  we  can  expand  L(y)  in  a  power  series  and  we  find  that 


L(y)  ...  -  - 

\y  3  45  y 


{y  «  1) 


(B-30) 


Combining  this  with  (B-28),  (B-27),  and  (B-4),  we  find  the  magnitude  of  the  polariza- 


B-1  STATIC  ELECTRIC  PROPERTIES 


553 
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Figure  B‘3.  The  Langevin  function. 


tion  to  be 

Np^ 

P  =  N(p^^  cos  =  —£^ 
which  is  linear  in  E  .  The  corresponding  polarizabiHty  is 


= 


Po 

3kT 


(B-31) 


(B-32) 


and  is  inversely  proportional  to  the  temperature.  The  result  (B-31)  is  known  as  Curie's 
law  for  dielectrics. 

We  can  make  some  numerical  estimates  to  see  whether  (B-30)  is  a  reasonable 
approximation.  The  value  of  Pq  will  be  typically  of  the  order  of  magnitude  of  the 
electronic  charge  times  some  fraction  of  the  radius  a  of  a.  molecule.  Since  a  is  of  the 
order  of  10“^°  meter,  we  get  p^  ==  coulomb-meter.  At  temperatures  around  room 
temperature  {T  290  K),  we  find  that  y  ^  1  provided  that  kT/p^  -  10^ 

volts/meter.  Since  this  is  a  very  large  field,  we  see  that  (B-31)  is  generally  a  very  good 
approximation. 

Under  these  same  conditions,  the  polarizability  as  found  from  (B-32)  is  ~  10 
farad-(meter)^.  The  polarizabiHty  associated  with  induced  polarization  given  by  (B-10) 
is  found  to  be  a  =  10"*®  farad-(meter)^  so  that  these  quantities  are  of  comparable 
magnitude.  Consequently,  for  polar  molecules,  it  is  appropriate  to  speak  of  a  total 
polarizability  as  the  sum  of  these: 

2 

a,  =  a  +  =  a  +  (B-33) 


The  expression  comparable  to  the  Clausius-Mossotti  relation  (B-21)  would  then  be 


3to(ic,  -  1)  ^  pI 

N{k^+1)  3kT 


(B-34) 


which  is  known  as  the  Debye  equation.  If  the  quantity  on  the  left-hand  side  is  evaluated 
from  measured  values  and  then  plotted  as  a  function  of  l/T,  we  see  that  the  result 
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should  be  a  straight  line  whose  intercept  will  give  the  induced  polarizability  a.  Similarly 
the  slope  of  the  line  will  give  pl/?>k  from  which  can  be  found. 

Ferroelectric  materials  that  can  have  a  polarization  in  the  absence  of  a  field  are  most 
conveniently  discussed  after  the  somewhat  analogous  magnetic  materials  are  consid¬ 
ered,  and  we  do  this  at  the  end  of  the  next  section. 


B-2 


STATIC  MAGNETIC  PROPERTIES 


Initially  we  consider  only  linear  isotropic  homogeneous  magnetic  materials  so  that  we 
are  interested  in  finding  the  magnetic  susceptibility  Xm  defined  in  (20-52)  as  M  =  Xm^. 
For  practically  all  materials  that  can  be  adequately  described  by  this  relation,  it  is 
found  that  |Xml  so  that  from  (20-56)  it  will  be  almost  equally  accurate  to  use 
M  =  X.B//X0.  Hence  we  write  the  defining  equation  for  our  purposes  as 


M  =  x^H  =  x^ 


B  \ 

Mo  ! 


(B-35) 


and  within  the  material  we  generally  just  use  H  =  B/p^  to  relate  the  two  fields. 

In  the  last  section,  we  introduced  the  polarizing  field  as  the  field  at  the  location 
of  the  molecule  due  to  all  of  the  rest  of  the  charges.  Similarly  we  want  to  define  a 
magnetizing  field  (and  hence  B^),  which  is  the  field  affecting  the  molecule  and 
arises  from  all  currents  except  those  that  we  can  ascribe  to  the  molecule  itself.  The 
arguments  that  led  to  (B-13)  can  be  repeated  almost  verbatim  in  this  case,  so  that  we 
can  write  down  at  once  that 

=  H  +  +  H,  (B-36) 

where  is  the  magnetic  field  due  to  the  continuous  distribution  of  magnetization  M 
outside  the  sphere  of  radius  R  shown  in  Figure  B-4.  Since  there  is  a  discontinuity  in  the 
normal  component  of  M  at  the  surface  of  this  sphere  and  no  free  currents  within  the 
material,  we  can  find  at  the  center  either  via  the  bound  surface  currents  given  by 
(20-8)  as  =  M  X  o'  or  from  the  surface  density  of  poles  =  M  •  h"  according  to 


Figure  B-4.  Hypothetical  spherical  cavity  used  to  calculate  the 
magnetic  field  due  to  the  magnetized  material  outside  of  it. 
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(20-42);  the  result  will  be  the  same  either  way.  In  this  case,  we  see  from  the  figure  that 
=  Mcos  $'  and  has  the  signs  indicated;  the  direction  of  is  thus  the  same  as  that 
of  M.  This  pole  distribution  is  exactly  that  of  (20-48)  for  which  the  magnitude  of  as 
found  from  (20-49)  is  M/3;  substituting  this  into  (B-36)  we  get 

=  H  +  y  +  H,  (B-37) 

and  the  corresponding  induction  would  be  =  jUq1VI/3.  [The  apparent  discrepancy  in 
sign  between  (B-37)  and  (20-49),  as  well  as  the  difference  in  value  of  B  inside  the 
spheres,  arises  from  the  fact  that  (20-49)  was  obtained  for  a  sphere  of  magnetization  M 
for  which  M  is  different  from  zero  inside,  while  in  this  case,  we  are  interested  in  the 
field  inside  an  empty  sphere  within  a  uniformly  magnetized  material.  This  can  be  seen 
by  comparing  Figures  20-8  and  B-4;  note  that  the  pole  distributions  have  the  same 
angular  dependence  in  the  two  cases  but  opposite  signs  with  respect  to  the  direction  of 
M — the  angles  9'  are  defined  differently  in  the  two  figures.] 

Similarly,  the  arguments  that  showed  that  there  are  a  great  many  cases  for  which 
=  0  in  the  electric  case  can  be  equally  well  used  in  the  magnetic  case  because  of  the 
complete  analogy  between  (8-84)  and  (19-55),  which  give  the  fields  of  the  corresponding 
dipoles.  Consequently  we  restrict  ourselves  to  cases  in  which  can  be  taken  to  be  zero 
and,  combining  (B-37)  with  our  approximation  H  =  B/jliq,  we  can  write 

B„  =  =  Ho(h  +  y)  =  Mo(l  +  |X„)h  (B-38) 


as  the  induction  acting  on  the  molecule  in  question. 

It  was  pointed  out  after  (20-52)  that,  in  contrast  to  the  electric  case,  the  susceptibility 
can  be  negative.  Such  a  material  is  called  diamagnetic  and  we  now  show  that  it  is  due  to 
induced  dipoles  that  arise  from  the  altered  orbital  motion  of  the  electrons  when  a  field 
is  applied;  as  we  will  see,  the  induced  moments  are  opposite  in  direction  to  the 
inducing  field. 

Suppose  an  electron  in  an  atom  is  circulating  in  a  circular  orbit  of  radius  a  and 
angular  speed  Wq  in  the  absence  of  a  field.  There  will  necessarily  be  a  centripetal  force 
F  on  it  arising  from  internal  interactions  within  the  atom  and  whose  magnitude  is  given 
by 


IT  2 

a 


(B-39) 


where  is  the  electron  rest  mass.  In  the  presence  of  a  field  B„,  there  will  be  an 
additional  force  on  it  given  by  =  -  ev  x  B,„  according  to  (14-30).  If  we  assume  that 
V  and  B,„  are  perpendicular,  for  simplicity,  the  magnitude  of  this  force  will  be  evB^  and 
will  be  directed  either  radially  inward  or  outward  depending  on  the  sense  of  v  relative 
to  B^.  This  is  shown  in  Figure  B-5  for  the  case  in  which  B^  is  out  of  the  page;  the 
vector  angular  velocity  to  is  seen  to  be  out  of  the  page  in  {a)  and  hence  parallel  to  B^, 
while  it  is  into  the  page  and  antiparallel  to  B^  in  {b).  If  we  assume  for  now  that  the 
radius  of  the  orbit  remains  constant,  and  thus  will  as  well,  the  new  net  centripetal 
force  can  be  written  as 

±  evB^  =  ±  =  rn^ijp-a  (B-40) 


where  the  choice  of  signs  corresponds  to  the  sign  of  w  as  compared  to  B„^,  that  is,  upper 
sign  for  {a)  and  lower  sign  for  (b)  of  the  figure.  We  see  that  to  must  be  different  in  the 
presence  of  B^.  Substituting  for  F^  from  (B-39),  we  find  that  (B-40)  leads  to 
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(a)  (b) 

Figure  B-5.  Forces  acting  on  an  electron  in  an  atom  in  the  presence 
of  a  magnetizing  field. 


It  turns  out  that  the  frequency  change  Aco  =  co  -  Wq  is  very  small  even  for  very  large 
values  of  As  a  result  we  can  approximate  co  +  cog  by  Iioq  and  replace  co  by  cog  in 
the  right-hand  side;  we  therefore  find  that 

Ato  =  (0  -  tOg  =  ±  - — (B-42) 
2m^ 

so  that  02  has  been  increased  for  u  parallel  to  and  decreased  if  co  is  antiparallel. 
The  numerical  value  of  is  called  the  Larmor  frequency. 

Since  we  assumed  a  to  be  constant,  a  new  value  of  co  means  that  the  electron  speed 
V  oia  has  been  changed.  This  means  that  the  kinetic  energy  was  changed  so  that  work 
must  have  been  done  on  the  electron.  We  now  have  to  evaluate  this  work  and  see  if  it  is 
compatible  with  the  above  results.  During  the  process  of  changing  the  induction  from 
zero  to  B^,  there  is  an  induced  emf  given  by  (17-6)  to  be 


c/s  =  — 


(B-43) 


and  corresponds  to  an  induced  electric  field  which  is  clockwise  in  Figure  B-5. 
However,  because  of  the  negative  charge  of  the  electron,  the  corresponding  force 
-eE-^^  will  be  opposite  to  the  induced  field.  Consequently,  the  work  done  on  the 
electron  for  each  trip  around  its  orbit  will  be  with  the  same  choice  of  signs  as 

before.  Since  the  number  of  times  that  it  circulates  in  one  second  is  the  frequency 
w'/Itt,  where  to'  is  an  intermediate  value  of  the  circular  frequency,  the  rate  at  which 
the  changing  induction  is  doing  work  on  the  charge  is 

dW  02'e  1  t/ft 

Again  assuming  that  the  radius  a  is  constant,  we  can  set  this  equal  to  the  rate  at  which 
the  kinetic  energy  =  \m^a^02'^  is  changing  so  that 

^  2  2\  y  do2'  I  dB^ 

dt\2  ^  I  ^  dt  2  dt 

This  shows  that  dic'  =  ±{e/2mf)  dB^  and  thus  the  total  change  in  co  will  be 


in  agreement  with  (B-42). 
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It  is  desirable  to  put  these  results  in  vector  form.  In  Figure  B-6  we  show  what  is 
essentially  a  side  view  of  Figure  B-5;  parts  (a)  and  (Z?)  of  the  two  figures  correspond, 
while  (c)  shows  the  direction  of  Since  (a)  corresponds  to  the  upper  sign  of  (B-42), 
the  magnitude  of  to  is  increased  and  we  see  that  Ato  is  in  the  same  direction  as  the 
lower  sign  of  (B-42)  indicates  a  decrease  in  the  magnitude  of  to  and  (b)  of  Figure  B-6 
shows  that  Ato  is  again  in  the  same  direction  as  B^.  Therefore  we  have  the  general 
result  that 

(B-44) 

for  electrons  in  definite  orbits.  Now  we  need  to  relate  these  results  to  induced  dipole 
moments. 

An  electron  traveling  around  either  of  the  circles  of  Figure  B-5  is  equivalent  to  a 
current  element  Ids  =  q\  =  -evby  (14-29)  and  will  have  a  magnetic  dipole  moment 
m.  We  see  from  Figure  B-Sa  that  m  will  be  directed  into  the  page  and  thus  opposite  to 
<o;  m  is  also  opposite  to  to  for  (/?)  since  m  is  out  of  the  page  in  this  case.  According  to 
(19-27),  m  =  IS  =  l7ra^  where  I  is  the  equivalent  current  magnitude.  Since  the  total 
charge  e  passes  a  given  point  on  the  perimeter  each  time  around,  and  since  each  circuit 
takes  a  time  equal  to  the  period  t  =  27r/w,  the  equivalent  current  is  /  =  e/r  = 
and  therefore  m  =  Combining  this  with  the  fact  that  m  and  to  are  oppositely 

directed  we  get 

m  =  -  (B-45) 

for  an  electron  in  a  definite  orbit. 

We  are  actually  interested  in  the  induced  moment  produced  by  B^,  that  is,  the 
change  Am.  Calculating  Am  from  (B-45)  and  using  (B-44),  we  get 

Am  =  -jea^A<o= - (B-46) 

4m^ 

which  we  note  is  actually  independent  of  the  sign  of  the  charge  since  it  is  -  e^.  Each 
electron  in  the  molecule  will  give  a  contribution  like  this  where  has  the  appropriate 
value.  Now  we  obtained  (B-46)  by  assuming  that  B^  was  perpendicular  to  the  plane  of 
the  orbit;  if  B^  were  along  the  z  axis,  we  would  have  a'^  =  xj  yj  for  the  y  th  electron. 
Hence  if  we  sum  up  over  all  the  electrons  and  average  over  dl  orientations,  we  find  that 
the  average  induced  dipole  moment  for  a  molecule  is 


ia)  (h)  (c) 

Figure  B-6.  Changes  in  the  angular  velocity  of  an  electron  in  an 
atom  resulting  from  a  magnetizing  field. 
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and  if  we  multiply  this  by  the  number  of  molecules  per  unit  volume  N  and  use  (B-38), 
we  find  the  magnetization  to  be 


M  =  - 


fi^Ne 


Am 


+  {yf)) 


H 


(B-47) 


We  will  soon  see  that  1x^1  ^  1  in  this  case  so  that  ==  H  by  (B-38)  and  then  a 
comparison  of  (B-47)  with  (B-35)  shows  that  the  susceptibility  is 


Xm  = 


Am„ 


+  {yf)) 


(B-48) 


and  is  negative  since  all  terms  in  this  expression  are  positive.  Thus  the  mechanism  we 
have  been  discussing  actually  does  result  in  diamagnetism. 

For  an  atom  with  isotropic  charge  distribution,  we  can  use  the  result  obtained  after 
(B-17)  that  {x^)  =  {yj)  =  \r^  for  a  given  distance  Vj  from  the  nucleus  and  when  this 
is  put  into  (B-48)  we  finally  obtain 


X 


m 


IJLqNZb^ 


(r^> 


(B-49) 


where  Z  is  the  number  of  electrons. 

As  a  numerical  example,  suppose  we  consider  helium  at  standard  temperature  and 
pressure  (0°  C  and  1  atmosphere)  for  which  A  =  3  X  10^^  (meter)  Also  taking 
Z  =  2  and  (r^)  (meter)^,  we  find  that  Xm  ^  -3  X  10“^.  This  is  about  equal 

to  what  is  observed,  and  also  justifies  our  assertion  that  |x^|  ^  1- 

The  paramagnetic  case  for  which  Xm  positive  arises  from  the  existence  of 
permanent  magnetic  dipoles.  In  (B-45)  we  found  a  magnetic  dipole  moment  for  an 
electron  in  a  definite  orbit;  if  we  multiply  and  divide  this  by  the  electron  mass  we 
get 


(B-50) 


where  I  is  its  orbital  angular  momentum  since  is  the  moment  of  inertia  of  the 

particle.  The  proportionality  factor  {  —  e/2m^)  is  called  the  gyromagnetic  ratio.  Thus 
(B-50)  provides  a  connection  between  the  magnetic  and  mechanical  properties  of  an 
electron  and  we  see  that  m  is  always  oppositely  directed  to  1.  [If  we  were  to  repeat  the 
derivation  that  led  to  (B-45)  for  an  arbitrary  charge  q,  we  see  that  we  would  get 
niorb  (9/2^^)!  where  is  the  particle  mass;  thus  m  and  I  are  in  the  same  direction 
for  a  positive  charge.]  If  we  sum  (B-50)  over  all  the  electrons  in  the  molecule,  we  find 
the  total  moment  to  be 


where  L  is  the  total  orbital  angular  momentum  of  the  molecule. 

Things  are  more  complicated  than  this,  however.  It  has  been  shown  by  quantum- 
mechanical  methods  that  in  addition  to  its  orbital  angular  momentum,  an  electron  has 
an  intrinsic  angular  momentum  (or  spin)  s  and  associated  magnetic  moment  m^;  the 
relation  between  them  is  twice  that  of  (B-50): 


(B-52) 


If  we  sum  (B-52)  over  all  the  electrons  in  a  molecule,  and  add  the  result  to  (B-51),  the 
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total  magnetic  dipole  moment  is 

in=  -^(L  +  2S) 

2m, 


(B-53) 


where  S  =  EySy.  In  order  for  the  molecule  to  have  a  permanent  dipole  moment,  this 
quantity  must  be  different  from  zero.  Furthermore,  it  can  be  shown  that  under  many 
circumstances  (B-53)  can  be  written  in  terms  of  a  total  angular  momentum  J  =  L  +  S 
as 


m=  -g- — J  (B-54) 

2m^ 

where  g  is  a  dimensionless  quantity  known  as  the  Lande  g-factor\  g  has  a  numerical 
value  of  the  order  of  unity  and  must  be  calculated  by  specifically  quantum-mechanical 
means.  Since  the  numerical  values  of  J  can  be  shown  to  be  multiples  of  /i/27r,  where  h 
is  Planck’s  constant,  it  is  common  practice  to  measure  atomic  dipole  moments  in  units 
of  the  Bohr  magneton  =  eh/Airm^  =  9.27  X  10“^^  ampere-(meter)^. 

Our  primary  interest  in  (B-54)  is  that  it  shows  the  possibility  of  a  permanent 
magnetic  dipole  moment  m^.  In  the  presence  of  the  induction  the  moment  will 
have  an  interaction  or  orientational  energy  given  by  (19-40)  as  = 

—  jiQmQ  •  with  the  use  of  (B-38).  If  we  compare  this  with  (B-25),  which  led  to 
(B-28),  we  see  that  we  could  go  through  exactly  the  same  calculation  as  before  and  we 
would  find  the  average  component  of  m  q  in  the  direction  of  the  magnetizing  field  to  be 

(moCosO)  =  '”1  (B-55) 

where  L(y)  is  again  the  Langevin  function  (B-29).  Similarly,  for  conditions  for  which 
L{y)  =  ^y,  the  magnetization  will  be 

NiXcim^ 

M=N(m,  cos  9}  =  (B-56) 


with  a  resultant  susceptibility 


IkT 


(B-57) 


which  is  positive  and  thus  corresponds  to  paramagnetism.  This  result  is  Curie's  law  for 
magnetic  materials. 

As  a  numerical  example,  let  us  take  m^  to  be  a  Bohr  magneton  and  consider  a  gas  at 
standard  conditions  so  that  TV  =  3  X  10^^  (meter) We  find  that  Xm  ~  ^  ^  10'^, 
which  is  about  what  is  observed.  We  note  that  this  has  a  magnitude  that  is  about  100 
times  greater  than  the  comparable  diamagnetic  case.  This  is  generally  what  occurs. 
While  we  expect  all  materials  to  have  a  diamagnetic  contribution  to  the  susceptibility, 
when  they  have  a  permanent  moment  as  well,  the  corresponding  paramagnetic  suscep¬ 
tibility  is  so  much  larger  that  it  is  almost  the  whole  susceptibility.  We  also  note  that 
1  as  we  have  asserted;  consequently,  in  (B-56)  can  usually  be  simply 
replaced  by  H  as  we  see  from  (B-38). 

One  interesting  property  of  ferromagnetic  materials  is  that  the  permanent  dipoles 
can  be  aligned  to  some  extent  even  in  the  absence  of  an  external  B  field,  and  then  they 
are  said  to  have  a  permanent  magnetization.  It  is  possible  to  see  how  this  can  occur  by 
means  of  a  simple  phenomenological  theory  introduced  by  Weiss.  We  assume  that  the 
magnetizing  field  can  be  written  in  analogy  with  (B-38)  as 

H^  =  H  -^XM 


(B-58) 
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where  we  consider  only  the  case  where  M  and  H  are  parallel.  The  coefficient  X  is  to  be 
found  by  experiment;  we  will  see  shortly  why  we  do  not  take  X  =  }  as  we  might  have 
expected  from  (B-38).  If  we  further  assume  that  we  can  still  use  (B-55),  then  we  can 
write 


M  =  NmQL{y) 

(B-59) 

y=~{H  +  \M) 

(B-60) 

If  we  solve  (B-60)  for  M,  it  becomes 

{  kT  \  H 

— \y~Y 

\  I  A 

(B-61) 

Equations  B-59  and  B-61  are  simultaneous  equations  that  must  be  satisfied  by  M.  If 
both  of  these  are  plotted  as  functions  of  y,  then  the  value  of  M  is  given  by  the  point  of 
intersection  of  the  two  curves  since  M  must  lie  on  both  of  them.  This  is  illustrated  in 
Figure  B-7.  As  T  is  increased,  the  slope  of  the  straight  line  of  (B-61)  is  increased,  and 
we  see  from  the  figure  that  the  point  of  intersection  will  correspond  to  a  smaller  value 
of  M. 

If  Ff  =  0,  it  is  still  possible  for  the  curves  to  intersect  and  give  M  0  as  shown  in 
Figure  B-8;  the  magnetization  is  then  usually  called  the  spontaneous  magnetization  M^. 
As  T  increases,  the  point  of  intersection  moves  down  the  curve  L{y)  so  that  M^{T) 
decreases.  We  also  see  that  =  0  when  the  slope  of  the  straight  line  is  greater  than  or 
equal  to  the  initial  slope  of  (B-59)  that  is  according  to  (B-30).  If  is  this 

limiting  temperature,  then  {kT^Kp^mo)  =  \NmQ  from  (B-61)  so  that 


(B-62) 

2k 

=  0  for  T> 

(B-63) 

Figure  B-7.  Calculation  of  the  magneti¬ 
zation  according  to  the  Weiss  theory. 
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Figure  B-8.  Calculation  of  spontaneous 
magnetization. 


T^.  is  called  the  Curie  temperature.  The  values  of  as  found  by  the  method  of  Figure 
B-8  are  shown  in  Figure  B-9,  The  overall  behavior  agrees  surprisingly  well  with  what  is 
observed  when  one  considers  that  we  are  using  a  classical  calculation  rather  than  a 
more  exact  quantum-mechanical  one. 

If  3^  ^  1,  we  can  use  (B-30)  in  (B-59)»  and  when  we  substitute  (B-60)  into  the  result 
and  solve  for  M  we  find  that 


3k{T-  rj 


(B-64) 


with  the  use  of  (B-62)  as  well.  Thus,  well  above  the  Curie  temperature,  the  magnetiza¬ 
tion  is  proportional  to  H;  in  other  words,  the  material  has  a  “paramagnetic”  suscep¬ 
tibility  given  by 


3k{T-  rj 


(B-65) 


which  is  known  as  the  Curie-  Weiss  law  and  also  agrees  quite  well  with  experiment. 
Now  we  are  in  a  position  to  evaluate  the  parameter  X.  For  iron,  =  2ja^  and 
=  1043  K.  The  value  of  N  as  found  from  the  molecular  weight  A,  mass  density  d, 


0  1.0 


7  Figure  6-9.  Spontaneous  magnetization 

TV  as  a  function  of  temperature. 
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and  Avogadro’s  number  is  A  =  ~  8.5  X  10^^  (meter)  I  Inserting  these 

into  (B-62),  we  find  that  X  ==  4700.  This  is  an  enormous  number  and  cannot  be 
understood  on  any  classical  calculation  since  we  saw  in  the  considerations  that  led  to 
(B-38)  that  we  would  expect  a  value  of  X  =  1.  Heisenberg  showed  that  these  large 
values  of  X  are  specifically  quantum-mechanical  and  electrostatic  in  origin;  when  the 
electron  spins  are  aligned  parallel  or  antiparallel,  the  charge  distribution  is  altered  in 
such  a  way  as  to  favor  parallel  orientations  that  will  lead  to  a  spontaneous  magnetiza¬ 
tion. 

Hysteresis  effects  that  were  discussed  in  Section  20-7  have  been  found  to  be 
associated  with  the  existence  of  domains.  In  each  domain,  the  permanent  dipoles  are 
aligned,  but  the  resultant  magnetization  of  individual  domains  are  themselves  not  all 
parallel.  When  an  external  field  is  applied,  there  is  a  combination  of  rotation  of 
domains  into  alignment  with  the  field  and  an  increase  in  size  of  domains  that  are 
generally  parallel  to  the  field  and  a  decrease  in  those  that  are  generally  oriented  in  other 
directions.  The  overall  result  is  a  magnetization  curve  of  the  type  shown  in  Figure 
20-19. 

Many  ferroelectric  materials  that  can  have  a  permanent  electric  polarization  can  be 
discussed  in  terms  of  a  Weiss-type  theory  with  an  appropriate  change  of  notation. 
Thus,  instead  of  (B-18),  one  could  write  =  E  +  (X^/€o)P  and  the  analogues  of 
(B-59),  (B-61),  (B-62),  and  (B-65)  are  found  to  be 


P  =  Np^Liy) 

(B-66) 

UgkT]  CgE 

(B-67) 

^  3£oA: 

(B-68) 

Npl 

^,gk{T-T,) 

(B-69) 

Actually,  the  Weiss  theory  does  not  work  quite  so  well  for  ferroelectric  materials  as  it 
does  for  ferromagnetic  ones;  when  it  does  seem  to  be  reasonably  applicable,  the  values 
of  the  parameter  X^  usually  turn  out  to  be  much  smaller  than  unity.  Ferroelectric 
materials  also  exhibit  hysteresis  properties  and  there  is  evidence  for  the  existence  of 

domains  in  them. 


B-3  RESPONSE  TO  TIME-VARYING  FIELDS 

In  Section  24-8  we  pointed  out  that,  when  detailed  comparisons  are  made  between  the 
predictions  of  Maxwell’s  equations  and  the  results  of  experiment,  it  has  been  found 
necessary  to  treat  the  electromagnetic  parameters  jit,  c,  and  a  as  functions  of  the 
circular  frequency  co  rather  than  as  simply  constants.  We  also  discussed  the  conductiv¬ 
ity  from  a  microscopic  point  of  view  and  found  in  (24-130)  that  o  was  a  complex 
function  of  frequency.  The  conductivity  expression  involved  both  the  inertia  of  the 
charge  carriers  and  a  mechanical  resistive  force  proportional  to  the  velocity.  This 
general  dependence  of  the  parameters  upon  frequency  is  called  dispersion  and  we  now 
want  to  consider  its  origins  in  more  detail.  We  restrict  ourselves  to  the  case  of  the 
response  of  a  medium  to  a  plane  wave  that  is  propagating  within  it.  While  this  is  not 
the  most  general  possibility,  it  will  be  sufficient  to  illustrate  the  basic  aspects  involved. 
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We  recall  from  (24-38)  and  (24-29)  that  the  most  general  case  of  a  plane  wave 
propagating  in  the  z  direction  involves  a  complex  propagation  constant 

A:  =  a  H-  /)3  (B-70) 

so  that 


(B-71) 


Thus,  the  real  part  of  k  determines  the  phase  velocity  while  the  imaginary  part 
describes  an  attenuation  of  the  wave.  The  basic  relation  between  k  and  the  properties 
of  the  medium  was  given  in  (24-135)  as 


2 

W  K. 


/C.  + 


lO 


(OCi 


(B-72) 


where  we  have  used  (10-53),  (20-55),  and  (23-5).  We  also  saw  in  (24-56)  and  (24-57) 
that  it  is  also  possible  to  describe  this  situation  in  terms  of  a  complex  index  of 
refraction  that  we  write  here  as 


|  — jA  =  «  -f  /i)  (B-73) 

where  n  is  the  ordinary  index  of  refraction  [written  in  (24-57)  as  n']  and  where  rj  will 
describe  attenuation  through  (B-70)  and  (B-71).  Comparing  (B-73)  and  (B-72),  we  see 
that 


n  -h  ITJ  = 


_|_  _ 

1 

1/2 


(B-74) 


For  simplicity,  we  assume  the  material  to  be  nonmagnetic  and  set  =  1.  If,  in 
addition,  it  is  nonconducting,  a  =  0  as  well  and  (B-74)  reduces  to 


+  irj  = 


(B-75) 


We  are  continuing  to  write  ^  as  complex  even  though  the  only  source  of  attenuation 
that  we  have  considered  so  far  has  been  conductivity;  as  we  will  see  shortly,  a 
nonconducting  medium  can  also  lead  to  attenuation  because  of  the  existence  of 
damping  of  the  motion  of  the  charges.  We  will  return  to  the  more  general  case  of  a  #  0 
later  in  this  section. 

The  form  of  (B-75)  indicates  what  our  approach  will  be.  As  in  Section  B-1,  we  expect 
the  incident  fields  to  induce  electric  dipole  moments  because  the  charges  will  be 
displaced  from  their  equilibrium  positions.  From  that  we  can  find  the  polarization  and 
then  the  susceptibility  Xe  finally  will  be  given  hyl+Xe  ^nd  this  can  be 

substituted  into  (B-75)  to  find  the  overall  response  of  the  medium. 

Because  of  the  very  large  mass  of  the  nucleus  as  compared  to  that  of  an  electron,  it 
should  be  a  good  approximation  to  assume  the  nuclei  to  remain  at  rest;  hence  we  need 
only  consider  the  behavior  of  the  electrons.  As  a  result  this  treatment  is  often  referred 
to  as  the  electron  theory  of  matter.  If  we  let  r  be  the  displacement  of  the  electron  from  its 
equilibrium  position,  we  can  assume  a  mechanical  restoring  force  as  we  did  in  (B-7); 
we  write  it  as  =  -Kr  =  where  coq  is  the  natural  frequency  of  oscillation  of 

the  charge.  As  we  did  in  (12-36)  and  (24-125),  we  also  assume  a  frictional  damping 
force  of  some  sort  proportional  to  the  velocity,  that  is,  F^  =  =  -  w^yv  where  y  is 

now  used  as  a  measure  of  the  damping.  Finally,  the  fields  arising  from  the  wave 
produce  a  Lorentz  force  that  is  given  by  (21-29)  as  F;  =  —  ^(E^  -I-  v  X  B^)  where  E^ 
and  are  the  resultant  inducing  fields  of  (B-18)  and  (B-38).  Setting  the  mass  times  the 
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acceleration  equal  to  the  net  force,  we  obtain  the  equation  of  motion 

-  m^yy  -  c(E^  +  v  X  B„,)  (B-76) 


We  will  be  considering  only  media  for  which  n  is  of  the  order  of  unity;  in  that  case, 
we  know  from  (24-34)  that  |B^|  ==  |E^|/c  since  the  fields  will  not  differ  too  much  from 
those  in  the  incident  wave.  The  ratio  of  the  magnetic  force  to  the  electric  force  will  then 
be  approximately 


and  we  can  simplify  (B-76)  even  further  by  neglecting  the  term  v  X  B^.  The  steady-state 
displacement  of  the  electron  will  then  be  parallel  to  E^.  The  problem  then  reduces  to  a 
one-dimensional  one  and  if  we  let  x  be  the  displacement,  we  can  write  (B-76)  as 


m 


d^x 


dx 


dt 


eE^  = 


(B-77) 


for  a  wave  propagating  in  the  z  direction.  Now  the  variation  in  kz  over  the  molecule 
will  be  of  the  order  of  lira/X  where  a  is  the  radius  of  the  molecule.  We  now  assume 
that  a  since  a  ==  10“^®  meter,  this  is  satisfied  even  into  the  ultraviolet  where  one 
begins  to  need  a  quantum-mechanical  description  anyhow.  In  other  words,  the  electric 
field  will  be  approximately  constant  over  the  volume  of  the  molecule  located  at  Zq.  If 
we  absorb  the  constant  factor  into  the  amplitude  all  that  remains  is  the 
sinusoidal  time  variation  and  (B-77)  becomes 


/  d^x  dx  ' 

which  is  recognizable  as  the  equation  of 
oscillator. 

The  only  solution  of  (B-78)  of  interest  to 
can  find  by  assuming  a  solution  of  the  form 
this  is  substituted  into  (B-78),  we  obtain 


=  =  -eE^  (B-78) 

motion  of  a  forced  damped  harmonic 

as  is  the  steady-state  displacement  that  we 
where  Xq  is  a  constant.  When 


(e/mjE^pe 
I  —  0)^  —  iyo) 


(B-79) 


The  corresponding  induced  dipole  moment  in  the  direction  of  the  field  can  be  found 
from  the  one-dimensional  form  of  (B-3),  remembering  that  here  x  is  the  displacement, 
and  is 


p  =  -ex  =  Poe 


coq  —  —  lyco 


(B-80) 


since  we  are  assuming  the  nuclei  to  remain  stationary.  If  there  are  n  ^  electrons  of  this 
type  in  the  molecule,  their  total  contribution  to  the  dipole  moment  will  be 


noP  = 


no{e^/m,)E^ 
Wq  —  co^  —  /yco 


(B-81) 


since  E  =  This  result  can  be  easily  generalized  to  the  situation  in  which  there 

is  more  than  one  type  of  electron  since  we  do  not  expect  them  all  to  be  in  identical 
situations.  Thus  if  we  let  be  the  number  of  electrons  in  the  molecule  that  are 
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characterized  by  the  natural  frequency  and  damping  constant  we  can  sum  (B-81) 
over  all  types  to  get  the  total  induced  dipole  moment: 


(p)  =  EpY. 


I  -  /y^co 


=  aE. 


(B-82) 


where  a  is  the  polarizability  according  to  the  definition  (B-9).  We  see  that  now  a  is 
both  complex  and  frequency  dependent.  Before  we  go  on,  we  can  compare  this  with  the 
static  case  (to  =  0)  and  we  find  from  (B-82)  that 


“(0)  = 


E 


n,,e 


where,  in  the  last  step,  we  went  from  a  sum  over  types  k  io  h  sum  over  individual 
electrons  j.  (The  total  number  of  electrons  is  Comparing  this  result  with 

(B-9),  we  see  that  they  are  the  same  if  we  recall  that  we  are  assuming  the  nuclear  force 
constants  to  be  so  very  large  that  l/K^  —  0. 

The  derivation  of  (B-21)  from  (B-20)  still  applies,  of  course,  and  if  we  combine 
(B-21),  (B-82),  and  (B-75),  we  get  our  basic  result  that 


{n  -\-  ir})^  —  1  Na 

{n  +  +  2  3cq 


nk{e^/me) 


(B-83) 


where  N  is  the  number  of  molecules  per  unit  volume.  (We  remember  that  the  sum  is 
over  a  single  molecule  and  hence  is  independent  of  N.)  We  could  now  find  n  and  by 
separately  equating  the  real  and  imaginary  parts  of  each  side  of  (B-83).  As  a  qualitative 
check  on  our  results,  we  see  that  if  all  the  y^  =  0,  the  right-hand  side  is  real  and  tj  =  0; 
thus,  as  expected,  it  is  the  damping  terms  in  the  equations  of  motion  that  lead  to 
attenuation  and  energy  absorption  from  the  wave.  Similarly,  ij  =  0  when  to  =  0;  hence 
there  is  no  attenuation  in  the  static  case. 

As  a  special  case,  let  us  consider  a  perfectly  transparent  material  for  which  =  0. 
Then,  for  a  fixed  frequency  co,  (B-83)  becomes 


-  1  \ 


1 

A 


a(to) 

-  =  const. 

3«o 


(B-84) 


This  result  is  known  as  the  Lorenz-Lorentz  law  and  describes  how  the  index  of 
refraction  varies  with  the  density  of  the  material.  It  is  found  to  be  extremely  accurate 
for  many  materials,  even  to  being  approximately  correct  for  the  case  in  which  a  liquid 
changes  to  its  vapor  phase.  We  note  that  in  the  static  case  (co  =  0)  where  we  can  replace 
by  (B-84)  reduces  to  the  Clausius-Mossotti  relation  (B-21).  Instead  of  continuing 
with  the  general  result  (B-83),  we  turn  to  a  somewhat  simpler  situation. 

For  many  cases,  particularly  gases,  a  turns  out  to  be  so  small  that  n  -  1  and  =  0. 
Consequently,  \n  iT}\  and  we  can  approximate  the  denominator  on  the  left 
of  (B-83)  by  3.  Then  («  +  iq)^  =  1  H-  (Aa/ty)  and  «  +  /tj  =  [I  +  (Aa/tQ)]^'^^  — 
1  -I-  (Aa/2co)  so  that 


n  +  /Tj  =  1  + 


(B-85) 


We  can  now  find  n  and  17  separately  by  multiplying  the  numerator  and  denominator  in 
the  sum  by  (co^  -  co^  +  and  equating  real  and  imaginary  parts  on  each  side;  the 
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results  are 


2«o  k  {ul  - 

(B-86) 

^^0  k  {icl  -  io^y  + 

(B-87) 

We  can  see  the  general  nature  of  the  frequency  dependence  more 
only  one  type  of  electron  with  one  set  of  constants  coq,  and  *; 

reduce  to 

easily  if  we  assume 
1';  then  these  results 

^  -^^«o(^V2«,eo)(“o  - 

(“0  - 

(B-88) 

Nno{e^/2m^to)yu 

(“0  -  <^^y  +  (y“)^ 

(B-89) 

which  are  shown  as  functions  of  w  in  Figure  B-10.  The  frequency  region  around  Wq 
where  n  and  t)  are  both  changing  rapidly  is  called  the  region  of  anomalous  dispersion. 
In  the  general  cases  (B-86)  and  (B-87),  the  curves  of  n  and  tj  will  consist  of  a 
superposition  of  ones  like  those  shown  with  anomalous  dispersion  near  each  of  the 
and  this  is  the  general  type  of  dispersion  curve  found  for  gases.  By  fitting  curves  like 
these  to  experimental  results,  one  can  evaluate  the  quantities  and 

If  we  look  again  at  (B-83)  and  assume  17  =  0  for  simplicity,  we  see  that  in  the  more 
general  situation  we  will  observe  anomalous  dispersion  about  the  same  frequencies,  co^, 
except  for  the  quantity  {n^  -  l)/(«^  +  2)  rather  than  for  {n  -  1). 

Now  let  us  suppose  that  our  medium  also  contains  some  electrons  that  are  free  to 
move  so  that  it  will  have  conducting  properties  as  well.  We  see  from  (B-74)  that  we  can 
handle  this  by  simply  adding  (fa/cocQ)  to  k^.  Thus,  if  (n  +  i'f})nc  refers  to  the  values 
found  in  the  nonconducting  case,  we  find  from  (B-74),  (B-75),  and  (B-83)  that 


Figure  B-10.  Behavior  of  the 
real  and  imaginary  parts  of 
the  index  of  refraction  near 
a  resonant  frequency. 
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when  —  1 

7 

{n  T-  /7j)  =  (rt  +  +  - 

WCo 


1  +  {2A^a/3eo)  io 

1  -  (iVa/3co)  co€q 


(B-90) 


An  electron  that  is  free  to  move  about  corresponds  to  one  not  subject  to  a  restoring 
force  so  that  Wq  ^  0  for  it.  Thus  its  equation  of  motion  as  found  from  (B-78)  will  be  of 
the  form 


m 


d^x  dx  \ 
—  +  To 


df 


dt 


=  -eEp^e 


This  is  just  the  equation  (24-127)  that  we  previously  used  to  find  the  conductivity  where 
4  =  w^Yq.  Consequently  we  can  use  the  value  of  a  given  by  (24-130): 

a  =  a(co)=  - ^  (B-91) 

1  -  ((oom^to/iVoe^) 


where  Nq  is  now  used  for  the  number  of  free  electrons  per  unit  volume  and  the  static 
value  of  the  conductivity  CTq  is 


(B-92) 


Substituting  (B-91)  into  (B-90),  we  obtain 

1  +  (27Va/3€o) 


{n  +  it))' 


;(oo/cj£o) 


1  -  (JVa/3€o)  1  -  iiaf,m^o}/Noe^) 


(B-93) 


as  the  complete  expression  from  which  to  find  n  and  y)  separately.  [Remember  that  a 
as  given  by  the  sum  in  (B-83)  is  complex.] 

For  our  further  considerations,  it  will  be  sufficient  to  restrict  ourselves  to  the  case  in 
which  \u\  =  |A^«/€oI  ^  1  so  that  the  first  term  on  the  right-hand  side  of  (B-93)  can 
be  approximated  by  [1  +  (2«/3)]/[l  -  (t//3)]  ^  [1  +  (2w/3)][l  +  (w/3)]  =  1  -f  w  = 
1  +  (A^a/co).  Then  if  we  multiply  the  numerator  and  denominator  of  each  term  in  the 
sum  of  (B-83)  by  the  complex  conjugate  of  its  denominator,  do  a  similar  thing  to  the 
last  term  on  the  right  of  (B-93),  multiply  out  the  left  side  of  (B-93),  and  then  equate  real 
and  imaginary  parts  on  each  side,  we  find  that 


n 


2 


N 


-7,^  =  1+  -  Y. 


0  k 


(“I  -  +  (Yat")^ 


1  +  {aotn^m/Nyf 


(B-94) 


N  ^ 
2nr)=  —Y 

^0  k 


nk{e^/m^)yi^u 
(“a  -  +  (Y/c"^ 


+ 


(qp/tjeo) 

1  +  {ogm^u/Nyf 


(B-95) 


which  now  can  be  solved  for  n  and  tj  individually  if  desired.  We  will  not  do  this,  but 
mostly  content  ourselves  with  some  general  remarks  about  these  results. 

Let  us  first  consider  the  low  frequency  case,  which  we  take  as  corresponding  to 
ao/wco  ^  1,  that  is,  the  “good  conductor”  (Q  ^  1),  which  we  discussed  in  detail 
immediately  following  (24-70),  Here  the  frequency  is  much  lower  than  any  natural 
resonant  frequencies  of  the  bound  electrons  and  their  contribution  to  (B-94)  and  (B-95) 
is  negligible.  The  contribution  of  the  conductivity  to  (B-94)  is  also  small  for  small  to 
because  the  numerator  is  constant  and  small;  on  the  other  hand,  the  conductivity  term 
in  (B-95)  is  very  large.  Thus  these  expressions  take  the  form  —  rj^  =  1  +  S  where  8 
is  a  very  small  quantity  while  2m}  =  ((Jq/o}€q)  »  1.  This  can  only  be  the  case  if  n  and 
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7]  are  both  large  and  approximately  equal;  thus  «  =  t/  =  ((Tq/2wco)^/^.  Then  we  see 
from  (B-73)  and  (B-70)  that  the  real  and  imaginary  parts  of  the  propagation  constant 
are  approximately  equal  and  given  by  a  ^  ^8  =  (w/c)«  =  which  is  exactly 

what  we  found  before  in  (24-75)  for  the  corresponding  case. 

As  the  frequency  increases  into  the  infrared  and  visible  portions  of  the  spectrum,  it 
becomes  equal  to  at  least  some  of  the  natural  frequencies  of  the  bound  electrons.  Then 
their  resonant  contributions  become  important  and  comparable  to  or  greater  than  that 
of  the  free  electrons  and  one  has  to  deal  with  the  very  complicated  general  expressions 
(B-94)  and  (B-95). 


EXERCISES 

B-1  The  susceptibility  of  helium  at  one  atmo¬ 
sphere  and  140°  C  is  Xe  ^  X  10“^.  Find  the 
polarizability  a  and  use  the  result  to  estimate  the 
radius  of  a  helium  atom, 

B-2  For  air  at  0°C  and  one  atmosphere,  = 
1.000590.  Use  the  Clausius- Mossotti  relation  to 
find  at  100  atmospheres  and  the  same  temper¬ 
ature.  Find  the  percentage  difference  between  your 
result  and  the  measured  value  of  1.0548. 

B-3  Integrate  the  equation  of  motion  d\/dt  = 
torque,  where  the  torque  is  due  to  the  induced 
electric  field  given  in  (B-43),  and  thus  show  that 
the  induced  diamagnetic  moment  is  again  given 
by  (B-46). 

B-4  It  is  found  that  Xm  ~  2-2  X  10“^  for 
aluminum  at  20°  C.  Assume  that  this  is  com¬ 
pletely  paramagnetic  in  origin  and  find  the  corre¬ 
sponding  permanent  dipole  moment  niQ.  How 
many  Bohr  magnetons  is  this?  [Aluminum  has  a 
density  of  2.7  grams/(centimeter)^  and  an  atomic 
weight  of  27  grams/mole.] 

B-5  Verify  (B-66)  through  (B-69). 

B-6  Show  that  the  Weiss  theory  of  ferromag¬ 
netism  violates  the  third  law  of  thermodynamics 
by  showing  that  {dMJdT)j-^Q  0. 

B-7  The  susceptibility  of  barium  titanate 
(BaTi03)  is  =  (1.7  X  10^)/(r  -  393)  for  T 
sufficiently  large.  Use  this  to  estimate  for  this 
material. 

B-8  Beginning  with  (B-54),  show  that  the  equa¬ 
tion  of  motion  of  the  magnetic  dipole  can  be 
written  in  the  form  {dm/dt)  =  — (ge/2/n^)ni 
XB.  Now  assume  that  B  =  5qZ  where  Bq  is  a 


constant.  Solve  the  equation  of  motion  and  show 
that  the  solution  describes  a  precession  of  m 
about  2,  that  is,  m  sweeps  out  a  cone  of  constant 
angle  with  an  axis  coinciding  with  the  z  axis. 
What  is  the  angular  frequency  of  the  motion? 
What  is  the  sense  of  rotation  of  the  projection  of 
m  on  the  xy  plane  when  viewed  from  a  point  on 
the  positive  z  axis? 

B-9  The  index  of  refraction  of  water  at  15°  C 
for  a  particular  optical  frequency  is  1.3337;  its 
density  is  0.9991  grams/(centimeter)^.  Use  the 
Lorenz-Lorentz  law  to  find  n  for  water  vapor  at 
0°  C  and  one  atmosphere  by  treating  the  vapor  as 
an  ideal  gas.  Find  the  percentage  deviation  of 
your  result  from  the  measured  value  of  1.000250. 

B-10  Assume  y  ^  wq  and  use  (B-88)  and  (B-89) 
to  show  that  in  a  region  of  anomalous  dispersion, 
the  maximum  and  minimum  values  of  n  occur  at 
frequencies  where  rj  is  half  its  maximum  value. 
Find  the  relation  between  y  and  the  half-width 
Ato  of  T),  that  is,  the  frequency  difference  between 
W(,  and  the  frequency  where  rj  has  half  its  maxi¬ 
mum  value. 

B-11  Since  the  induced  dipole  in  (B-80)  is  oscil¬ 
lating  in  time,  it  will  radiate  energy;  this  is  called 
scattered  energy.  Find  the  total  rate  at  which  p  is 
radiating  by  assuming  a  gas  so  that  can  be 
taken  to  be  approximately  the  same  as  the  inci¬ 
dent  electric  field.  Show  that  when  w  Wq,  the 
radiated  power  is  proportional  to  1  /X**  where  X  is 
the  incident  wavelength.  This  is  called  Rayleigh 
scattering  and  is  used  to  account  for  the  blue 
color  of  the  sky. 


ANSWERS  TO  ODD-NUMBERED 
EXERCISES 


1-3  5x  -  3y  -  z;  32.3'^,  120°,  99.7' 
1-5  -14.4 


1-9  +  + 

1-13  ^abc{a  b  -\-  c) 

1-15  (2/cy/^[(8/21)-(4V5)] 

1-19  No;  a/p;  {b/p)j.;  {x^  +  -  by)x  +  (ay  +  6x)y]  +  cz;{asm6  +  ccos9)r 

+  (a  cos  0  -  c  sin^)6  -I-  b^ 

1-21  3 
1-23  —  ttz-q 

1-25  No 


m'  ( 

[(x  -  a)x  +  jy] 

[(x  +  a)x+yy]  ] 

4w£o\ 

\i  a2  ,  2P/2  ~ 

[(x  -  a)  +y^\ 

2-3  -1.90(^V4^eofl^)(x  +  y  +  *) 

2-7  z(Xpa^L)/[3eo2o(2o  +  ^)1 

(a^  +  2z^) 

2- 11  coulomb/(meter)'^;  A;  z- —  — - - -  Iz 

2^0  [(i3  +  z^)  ^ 

3- 1  ((?/4itco){[^x  +  (y  -  a)y]l^^  +  (y  -  -  [xk  +  (y  +  a)y] 

[:c^  +  (y  +  =  0  when  jc  =  0  or  ^  =  0 

3-3  1.90(^/47reofl^)(x  +  y-z) 

3-7  (X/27rCo)[-flX  +  (c  -  +  (c  - 

3-9  -(o/co)z  for  -a  <  z  <  a;  0  for  |z|  >  a 

3-11  (X/47rCoP)[(siri«2  +  sinai)p  -I-  (cos  a2  -  cosai)z];  (\Lp)/[2^^Qp(L^  + 
3-13  p^h‘^^x/2€o^  for  j:  >  a;  p^^xx/lCf^  lor  x  <  a 


4-1  pabc/i^  for  both 

4-3  \p/27rfoP,  (p  <  po);  (X  +  2iTpoa)p/27rfop,  (po  <  p);  -X/27rpo;  yes,  since  IffpoO  is  the 

charge  per  unit  length  on  the  cylinder 

4-5  2^A*^/^r/7€o,  (r  <  a);  lAa'^^'^x/li.Qr^ ,  (a  <  r) 

4-7  p,.hPp/2fo,  (p  <  a);  p^i,a^p/2coP,  (a  <  p);  yes,  since  X  =  wa^ch 
4-9  0,  (p  <  a);  /l/(p)p/£oa2p,  (a  <  p  <  b)  where 

/(p)  =  (e-“»  -  e-“P)  +  a(ae  “  -  pe  Af(h)p/(oa^P.  (b  <  p);  a  =  0  and  n  =  0,  yes 

4- 11  4to£oPV«^  (0  <  P  < '2);  0,  (a  <  p) 

5- 1  Yes,  since  v  X  E  =  0;  <f«  =  -xyz  +  +  const. 

5-3  (<7/4w£o){[jc^  +y^  +  (z  -  -  [x^  +  y^  +  (z  A  a)2]-d/2)};  .#,(z  =  0)  =  0; 

each  point  is  equidistant  from  the  equal  and  opposite  charges 
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5-5  0.710(^Aofl) 

5-9  =  [Q/Mn  +  2)7rCo^][(«  +  3)  -  {r/ay^^] 

5-11  p{b^  -  a')/3Eor,  (r  >  b);  {p/3^^)l(3b^/2)  -  -  {a^/r)l  (a  <  r  <  b); 

p{b^  -  a^)/2€Q,  {0<  r<  a) 

5-13  (\iifa/27rCo)(fl^  +  because  <^>  found  only  for  the  single  value  of  x  =  0 

5-15  -((j/2co)|z|  -I-  C  =  -(a/2co)V^  +  C;  planes  parallel  to  the  charged  sheet 

5-17  -(cr/2co)(|^|  "  =  5a 

5-21  (X/7T€Q)\n[(b  -  a)/(b  +  a)] 

5- 23 

6- 1  Q  on  surface  of  radius  c,  —Q  for  b,  and  Q  for  a;  QAttCo/",  (c  <  r);  Q/AttcqC, 
{b  <r  <  c);  {Q/4weQrbc)[bc  -  r{c  -  b)],  {a  <  r  <  h);  (Q/4'niQabc)[bc  -  a(c  -  b)], 

{0  <  r  <  a) 

6-3  7.08  X  10“^  farad 

6-5  Cji  =  -Ci2  =  -<^21  =  4>rTCQab/{b  -  a);  C22  =  47rfQ(afo  -1-  -  ca)/{b  -  a),  C  =  c^ 

6-9  4A<l>/b 

6- 15  27rfoL[ln(cV^^)]^^ 

7- 1  -0.918{^Vfo^) 

7-5  7ro^a^/4€o 

7-7  2.25  X  10^^  joule;  6.14  X  10“^^  meter 

7-9  5/6 

7-11  ( qfL/4  ttcq  )  In  ( b/a ) 

7-15  1.81  X  10^**  kilogram 

7- 17  \<^[A4>/[a\n{b/a)]y;p;0 

8- 3  {p/47T€q)(z^  -  2  >  5/;  z  >  7.06/ 

8-5  e  =  9^;  p  =  ^a(4x  +  5y  +  14z);  =  -ll^a^  Q,,  =  Q,,  =  19^a^  = 

Qy,  =  15^^/^  =  2lqa^-,  at  (a/9)(4x  +  5y  +  14zj 

8-7  Q  =  XL;  p  =  ^XL^(cos«x  -I-  sin  ay);  =  (^)XL^(3cos^  a  -  1), 

Qyy  =  (i)XL^(3sin^a  -  1),  Q,,  =  -(i)XL^ 

=  XL^  cosasina,  =  0]  4>q  =  (XL^/247reQr^)[3(x  cos  a  -l-y  sina)^  - 

8-9  Q  —  pabc\  p  =  -I-  /)y  -I-  cz)  =  ^(position  vector  of  center); 

Q..  =  a)e(2«"  -b^-  c^),  Qyy  =  (i)e(2A"  -  e„  =  (i)e(2c^  -  -  h% 

Q„  =  (m^b, 

Qyz  =  Qzx  =  ipQca-, 

(3Qa^  sin 0/167rCo/'^)[sin0  sin (p cos  (p  +  cos0(sin<p  4-  cos«p)] 

8-11  0XX  -  2(2a,p^  -  a^py  -  a,p,)  +  {lal  -  aj  -  a\)Q 

8-13  No;  replace  r  by  R  =  r  -  r'  in  (8-84) 

8-15  With  a  =  3^a^/8weo,  4>q  =  «(p^  sin2(p)(p^  -1-  =  ap(3p^  —  2z^)(sin2(p) 

(p2 -K  22)-"^/^  =  -2ap(cos2<p){p^ -1  z^)~^/^  £,  =  5azp2(sin2(p)(p2  +  z2)-V2.  = 

(a/</>^) sin2<p;  p^  =  /r(cos2<p)^ 

8-17  -(9P  •  r)/477£o/'^;  iqp  X  r)/4wfo/-2;  (q/4T(or^)lp  -  3(p  •  r)r] 

8-19  No;  F2  =  (3/4wto«‘‘){[(Pi  •  P2)  -  5(pi  ■  R)(p2  •  R)]R  +  (pj  •  R)Pi  +  (pi  •  R)P2}; 

ip^P2k/4iTiQR^-,  -ip^pjlR/liregR^ 

8- 21  ('iQ?Q2/b4‘!r(or'^)Qr''  -  30zV^  +  35z'') 

9- 1  =  2x  -1  y  -H  z;  Ej,  =  2x  -  4z 

9-3  With  A  =  Ooz/cqA^,  £3  =  (a  -E  Ax)x  +  (/8  +  ^y)y  +  (y  + 

9-5  Potential  difference  independent  of  path;  follows  from  (9-22) 
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10-1  1.2  X  10  coulomb/{meter)^ 

10-3  -aP,  P{\  -E  aO,  -P>^ 

10-5  <#>„ - =  -2Pa^/3€Qz\  (f>,.  =  Pz/Se^,  E,,.  =  -P/Scq 

10-7  =  -a(n  -E  2)r''~\  =  aa";  =  0,  E,  =  -PAq;  =  0, 

<p,  =  laAo(n-hl)](r''^^ 

10-9  -P/3€o 

10-11  (a)  p,  =  0,  o,  =  -a,  =  P;  (b)  E  =  Ez;  E  =  -(P/2e,){2  +  (z  -  1) 

[{z  -  Lf  -E  -  (z  -E  L)[{z  -E  L)^  -E  },(0  <  z  <  L);  £  -  (P/2eo) 

{-(z  -  L)[(z  -  L)^  -E  fl2]-(V2)  +  (2  +  L)[(z  -E  L)^  -E  (z  >  L); 

(c)  £2,,  -  Eu  =  PA,;  (d)  ^(0)  =  -(PAo){l  -  [1  +  (e)  |£L,,  =  PAo  for 

a  L;  yes,  since  like  two  infinite  plane  sheets 


10-13  (10-56)  and  (10-57) 

10-15  =  -[(k^  -  1)p/kJ  -  (P  •  V  In  k,)/(/c,  -  1); 

p  =  (p/Ae)  -  (P  ■  V  In  k^)/{k^  -  1);  if  P  and  vk^  are  perpendicular 

10-17  D  =  qr/Anr^,  everywhere;  inside:  E  =  qf/4iTK^€(^r^,  P  =  (k^  —  l)qr/4irK^r^;  outside: 

E  =  qr/ATT^Qr^,  P  =  0;  (k^  -  1)^A^ 

10-19  D  =  A^p/27rp,  E  =  \^p/(27racop''^^)»  P/,  =  - wXA(27rap"^^);  n  =  -1;  D  is  un¬ 
changed,  p^  =  \f/2maq 

10-21  D  =  X|p/27rp,  E  =  Xjrp[27rCop(a  -E  ^z)]“\  P  =  (a  -E  ^z  —  l)X^p[27rp(a  +  ^z)]^\  p^ 
=  0,  yes 


10-23  D  =  Q/A,  everywhere;  in  vacuum,  £  =  Q/€qA,  P  =  0;  in  dielectric,  £ 
p  =  1)Q/k,A;  C  =  K^iQA[K^{d  -  t)  +  t]-^ 

10-25  [(k^2  -  Krt)eo'4/i/][ln(K,2/K^i)]-* 

10-27 


C  =  27rCoL| 


1 

—  In 

K.i 


-1 


10-29 

47r€/ 


i  1 

\ 


1  -1 


10-31  D  =  Por/3;  E  =  Por/3K^€o;  l^pla^ -47r(K^  -  l)flVo/3K^;  =  Po^V3to'', 


Po^‘ 

3en 


1  -E 


2k. 


.2  \ 


;  (2k,  -t-  IjpoaV^K^fo 


10-33  A(()  =  (k,  -I-  l)A(f)o/2K,;  g  =  £o('‘e  +  ,P^^<S>a/'^d,  £  =  (k,  4-  l)A<|>(,/2K,i/ 

10- 35  {(^L/2d){K,  -  l)t(^<t.y[K,{d  -  0  +  ‘ 

11- 3  q  at  (  —  a,  -h,0),  —q  at  (  —  a,  b,Q)  and  (a,  -b,Q);  (q/Antg) 

{[(x  -  ay  +  (y-  by  +  -  [(x  -t-  a)^  +  (y  -  by  +  -I- 

[(X  +  ay  -H  (y  4-  by  +  -  [{x  -  a)^  +  (y  +  by  4- 

(q/i'rig)[(y  -  fe){[(;c  -  a)^  4-  (>’  -  h)^  + 

-[{x  +  ay  +  (y  -  by  -E  z^]  +  (y  +  ft){[(:3c  -E  a)^  +  (y  -E  h)^  -E 

-[{X  -  ay  -E  (y  +  by  +  z2]-V2|].  y,  z)  =  0; 

ff^(x,0,  z)=  -(qb/2w){[(x  -  ay  -E  6^  +  -  [(jc  +  ^()^  -E  6^  +  };  opposite  to  q 

11-5  —  3p^x/647r£o£/'* 

11-9  (Amtg)-'[{q/d)  +  (Q/a)];  (qi/4neo)l(Q/d^)  -  q(a/dy(2d^  -  a^Xd^  -  a^)'^] 

11-11  -\a/i7{a^  +  p^);  -f^k/AirtgU 

11-13  2mtg/[cosh^Hh/A)\,  -■ntoi^’f^yyosh  '^  ih/A)]-\h^  - 
11-15  -(2io4>o/L)[sir<h(‘,Ty/L)]-' 
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11-17  <}>  =  2<t>Q  ( — )sm( — ^]sinh 

MtI 


nw  1 

'  2x  \1 

/ 

— 

- 1 

sinh  — 

2  ' 

^  /J 

L  \  2  /J 

Ey  =  0, 


£.=  -4^  I(-l) 


^0 

=  -1.6691  — 


11-19  X"  +  Y"  Z"  =  a  +  p  +  y  =  0;  X(jc)  =  Cx  +  C'\  constant  field  plus  one 

varying  linearly  with  x 

11-21  ra^/{r^  +  la^)  =  K  sin^  B 

11-25  With  /?!  =  (r^  +  -  2r/^cos0//^  =  {{br/af  +  a'^  -  2r/jcos^]i/^ 


E,  = 


(  1  1  'j 

■  E  ‘‘  1 

'  {r  -  b  COS  0)  [{b^r/a^)  -  ^cos^] 

4w€o 

Rl  ^2  , 

’  '  4«o1 

Rl  Rl  / 

qb  sinO  i  1  I  \ 


;  E(/-  =  0)  =  -iq(a^  -  fe^)/477eQ&^fl^; 


47r€o  \  Rl 

<jf(9)  =  -(qa/47T)[l  -  {b^/a^)][a^  b^  -  2a^  cos  - 


11-25  (p  =  -£'o[l  -  (^Vp  )lpcos<p;  =  2cqEoCos<p 


1,.27  £  iziL 

77  m 


m  odd 


—  cosm<p;  -(4(pQ/^jTa)\ 
a  / 


11-29 

{r  >  a)\ 


;  (r  <  a): 


11- 31  '^>  =  4>o  +  -  4>o  +  (Po'^V12€o)[1  “  ^^(0)  =  -(^o/^X^d  “  M  - 

(Pot^/12);  a{d)  =  (€o/ci)(<p,  -  <f>^)  -  Jpo^ 

12- 1  Ampere/(meter)^;  -63/4;  -  1277/4fl^/5,  decreasing 

12-3  (32wr  sin  ^/47rfl^)4>;  0w/277 

12-5  -(a^(^/a)z 
12-7  IR/l 

12-9  [a^id  -  x)(pi  -T  C2X<p2Vl^i(^  -  x)  +  02^];  (aiC2  -  02«i)(4»i  “  </>2)/[<^i(^  -  x)  +  02^] 
12-11  wad/^<p/co$h~^  (D/2A) 

12- 17  1.51  X  10“*^  meter/second 

13- 5  —  I^qIK'z 


fioll'a  f 

13-7  - / 

77  ^ 


sin^  q>  dq> 
d^  -I-  sin^  (p 


1  - 


13- 9  +  y)/47ria 

14- 1  (poAp)["-^sinay  -K  (/cosa  -  I')!] 

14-3  {}iQ/2^n)[I^[-{y  -  +  {x  -  Xi)y][(x  -  x^)^  +  (y  - 

+  h[-(y  -  yi)^  4-  (x-  X2)y][(x  -  X2)^  +  {y  -^2)^]“^ 
14-5  “  (2/77)arcsin[flV(^^  +  ^^)]}; 

14-7  (p,)/'a/277)(fl^  -I-  sinax  -I-  aaz) 

14-9  fiofC'x,  (0  <  7  <  d);  0,  elsewhere 

14-11  p„owz[(z^  -T  -  |z|];  \iiQao)az 

14-13  fpoPwflz;  0 

14-15  qvfioEib  -  a)/4ab,  horizontal  and  to  the  right 
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15-1  277(1  -  2(2^  + 

15-5  An  infinitely  long  straight  current  NI  perpendicular  to  the  plane  of  the  torus  and  passing 
through  the  center  0. 

15-7  (0  <  p  <  a);  {a  <  p  <  b)\  (po//277p)[(c^  -  p^)/(c^  -  b^)]. 

{b<  p<  c);  0,  (c  <  p) 

15- 9  ipoPchV  X  p,  (0  <  p  <  fl);  iPoPch(^/p)^v  X  p,  (u  <  p) 

16- 3  fix,  y,  z) - (az/y^)  -  {^z/x^)  +  g(x,  y)\  PqJ  =  \[(2az/y^)  + 

(dg/dy)]  -  yliipz/x^)  +  (dg/dx)]  +  z[{2ax/y^)  -  (iPy/x^)];  V  •  J  =  0 

16-5  b)=  -xyB;  x(a  ^  c)  =  -  xib  c)  =  \xyB 

16-7  Bp(p,  2)  ^  (3/Xo-^a22p/4)(a2  +  2^)“^/^; 

S,(p,  2)  =.  +  z^)-^/^[l  y  lip^ia^  -  4z^){a^  +  22)-^]} 

16-9  4wA/pqI  =  xln[(a  +  u  +  x){p  —  a  —  x)/{d  +  a  —  x)(y  -a-l-x)]  + 

yln[(y  +  a+x)(a-a  -  y)/{P  +  a  -  y)(5  -  c  +  y)]  where  =  (a  +  x)^  (a  +  y)^, 

=  (a  +  xy  +  (a  -  yy,  =  {a  -  xy  +  (a  +  y)^,  8^  =  {a  -  x)^  -i-  (a  -  y)^;  0 

16-11  =  {pqI/47t)[1  -  ip^/a^)  +  21n(po/fl)],  (p  <  a);  (poV27r)ln(Po/p),  (p  >  a); 

^z(O)  =  (/AoV47r)[l  +  21n(po/u)] 

16-13  =  Aq-  {po/pV47ra^),  (0  <  p  <  a);  Aq  -  (poV4^)[l  +  2  In  (p/a)],  (a  <  p  < 

^0  “  +  21n(/3/«)]  +  [Mo  -  b^)]lp^  -  b'^  -  2c^  \a{p/b)],  (b  <  p  <  c); 

^0  “  (MoV2vr)[ln(V<2)  +  ln(c/^>)],  {c  <  p); 

^0  =  {MoV27r){ln(Vt')  +  [1  -  ln(c//7)} 

16- 15  Zero 

17- 3  A/Qe“^'(pQZ)/27r)ln[l  +  (a/d)];  clockwise 
17-5  oiB^ab  sin(2wf  +  <Po  ®)> 

17-7  P  =  (k^  -  l)€ow5pp;  Qf,  =  27r(K^  -  l)€QuBa^l 

17-9  4.71  volts 

17-11  (a)  l/oab;  (b)  vB^l;  (c)  vaabB^;  (d)  5  ohms,  8.25  X  lO”'^  volts,  1.65  X  10“^^  amperes 
17-13  3to[(Ke  “  l)VvBy/2'rTR'^;  attractive 
17-15  ^oo^BqP  sin(w/  +  a)4) 

17-17  1.42  X  10-*^  henrys 

17-19  (poV2^r)ln[(a  -h  d){d  +  D)/d{a  +  d D)] 

17-21  (poA^V27r)ln[(26  +  a)/(2b  -  a)] 

17- 23  LC  =  L  =  (po^/^) cosh" ^  {D/2.4) 

18- 5  i  =  where  t  =  L/R 

18-7  r\pQ//16w)(b^  -  a^y^lib^  -  a^)(b^  -  3a^)  +  4a^  ln(6/a)] 

18-9  b  <  1.28a 

18- »  =  E 

k*j 

18-13  -  b(b^  - 

18-15  -z(37r/ioa^6^//*/2c‘') 

18-17  -  ^iigirnSa^la^  -I-  Q/-  -  [a^  +  {^l  + 

18- 19  0.504  tesla 

19- 1  Iira^z 
19-3  ^Qa^u> 

19-7  ■nnoo'^b^/AY 

19-11  tan ct2~  ~  1  "1 

19-13  labB^mg)! 
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20-1  182  amperes/meter 

20-3  J„  =  (2M/a)z;  K„:  0,  (x  =  0);  -Mi,  (x  =  a);  0,(y  =  0);  -Mi,  (y  =  a); 

-{M/aXxx  +>'y),  (z  =  0);  (M/a)(xx  +yy),  {z  =  a) 

20-5  a  in  amperes/(nieter)^,  /3  in  amperes/meter;  J„  =  0;  K„  =  (aa^  cos^  ^  +  ;8)  sin  Sqi 

20-7  B,  =  \}i.oM{{z  +  {l)[a^  +  (z  +  -  (z  -  \l)[a^  +  (z  - 

H,  =  (B./iio)  -  M;  for  /  «  a\  ==  \fiQMla^{a^  +  B,,  =  fi^Ml/la  -  0, 

//',  =  -M[l  -  (//2a)]  =  -M 

20-9  J„,  =  0,  =  0;  B,-  =  0,  H,  =  -M,  Ho(a)  =  0 

20-13  p„  =  0,  (7„  ,op  =  M,  (T„  boHom  =  -M-,  H,.  =  -M,  Ho  =  0;  1;  yes 

20-15  =  0,  fl,  =  0,  (0  <  z  <  a);  =  {M/3z^)(z^  -  a^),  H,  =  -{M/3z^){z^  +  2a% 

(a  <  z  <  />);<(.„  =  (,M/3z^Xb^  -  a^),  H,  =  (2M/3z^)(/.3  -  a^),  (b  <  z) 

Xm  Xrti,mass^»  Xm  ~  X m. molar (^/^ ) 

20-19  (b)  fi  =  i(x„2  -  Xmi)sin2ai,  6.3  X  10^''  degrees;  (c):  (i)  -42.1°,  (ii)  44.9° 

20-21  Outside:  H,  =  //qCOS  @{1  +  [(k„  -  l)/((c„  +  2)](2aV''’)}. 

//s  -  -//(,  sine{l  -  [(k„  -  1)/(k„  +  2)](aVz^)},  =  0;  inside:  H  =  [3/(k„  +  2)]Ho 

20-23  2//(k„  +  1);  [(ic„  -  l)/(ic„  +  l)](po^V4wrf);  attractive 
20-25  //^2  =  b/27rp,  B^^  =  Kpgl/2'na,  Lj  =  Kpo(/>  “  a)!/2'na 
20-27  Xm  =  2dg/i/po/?o 

20-29  1.30  tesla;  1.44  X  10*  amperes/weber;  0.374  ampere;  =  1.03  X  10*  amperes/meter, 
//.  =  247  amperes/meter;  0.689 

20- 31  (/A  -  ju.o)BoS/2/a/Ao;  134  newtons;  6.63  atmospheres 

21- 1  -  \tQSo3dip  co%  +  d-^  sinajr)“^9;  0 

21-3  V  -  E  =  (p^  -  V  •  P)Ao,  V  X  E  - - Po[(^H/5/)  -E  (dM/dt)],  V  H  =  -  v  •  M, 

V  X  H  =  4  +  £o(^E/^0  +  (dP/dt);  V  D  =  p^,  V  X  D  =  -Co(^B/^r)  -E  V  X  P, 

V*B  =  0,  VXB  =  po[J^  +  (dD/dt)  +  V  X  M];  v  D  =  p^, 

V  X  D  =  -iiQiQlidU/dt)  -E  (dM/dt)]  +  VXP,  vH  =  -  vM,  V  xH  =  Jy-E  (dD/dt) 

21-7  V  •  E  =  (p^  -  E  •  Vc)/€,  V  X  E  =  -  dB/dt,  V  ■  B  =  0, 

V  X  B  =  p[J/  +  ffE  +  t(d'E/dt)]  +  (Vp  X  B)/p 

21-9  S  =  -(qI/lf.Qii'^a^)p\  dU/dt  =  gld/i^^rra^  =  d(q^/2C)/dt 

21- 11  z(2/9)po^J^e^ 

,  d  {  1  \  1  px  ^  d\  d^ A 

22- 3  +  —  V  •  A  -f  -A  •  V€  +  -(V</>)'  (VO  =  -  V^A  -  pa—  -  pc^  - 

dt\  €  /  €  €  dt  dr 

/5</>\  1 

V(V  •  A)  -  paV<#)  -  j  +  X  (V  X  A)  =  -pj/ 

22-5  V^<t>  =  -p/('’,  OA;  V^A  -  p€(d^A/de^)  =  +  p€V(d<t>/dt) 

22- 7  E  =  V(V  •  %)  -  po^o(^\/d(^)  =  V  X  (V  X  ttJ  -  (PAo)»  B  =  poE^V  X 

23- 1  [statcoulomb]  =  (gram)^'^^(centimeter)^'^^(second)“h  [abampere]  = 

(gram)^'^^  (centimeter)^/^(second)“  ^ 

23- 5  C  =  A/47rd 

24- 1  d^/didi]  =  0 

24-5  ^  =  ira^NkEQ  cos  0  sin  w/;  so  that  B  ^  const.  =  B(z  =  0) 

24-7  Listed  in  the  order  Q,  y(metersAecond),  S(meter),  E/cB,  J2(radian).  For  v  =  10^  hertz: 

I. 39  X  10-^  1.58  X  10\  25.2,  3.73  X  10“^  7r/4  =  0.785;  for  10^:  1.39  X  l0-\  5.00  X  10^ 
7.96  X  10■^  1.18  X  10'^  0.785;  for  10^'’:  0.139,  1.48  X  10^  2.70  X  10-^  0.371,  0.716;  for 
10*^:  1.39  X  lO"*,  3  X  10^  1.33  X  10  ^  1.00  -  1.29  X  10“^,  3.60  X  10“^  everyday  observation 
shows  that  light  penetrates  many  meters  into  seawater;  the  static  value  for  a  was  used 
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24-9  Eq  =  1005  volts/meter,  Bq  =  3.35  X  10  ^  tesla 

24-11  [1  (l/e^)F^;  1  +  {1/2Q^),  {Q  »  1);  (1/2X1  +  \Q^),  (2  «  1) 

24-13  z(El  +  Ej)/2Z 

24-15  <«.,)  =  I  ieEg, 

k 

24-17  \  =  10”^  meters,  »»  =  3  X  10^°  hertz,  a  =  =  60°,  y  =  45° 

24-19  E_= 

24-21  (a)  8.97  X  10^  hertz,  (b)  8.97  X  10^  hertz 
24-23  Yes 

24-27  In  the  order  asked  for:  ^€|Eo|^,  j(^^//itJ^)|Eo|^,  1  -  (wp/w)^,  jc|Eo|^[l  -  (w^/lu^)], 
2{(^/M)[1  -  (W/>/w)^]}^/^|Eopk,  -  (0)p/uf]^^^ll  -  (0)^/2632)]"^ 

24- 29  (a)  Q  =  27t{t/T);  (b)  2'n8/X  =  (1  +  Q 

25- 5  =  2Z2  cos  di[Z2  cos  9^  +  iiZiK/kj)]-^;  (E, /£,.)„  =  2Z2  cos  6»,-[Zi  cos  0,. 

i{Z2K/k2)r^-,  (Zi/Z2)^  elUptical 

25-7  (b)  0,.  =  21.2°  or  40.7°;  (c)  =  2.41^2  =  3.62,  6^  =  32.8° 

25-9  (a)  a,  =  a(cose,/co$e,),  b,  =  b;  (b)  ?,  =  \(S,)\ab,  P,  =  \(S,)\a,b-  (c)  T' =  T 

25-11  E0//E0,  -  27r(;i2/l^i)(^2Ai)(l  “  0;  E,  leads  by  45° 

25-13  T=  K.Q{EQ^H^j)/Ke{EQiH^j)  =  47r(/i2/Mi)(^2/^i) 

25-15  (c)  d9p/ds  =  np^\dnp/dz\  ^  0;  (d)  Wp(z)/«p(0)  =  sin ^,[«p(0)z  +  cr«^sin^J“^ 

25- 17  E.„  =  Kw)to, 

26- 1  <  =  {ik^/k\Y7i,.  =  (i  X  <)/Z,„,  Z,„  =  ( V^o)Z  = 

26-3  =  y[l  —  <  V.  Like  Exercise  24-26  with  k  k^,  v  -*■  i?g,  and  (/ac)~^  -* 

26-5  (X/2)  <  <  (X/v^) 

26-7  (a)  (m)  =  ^ja|//o|^[2(toa/7rt?)^  sin^  (7rx/a)  -I  cos(29Tx/a)];  (b)  (S)  =  z^/i,w^g 
(a/7r)^|//o|^  sin^(7rx/a);  (c)  ((w»  =  i^(aw/7ry)^li/(j|^;  ((S»  =  ziw/i^g(a/7r)^|7/ol^ 

(d)  Ilf;  =  v'^/v^  =  Vc 

26-9  i  /j-o  /7q  ( a>  (j /ttc)  ^  sin^  (  tix/ a  )y 

26-11  With  E  =  k^z  -  w/:  =  0,  E^  =  — EQ(/Cg//cJ)(m7r/a)  cos(/K7rx/<a)  sin(«5ry/^>)sin  E, 

E,.  =  -EQ(Xg/fcJ)(«7r//?)sin(m7rx/a)cos(«77'y/h)sin  E, 

E.  =  Eq  sin(/?i7rx/a)sin(«?7y/h)cos  E, 

=  EQ(a)c/fcJ)(«7r/h)sin(wffx/£!)cos(«7ry/h)sin  E, 

//,  =  -  Eo(a)€/fc^^)(mfl'/a)cos(/7i7rx/fl)  sin(«wy/h)  sin  E 

26-13  A  =  -(//w)E,  so  that  with  E  =  -  w?;  =  -{^/kl)(n7r/b)HQ 

cos{m^x/a)sin(n7ry/b)e‘^,  =  {iL/kl){m^/a)HQ  sm{miTx/a)cos{n7ry/b)e‘^,  A^  =  0 

I  d  I  dip  A  1 

26-17  <T|  =  f  A(|>o[a  ln(h/fir)]“^cos(A:o2  -  oj/) 

26-21  E^  =  E^  =  O,  Ej  =  E3  sin(7rx/a)  sin(7ry/fl)e“'“^ 

=  —i{mE-^/iji\ka)sm.{'nx/a)cos{7:y/a)e~'‘^\ 

//,  =  i{TrE-^/oi\ia)co^{7rx/a)sm(TTy/a)e~“^\  //,  =  0;(S)  =  0\  U  =  ■|a\|E3|^ 

26- 23  7r^  =  E,/k^.  with  E^  given  by  (26-61)  and  (26-14) 

27- 1  I  =  1.46,  2.21,  2.79  amperes;  |  Vp\  =  5.84,  8.84,  11.17  volts;  j  Vp\  =  6.16,  3.16,  0.83  volts 

27-5  q  =  «{!  -  [1  +  {2/e)(f 

27-7  E  =  O 

27-11  u)EL/QCOs(wt  4-  e  +  where  tan<#>  =  E/wL 
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27-13  Ii(t)  =  -  2^o(^+  sinw  +  z  +  a)_  smw_z);  /2(z)  =  l<?o(^+  sinto  +  Z  -  £»)_  sinw..z); 
^j(z)  =  w+z  +  cos  i*>_z);  ^2(0  ="  ^  +  ^  +  cos  w_z)  where  =  1/[C(L  - 

M)]  and  a>2_  =  1/[C(L  -E  M)] 

27- 15  a  =  p  =  (w/?'C72)^/^  i;  =  Z.  =  {R'/2t^C'){l  -  0 

28- 1  All  fields  are  zero  for  Z  <  (p/c).  For  z  >  (p/c),  and  with  F  =  [1  -  (p/ctyf'^^: 

A  =  z(jao//47r)ln[(l  -E  F)/{\  -  F)],  B  =  ^{pQT/2'rrpF),  E - zip^I/lirtF), 

S  =  p(Mo^V4^V/^") 

28-3  0.03  volts/meter 
28-5  With  P  =  kr-  ut: 


E  = 


47rCn 


rcos 


2  sin  F  2  cos  P 


B  = - : - ^  sin 


(kr)  (kr) 

COS  P  sin  P 


+  6  sin 


1  1 
—  +  — x~r 
kr  k\^ 


cos  P 


sin? 

77 


47r 


kr 


S  = 


^7>?o 

167r^CQ 


sin  u  cos 


rsin 


1 


3.3 


k^r 


cos^  ? 
(kr)^ 
1 


(kry 
cos  IP 

sin  2  ?  -E 


3  ..3 


k^r 


Ik^r 


5^5 


sin  2? 


2  cos  IP 


(kr)‘ 


28-13  Bk  ^  (i^^QoymQb/4•JTc^r)sia20e‘^'‘’'  “’'’9,1.,^  =  -(iiioUi^mQb/4'nc^r)sm26e'^'‘' 

28- 15  With  Eg  =  E  =  EoCOs[A:a  sincp  -H  “  ^i)L 

El  =  Eocos(|5r  sin(p),  Ej  =  -Eg  sin(|7r  sin  ip) 

29- 3  15.7  X  10“^  seconds;  4.66  X  10^  meters 
29-5  Yes 

29-7  With  ))  =  1  {Vv(/c^).  =  [a(  -  (V/c^v)v(a(]/r^v^, 

fl,  =  [a'  -  (y/c^v)i’(a'J/y^v^ 

29-17  With  £  =  1  -  (Pvjc):  /;  =  /,  -  (V/ch){vJ^  +  vj,),  /;  =  /,/yc,  //  =  /^yf, 
idW'/dt')  =  [(rflYM)  -  K/J/c 

29-19  (/>£)o  =  Mge^{[l  -  -  1},  W,  =  A/g^c^fl  - 

Ps  =  where  A/g^  =  Mo/[l  -  (t>^A^)]‘/^  =  Mg  +  [(P£)o/c^] 

=  (inertial  rest  mass)  -E  (mass  equivalent  of  initial  potential  energy) 

29-27  F„„  2  =  (yi9i92/4tt)[yi^Pj  -HlJ  +  X  {(R/£„)  -h  ftgVa  X  (vi  X  R)}  where  R  = 

rj  -  fi  and  y,  =  [1  -  (vl/c^)] 


29-29  Outside:  B  =  0,  E  =  0;  inside:  B  =  ypQn'I'yy  E  =  no 

29-31  (9V6’t£oC=')[l  -  (v^/c^)]-\[siif  -  ([V]  X  [a])Vc'} 

A-1  y  =  (qE/2m(,vl)x^',  d=  qED^/2m^vl',  tana  =  qED/nigvl 
A-3  T  =  \q^^^ln{b/a)]-'^ 

A-5  mg  =  qB^D^/9.tx4> 

A-1  A/  =  47r(moUo/^^)sin^o  sin  A^;  AZ/Zq  =  2tan^o  sin  AB\  A9  <  815° 

A-ll  x  =  (it^/12)ima/q)(E/B^),  y  =  0.134(mgyo/<7R) 

A-13  With  A  =  (qE/maC)[l  -  z  =  0,  y  =  (c/A){[l  +  {Atff''^  -  1}, 

;c  =  (t;o/.4)ln{At  -I-  [1  -I-  (At)^]'^^}  =  (vq/A)  sivh^^  (At) 

B-1  a  =  3.42  X  10”  farad-(meter)^;  a  =  6.75  X  10“  “  meter 


B-7  2.3  X  10“^ 


B-9  1.000240;  0.001  percent 

B-ll  (fio/125rc)(eV'«e)^“‘'|E^oE[(“o  “ 
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A 

Aberration,  504,  528 
Acceleration,  transformation  of,  528 
Action  at  a  distance,  51, 101,  225,  287 
Addition  of  vectors,  4 
Admittance,  458 
Advanced  potentials,  472 
Air,  dielectric  constant  of,  568 
Aluminum,  density  of,  568 

magnetic  susceptibility  of,  346,  568 
Ampere,  42,  202,  218 
Ampere’s  law,  218,  292 
circuital  form,  237 
integral  form,  237,  322 
Amperian  currents,  312,  315 
Angle: 
critical,  409 
of  incidence,  407 
phase,  379,  456 
polarizing,  417,  427 
of  reflection,  408 
of  refraction,  408 
solid,  58 

Angular  frequency,  268 
Angular  momentum,  117 
density,  361 

Anomalous  dispersion,  566 
Antenna,  487 
half-wave,  488 
Antiresonance,  459 
Area: 

of  closed  surface,  39 
cylindrical  components,  29 
rectangular  components,  19 
spherical  components,  33 
as  vector,  17 

Atomic  weight,  of  copper,  216 
Attenuation  distance,  384 
Avogadro’s  number,  216 
Axis,  symmetry,  116 


B 

Barium  titanate,  susceptibility  of,  568 
Battery,  208 

energy  change  of,  106,  291 
Beats,  402 
Bessel  function,  448 
Betatron,  269,  543 
Biot-Savart  law,  225,  226,  247 
Bohr  magneton,  345,  559 
Boltzmann  constant,  551 
Boundary  conditions: 

electric  field,  136,  267,  354 
general  form,  354 
general  scalar  potential,  364 
general  vector  potential,  366 
and  Laplace’s  equation,  171,  195,  199 
magnetic  field  vectors,  329,  349 
normal  components,  133 
at  perfect  conductor,  430 
scalar  potential,  138 
tangential  components,  134 
Bound  charge,  143,  151 
density,  143,  157 
Brewster’s  law,  417 


C 

Capacitance,  90 
of  coaxial  cylinders,  96 
coefficients  of,  95,  108,  168 
effect  of  dielectric,  159 
of  parallel  cylinders,  184 
and  resistance,  210 
of  sphere,  91 
Capacitor,  90 
cylindrical,  96 

energy  of,  101,  108,  164,  167 
in  fluid  dielectric,  166 
in  parallel,  95 
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Capacitor  (Continued) 
parallel  plate,  94,  103 
in  series,  95 
spherical,  93,  162 
Cavity  definition: 
displacement,  152 
electric  field,  148 
magnetic  field,  322 
magnetic  induction,  317 
Cavity  resonator,  444 
Center  of  charge,  131 
Characteristic  impedance,  444,  463 
Charge: 

bound, 143,  151 
center  of,  131 
conservation,  40 
electronic,  108 
free,  151 
induced,  175 
as  invariant,  518 
linear  density,  45 
magnetic,  325 
magnitude,  40 
negative,  40 
point,  40 
positive,  40 

spherical  distribution,  46 
surface  density,  45,  137 
test,  56 
unit,  42 

volume  density,  44 
Charge  density: 
bound, 143,  157 
free,  151,  157 
linear,  45 
polarization,  143 
surface,  45,  137 
total.  151,  157 
volume,  44 
Circuit: 
coupled,  460 
magnetic,  342 
RL,451 
RLC,  453 
series-parallel,  458 
Circuital  law,  Ampere’s,  237 
Circular  frequency,  268 
Circulation,  16 

Clausius-Mossotti  relation,  551,  565 


Coaxial  line: 

characteristic  impedance,  444, 466 
magnetic  fields  of,  330 
self-inductance,  288,  296,  335 
TEM  mode,  442 
Coefficient(s): 
of  capacitance,  95,  108,  168 
of  coupling,  283 
of  induction,  95,  108,  168 
of  potential,  89,  90,  93,  168 
reflection,  420,  464 
transmission,  421, 428 
Coercive  force,  340 
Coercivity,  340 
Components: 
of  area,  19,  29,  33 
of  vector,  5 
Condenser,  94 
Conductance,  458 
Conductivity,  208 
complex,  399 
of  copper,  214,  388 
and  permittivity,  400 
of  plasma,  400 
of  sea  water,  282,  402 
of  water,  216 
Conductor,  83 
forces  on,  103,  166 
good, 387 
Conservation: 
of  charge,  40 
of  energy,  531 
of  4-momentum,  517 
Conservative  field,  68 
Constitutive  equation,  155,  328,  355,  371 
Continuity,  equation  of,  205,  518 
Convection  currents,  207,  322,  519 
Conversion: 

of  numerical  values,  373 
of  symbols,  371 
Copper: 

atomic  weight,  216 
conductivity,  214,  388 
density,  216 
Coulomb,  42,  218 
Coulomb  gauge,  254,  367 
Coulomb’s  law,  41,  84,  152 
in  dielectric,  160 
for  magnetic  poles,  346 
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Coupled  circuits,  460 
Coupling,  coefficient  of,  283 
Covariance,  513 
Critical  angle,  409 
Critical  damping,  467 
Cross  product,  9 
Curie’s  law,  553,  559 
Curie  temperature,  561,  562 
Curie- Weiss  law,  561,  562 
Curl,  15,27,35 
cylindrical  coordinates,  31 
rectangular  coordinates,  15 
spherical  coordinates,  33 
Current: 

Amperian,  312 
average,  202 
conduction,  207 
convection,  207,  322,  519 
displacement,  348 
eddy,  283 

filamentary,  203,  281 
free,  321 
image,  346 
induced,  263 
instantaneous,  202 
magnetization,  321 
stationary,  202 
steady,  202 
surface,  241 
Current  density: 

Amperian,  315 
bound, 315 
of  energy,  357 

in  l.i.h.  magnetic  media,  329 
magnetization,  315 
polarization,  207,  354 
surface,  204,  241 
volume,  203 
Current  element,  204 
equivalents,  205 
forces  between,  222 
point  charge  as,  233 
Current  loop,  304,  308, 484 
Current  sheet,  induction  of,  243 
Current  whirl,  304 
Cutoff  frequency,  433 
Cycloid,  539 
Cyclotron,  535 
Cyclotron  frequency,  532 


Cylinder,  uniformly  magnetized,  318, 
323 

Cylindrical  coordinates,  28 


D 

D’Alembertian,  365,  513 
Debye  equation,  553 
Degeneracy,  447 
Del  operator,  14,  36,  512 
cylindrical  coordinates,  30 
4-vector,  512 
spherical  coordinates,  33 
Delta,  Kronecker,  115 
Demagnetizing  factor,  326 
Demagnetizing  field,  345 
Density: 

of  aluminum,  568 
angular  momentum,  361 
charge,  44,  45 
of  copper,  216 
momentum,  361 
Depolarizing  factor,  198 
Derivative  of  vector,  1 1 
Diamagnetism,  328,  533,  555 
Dielectric,  140,  154 
and  capacitance,  159 
electric  field  within,  145 
force  on,  165,  170 
internal  energy,  164 
linear,  155 
nonlinear,  154 
Dielectric  constant,  155 
of  air,  568 

Dielectric  sphere,  in  uniform  field,  194 
Dipole,  118,  300 
electric  field  of,  119,  131 
energy  in  external  field,  125,  306 
force  on,  128,  306 
induced, 140, 546 
magnetic  induction  of,  3 10 
magnetic  orientational  energy,  307 
permanent,  140,  312,  547,  559 
potential  of,  1 14,  120,  300 
radiation,  477,  482 
torque  on,  127,  128,  130,  308 
Dipole-dipole  interaction  energy,  131, 
311 
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Dipole  layer,  139 
Dipole  moment,  113,  300 
of  water,  167 
Direction  angles,  6 
Direction  cosines,  6 
Disc,  potential  of,  81 
Discontinuity,  surface  of,  132 
Dispersion,  384,  562 
anomalous,  566 
Dispersion  relation,  382,  400 
Displacement,  152,  153 
Displacement  current,  348 
of  charging  capacitor,  349 
vacuum,  354 
Displacement  of  point,  3 
Dissipation  of  energy,  212 
Distributed  parameters,  449,  462 
Divergence,  15,  24 
cylindrical  coordinates,  31 
spherical  coordinates,  33 
Divergence  theorem,  21 
Domains,  562 
Doppler  effect,  504,  528 
Dot  product,  8 
Double  layer,  139 
Double  refraction,  155 
Drift  velocity,  212,  539,  545 
Duality,  362,  483 


E 

Earth,  mass  and  radius  of,  108 
Eddy  currents,  283 
Edge  effects,  94,  170,  347 
Einstein,  494,  499 
Electret,  141,  154 
Electric  field: 

boundary  conditions,  136,  267,  354 

cavity  definition,  148 

of  circular  arc,  56 

definition,  51 

in  dielectric,  145 

of  dipole,  131 

induced,  266 

of  infinite  line  charge,  52,  60 
of  infinite  plane  sheet,  53,  62 
of  long  cylinder,  57 
motional,  272,  494 
of  moving  point  charge,  523 


nonconservative,  208 
of  parallel  line  charges,  77 
as  physical  quantity,  55 
of  plane  circular  disc,  57 
in  rectangular  coordinates,  52 
of  spherical  distribution,  63 
Electrification  by  friction,  40 
Electromagnet,  343 
Electromagnetic  system  of  units,  370 
Electromotance,  264 
Electromotive  force,  208 
Electron,  charge  and  mass  of,  400 
Electron  theory  of  matter,  563 
Electrostatic  system  of  units,  369 
Electrostriction,  165 
Emf,  208 
back,  280 
induced,  264 
motional,  272 
self-induced,  280 
transformer,  272 
Emu,  370 
Energy: 

of  capacitor,  101,  108,  164,  167 
of  conducting  sphere,  103 
conservation,  531 
current  density,  357 
of  dipole  in  external  field,  125,  306 
dissipation,  212 
electrostatic,  98 
of  free  charges,  161 
hysteresis  loss,  340 
of  ideal  solenoid,  288 
interaction,  124,  131,  164,  305 
internal,  124 

of  isolated  conductor,  101 

kinetic,  516,  531 

magnetic,  284 

of  magnetic  circuit,  347 

orientational,  307 

of  quadrupole  in  external  field,  126 

rest,  515 

of  self-inductance,  286 
of  spherical  charge  distribution,  100 
of  system  of  conductors,  100 
Energy  density: 
in  dielectric,  162 
electromagnetic,  357 
electrostatic,  102 
magnetic,  288,  334 
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magnetization,  336 
polarization,  164 
time  average,  392 
Equation  of  continuity,  205,  518 
Equation  of  motion,  515,  529,  530 
Equipotential  surface,  70,  83 
of  dipole,  120 
of  linear  quadrupole,  122 
of  parallel  line  charges,  77 
Esu, 369 
Ether,  496 

Evanescent  wave,  419 


F 

Farad,  42,  91 
Faraday,  84,  147,  263 
Faraday’s  law,  263 
moving  media,  269 
stationary  media,  266 
Ferroelectricity,  562 
Ferromagnetism,  338,  559 
Field: 

conservative,  68 
demagnetizing,  345 
dipole,  119,  131,302 
guiding,  544 
linear  quadrupole,  121 
magnetic,  322 
magnetizing,  554 
polarizing,  547 
Field  point,  37 

Filamentary  current,  203,  281 
dipole  moment  of,  303,  311 
Fizeau,  528 
Flux: 

electric,  58,  60,  85 
magnetic,  251 
power,  357 
of  vector,  20 
Flux  density,  225 
Flux  leakage,  343 
Focusing,  magnetic,  536 
Force: 

on  conductors,  103,  166 
on  current  sheets,  294 
density,  359 
on  dielectric,  165,  170 
on  dipole,  128,  306 


on  interpenetrating  solenoids,  293 
magnetic,  290 
on  quadrupole,  130 
of  system  of  point  charges,  43 
4-acceleration,  528 
4-current,  519 
4-force,  514 
4-momentum,  514,  517 
4-potential,  519 
4-vector,  510 
4-velocity,  511 
Free  charge,  151 
density,  151,  157 
energy  of,  161 
Free  currents,  321 
Free  space: 
permeability  of,  218 
permittivity  of,  42 
Frequency,  268,  380 
angular,  268 
circular,  268 
cutoff,  433 
cyclotron,  532 
Larmor,  556 
plasma,  401, 403 
resonance,  456 
Fresnel  equations,  413,  416 
Friction,  electrification  by,  40 


G 

Galilean  relativity,  495 
Galilean  transformation,  495 
Gauge: 

Coulomb,  254,  367 
Lorentz,  366 

Gauge  transformation,  254,  366 
Gauss’  divergence  theorem,  21 
Gaussian  system  of  units,  370 
Gauss’  law,  58,  60 
and  conductor,  84 
forD,  152 
Generator,  275,  276 
g-factor,  559 
Glass,  resistivity  of,  216 
Gold,  optical  properties,  423 
Gradient,  12,  35 
cylindrical  coordinates,  30 
spherical  coordinates,  33 
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Gravitational  constant,  108 
Group  velocity,  402 
Guide  speed,  439 
Guiding  center,  532 
Guiding  field,  544 
Gyromagnetic  ratio,  558 


H 

Half-wave  antenna,  488 

Heaviside-Lorentz  system  of  units,  371 

Heisenberg,  562 

Helicity,  397,  398 

Helium,  susceptibility  of,  568 

Helix; 

axial  induction  of,  234 
as  particle  path,  533 
vector  potential  of,  261 
Helmholtz  coil,  234 
Helmholtz  theorem,  37,  152,  253,  323 
Henry,  218,  278 
Hertz,  268 

Hertz  vector,  367,  448,  493 
High-pass  filter,  401, 433 
Homopolar  generator,  276 
Homopolar  motor,  277 
Hysteresis,  340,  341,  562 


I 

Image  charges,  173 
of  conducting  sphere,  176,  179 
of  semiinfinite  dielectric,  180 
of  semiinfinite  plane  conductor,  173 
Image  current,  346 
Impedance,  455 
characteristic,  444,  463 
of  free  space,  391 
load, 461 
in  parallel,  458 
in  series,  458 
wave,  391 

Index  of  refraction,  378,  563 
complex,  385,  563 
Induced  charge,  175 
Induced  dipole  moment,  194,  546 
Inductance,  277 
of  coil  and  solenoid,  280 


mutual,  278 
of  parallel  rings,  279 
self-,  280 
Induction: 

coefficients  of ,  95,  108,  168 
Faraday’s  law  of,  263 
magnetic,  225 
cavity  definition,  317 
of  circular  current,  229 
of  current  sheet,  231, 243 
of  helix,  234 

of  ideal  solenoid,  230,  244 
line  of,  258 
measurement  of,  345 
of  moving  point  charge,  233,  523 
refraction  of,  346 
remanent,  340 
of  short  solenoid,  235 
of  straight  current,  227, 242 
of  toroidal  coil,  246 
Induction  zone,  478 
Inertial  systems,  8,  494 
Insulator,  387 

Interaction  energy,  124,  131,  164,  305 
dipole-dipole,  131,311 
dipole  in  external  induction,  306 
magnetic,  305 
magnetization,  336 
Interference,  402,  403,  487 
Internal  energy,  124,  164 
Invariant,  501,  508,  510 
Ionosphere,  424 
Iron,  permeability  of,  344 
Isotropy,  155 

J 

Junction  theorem,  449 

K 

Kinetic  energy,  516,  531 
Kirchhoff’s  laws,  449 
Kronecker  delta,  115 

L 

Laboratory  system,  271 
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Landed-factor,  559 
Langevin  function,  552,  559 
Laplace's  equation,  72,  156,  254,  326, 
346 

rectangular  coordinates,  185 
spherical  coordinates,  190 
and  steady  currents,  209 
two-dimensional,  200 
uniqueness  of  solution,  171 
Laplacian,  15,  36 
cylindrical  coordinates,  31 
four-dimensional,  513 
spherical  coordinates,  33 
Larmor  frequency,  556 
Le  Chatelier's  principle,  264 
Lecher  wires,  466,  468 
Legendre  polynomials,  112,  191,200 
Lenz’  law,  264 
Lienard’s  formula,  529 
Light,  speed  of,  369 
L.i.h.  media,  156 
Line  charge: 
electric  field  of,  52,  60 
potential  of,  74,  75 
Line  integral,  15 
Line  of  force,  70 
differential  equation  for,  79 
dipole,  120 

parallel  line  charges,  79 
quadrupole,  123 
refraction  of,  156 

Line  of  induction,  equation  of,  258 
Load  impedance,  461 
Local  field,  159,  198 
Loop  theorem,  450 
Lorentz  condition,  365,  519 
Lorentz  force,  233,  354 
in  Gaussian  system,  370 
Lorentz  gauge,  366 
Lorentz’  lemma,  404 
Lorentz  transformation,  502,  509 
Lorenz-Lorentz  law,  565 
Lumped  parameters,  449 


M 

Magnet,  313,  328,  343 
fields  of,  344 
Magnetic  charge,  325 


Magnetic  circuit,  342,  347 
Magnetic  dipole,  300 
field  of,  302 

of  filamentary  current,  303 
force  on,  306 
orientational  energy,  307 
radiation,  482 
of  solenoid,  305 
torque  on,  308 

Magnetic  energy,  284,  288,  333 
Magnetic  field,  322 
boundary  conditions,  322,  323,  349, 
354 

cavity  definition,  322 
of  cylinder,  323 
of  ideal  solenoid,  323 
of  permanent  magnet,  344 
of  short  solenoid,  235 
of  sphere,  324,  326 
Magnetic  flux,  251 
Magnetic  focusing,  536 
Magnetic  induction,  see  Induction,  mag¬ 
netic 

Magnetic  mirror,  538 
Magnetic  quadrupole,  311,  493 
Magnetic  scalar  potential,  325 
Magnetic  susceptibility,  328 
Magnetization,  313 
current  densities,  315 
currents,  321 
energy  density,  336 
interaction  energy,  336 
permanent,  328 
saturation,  339 
spontaneous,  560 
Magnetization  curve,  339 
Magnetizing  field,  554 
Magnetomotive  force,  342 
Magnetostriction,  336 
Magnetron,  541 
Malus,  417 

Mass  spectrometer,  545 
Mass  susceptibility,  346 
Maxwell,  1,217,498 
Maxwell’s  equations,  38,  60,  250,  348ff 
general  form,  353 
integral  form,  355 
l.i.h.  media,  355 
relativistic  form,  520 
Maxwell  stress  tensor,  360 
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Method  of  images,  173 
Michelson-Morley  experiment,  498,  500, 
527 

Minkowski  force,  514 
MKSA  units,  368 
Mmf,  342 

Mode,  433,435,442 
Molar  susceptibility,  346 
Momentum: 
density,  361 
electromagnetic,  359 
as  4-vector,  514 
Monopole,  magnetic,  250,  298 
Monopole  moment,  113,  298,  475 
Motor,  homopolar,  277 
Multipole  expansion,  110,  297 
Multipoles,  112,  297 
Mutual  inductance,  278 
of  coil  and  solenoid,  280 
of  parallel  rings,  279 


N 

Near  zone,  478 

Negative  charge,  definition,  40 
Neutral,  definition,  40 
Newton's  third  law,  219,  359 
Normal  vector,  13,  17 
to  surface  of  discontinuity,  133 


O 

Octupole  term,  130 
Ohm,  209 

Ohm’s  law,  209,  212 
Operator: 

D’Alembertian,  365,  513 
del,  14,  30,33,36,  512 
Laplacian,  15,  31,  33,  36,  513 
Orthogonality,  189,  192,  200 
Overdamping,  467 


P 

Parallel  plate  capacitor,  94,  103 
Paramagnetism,  328,  559 
Permanent  magnet,  313,  328,  343,  344 


Permeability,  328 
of  free  space,  218 
of  iron,  344 
Permittivity,  155 
and  conductivity,  400 
of  free  space,  42 
Phase,  380 
Phase  angle,  379,  456 
Phase  velocity,  380 
Photon,  528 
Plane  of  incidence,  407 
Plane  sheet,  electric  field  of,  53,  62 
Plane  wave,  376,  379 
Plasma,  400,  424,  433 
Plasma  frequency,  401, 403 
Point  charge,  40 
as  current  element,  233 
radiation  from,  482,  529 
relativistic  field  of,  523 
scalar  potential  of,  71,  526 
systems  of,  43 

vector  potential  of,  252,  526 
Point  dipole,  119 

Poisson’s  equation,  72,  156,  171,253, 
325 

uniformly  charged  sphere,  198 
Polarizability,  194,  548,  565 
Polarization,  141 
charge  density,  143 
current  density,  207,  354 
permanent,  154 
of  wave,  393 
circular,  396 
elliptical,  395,420,  439 
handedness,  398 
linear,  382,  395 
Polarization  potential,  367 
Polarizing  angle,  417,  427 
Polarizing  field,  547 
Polar  molecule,  140 
Pole,  magnetic,  325,  346 
Position  vector,  7 
cylindrical  coordinates,  29 
differential  form,  12,  29,  32 
relative,  7 

spherical  coordinates,  32 
Positive  charge,  definition,  40 
Potential: 
scalar,  38,  68 
advanced,  472 
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charged  disc,  81 

coefficients  of,  89,  90,  93,  168 

continuity  of,  139 

dipole,  114,  120 

and  energy,  79 

general,  363 

line  charge,  74,  75 

magnetic,  325 

of  moving  point  charge,  526 
multipole  expansion,  110 
parallel  line  charges,  76 
point  charge,  71 
retarded,  472 
spherical  charge,  73 
vector,  38,  251 
advanced,  472 
dipole,  300 
general,  363 
helix,  261 
ideal  solenoid,  259 
mullipole  expansion,  297 
point  charge,  252,  526 
retarded,  472 
straight  currents,  255 
for  uniform  induction,  254 
Potential  energy: 
of  point  charge,  80,  531 
and  scalar  potential,  79 
of  two  point  charges,  80 
Power  factor,  467 
Power  flux,  357 
Poynting’s  theorem,  356 
Poynting  vector,  357,  391 
Pressure: 

magnetic,  295,  337 
radiation,  425 
Product: 
scalar,  8,  9,  511 
vector,  9 

Propagation  constant,  380,  431 
Propagation  vector,  390 
Proper  time,  506 


Q 

e,  383,386,  404,456,  467 
and  line  width,  457 
Quadrupole  moment,  115 
energy  in  external  field,  126 


field  of,  121 
force  on,  130 
linear,  116, 484 
magnetic,  311, 493 
nuclear,  117 
radiation  from,  484 
Quality  factor,  404 


R 

Radiation  pressure,  425 
Radiation  resistance,  481, 484,  490 
Radiation  zone,  478,  479 
Rationalized  units,  369 
Ray,  429 

Rayleigh  scattering,  568 
Reactance,  455 
Reciprocity,  491 
Recursion  relation,  112,  191 
Reflection: 
angle  of,  408 
law  of,  406 

by  magnetic  mirror,  538 
total,  418 

Reflection  coefficient,  420,  464 
Refraction: 
angle  of,  408 
index  of,  378,  385,  563 
law  of,  406 
of  lines  of  B,  346 
of  lines  ofE,  137,  156 
Relative  coordinates,  35 
Relative  position  vector,  7 
Relativity: 

Galilean,  495 
of  simultaneity,  502 
special,  494 

Relaxation  time,  214,  296,  389,  452, 
466 

Reluctance,  342,  344 
Remanence,  340 
Remanent  induction,  340 
Resistance,  210 
and  capacitance,  210 
radiation,  481,  484, 490 
Resistivity,  210 
of  glass,  216 

Resistors  in  series  and  parallel,  215 
Resonance,  456 
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Resonance  {Continued) 
frequency,  456 
width  of,  457 
Resonant  cavity,  444 
Rest  energy,  515 
Rest  system,  518 
Resultant,  3 

Retarded  potentials,  472 
Retarded  time,  471 
Retentivity,  340 
Right-hand  rules,  9,  17,  226 
RL  circuit,  451 
RLC  circuit,  453 
Rowland  ring,  338 


S 

Saturation,  552 
Saturation  magnetization,  339 
Scalar,  3 
Scalar  field,  12 

Scalar  potential,  see  Potential,  scalar 
Scalar  product,  8,  9,  511 
Screening,  87 

Sea  water,  conductivity,  282,  402 
Self-inductance,  280,  330 
coaxial  line,  288,  296,  335 
energy  of,  286 
ideal  solenoid,  281,  330 
toroidal  coil,  283 

Separation  of  variables,  185,  190,  200, 
378,  435,444 
Shielding,  87 
Shielding  factor,  346 
Sign  conventions,  10,  133,  240,  264 
SI  units,  42,  368 
Skin  depth,  384,  388 
Skip  distance,  425 
Snell’s  law,  409,  413 
Solar  constant,  402 
Solenoid,  230 
dipole  moment,  305 
ideal,  230 
induction  of,  244 
magnetic  field  of,  230,  235,  323 
self-inductance,  281, 330 
short,  235 

vector  potential  of,  259 
Solid  angle,  58 


Source  point,  38 
Speed  of  light,  369 
Sphere: 

capacitance,  91 
of  charge,  46,  198 
conducting  in  uniform  field,  192 
dielectric  in  external  field,  194 
uniformly  magnetized,  319,  324,  326 
uniformly  polarized,  148,  153,  197 
Spherical  capacitor,  162 
Spherical  charge  distribution,  63,  72, 
100 

Spherical  coordinates,  31 
Spin,  117,558 

Standing  wave,  402,  428,  466 
Standing  wave  ratio,  468 
Steady  state  current,  453,  455 
Stokes’  theorem,  24 
Stress  tensor,  Maxwell,  360 
Superposition,  355,  356,  362,  379,  402 
Surface  charge  density,  45,  137 
Surface  current,  241 
Surface  integral,  20 
Susceptance,  458 
Susceptibility: 
of  aluminum,  346,  568 
of  barium  titanate,  568 
electric,  155,  546 
of  helium,  568 
magnetic,  328,  554 
mass  and  molar,  346 
tensor,  155 

Symmetry,  48,  55,  61,  116 


T 

TEM  mode,  435,  441 
TE  mode,  435,  436 
Temperature,  Curie,  561,  562 
Tensor: 

electromagnetic  field,  520 
Maxwell  stress,  360 
quadrupole  moment,  115 
second  rank,  511 
susceptibility,  155 
symmetric,  116,  511 
Terminal  velocity,  212 
Tesla,  225 
Test  charge,  56 
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Time  constant,  452 
Time: 

dilation,  503 
proper,  506 

relaxation,  214,  296,  389,  452,  466 
retarded,  471 
TM  mode,  435,440 
Torque,  on  dipole,  127,  128,  130,  308 
Torus,  246 

Transient  response,  453 
Transition  layer,  1 32 
Transmission  coefficient,  421,  428 
Transmission  lines,  461 
coaxial  line,  466 
two  wire,  465 
Triboelectrification,  40 
Trouton-Noble  experiment,  497,  500 


U 

Underdamping,  454 
Units: 

SI,  42,  368 
systems  of,  368 
Unit  vector,  5 
cylindrical,  28 
normal,  13,  17 
rectangular,  5 
spherical,  31 

Unrationalized  units,  369 


V 

Vector: 

addition  of,  4,  7 
as  area,  17,  39 
component,  5,  9 
curl,  15,27,  31,33,  35 
definition,  3 
derivative  of,  1 1 
divergence,  15,  24,  31,  33 
flux  of,  20 

gradient,  12,  30,  33,  35 
line  integral  of,  15 
magnitude  of,  6 
negative  of,  4 
normal,  13, 17 


product  with  scalar,  5 
propagation,  390 
scalar  multiplication,  8 
square  of,  9 
surface  integral  of,  20 
unit,  5 

Vector  field,  14 

Vector  potential,  see  Potential,  vector 
Vector  product,  9,  10 
Vector  relationships,  34 
Velocity: 

addition  of,  495,  503 
drift,  212,  539,  545 
group, 402 
phase,  380 
terminal,  212 
transformation  of,  528 
Velocity  selector,  541 
Volt,  68,  208 
Voltage: 
induced, 264 
standing  wave  ratio,  468 
Volume  element,  21, 29,  32 


W 

Water: 

conductivity,  216 
dipole  moment,  167 
Watt,  212 
Wave,  376 
damped,  383 
evanescent,  419 
polarization  of,  393 
spherical,  471 
standing,  402,  428,  466 
transverse,  381 
Wave  equation,  376 
time  independent,  444 
transformation  of,  495,  527 
Wave  guide,  43 1 ,  435 
Wave  impedance,  391 
Wavelength,  380 
cutoff,  433 
free  space,  432 
guide,  432 
Weber,  225,251 
Weiss,  559,  562 


CONVERSION  OF  SYMBOLS 
IN  EQUATIONS 

Symbols  representing  essentially  mechanical  quantities  (length,  mass, 
time,  force,  work,  energy,  power,  etc.)  are  not  changed  (nor  are 
derivatives).  To  convert  an  equation  written  in  the  MKSA  system  to  the 
corresponding  one  in  the  Gaussian  system,  replace  the  symbol  listed 
under  the  column  labeled  MKSA  by  that  listed  under  Gaussian.  The 
entries  can  also  be  used  to  convert  a  Gaussian  equation  to  an  MKSA 
one  by  going  from  right  to  left  in  the  table. 


Quantity 

MKSA 

Gaussian 

Capacitance 

C 

Charge 

<7 

(47reo)'/^<7 

Charge  density 

p,(a, X) 

{47r€o)‘/^p,(o,  X) 

Conductivity 

0 

477Co^ 

Current 

I 

Current  density 

J,(K) 

(47reo)‘/'j,(K) 

Dielectric  constant 

e 

Dipole  moment  (electric) 

P 

(477to)‘/^P 

Dipole  moment  (magnetic) 

m 

Displacement 

D 

Electric  field 

E 

(4^£o)^‘/'E 

Inductance 

L 

(4wfo)  ‘L 

Magnetic  field 

H 

Magnetic  flux 

$ 

Magnetic  induction 

B 

(P„/4,7)‘/^B 

Magnetization 

M 

Permeability 

P 

(1)  then 

(2)  ^  P 

Permeability  (relative) 

P 

Permittivity 

€ 

(1)  then 

(2)  K,  -  c 

Polarization 

P 

(4v;€o)‘/-P 

Resistance 

R 

(4,7£o)  ‘R 

Resistivity 

P 

(477C,))  ■  'p 

Scalar  potential 

(47r€„)“*/“^ 

Speed  of  light 

c 

Susceptibility 

XeAX.,) 

‘^■^Xe’(X„,) 

Vector  potential 

A 

(Ho/4ny^^A 

VECTOR  INTEGRAL  FORMULAS 

(pA  '  d2i=  1  V  '  A  dr  (Divergence  theorem) 

(1-59) 

(£a  '  ds  =  MV  X  A)  •  Ja  (Stokes’  theorem) 

■'c 

(1-67) 

(puda  =  /  Vudr 

Js 

(1-122) 

(£a  X  da  =  -  f  (v  X  a)  dr 

(1-123) 

(puds  ^  -  1  vu  X  da 

(1-124) 

(£uA  •  da=  f[A-  (vu)  +  m(v  •  A)]  dr 

(1-127) 

^B(A  •  da)  =  f[{A  •  V  )B  +  B( V  •  A)]  dr 

(1-129) 

FORMULAS  INVOLVING  RELATIVE 
COORDINATES 


df{R)  df(R) 

1 

It 

(1-130) 

v/(R)  =  -V7(R) 

(1-132) 

V  •  AIR)  =  -V'  •  A(R) 

(1-133) 

V  X  A(R)  =  -  V'  X  A(R) 

(1-134) 

v7(R)  =  v'7(R) 

(1-135) 

R  . 

VR  =  -V'R  =  —  =  R 

R 

(1-137) 

1  /  1  \  R  R 

^  R '  ^  Ir;  r^  r' 

(1-141) 

-  1  .  M 

(1-144) 

